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Abstract

In this work, we adopted an approach similar to that of Chatzarakis’, by transforming
the oscillation analysis of third-order differential equations into an equivalent first-order
problem. A key generalization in our study is the extension coefficient b(t) from the
range 0 ≤ b(t) ≤ 1 to b(t) ≥ 1. Moreover, we established several oscillation criteria
applicable to the canonical and non-canonical cases. Our conclusions complement and
extend the oscillation theory for third-order delay differential equations. Several examples
are provided to illustrate our results.
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1. Introduction
Delays and oscillations are frequently observed in dynamical models and are often

formulated by incorporating external sources or nonlinear diffusion mechanisms, which
perturb the system’s natural evolutionary path [1,2]. These methods have broad applica-
tions in real-world research. For instance, by studying the qualitative behavior of relatively
lower-order differential equations (such as third-order ones), researchers can predict solu-
tion properties for more complex higher-order partial differential equations. A canonical
example from physics is the following Kuramoto–Sivashinsky equation, which describes
pattern formation in reaction–diffusion systems and models instabilities in flame front
propagation [3,4].

ut + uxxxx + uxx +
1
2

u2 = 0. (1)

Through a series of transformations, Equation (1) can be converted into the following
third-order delay differential equation [5,6]:

(a(t)(d(t)y′(t))′)′ + c(t) f (y(h(t))) = 0.

Consequently, an increasing number of researchers [7–32] have studied the oscillation
and asymptotic behavior of various higher-order delay differential equations. Among these
researchers, some have studied the following third-order delay differential equations:

(a(t)(y′′(t))γ)′ + c(t) f (y(h(t))) = 0, (2)
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Using the comparison principle, Baculícová and Džurina [9,11] established oscillation
criteria to determine whether all the solutions to Equation (2) either oscillate or converge to
zero. In a similar vein, by employing the Riccati transformation and inequality techniques,
Grace et al. [21], Saker et al. [25], and Li et al. [29,30] established criteria for determining
whether the solutions to (2) oscillate or approach zero.

Following this line of research, a number of researchers have focused on the following
third-order delay differential equations with a neutral term:

(a(t)[(y(t) + b(t)y(g(t)))′′]γ)′ + c(t) f (h(t)) = 0. (3)

By applying the comparison principle, Baculíková and Li [8,31] established criteria for
the solutions to (3) to either oscillate or tend to zero. Using the Riccati transformation
and inequality techniques, Baculĺková et al. [10,27,28] established criteria to verify that
the solution to (3) either oscillates or approaches zero. By applying the iterative method,
Jadlovská and Li [32] studied the oscillations of Equation (3).

These researchers generally established criteria for the oscillation and asymptotic
behavior of solutions under the conditions that a(t) satisfies

∫ ∞
t0

a−γ(t)dt = ∞ and the
neutral coefficient b(t) satisfies 0 ≤ b(t) < 1 or 0 ≤ b(t) ≤ b0 < ∞. For third-order neutral
delay differential equations, when discussing the classification of y(t) + b(t)y(g(t)), the
situation where y(t) + b(t)y(g(t)) > 0 and (y(t) + b(t)y(g(t)))′ < 0 often arises. Without
a more detailed analysis, one can only derive the oscillation and asymptotic behavior of the
solutions to such equations.

Thus, Chatzarakis et al. [33] directly provided the oscillation criteria for the following
class of third-order nonlinear neutral delay differential equations:

(y(t) + b(t)y(g(t)))′′′ + c(t)yη(h(t)) = 0. (4)

When b(t) ≥ 1 and b(t) ̸≡ 1, Chatzarakis et al. [33] transformed the oscillation problem of
Equation (4) into studying first-order delay differential equations, thereby establishing the
oscillation criteria for Equation (4).

Inspired by the above research, in this paper, we considered the oscillations of the
following third-order neutral delay differential equation:(

a(t)χ′′(t)
)′
+ c(t)yη(h(t)) = 0, (5)

where χ(t) = y(t)+ b(t)y(g(t)), t0 ∈ R, a(t) ∈ C1([t0, ∞), (0, ∞)), b(t) ∈ C3([t0, ∞), (0, ∞)),
c(t) ∈ C([t0, ∞), (0, ∞)), g(t) ∈ C3([t0, ∞),R), h(t) ∈ C([t0, ∞),R), g(t) ≤ t, h(t) ≤ t,
lim
t→∞

g(t) = lim
t→∞

h(t) = ∞, and η is the quotient of odd positive integers. And the following

assumptions are satisfied:

(A1) a(t) > 0, a′(t) ≥ 0;
(A2) b(t) ≥ 1, b(t) ̸≡ 1;
(A3) g′(t) ≥ g0 > 0, g−1(t) is the inverse function of g(t), h′(t) > 0;
(A4) There exists a function σ ∈ C1([t0, ∞), ∞) such that h(t) ≤ σ(t) ≤ g(t) for t ≥ t0.

If ∫ ∞

t0

1
a(t)

dt = ∞, (6)

then we say that Equation (5) satisfies the canonical case.
If ∫ ∞

t0

1
a(t)

dt < ∞, (7)

then we say that Equation (5) satisfies the non-canonical case.
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We only considered the nontrivial solution of (5) that satisfies sup{|x(t)| : t ≥ T} > 0
for all T ≥ t0.

A nontrivial solution of (5) is oscillatory if it has an arbitrarily large zero point on the
interval I = [t0, ∞). Otherwise, it is non-oscillatory. Equation (5) is oscillatory if all of its
solutions are oscillatory.

In this paper, we adopted a method similar to that of Chatzarakis et al. [33], reducing
the oscillation problem of a third-order differential equation to that of a first-order differen-
tial equation. Compared with previous research results, we extended the neutral coefficient
b(t) from the the case of 0 ≤ b(t) ≤ 1 to the case of b(t) ≥ 1 and established oscillation
criteria for both the canonical and non-canonical cases. Our conclusions complement and
refine the oscillation theory for third-order delay differential equations.

For convenience, we introduce the following notation:

ϖ(t) :=
1

b(g−1(t))

(
1 − (g−1(g−1(t)))

2
l

(g−1(t))
2
l b(g−1(g−1(t)))

)
,

ϖ1(t) :=
1

b(g−1(t))

(
1 − (g−1(g−1(t)))

1
l

(g−1(t))
1
l b(g−1(g−1(t)))

)
,

ϱ(t) :=
1

b(g−1(t))

(
1 − 1

b(g−1(g−1(t)))

)
.

2. Main Results
First, we investigated the oscillatory behavior of (5) in the canonical case. To analyze

the oscillation properties of Equation (5), the following lemmas are required.

Lemma 1 ([34]). If a function f satisfies f (i) > 0 for i = 1, 2, . . . , k and f (k+1) ≤ 0, then for any
l ∈ (0, 1), f (t)

f ′(t) ≥
lt
k .

Lemma 2. Let y(t) be an eventually positive solution of Equation (5). If (A1) and (6) hold, then
according to Equation (5), there exists t1 ≥ t0 such that, for t ≥ t1, one of the following cases holds:

(I) χ(t) > 0, χ′(t) > 0, χ′′(t) > 0, χ′′′(t) < 0;
(II) χ(t) > 0, χ′(t) < 0, χ′′(t) > 0, χ′′′(t) < 0.

Proof. Suppose y(t) is an eventually positive solution of Equation (5). Then, there exists a
sufficiently large t1 ≥ t0 such that, for t ≥ t1,

y(t) > 0, y(g(t)) > 0, y(h(t)) > 0.

Because b(t) ≥ 0, we have χ(t) > 0 for t ≥ t1. From Equation (5), it follows that

(a(t)χ′′(t))′ = −c(t)yη(h(t)) < 0. (8)

Thus, a(t)χ′′(t) is non-increasing and of one sign. Since a(t) > 0, then χ′′(t) is also of one
sign and we have two possibilities, i.e., either χ′′(t) > 0 or χ′′(t) < 0 for t ≥ t1. Below, we
assert that χ′′(t) > 0 holds for t ≥ t1.

Suppose that χ′′(t) < 0 for t ≥ t1, meaning that a(t)χ′′(t) < 0. Since a(t)χ′′(t) is
non-increasing, there exists a positive constant m such that

a(t)χ′′(t) ≤ −m < 0.
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By integrating this from t1 to t, we have

χ′(t) ≤ χ′(t1)− m
∫ t

t1

a−1(s)ds.

By letting t → ∞ and using (6), we get χ′(t) → −∞. Since χ′′(t) < 0, there exists a positive
constant m1 such that

χ′(t) < −m1.

By integrating this from t1 to t, we obtain

χ(t) ≤ χ(t1)− m1(t − t1).

By letting t → ∞, we get χ(t) < 0, which contradicts χ(t) > 0. Therefore, χ′′(t) > 0.
Since χ′′(t) > 0 and a′(t) and a(t) are positive, it follows from the inequality (8) that

χ′′′(t) < 0. Thus, since χ′′(t) > 0, χ′(t) is increasing. Therefore, χ′(t) is of one sign, i.e.,
either χ′(t) > 0 or χ′(t) < 0 for t ≥ t1. This corresponds to cases (I) and (II).

Theorem 1. Suppose (A1), (A2), (A3), (A4), and (6) hold. If there exist constants l ∈ (0, 1) such
that the first-order delay differential equations

w′(t) + c(t)
lη

(2a(g−1(h(t))))η
ϖη(h(t))(g−1(h(t)))2η(w(g−1(h(t))))η = 0 (9)

and

Y′(t) +
c(t)

2ηaη(g−1(σ(t)))
ϱη(h(t))(g−1(σ(t))− g−1(h(t)))2ηYη(g−1(σ(t))) = 0 (10)

are oscillatory, then Equation (5) is oscillatory.

Proof. Suppose, for the sake of contradiction, that Equation (5) is non-oscillatory. Without
the loss of generality, assume y is an eventually positive solution to Equation (5). That is,
there exists a sufficiently large t1 such that y(t) > 0, y(g(t)) > 0, and y(h(t)) > 0 for t ≥ t1.
According to the assumptions and Lemma 2, we only need to consider the two cases stated
in Lemma 2.

First, consider case (I) in Lemma 2. From the definition of χ(t), we get

y(t) =
χ(g−1(t))
b(g−1(t))

− χ(g−1(g−1(t)))− y(g−1(g−1(t)))
b(g−1(t))b(g−1(g−1(t)))

≥ χ(g−1(t))
b(g−1(t))

− χ(g−1(g−1(t)))
b(g−1(t))b(g−1(g−1(t)))

. (11)

For k = 2, according to Lemma 1, for any constant l1 ∈ (0, 1), we have

χ(t)
χ′(t)

≥ l1t
2

. (12)

This implies that the following inequality holds:(
χ(t)

t
2
l1

)′

=
tχ′(t)− 2

l1
χ(t)

t
2
l1
+1

≤ 0.



Mathematics 2025, 13, 3625 5 of 14

Therefore, χ(t)

t
2
l1

is non-increasing on the interval [t1, ∞). From g(t) ≤ t and the monotonici-

ties of g(t) and χ(t)

t
2
l1

, we obtain

χ(g−1(g−1(t))) ≤ (g−1(g−1(t)))
2
l1

(g−1(t))
2
l1

χ(g−1(t)).

Hence, we have
y(t) ≥ ϖ(t)χ(g−1(t)).

Thus,
y(h(t)) ≥ ϖ(h(t))χ(g−1(h(t))). (13)

By substituting inequality (13) into (5), we derive

(a(t)χ′′(t))′ + c(t)ϖη(h(t))χη(g−1(h(t))) ≤ 0. (14)

By substituting inequality (12) into Equation (14), we obtain

(a(t)χ′′(t))′ + c(t)
lη
1

2η ϖη(h(t))(g−1(h(t)))η(χ′(g−1(h(t))))η ≤ 0. (15)

Let u(t) := χ′(t). Then, u(t) > 0, u′(t) > 0, and u′′(t) < 0. Therefore, for k = 1, according
to Lemma 1, for all l2 ∈ (0, 1), we have

u(t)
u′(t)

≥ l2t,

and so,
u(g−1(h(t))) ≥ l2g−1(h(t))u′(g−1(h(t))). (16)

By substituting u(t) = χ′(t) and (16) into (15), we obtain

(a(t)u′(t))′ + c(t)
lη

2η ϖη(h(t))(g−1(h(t)))2η(u′(g−1(h(t))))η ≤ 0. (17)

By letting w(t) := a(t)u′(t), due to the positivity of a(t) and u′(t), we get w(t) > 0. By
substituting w into Equation (17), we can find that w(t) is an eventually positive solution
of the following first-order delay differential equation:

w′(t) + c(t)
lη

(2a(g−1(h(t))))η
ϖη(h(t))(g−1(h(t)))2η(w(g−1(h(t))))η ≤ 0.

Therefore, according to [35] (Theorem 1), for any l ∈ (0, 1), Equation (9) has an eventually
positive solution. This contradicts its oscillatory nature.

For case (II) in Lemma 2, since g(t) ≤ t and based on the monotonicities of χ and
g−1(t), we obtain

χ(g−1(t)) ≥ χ(g−1(g−1(t))).

From (11), it follows that
y(t) ≥ ϱ(t)χ(g−1(t)).

Thus,
y(h(t)) ≥ ϱ(h(t))χ(g−1(h(t))). (18)
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Substituting this into Equation (5) yields

(a(t)χ′′(t))′ + c(t)ϱη(h(t))χη(g−1(h(t))) ≤ 0. (19)

According to χ(t) > 0, χ′(t) < 0, χ′′(t) > 0, and χ′′′(t) < 0, for γ ≥ θ ≥ t2, we have

χ(θ) ≥ (γ − θ)2

2
χ′′(γ). (20)

Since h(t) ≤ σ(t) and g−1(t) is strictly increasing, we get g−1(h(t)) ≤ g−1(σ(t)). Substitut-
ing θ = g−1(h(t)) and γ = g−1(σ(t)) into inequality (20) gives

χ(g−1(h(t))) ≥ (g−1(σ(t))− g−1(h(t)))2

2
χ′′(g−1(σ(t))).

Using this in inequality (19) leads to

(a(t)χ′′(t))′ +
c(t)
2η ϱη(h(t)) · (g−1(σ(t))− g−1(h(t)))2ηχ′′(g−1(σ(t))) ≤ 0.

By letting Y(t) := a(t)χ′′(t), due to the positivity of a(t) and χ′′(t), we get Y(t) > 0.
Then, Y(t) is an eventually positive solution to the following first-order delay differential
inequality:

Y′(t) +
c(t)

2ηaη(g−1(σ(t)))
ϱη(h(t)) · (g−1(σ(t))− g−1(h(t)))2ηYη(g−1(σ(t))) ≤ 0.

Therefore, by [35] (Theorem 1), Equation (9) also admits an eventually positive solution.
This contradicts its oscillatory nature.

Corollary 1. Assume that (A1), (A2), (A3), (A4), and (6) hold and η = 1. If there exists a constant
l ∈ (0, 1) such that the two inequalities

lim inf
t→∞

∫ t

g−1(h(t))

c(s)
a(g−1(h(s)))

ϖ(h(s))(g−1(h(s)))2ds >
2
le

, (21)

lim inf
t→∞

∫ t

g−1(σ(t))

c(s)
a(g−1(σ(s)))

ϱ(h(s)) ·
(

g−1(σ(s))− g−1(h(s))
)2

ds >
2
e

, (22)

hold, then Equation (5) is oscillatory.

Proof. According to [36], if

lim inf
t→∞

∫ t

τ(t)
R(s)ds >

1
e

,

then the first-order delay differential equation

y′(t) + R(t)y(τ(t)) = 0

is oscillatory, where R, τ ∈ C([t0, ∞),R), R(t) ≥ 0, τ(t) ≤ t, and lim
t→∞

τ(t) = ∞. Therefore,

inequalities (21) and (22) imply that Equations (9) and (10) are oscillatory. Consequently, by
Theorem 1, Equation (5) is oscillatory.

Corollary 2. Assume that (A1), (A2), (A3), (A4), and (6) hold with η < 1. If the two inequalities

∫ ∞

t0

c(t)
aη(g−1(h(t)))

ϖη(h(t))(g−1(h(t)))2ηdt = ∞, (23)
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∫ ∞

t0

c(t)
aη(g−1(σ(t)))

ϱη(h(t)) ·
(

g−1(σ(t))− g−1(h(t))
)2η

dt = ∞ (24)

hold, then Equation (5) is oscillatory.

Proof. According to [37] (Theorem 2), inequalities (23) and (24) imply that
Equations (9) and (10) are oscillatory. Therefore, by Theorem 1, Equation (5)
is oscillatory.

Example 1. Consider the following third-order delay differential equation(
t
(

y(t) + ty
(

t
2

))′′
)′

+ mtαy
1
3

(
t
4

)
= 0, t ≥ 17, (25)

where m > 0 and α > − 2
3 are constants. Here, η = 1

3 , a(t) = t, b(t) = t, g(t) = t
2 ,

h(t) = t
4 , and c(t) = mtα. It is easy to know that Equation (25) satisfies the canonical case because

a(t) = t. Under these conditions, the oscillation criteria developed by Chatzarakis et al. [33] become
inapplicable due to the specific form of a(t) = t. And according to η = 1

3 , we used Corollary 2 to
verify the oscillatory characteristics of this equation.

By letting l = 1
2 , we derive the following key relationships: g−1(h(t)) = t

2 , ϖ(h(t)) =
2(1−16/t)

t and ϱ(h(t)) = 2(1−1/t)
t . Thus, condition (23) becomes

∫ ∞

17

mtα

(t/2)
1
3

(
2(1 − 16/t)

t

) 1
3
(

t
2

) 2
3
dt

=
∫ ∞

17

mtα− 1
3 (2t − 32)

1
3

2
1
3

dt

≥
∫ ∞

17
mtα− 1

3 dt = m
1

α + 2
3

tα+ 2
3 |∞17 = ∞. (26)

There exists σ(t) = t
3 such that (A4) holds. Then, g−1(σ(t)) = 2t

3 , and condition (24)
becomes

∫ ∞

17

mtα

(2t/3)
1
3

(
2(1 − 1/t)

t

) 1
3
(

t
6

) 2
3
dt

=
∫ ∞

17

mtα− 1
3 (2t − 2)

1
3

2
1
3

dt

≥ 2
2
3

3
1
3

∫ ∞

17
mtα− 1

3 dt

= m
1

α + 2
3

2
2
3

3
1
3

tα+ 2
3 |∞17 = ∞. (27)

Therefore, conditions (26) and (27) demonstrate that, when m > 0, α > − 2
3 , inequalities

(23) and (24) hold. Consequently, according to Corollary 2, Equation (25) is oscillatory.

Next, we studied the oscillations of Equation (5) in the non-canonical case. Prior to
investigating this problem, we need to present the following lemma.
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Lemma 3 ([38] Lemma 2.3). Let G(u) = αu − βu
γ+1

γ , where β > 0, α is a constant, and γ is the
ratio of two positive odd integers. Then, G attains its maximum at the point u∗ = ( γα

(γ+1)β
)γ.

max
u∈R+

G = G(u∗) =
γγ

(γ + 1)γ+1
αγ+1

βγ
.

Lemma 4. Let y(t) be an eventually positive solution to Equation (5). If (A1) and (7) hold, then
according to Equation (5), there exists t1 ≥ t0 such that, for t ≥ t1, one of the following cases holds:

(I) χ(t) > 0, χ′(t) > 0, χ′′(t) > 0, χ′′′(t) < 0;
(II) χ(t) > 0, χ′(t) < 0, χ′′(t) > 0, χ′′′(t) < 0;
(III) χ(t) > 0, χ′(t) > 0, χ′′(t) < 0, (a(t)χ′′(t))′ < 0.

Proof. Since y(t) is an eventually positive solution to Equation (5), there exists a sufficiently
large t1 ≥ t0 such that, for t ≥ t1,

y(t) > 0, y(g(t)) > 0, y(h(t)) > 0.

Since b(t) ≥ 0, we have χ(t) > 0 for t ≥ t1. From Equation (5), it follows that

(a(t)χ′′(t))′ = −c(t)yη(h(t)) < 0.

Thus, a(t)χ′′(t) is non-increasing and of one sign. Since a(t) > 0, then χ′′(t) is also of one
sign and we have two possibilities, that is, χ′′(t) > 0 or χ′′(t) < 0 for t ≥ t1.

Case χ′′(t) > 0: According to (A1), we have χ′′′(t) < 0 for t ≥ t1. Since χ′′(t) > 0,
χ′(t) is increasing. Therefore, χ′(t) is also of one sign, that is, either χ′(t) > 0 or χ′(t) < 0
for t ≥ t1. This corresponds to cases (I) and (II).

Case χ′′(t) < 0: χ′(t) is decreasing. Therefore, χ′(t) is of one sign, that is, either
χ′(t) > 0 or χ′(t) < 0 for t ≥ t1. If χ′(t) < 0 holds, since χ′(t) < 0 is decreasing, there
exists a constant c > 0 such that

χ′(t) < −c.

By integrating both sides of the above inequality from t1 to t, we obtain

χ(t) ≤ χ(t1)− c(t − t1) → −∞, as t → ∞.

This contradicts the fact that χ(t) > 0. Therefore, case (III) holds.

Theorem 2. Suppose that (A1), (A2), (A3), (A4), and (7) hold. If there exist constants l, λ ∈
(0, 1), and d > 0; the first-order delay differential Equations (9) and (10) are oscillatory; and the
integral expression

lim sup
t→∞

∫ t

t1

[
λdη−1c(s)(ϖ1(h(s))g−1(h(s)))ηκ(s)− 1

4
a−1(s)
κ(s)

]
ds = ∞ (28)

holds, where κ(t) :=
∫ ∞

t a−1(s)ds, then Equation (5) is oscillatory.

Proof. Suppose, for the sake of contradiction, that Equation (5) is non-oscillatory. Without
the loss of generality, assume that y is an eventually positive solution to Equation (5). That
is, there exists a sufficiently large t1 such that y(t) > 0, y(g(t)) > 0, and y(h(t)) > 0 for
t ≥ t1. Based on the assumptions and Lemma 4, we only need to consider the three cases
stated in Lemma 4. The first two cases in Lemma 4 correspond to the two cases in Lemma 2.
Therefore, since the first-order delay differential Equations (9) and (10) are oscillatory, cases
(I) and (II) in Lemma 4 cannot hold. Thus, only case (III) in Lemma 4 needs to be considered.
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Assume that case (III) in Lemma 4 holds. Define

u(t) :=
a(t)χ′′(t)

χ′(t)
, t ≥ t1. (29)

It is easy to verify that u(t) < 0 for t ≥ t1. Noting that a(t)χ′′(t) is non-increasing, we have

a(s)χ′′(s) ≤ a(t)χ′′(t), s ≥ t ≥ t1.

Therefore,

χ′′(s) ≤ a(t)
a(s)

χ′′(t), s ≥ t ≥ t1. (30)

By integrating inequality (30) from t to l, we obtain

χ′(l) ≤ χ′(t) + a(t)χ′′(t)
∫ l

t

1
a(s)

ds.

By letting l → ∞, and noting that χ′(t) > 0, we have

0 ≤ χ′(t) + a(t)χ′′(t)κ(t).

That is,
−u(t)κ(t) ≤ 1. (31)

By differentiating (29), we have

u′(t) =
(a(t)χ′′(t))′χ′(t)− a(t)(χ′′(t))2

(χ′(t))2

=
(a(t)χ′′(t))′

χ′(t)
− u2(t)

a(t)
. (32)

Considering (5), (32) becomes

u′(t) = −c(t)
yη(h(t))

χ′(t)
− u2(t)

a(t)
. (33)

Since χ(t) > 0, χ′(t) > 0, and χ′′(t) < 0 for t ≥ t1, according to Lemma 1, for any
λ1 ∈ (0, 1), we have

χ(t) ≥ λ1tχ′(t). (34)

This implies that the following holds:(
χ(t)

t
1
l1

)′

=
tχ′(t)− 1

l1
χ(t)

t
1
l1
+1

≤ 0.

Therefore, χ(t)

t
1
l1

is non-increasing for the interval [t1, ∞). From g(t) ≤ t, and considering the

monotonicities of g(t) and χ(t)

t
1
l1

, we obtain

χ(g−1(g−1(t))) ≤ (g−1(g−1(t)))
1
l1

(g−1(t))
1
l1

χ(g−1(t)).

Hence, we have
y(t) ≥ ϖ1(t)χ(g−1(t)). (35)
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Because h(t) ≤ g(t), χ(t) > 0, χ′(t) > 0, and χ′′(t) < 0, there exists a constant d > 0 such
that χ′(t) ⩾ d. By inserting (35) and (34) into (33), we obtain

u′(t) = −c(t)
yη(h(t))

χ′(t)
− u2(t)

a(t)

= −c(t)
yη(h(t))

χη(g−1(h(t)))
· χη(g−1(h(t)))

(χ′(t))η · (χ′(t))η−1 − u2(t)
a(t)

≤ −λdη−1c(t)(ϖ1(h(t))g−1(h(t)))η − u2(t)
a(t)

, (36)

where λ = λ
η
1 ∈ (0, 1). By multiplying both sides of (36) by κ(t) and integrating from t1 to

t, we get

κ(t)u(t)− κ(t1)u(t1)−
∫ t

t1

a−1(s)u(s)ds

+ λdη−1
∫ t

t1

c(s)(ϖ1(h(s))g−1(h(s)))ηκ(s)ds +
∫ t

t1

u2(s)
a(s)

κ(s)ds ≤ 0. (37)

Let E := a−1(s), F := a−1(s)κ(s), and v := −u. According to Lemma 3, we have

Fv2 − Ev ≥ −1
4

a−1(s)
κ(s)

. (38)

By inserting (38) into (37), it follows that

∫ t

t1

[
λdη−1c(s)(ϖ1(h(s))g−1(h(s)))ηκ(s)− 1

4
a−1(s)
κ(s)

]
ds ≤ κ(t1)u(t1)− κ(t)u(t)

= κ(t1)u(t1) + 1.

This contradicts assumption (28).

Corollary 3. Let (A1), (A2), (A3), (A4), and (7) hold and η = 1. If there exist constants
l, λ ∈ (0, 1), and for any d > 0, the integral expression (28) holds and inequalities (21) and (22)
hold, then Equation (5) is oscillatory.

Proof. Based on Corollary 1, inequalities (21) and (22) imply that Equations (9) and (10)
are oscillatory. Therefore, according to Theorem 2, Equation (5) is oscillatory.

Corollary 4. Let (A1), (A2), (A3), (A4), and (7) hold and η < 1. If there exist constants
l, λ ∈ (0, 1), and for any d > 0, the integral expression (28) holds and inequalities (23) and (24)
hold, then Equation (5) is oscillatory.

Proof. Based on Corollary 2, inequalities (23) and (24) imply that Equations (9) and (10)
are oscillatory. Therefore, according to Theorem 2, Equation (5) is oscillatory.

Example 2. Consider the following third-order delay differential equation:(
t2
(

y(t) + ty
(

t
2

))′′
)′

+ mtαy
1
3

(
t
4

)
= 0, t ≥ 17, (39)

where m > 0 and α > 1
3 are constants. Here, η = 1

3 , a(t) = t2, b(t) = t, g(t) = t
2 , h(t) = t

4 , and
c(t) = mtα. It is easy to know that Equation (25) satisfies the non-canonical case because a(t) = t2.
Therefore, the oscillation criteria established by Chatzarakis et al. [33] cannot be applied to analyze
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the oscillatory behavior of Equation (39). And based on η = 1
3 , we used Corollary 4 to verify the

oscillatory characteristics of this example.
By letting l = 1

2 , we derive the following key relationships: g−1(h(t)) = t
2 , ϖ(h(t)) =

2(1−16/t)
t , ϖ1(h(t)) = 2(1−4/t)

t , ϱ(h(t)) = 2(1−1/t)
t , and κ(t) =

∫ ∞
t s−2ds = t−1. Thus,

condition (23) becomes

∫ ∞

17

mtα

(t/2)
2
3

(
2(1 − 16/t)

t

) 1
3
(

t
2

) 2
3
dt

=
∫ ∞

17
mtα− 2

3 (2t − 32)
1
3 dt

≥ 2
1
3

∫ ∞

17
mtα− 2

3 dt = 2
1
3 m

1
α + 1

3
tα+ 1

3 |∞17 = ∞ for α > −1
3

. (40)

If σ(t) = t
3 , then g−1(σ(t)) = 2t

3 . Condition (24) becomes

∫ ∞

17

mtα

(2t/3)
2
3

(
2(1 − 1/t)

t

) 1
3
(

t
6

) 2
3
dt

=
∫ ∞

17

mtα− 2
3 (2t − 2)

1
3

2
4
3

dt

≥ 2
1
3

∫ ∞

17
mtα− 2

3 dt = 2
1
3 m

1
α + 1

3
tα+ 1

3 |∞17 = ∞ for α > −1
3

. (41)

Condition (28) becomes

∫ ∞

17

[
λmd

1
3−1sα(

s
2
)

1
3

(
2s − 8

s2

) 1
3
s−1 − 1

4
s−1

]
dt

≥
∫ ∞

17

[
λmd

1
3−124sα− 1

3−1 − 1
4

s−1
]

dt (42)

=
λmd

1
3−124

α − 1
3

tα− 1
3 |∞17 −1

4
ln t |∞17 . (43)

Expression (43) implies that
[

λmd
1
3 −124

α− 1
3

tα− 1
3 |∞17 − 1

4 ln t |∞17

]
−→ ∞ as t → ∞ for m > 0, α > 1

3 ,

d > 0 and λ ∈ (0, 1).
Based on the above analysis and according to Corollary 4, Equation (39) is oscillatory for

m > 0, α > 1
3 .

For the boundary case where α = 1
3 , Expressions (40) and (41) also hold. When m > 1

26λd
1
3 −1

for λ ∈ (0, 1), d > 0, Expression (42) becomes

∫ ∞

17

[
λmd

1
3−124s−1 − 1

4
s−1
]

dt =
[

λmd
1
3−124 − 1

4

]
ln t |∞17= ∞.

Thus, according to Corollary 4, Equation (39) is oscillatory for m > 1

26λd
1
3 −1

, α = 1
3 .

3. Numerical Simulations
To verify the correctness of our theoretical conclusions, we employed MATLAB algo-

rithms (https://www.mathworks.com/products/matlab.html, accessed on 3 November
2025) designed for solving neutral delay differential equations to generate numerical solu-
tion plots with the initial values

y(t) = 0.1 ∗ sin(0.1 ∗ t); y′(t) = 0.01 ∗ cos(0.1 ∗ t); y′′(t) = −0.001 ∗ sin(0.1 ∗ t).

https://www.mathworks.com/products/matlab.html
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Parameter selection: m = 1, α = 0. This is shown in the following (Figure 1).

(a) t = 100 (b) t = 250

(c) t = 500 (d) t = 1200

Figure 1. Numerical solutions demonstrating oscillatory behavior.

The numerical results clearly demonstrate that the solutions to the equation exhibit
sustained oscillatory behavior when time t is sufficiently large, which aligns with the oscilla-
tion criteria established in this paper. It should be noted that the core focus of our theoretical
work was to determine the oscillatory nature of the solutions, specifically whether the
solutions possess arbitrarily large zeros. The boundedness of the solutions (i.e., whether the
amplitude grows) is an independent mathematical issue. The amplitude growth observed
in the numerical simulations precisely indicates the possibility of unbounded oscillatory
solutions for the equation. This does not contradict the oscillatory conclusions of our study,
but rather reveals the richer dynamical behaviors inherent in the system.

4. Results and Discussion Part
In this paper, we investigated the oscillations of a class of third-order neutral delay

differential equations (Equation (5)). We extended the range of neutral coefficient b(t) from
0 ≤ b(t) ≤ 1 to b(t) ≥ 1, and also established the oscillation criteria for both the canonical
and non-canonical cases. Not only do we provide examples to validate our criteria, but we
also conducted numerical simulations that confirmed the sustained oscillatory behavior
when t is sufficiently large. Therefore, our results extend and improve the oscillation theory
for third-order neutral delay differential equations. This method can be used to study the
oscillations of the following higher-order Emden–Fowler equation:[

a(t)(χ(n−1)(t))α
]′
+ c(t)yβ(h(t)) = 0,

where n is odd and α ̸= β.
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