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Abstract

To address real-world engineering design optimization problems, this study proposes a rein-
forcement learning enhanced multi-objective social network search algorithm (QMOSNS),
which represents a novel approach for solving multi-objective optimization problems.
QMOSNS utilizes Halton sequences for population initialization to enhance the diversity of
the initial population. A multi-objective archive mechanism is implemented to store Pareto-
optimal solutions and select parental individuals through a reassigned fitness evaluation
strategy. Furthermore, Q-learning is incorporated to adaptively select mutation operators,
thereby dynamically balancing the algorithm’s exploration and exploitation capabilities.
QMOSNS was rigorously evaluated through 50 prominent case studies, including 22 uncon-
strained multi-objective benchmark problems, 18 constrained multi-objective benchmark
problems, and 10 multi-objective engineering design problems, to comprehensively vali-
date its computational capabilities and effectiveness. Moreover, statistical results obtained
using consistent performance metrics were compared with those of other highly regarded
algorithms to ensure a fair and objective performance assessment. The comparative results
show that QMOSNS is robust and superior in handling a wide variety of multi-objective
problems. This study underscores the efficacy of integrating reinforcement learning with
social intelligence for tackling complex multi-objective optimization in engineering and
computational domains.

Keywords: multi-objective optimization; social network search; pareto optimal solution;
Q-learning; initialization

MSC: 68W50; 65K10; 49K30

1. Introduction
Multi-objective optimization (MOO) is a subfield of multi-criteria decision making that

deals with mathematical problems involving the simultaneous optimization of multiple
objective functions. Unlike single-objective optimization problems that seek a single
optimal solution based on a single criterion, MOO requires considering and balancing
two or more conflicting objectives [1]. MOO is of significant practical importance in real-
world applications, spanning disciplines such as economics, science, and engineering [2–4].
It provides a systematic framework to support decision-makers in navigating complex
trade-off environments and identifying optimal solutions that satisfy multiple competing
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requirements. The task of MOO algorithms is to find the best trade-off solution set among
multiple objectives, known as the Pareto optimal set [5].

Generally, the use of stochastic optimization algorithms to address multi-objective
optimization problems (MOPs) can be categorized into two main classes: priori and
posterior [6]. A priori method primarily involves transforming MOPs into new single-
objective optimization problems through a set of weighting coefficients. Single-objective
optimization algorithms can then readily solve this transformed problem after objective
aggregation. Typically, domain experts determine these weights based on empirical knowl-
edge, adjusting the weighting of each objective according to their relative importance [7].
However, this approach has notable limitations: Firstly, weight determination often relies
on the decision-maker’s subjective judgment, lacking unified objective criteria. Different
decision-makers varying perceptions of objective importance may lead to inconsistent
weight assignments. Furthermore, its weighted aggregation approach makes it difficult
to optimize all objectives at once. Consequently, a single run cannot obtain the complete
Pareto-optimal set [8]. In a posteriori approach, multiple objectives are simultaneously
preserved and optimized, allowing for the acquisition of the complete Pareto optimal
solution set in a single optimization run. The Pareto optimal set provides decision-makers
with a wide range of options, enabling them to make informed choices among multiple
solutions based on specific requirements [9]. This highlights the importance of solution
diversity in MOO. Moreover, this approach can effectively handle any type of Pareto front.
The algorithms based on a posteriori method are highly prevalent in the literature [10,11].

Moreover, posterior methods can be classified into three major categories: Multi-
Objective Evolutionary Algorithms (MOEA) and Multi-Objective Swarm Algorithms
(MOSA). In 1984, David Schaffer introduced the Vector Evaluated Genetic Algorithm
(VEGA) by extending the original Genetic Algorithm (GA) to multi-objective problems [12].
This work marked the inception of evolutionary algorithms in multi-objective optimiza-
tion contexts, and VEGA is widely recognized as the first Pareto-based MOEA. The core
principle underlying most MOEAs is non-dominated sorting (NDS), which was adopted
by the original Non-dominated Sorting Genetic Algorithm (NSGA) [13]. However, NSGA
suffered from several limitations, including the absence of an explicit sharing parameter,
lack of elitism consideration, and high computational cost of non-dominated sorting. To
address these issues, its successor Non-dominated Sorting Genetic Algorithm II (NSGA-II)
introduced three key innovations: a fast non-dominated sorting approach, a diversity
preservation mechanism, and a crowded-comparison operator [14]. These improvements
established NSGA-II as one of the most widely used and influential MOEAs globally. Multi-
objective Evolutionary Algorithm Based on Decomposition (MOEA/D) represent another
significant advancement in the field of MOEA [15]. This class of algorithms breaks down
a multi-objective problem into separate subproblems. It then uses aggregation strategies
to share information between neighboring subproblems, which optimizes computational
efficiency. However, such methods may fail when addressing problems with discontinuous
Pareto fronts and exhibit certain limitations in solving complex MOPs. In the domain of
MOSAs, Coello Coello & Lechuga proposed the Multi-Objective Particle Swarm Optimiza-
tion (MOPSO) algorithm by extending the conventional Particle Swarm Optimization (PSO)
framework [16]. The approach incorporates mechanisms such as multi-objective function
handling, mutation strategies, and a grid-based technique to enhance the distribution of so-
lutions along the Pareto front. MOSAs represent a class of optimization techniques inspired
by collective behaviors observed in human societies, animal populations, and physical
phenomena [17]. Since the introduction of MOPSO, numerous novels and effective MOSAs
have been continuously developed. Notable examples include the Multi-objective Grey
Wolf Optimizer (MOGWO) [18], Multi-objective Water Cycle Algorithm (MOWCA) [19],
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Decomposition-Based Multi-Objective Symbiotic Organism Search (MOSOS/D) [20], Multi-
objective Artificial Vultures Optimization Algorithm (MOAVOA) [21], Multi-objective
Group Learning Algorithm (MOGLA) [22], Multi-objective Stochastic Paint Optimizer
(MOSPO) [23], Multi-objective Teaching-Learning-Based Optimizer (MOTLBO) [24],
and Multi-objective Sine-Cosine Algorithm (MOSCA) [25]. These algorithms have
made significant contributions to addressing complex MOPs by providing efficient and
diverse solutions.

In MOO algorithms, parameter selection plays a critical role in modulating the bal-
ance between exploration and exploitation capabilities of evolutionary operators [26]. For
instance, in the NSGA-II, the crossover and mutation probabilities directly affect conver-
gence behavior (exploitation). Similarly, in MOEA/D, the size of the neighborhood and
the aggregation function parameters determine the balance between global search and
local intensification. Moreover, distinct operator types inherently possess characteristic
exploration-exploitation properties [27]. Differential evolution operators are highly ex-
ploratory, using stochastic vectors to probe the search space. In contrast, simulated binary
crossover and polynomial mutation are more exploitative, refining solutions through local
search. These characteristics are fundamentally influenced by their respective mechanistic
structures and interaction modes with the solution space. Therefore, it is crucial to intelli-
gently adjust algorithm parameters or combine different operators during optimization.
This is key to maintaining an effective balance between exploration and exploitation. This
adaptive approach enables dynamic adjustment to problem characteristics and enhances
the algorithm’s ability to escape local optima while preserving convergence efficiency [28].
Reinforcement Learning (RL) is a machine learning paradigm focused on training agents to
make optimal sequential decisions through interaction with an unknown environment [29].
In this learning process, an agent tries different actions and adjusts its strategy accord-
ing to the results of these actions. Recent years have seen many studies successfully
harness Reinforcement Learning (RL) to control evolutionary algorithms. By enabling
real-time adaptation of parameters or on-the-fly selection of operators, RL helps these algo-
rithms dynamically balance exploration and exploitation [30–32]. This hybrid approach
has demonstrated significant improvements in solving complex optimization problems,
as evidenced by enhanced convergence properties and solution diversity across various
benchmark and real-world problems [33].

Although numerous MOO algorithms have been proposed to address MOPs, chal-
lenges such as slow convergence speed and susceptibility to local optima persist [34]. These
algorithms aim to find a set of Pareto-optimal solutions that are evenly distributed. This
even distribution provides a comprehensive range of high-quality choices for decision
making. According to the No-Free-Lunch (NFL) theorem, no single algorithm can solve all
optimization problems [35]. This fundamental principle underscores the persistent need
to develop generalized MOO algorithms capable of effectively addressing diverse types
of MOPs.

Social Network Search algorithm (SNS) is a metaheuristic algorithm proposed
in 2021 for solving global optimization problems, based on human behavior [36]. The
core innovation of the SNS algorithm lies in its guidance of the search process by simulating
four distinct behavioral modes of social network users. It features a simple structure, high
hierarchical organization, no need for manual parameter tuning, and fast convergence. SNS
has demonstrated remarkable effectiveness in addressing diverse engineering problems,
representing a novel and promising methodology with substantial potential for further
research and development [37,38]. Building upon this foundation, this paper proposes
a Reinforcement Learning Enhanced Multi-Objective Social Network Search Algorithm
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(QMOSNS) for Engineering Design Problems. The primary contributions of this research
work can be expressed as follows:

• The proposed QMOSNS enhances population diversity through Halton sequence ini-
tialization and maintains a multi-objective archive for storing Pareto-optimal solutions
and selecting parent individuals. Moreover, Q-learning is integrated to dynamically
adjust user behavior modes within the SNS framework, improving the balance be-
tween exploration and exploitation;

• The performance of QMOSNS was rigorously evaluated on a suite of test problems,
including constrained and unconstrained benchmarks as well as engineering design
problems. The algorithm was compared against state-of-the-art MOO methods using
two performance metrics, with the results validated by statistical tests, robustness
analysis, and Pareto front visualizations;

• Analysis shows that QMOSNS successfully handles MOPs, achieving well-balanced
Pareto fronts across diverse benchmarks and engineering applications. Comparative
results confirm its highly competitive performance, outperforming other algorithms
in most cases.

The paper is structured as follows: Section 2 defines definitions related to this re-
search. Section 3 details the original SNS algorithm, followed by Section 4′s presentation of
QMOSNS. Section 5 validates the proposed algorithm through extensive experiments on
50 test problems and provides a detailed analysis of the results. Lastly, Section 6 conclude
with a discussion of future research directions.

2. Background
2.1. Multi-Objective Optimization

Typically, an optimization problem only requires finding a single solution for a single
objective function. However, in many real-world applications, we often face situations
where multiple conflicting objectives need to be addressed simultaneously [39]. Taking
minimization problems as an example, a multi-objective optimization problem can be
formulated as follows:

minF(x) = min[ f1(x), f2(x), · · · , fm(x)]T ∈ F

s.t.

{
gj(x) ≤ 0, j = 1, · · · , l
hk(x) = 0, k = 1, · · · , n

x = (x1, x2, · · · , xd)
T ∈ S

(1)

where x is a d-dimensional decision vector, S is the decision space, F(x) consists of
m objective functions, F is the objective space, fi(x) is the i-th objective function, gj(x) is
the j-th inequality constraint, hk(x) is the k-th equality constraint, and l and n represent the
number of inequality constraints and equality constraints, respectively.

In single-objective optimization, the quality of a solution can be determined simply
by comparing its fitness value. However, when comparing solutions for problems with
multiple objectives, traditional comparison methods fail to evaluate multiple criteria ef-
fectively. To address this issue, most multi-objective algorithms incorporate the concept
of dominance in their comparison mechanisms to handle multiple objectives and identify
Pareto optimal solutions. Within this context, the relevant concepts in multi-objective
optimization are defined as follows.
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2.1.1. Pareto Dominance

Suppose x1 = (x1
1, x1

2, · · · , x1
n) and x2 = (x2

1, x2
2, · · · , x2

n) are two feasible solutions in
the objective space that satisfy all constraints. Solution x1 is said to dominate solution x2

(denoted as x1 ≺ x2) if and only if the following conditions are met:

∀ i ∈ {1, 2, · · · , m} : fi(x1) ≤ fi(x2) ∧ ∃ j ∈ {1, 2, · · · , m} : f j(x1) < f j(x2)

2.1.2. Pareto Optimality

A solution x∗ is defined as a Pareto optimal solution if it satisfies all constraints within
the feasible region Ω and there exists no other solution in Ω that dominates x∗.

x∗ ∈ Ω ∧ ∄x ∈ Ω : x ≺ x∗

2.1.3. Pareto Optimal Set

The set composed of all Pareto optimal solutions is called the Pareto Optimal Set (PS),
defined as follows:

PS = {x∗|x∗ ∈ Ω ∧ ∄x ∈ Ω : x ≺ x∗}

2.1.4. Pareto Optimal Front

The Pareto Optimal Front (PF) represents the projection of all Pareto optimal solutions
x∗ in the PS onto the objective space F, formally defined as:

PF = { f (x∗) ∈ F|x∗ ∈ PS}

2.2. Multi-Objective Performance Metrics

Unlike the evaluation of single-objective optimization algorithms, multi-objective
optimization has two primary goals: finding a set of Pareto optimal solutions that satisfy
the constraints and ensuring the diversity of solutions within the Pareto optimal set. Con-
sequently, a comprehensive set of performance metrics is required to adequately assess the
performance of multi-objective optimization algorithms. The following subsection details
the metrics employed in this study.

2.2.1. Inverted Generational Distance

The Inverted Generational Distance (IGD) is a metric used to evaluate the comprehen-
sive performance of multi-objective optimization algorithms [40]. It measures algorithm
performance by computing the average distance from points on the true Pareto front to the
solution set generated by the algorithm. A smaller IGD value indicates that the generated
solution set is closer to the true Pareto front and exhibits better distribution uniformity. The
definition of IGD is as follows:

IGD(P∗, A) =
∑

y∗∈P∗
d(y∗ ,A)

|P∗ |

d(y∗, A) = min
y∈A
{
√

m
∑

i=1
(y∗i − yi)

2}
(2)

where P∗ represents a set of representative solutions on the true Pareto front, A denotes the
approximate PF obtained by the algorithm, and m indicates the number of objectives.
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2.2.2. Hypervolume

The Hypervolume (HV) is another key metric for evaluating the comprehensive
performance of multi-objective optimization algorithms [41]. Unlike IGD, which requires
prior knowledge of the true Pareto front, HV does not necessitate information about the
true Pareto front for computation. It quantifies solution set quality by measuring the
hypervolume enclosed between the solution set and a predefined reference point. A larger
HV value indicates superior overall performance of the solution set, reflecting broader
coverage and more uniform distribution in the objective space. The formal definition
is as follows:

HV(S) = VOL( ∪
x∈S

[ f1(x), zr
1]× . . .× [ fm(x), zr

m]) (3)

where VOL(.) denotes the Lebesgue measure, m represents the number of objectives, and
zr = (zr

1, . . . , zr
m)

T is a user-defined reference point in the objective space.

3. Social Network Search Algorithm
With the advancement of Internet technology, social networks have emerged, sig-

nificantly enhancing the efficiency of interpersonal communication. The Social Network
Search (SNS) algorithm draws inspiration from user interactions within these platforms.
In social networks, users frequently influence others’ opinions by sharing their perspectives,
insights, and ideas—a process that can be conceptualized as an optimization mechanism, as
users inherently seek to maximize their influence and popularity. The SNS algorithm gener-
ates novel solutions to optimization problems by emulating four distinct behavioral modes
observed in social network users: imitation, conversation, disputation, and innovation.
The mathematical modeling and interpretation of these behavioral modes are elaborated
as follows [36].

3.1. Imitation Mood

In this mood, social network users often try to emulate the popular views of other
users to get their views noticed. This mood is mathematically formulated in Equation (4):

xinew = xj + rand(−1, 1)× R
R = rand(0, 1)× r
r = xi − xj

(4)

where xi and xj represent the i-th and j-th of the current users, respectively, and i is not
equal to j. rand(−1, 1) and rand(0, 1) represent random vectors in the range [−1, 1] and
[0, 1], respectively. Moreover, R represents the shock radius of the imitation space and
r represents the popular radius of user j.

3.2. Conversation Mood

In this mood, users will interact with each other and discuss different issues to generate
new perspectives. This mood can be mathematically formulated as follows:

xinew = xk + R,
R = rand(0, 1)×D
D = sign( fi − f j)× (xj − xi)

(5)

where xk and xj are two randomly selected users. D represents the difference in users’
views, where Xi represents the viewpoint of the current i-th user, and i, j, and k are different.
Moreover, the expression (sign( fi − fj)) describes the direction of motion of xk. It is worth
noting that the user’s viewpoints are sent to change through the conversation with user j.
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3.3. Disputation Mood

In this mood, the user explains his or her view of the issue to others and defends his
or her point of view. In this case, the user sees the different views of others and may be
influenced by them. The new affected view in disputation is as follows:

xinew = xi + rand(0, 1)× (M− AF× xi)

M = ∑Nr
t xt
Nr

AF = 1 + round(rand)

(6)

where M is the average of the views of the users involved in the discussion, and AF is the
admitting effect that represents the statement of the user’s viewpoints during the discussion
and takes the value integer 1 or 2. The symbol (round) stands for taking the input value to
the closest integer value and (Nr) is the number of people involved in the discussion.

3.4. Innovation Mood

In this mood, users share their personal beliefs and experiences in approaching an
issue in a creative way with others, and therefore, new perspectives are presented. The
mathematical explanation of innovation is as follows:

xd
inew = txd

j + (1− t)× nd
new

nd
new = LBd + rand(0, 1)× (UBd − LBd)

t = rand(0, 1)
(7)

where d represents the d-th variable in the user’s viewpoint; UBd and LBd represent the
upper and lower bounds of the d-th dimensional variable; nd

new is the new thought in the
d-th dimension of the viewpoint; and xd

j represents the d-th dimension of the j-th user’s

viewpoint where i is not equal to j. xd
inew consists of the pre-existing thought (nd

j ) and the

new thought (nd
new).A change in the d-th dimension of the user’s viewpoint also means that

the user’s viewpoint on the event has changed.

3.5. Network Rules

There are rules defined in social networks that users need to follow when sharing their
views. The rules that restrict the user’s views are formulated as follows:

xd
inew = min(xd

inew, UBd)

xd
inew = max(xd

inew, LBd)

d = 1, 2, 3, · · · , view′s dim
i = 1, 2, 3, · · · , user′s number

(8)

During the next iteration of the algorithm, one of the four moods will be randomly
selected to update the user’s view, and the new view generated will need to adhere to the
rules of the social network. The main process of SNS is shown in Figure 1.



Mathematics 2025, 13, 3613 8 of 28

Figure 1. The flowchart of the SNS algorithm.

4. The Proposed QMOSNS
4.1. Population Initialization Based on Halton Sequence

The population initialization method significantly impacts both the iterative process
and the final results of an algorithm. A uniformly distributed initial population enhances
the exploration capability of optimization algorithms and improves search efficiency [42].
However, the original SNS algorithm lacks mechanisms for generating uniform initial
populations, relying solely on random initialization methods. This often results in poor
coverage uniformity across the solution space, leading to insufficient population diversity
during early optimization stages and inefficient acquisition of solution space information.
Existing literature demonstrates that low-discrepancy sequences like the Halton sequence
serve as effective initialization mechanisms for metaheuristic algorithms, as they tend to
uniformly cover the search space to facilitate optimal solution discovery [43]. Therefore,
this study incorporates the Halton sequence into the initialization phase. By leveraging
the deterministic characteristics of the Halton sequence to generate populations instead
of random initialization, the proposed method achieves more comprehensive coverage
of the solution space compared to traditional random approaches. As shown in Figure 2,
a population of 1000 two-dimensional individuals was generated using random sampling,
the Sobol sequence, and the Halton sequence method, with each dimension constrained to
the interval [0, 1]. It can be seen that the Halton sequence achieved the best performance.
The use of Halton sequences for initial population generation effectively prevents clustering
phenomena in initial populations, thereby improving population diversity and uniformity.
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Such enhancements maintain strong exploration capability during early optimization stages
and establish a solid foundation for global optimization.

     
(a) Random  (b) Sobol  (c) Halton 

Figure 2. Comparison of the distribution of the initial population.

4.2. Multi-Objective Archive

The QMOSNS algorithm is developed based on the SNS algorithm described earlier.
In the SNS algorithm, the quality of a solution is evaluated according to its fitness value for
a single objective, thereby enabling the selection of the globally optimal solution. However,
in multi-objective optimization, solutions possess fitness values across multiple objectives.
Their quality cannot be determined simply by directly comparing these objective fitness
values. Inspired by SPEA-II [44], this study adopts the same approach to reassign a new
fitness value Fit(X) to each multi-objective solution X, thereby evaluating the quality of
solutions. The specific definition is as follows:

Fit(x) = ∑
y∈S∧y ̸=x

|Rx|+
1

dist(x, x′) + 2
(9)

where Rx is the set of solutions dominated by the solution x, S is the set of solutions
dominating the solution x and x′ denotes the nearest neighbor to x. The first component of
Equation (9) represents the total number of solutions dominated by x in the solution set,
while the second component corresponds to the inverse of the Euclidean distance between
x and its nearest neighbor x′. These two components, respectively, assess convergence and
diversity performance. A smaller Fit(x) indicates better solution quality of x. Specifically,
when Fit(x) < 1, it signifies that x is non-dominated.

The utilization of external archives is prevalent in multi-objective optimization
algorithms [45]. In this algorithm, an external archive A is likewise adopted to preserve
candidate solutions. The external archive A maintains a fixed population size N of solutions,
which serve as parent individuals for generating offspring in the subsequent generation.
During each evolutionary iteration, both offspring individuals and solutions in archive
A are evaluated and assigned fitness Fit(x), which is then used to update the archive. The
specific archive update mechanism is implemented as follows:

• If the number of solutions satisfying Fit(x) < 1 is precisely equal to N, these solutions
are stored in the A;

• If the number of solutions satisfying Fit(x) < 1 exceeds N, the top N solutions are
selected based on Fit(x) and stored in the A;

• If the number of solutions satisfying Fit(x) < 1 is less than N, then the k compliant
solutions are stored in the A, and the remaining (N – k) solutions are selected from the
top-ranked candidates based on Fit(x) and stored in the A.

4.3. Q-Learning-Based Mood Selection Strategy

The SNS algorithm randomly selects the moods model and the user’s optimization
mechanism, which is conducive to improving the algorithm’s global exploration ability and
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avoiding the algorithm’s premature convergence in the process of optimization, but it also
reduces the algorithm’s optimization accuracy and efficiency to a certain extent. Applying
reinforcement learning to social network search algorithms helps to help algorithms ratio-
nally select sentiment models in the process of searching for excellence, in order to balance
the algorithm’s global exploration and local exploitation capabilities, and thus improve the
efficiency and accuracy of searching for excellence.

The Q-learning algorithm is one of the most frequently used algorithms for RL, which
consists of five parts: the intelligent body, the Q-table, the reward value R, the state set
st, and the action set ac [46]. The Q-learning algorithm first perceives the state of the
environment through the intelligent body, and then makes the optimal decision based on
the value of the Q-table. After the decision is applied to the environment, the state of the
intelligent body will be changed and the reward value for the decision will be fed back to
the intelligent body from the environment to update the Q-table. The dynamic updating
mechanism of the Q-table is as follows:

Q(stt, act)← Q(stt, act) + λ[Rt+1 + γmaxQ(stt+1, ac)−Q(st, act)] (10)

where λ represents the learning efficiency, γ represents the discount factor, Rt+1 denotes
the immediate reward obtained by executing the action act in state stt, and Q(stt, act)

represents the Q-table value of executing the action act in state stt. λ is crucial to the
Q-learning algorithm, and the larger λ is, the greater the influence of the expected future
reward on the computation of the future Q-value is; and the smaller λ is, the greater the
influence of the current Q-value on the computation of the future Q-value is. Therefore,
the learning effect of the intelligence in the search space can be improved by adaptively
decreasing λ in the process of SNS iteration, and λ is calculated as follows:

λ =
λinitial + λ f inal

2
−

λinitial + λ f inal

2
cos

(
π

(
1− t

Maxgen

))
(11)

where λinitial and λ f inal represent the initial and final values of learning efficiency, respectively.
In constrained multi-objective optimization methods, algorithm performance must

simultaneously consider convergence and feasibility. The Hypervolume (HV) indicator
serves as a comprehensive evaluation metric that assesses both the convergence and
diversity of Pareto optimal solution sets by measuring the volume of the multidimensional
space dominated by these solutions relative to a reference point [41]. The feasibility of the
population is evaluated using both the constraint violation (CV) and the feasibility rate (FR).
Notably, the changes in HV and CV (denoted ∆HV and ∆CV) between two consecutive
generations can effectively reflect the efficacy of the evolutionary strategy. Based on this,
four states can be defined according to the changes in HV and CV:

• State 1 (S1): Both HV and CV improve simultaneously;
• State 2 (S2): Only the HV improves;
• State 3 (S3): Only the CV improves;
• State 4 (S4): There is no improvement in either HV or CV.

The immediate reward of applying an action to a state, denoted as R, is determined by
the improvement of the evolution. The reward value R varies as shown in Equation (12).

R =


1 , ∆HV > 0 & FR = 1
0.5 , ∆HV > 0 & FR ̸= 1 & ∆CV ≤ 0
−1 , others

(12)
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When using the Q-learning algorithm in SNS algorithms, a Q-table needs to be created
for each user. Given that the SNS incorporates four mood models and four states have
been defined previously, the Q-table is designed as a matrix of 4 rows and 4 columns,
where the rows represent states st and the columns represent actions ac. As shown in
Figure 3, before the Q-table update, the agent selected the imitation mood model while
in S3, and the corresponding Q-value for this position was updated to 1.42 according to
Equation (11). After the Q-table update, the current state transitions to S1. Subsequently,
a random number r will be generated, and if r is smaller than the set greedy threshold ε, the
action corresponding to the maximum Q-value will be selected; otherwise, an action will
be randomly chosen from the four actions. By following this cycle, the appropriate mood
model for the current situation can be selected based on the Q value.

 

Figure 3. Operation of the Q-learning-based mood selection strategy.

The pseudo code of QMOSNS is presented in Algorithm 1.

Algorithm 1 QMOSNS Algorithm

Input: Popsize: Number of population, Maxgen: Maximum iterations, D: Dimension
size, UB: Upper bound of a variable, LB: Lower bound of a variable.

Output: Return the archive.
Initialize the Q-table.
Initialize the population using Halton sequence.
Calculate the fitness value of each individual in the population.
Update the archive.
for t = 1: Maxgen

if t = 1
Randomly select a mood.

else
Select a mood using the Q-table.

End if
Generate offspring using the selected mood.
Calculate the fitness value of each individual in the offspring.
Update the archive and select parent solutions.
Update the Q-table.

end for
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4.4. Computational Complexity

The complexity of the proposed QMOSNS is based on the number of decision vari-
ables, the objective variables, and the population size. Imagine a multi-objective problem
with D decision variables, M objective variables, and N particles as an example. At each
generation, the QMOSNS mainly spends the computational cost for updating user’s view-
point, updating archive, and implementing the Q-learning-based emotion selection strategy.
The complexity of update user’s viewpoint is decided by N and D, so the computational
complexity of this process is O(DN). During the archive update process, fitness assignment
constitutes the most computationally complex part, with a computational complexity of
O(MN3). The Q-learning-based operator selection process consists of three steps: state
determination, Q-table update, and optimal action selection. Their computational complex-
ities are O(N2), O(1), and O(1), respectively. To sum up, the total computational complexity
of the proposed algorithm is O(MN3), which is highly sensitive to increases in N and is a
key factor determining the actual runtime. When N increases by a factor of k, the theoretical
runtime grows by k3 times. This implies that while the algorithm is feasible for small to
medium-sized populations, it faces computational bottlenecks in ultra-large-scale scenarios.

5. Numerical Examples and Results
5.1. Experimental Setup

In this section, 50 well-established multi-objective benchmark problems and engi-
neering design problems derived from authoritative studies are employed to rigorously
evaluate the optimization performance of QMOSNS. These test problems incorporate objec-
tive functions with distinct characteristics and span varying dimensions of design variables,
which are systematically classified into three primary categories:

• Unconstrained multi-objective problems: ZDT1, ZDT2, ZDT3, ZDT4, ZDT6, DTLZ1,
DTLZ2, DTLZ3, DTLZ4, DTLZ5, DTLZ6, DTLZ7, UF1, UF2, UF3, UF4, UF5, UF6, UF7,
UF8, UF9, UF10 [47–49];

• Constrained multi-objective problems: C1_DTLZ1, C1_DTLZ2, C2_DTLZ3, C2_DTLZ4,
MW1, MW2, MW3, MW4, MW5, MW6, MW7, MW8, MW9, MW10, MW11, MW12,
MW13, MW14 [50,51];

• Multi-objective engineering design problems: Pressure Vessel Design [52], Vibrating
Platform Design [53], Welded Beam Design [54], Disc Brake Design [55], Car Side
Impact Design [50], Four Bar Plane Truss [56], Multiple Disk Clutch Brake Design [57],
Spring Design [52], Multi-product Batch Plant [58], Crash Energy Management for
High-speed Train [59].

To validate the effectiveness of the proposed QMOSNS algorithm, comparative experi-
ments were conducted against six state-of-the-art algorithms, including two widely used
approaches (NSGA-II [14], MOEA/D [15]) and four advanced methods (ARMOEA [60],
MOEADDAE [61], CMOES [62], PPS [63]). All experiments were performed in a computa-
tional environment equipped with an Intel(R) Core(TM) i5-12600KF CPU @3.70 GHz and
32.00 GB RAM. The operating system was Windows 11 Pro, and MATLAB R2023b served
as the execution platform. The experimental studies were implemented on PlatEMO [64],
with all algorithmic parameters maintained at their default settings in the platform.

Each algorithm is independently executed 30 times for each multi-objective optimiza-
tion problem, and the statistical results are subjected to a Wilcoxon rank-sum test with
a significance level of 0.05. The symbols “+”, “−”, and “=“ denote that the algorithm
performs better than, worse than, or equal to the compared algorithm, respectively. To
ensure reliable and fair comparisons, the population size for all algorithms is set to 100. The
maximum number of evaluations for the ZDT, DTLZ, UF, C_DTLZ, and MW test functions
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is set to 25,000, 100,000, 100,000, 100,000, and 60,000, respectively. For multi-objective
engineering optimization problems, the maximum number of evaluations is determined
according to the following criteria (where m represents the number of objectives in the
problem and d denotes the problem’s dimensionality):

2× 104, i f (m = 2)&(d ≤ 10)
8× 104, elsei f (m = 2)&(d > 10)
2.6250× 104, elsei f (m = 3)&(d ≤ 10)
1.05× 105, elsei f (m = 3)&(d > 10)

(13)

5.2. Multi-Objective Benchmark Problems
5.2.1. Unconstrained Multi-Objective Problems

Table 1 presents the final statistical results of the IGD metrics obtained by QMOSNS,
NSGA-II, MOEA/D, ARMOEA, MOEADDAE, CMOES and PPS. The results indicate that
in terms of both the average and standard deviation values of the IGD metric, QMOSNS
significantly outperforms NSGA-II, MOEA/D, ARMOEA, MOEADDAE, CMOES, and PPS
on ZDT1, ZDT2, ZDT3, and ZDT6, only underperforming NSGA-II and MOEADDAE on
ZDT4. This demonstrates that QMOSNS can achieve solutions closer to the true Pareto
front on most test functions compared to the other algorithms. Table 2 shows the statistical
results of the HV performance metrics for the DTLZ benchmark functions obtained by
the QMOSNS algorithm and other multi-objective algorithms. The experimental results
reveal that the QMOSNS algorithm outperforms the other algorithms on the ZDT1, ZDT2,
and ZDT6 test functions. MOEADDAE achieves the best performance on ZDT3, while
NSGA-II performs best on ZDT4, but QMOSNS still secures the second rank on these two
test functions. Therefore, QMOSNS demonstrates superior convergence and diversity on
the ZDT test problems. Figure 4 displays a graphical representation of the true Pareto front
of the ZDT test suite and the Pareto fronts obtained by QMOSNS. All plots demonstrate
that the Pareto optimal fronts obtained by QMOSNS exhibit uniform distribution along the
true Pareto optimal fronts.

Table 1. Statistical Results of MOO Algorithms in Terms of IGD For ZDT Test Suites.

Function
NSGA-II MOEA/D ARMOEA MOEADDAE CMOES PPS QMOSNS

Mean (Std) Mean (Std) Mean (Std) Mean (Std) Mean (Std) Mean (Std) Mean (Std)

ZDT1 4.8007 × 10−3

(1.47 × 10−4) −
7.0791 × 10−3

(1.06 × 10−3) −
3.9528 × 10−3

(2.41 × 10−5) −
4.8121 × 10−3

(2.25 × 10−4) −
4.7270 × 10−3

(2.15 × 10−4) −
2.0890 × 10−2

(7.40 × 10−3) −
3.9049 × 10−3

(3.89 × 10−5)

ZDT2 5.0362 × 10−3

(2.23 × 10−4) −
8.4050 × 10−3

(9.83 × 10−4) −
4.0055 × 10−3

(4.51 × 10−4) =
4.7507 × 10−3

(1.51 × 10−4) −
4.7763 × 10−3

(2.66 × 10−4) −
1.4206 × 10−2

(3.44 × 10−3) −
3.9016 × 10−3

(2.58 × 10−5)

ZDT3 5.4060 × 10−3

(1.88 × 10−4) −
1.5031 × 10−2

(6.45 × 10−3) −
6.4548 × 10−3

(3.82 × 10−5) −
6.3604 × 10−3

(5.34 × 10−3) −
5.1903 × 10−3

(1.37 × 10−4) −
3.6501 × 10−2

(1.99 × 10−2) −
4.8132 × 10−3

(1.01 × 10−4)

ZDT4 6.5004 × 10−3

(1.71 × 10−3) +
3.3404 × 10−2

(3.83 × 10−2) −
1.0461 × 10−2

(9.27 × 10−3) −
6.8525 × 10−3

(1.93 × 10−3) +
8.1588 × 10−3

(3.02 × 10−3) −
3.9894 × 10−1

(2.59 × 10−1) −
7.8272 × 10−3

(1.50 × 10−2)

ZDT6 3.7976 × 10−3

(1.42 × 10−4) −
1.6414 × 10−2

(3.69 × 10−3) −
3.3904 × 10−3

(3.56 × 10−4) −
4.1197 × 10−3

(3.53 × 10−4) −
4.3082 × 10−3

(1.41 × 10−3) −
5.0399 × 10−3

(4.64 × 10−4) −
3.1914 × 10−3

(1.05 × 10−4)

+/−/= 1/4/0 0/5/0 0/4/1 1/4/0 0/5/0 0/5/0
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Table 2. Statistical Results of MOO Algorithms in Terms of HV For ZDT Test Suites.

Function
NSGA-II MOEA/D ARMOEA MOEADDAE CMOES PPS QMOSNS

Mean (Std) Mean (Std) Mean (Std) Mean (Std) Mean (Std) Mean (Std) Mean (Std)

ZDT1 7.1890 × 10−1

(2.35 × 10−4) −
7.1401 × 10−1

(1.55 × 10−3) −
7.1990 × 10−1

(1.08 × 10−4) −
7.1898 × 10−1

(2.79 × 10−4) −
7.1799 × 10−1

(4.48 × 10−4) −
6.9475 × 10−1

(9.54 × 10−3) −
7.2028 × 10−1

(1.24 × 10−4)

ZDT2 4.4341 × 10−1

(2.61 × 10−4) −
4.3492 × 10−1

(1.83 × 10−3) −
4.4421 × 10−1

(1.66 × 10−3) −
4.4361 × 10−1

(2.79 × 10−4) −
4.4219 × 10−1

(5.75 × 10−4) −
4.2465 × 10−1

(6.44 × 10−3) −
4.4497 × 10−1

(9.26 × 10−5)

ZDT3 5.9922 × 10−1

(1.20 × 10−4) −
5.9586 × 10−1

(1.74 × 10−2) −
5.9847 × 10−1

(1.66 × 10−4) −
6.0238 × 10−1

(1.62 × 10−2) +
5.9856 × 10−1

(3.01 × 10−4) −
5.8569 × 10−1

(1.49 × 10−2) −
5.9964 × 10−1

(1.52 × 10−4)

ZDT4 7.1515 × 10−1

(2.76 × 10−3) +
6.7703 × 10−1

(5.13 × 10−2) −
7.1151 × 10−1

(8.12 × 10−3) −
7.1448 × 10−1

(3.06 × 10−3) −
7.1270 × 10−1

(4.00 × 10−3) −
3.0545 × 10−1

(1.75 × 10−1) −
7.1499 × 10−1

(2.05 × 10−2)

ZDT6 3.8762 × 10−1

(4.61 × 10−4) −
3.6811 × 10−1

(5.25 × 10−3) −
3.8764 × 10−1

(7.94 × 10−4) −
3.8669 × 10−1

(7.49 × 10−4) −
3.8618 × 10−1

(2.37 × 10−3) −
3.8675 × 10−1

(5.50 × 10−4) −
3.8881 × 10−1

(1.00 × 10−4)

+/−/= 1/4/0 0/5/0 0/5/0 1/4/0 0/5/0 0/5/0

 

Figure 4. Pareto optimal fronts generated by QMOSNS for test functions ZDT1, ZDT2, ZDT3, ZDT4,
and ZDT6.

Tables 3 and 4 present the statistical results of IGD and HV obtained by QMOSNS,
NSGA-II, MOEA/D, ARMOEA, MOEADDAE, CMOES, and PPS. Overall, the IGD metric
results indicate that QMOSNS outperforms all other compared algorithms across all test
problems except DTLZ4, demonstrating the superior convergence performance of the
proposed algorithm on these test functions. The significant differences in IGD values be-
tween QMOSNS and other algorithms further support this conclusion. Although QMOSNS
shows slightly inferior performance to MOEA/D on DTLZ4 and performs comparably
to ARMOEA, this does not compromise its overall effectiveness. Regarding the HV met-
ric, QMOSNS achieves significantly better results than the other algorithms on four test
functions: DTLZ2, DTLZ5, DTLZ6, and DTLZ7. MOEA/D delivers the best performance
on DTLZ1, DTLZ3, and DTLZ4. However, QMOSNS remains highly competitive with
MOEA/D on DTLZ1 and DTLZ3, only slightly underperforming on DTLZ3. In summary,
QMOSNS still exhibits strong performance across the DTLZ test suite. Figure 5 illustrates
the true Pareto front and the obtained Pareto fronts of all algorithms on the DTLZ test prob-
lems. The results in Tables 3 and 4 are visually confirmed by the graphical representations
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in Figure 5, where it can be observed that the Pareto front generated by QMOSNS not only
converges well to the true Pareto front but also maintains a uniform distribution.

Table 3. Statistical Results of MOO Algorithms in Terms of IGD For DTLZ Test Suites.

Function
NSGA-II MOEA/D ARMOEA MOEADDAE CMOES PPS QMOSNS

Mean (Std) Mean (Std) Mean (Std) Mean (Std) Mean (Std) Mean (Std) Mean (Std)

DTLZ1 2.7010 × 10−2

(1.04 × 10−3) −
2.0563 × 10−2

(1.32 × 10−5) −
2.0568 × 10−2

(2.21 × 10−5) −
2.1404 × 10−2

(5.45 × 10−4) −
2.0403 × 10−2

(1.99 × 10−4) =
2.8786 × 10−2

(9.66 × 10−4) −
2.0382 × 10−2

(1.70 × 10−4)

DTLZ2 6.8903 × 10−2

(2.80 × 10−3) −
5.4464 × 10−2

(1.99 × 10−7) −
5.4464 × 10−2

(6.50 × 10−6) −
5.6688 × 10−2

(3.96 × 10−4) −
5.5572 × 10−2

(6.70 × 10−4) −
7.5507 × 10−2

(2.58 × 10−3) −
5.3918 × 10−2

(4.79 × 10−4)

DTLZ3 6.9464 × 10−2

(2.82 × 10−3) −
5.4598 × 10−2

(1.57 × 10−4) −
5.4733 × 10−2

(3.85 × 10−4) −
6.6398 × 10−2

(4.96 × 10−3) −
5.4374 × 10−2

(8.44 × 10−4) =
1.2166 × 10−1

(2.45 × 10−1) −
5.4170 × 10−2

(5.96 × 10−4)

DTLZ4 9.6545 × 10−2

(1.60 × 10−1) −
5.4464 × 10−2

(2.16 × 10−6) +
3.0845 × 10−1

(2.93 × 10−1) =
2.6884 × 10−1

(2.82 × 10−1) −
5.5979 × 10−2

(9.59 × 10−4) −
1.2650 × 10−1

(7.54 × 10−2) −
5.5368 × 10−2

(9.92 × 10−4)

DTLZ5 5.7453 × 10−3

(2.68 × 10−4) −
3.3923 × 10−2

(3.72 × 10−6) −
5.4262 × 10−3

(9.78 × 10−5) −
4.9348 × 10−3

(1.32 × 10−4) −
4.9725 × 10−3

(2.05 × 10−4) −
1.0745 × 10−2

(7.82 × 10−4) −
4.1164 × 10−3

(3.74 × 10−5)

DTLZ6 5.9844 × 10−3

(4.38 × 10−4) −
3.3929 × 10−2

(1.23 × 10−6) −
5.0046 × 10−3

(6.22 × 10−5) −
4.6426 × 10−3

(9.85 × 10−5) −
4.1375 × 10−3

(3.12 × 10−5) =
6.4126 × 10−3

(3.31 × 10−4) −
4.1217 × 10−3

(2.98 × 10−5)

DTLZ7 8.5734 × 10−2

(5.06 × 10−2) −
1.5470 × 10−1

(1.80 × 10−3) −
2.0421 × 10−1

(1.78 × 10−1) −
7.0888 × 10−2

(5.31 × 10−2) −
6.2679 × 10−2

(1.62 × 10−3) −
1.6311 × 10−1

(8.57 × 10−2) −
6.0120 × 10−2

(1.83 × 10−3)

+/−/= 0/7/0 1/6/0 0/6/1 0/7/0 0/4/3 0/7/0

Table 4. Statistical Results of MOO Algorithms in Terms of HV For DTLZ Test Suites.

Function
NSGA-II MOEA/D ARMOEA MOEADDAE CMOES PPS QMOSNS

Mean (Std) Mean (Std) Mean (Std) Mean (Std) Mean (Std) Mean (Std) Mean (Std)

DTLZ1 8.2451 × 10−1

(3.56 × 10−3) −
8.4165 × 10−1

(1.71 × 10−4) =
8.4158 × 10−1

(2.71 × 10−4) =
8.4032 × 10−1

(1.67 × 10−3) −
8.4151 × 10−1

(7.38 × 10−4) =
8.0270 × 10−1

(5.47 × 10−3) −
8.4163 × 10−1

(5.88 × 10−4)

DTLZ2 5.3254 × 10−1

(3.28 × 10−3) −
5.5962 × 10−1

(2.16 × 10−6) =
5.5960 × 10−1

(3.07 × 10−5) =
5.5540 × 10−1

(1.23 × 10−3) −
5.5119 × 10−1

(1.58 × 10−3) −
5.1945 × 10−1

(4.19 × 10−3) −
5.5963 × 10−1

(1.73 × 10−3)

DTLZ3 5.3014 × 10−1

(7.32 × 10−3) −
5.5696 × 10−1

(1.93 × 10−3) =
5.5573 × 10−1

(3.02 × 10−3) =
5.5408 × 10−1

(2.39 × 10−3) −
5.5584 × 10−1

(3.22 × 10−3) =
4.9416 × 10−1

(9.38 × 10−2) −
5.5673 × 10−1

(3.19 × 10−3)

DTLZ4 5.2057 × 10−1

(8.12 × 10−2) −
5.5961 × 10−1

(5.47 × 10−5) +
4.4322 × 10−1

(1.41 × 10−1) =
4.5384 × 10−1

(1.39 × 10−1) −
5.4909 × 10−1

(2.74 × 10−3) −
5.0963 × 10−1

(2.09 × 10−2) −
5.5565 × 10−1

(1.88 × 10−3)

DTLZ5 1.9918 × 10−1

(1.90 × 10−4) −
1.8185 × 10−1

(2.28 × 10−6) −
1.9909 × 10−1

(1.32 × 10−4) −
1.9949 × 10−1

(1.50 × 10−4) −
1.9905 × 10−1

(1.60 × 10−4) −
1.9603 × 10−1

(2.45 × 10−4) −
2.0003 × 10−1

(5.60 × 10−5)

DTLZ6 1.9947 × 10−1

(1.61 × 10−4) −
1.8185 × 10−1

(1.04 × 10−6) −
1.9951 × 10−1

(5.88 × 10−5) −
1.9994 × 10−1

(7.23 × 10−5) −
2.0003 × 10−1

(4.69 × 10−5) =
1.9930 × 10−1

(1.47 × 10−4) −
2.0005 × 10−1

(5.32 × 10−5)

DTLZ7 2.6686 × 10−1

(5.28 × 10−3) −
2.5729 × 10−1

(5.57 × 10−4) −
2.6002 × 10−1

(1.97 × 10−2) −
2.7680 × 10−1

(6.80 × 10−3) =
2.7520 × 10−1

(1.05 × 10−3) −
2.4195 × 10−1

(6.62 × 10−3) −
2.7806 × 10−1

(9.45 × 10−4)

+/−/= 0/7/0 1/3/3 0/3/4 0/6/1 0/4/3 0/7/0

Similarly to Tables 1–4, Tables 5 and 6 present the statistical results of IGD and HV
metrics obtained by QMOSNS, NSGA-II, MOEA/D, ARMOEA, MOEADDAE, CMOES,
and PPS on the UF test functions, respectively. In terms of the IGD metric, QMOSNS
demonstrates the best convergence performance on UF2, UF5, UF6, and UF7. PPS achieves
the best convergence on UF1 and UF3, CMOES performs best on UF4 and UF10, while
MOEADDAE shows superior convergence on UF8 and UF9. Regarding the HV metric,
the QMOSNS algorithm outperforms the other algorithms on most functions. PPS only
exhibits competitive performance on UF1, UF3, and UF7. Additionally, MOEADDAE
also demonstrates better performance than other algorithms on UF8. According to the
Wilcoxon rank-sum test, it can be observed from Tables 5 and 6 that QMOSNS significantly
outperforms the other methods. Figure 6 illustrates the Pareto optimal fronts obtained by
QMOSNS and the true Pareto optimal fronts for each function.
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Figure 5. Pareto optimal fronts generated by QMOSNS for test functions DTLZ1-DTLZ7.

Table 5. Statistical Results of MOO Algorithms in Terms of IGD For UF Test Suites.

Function
NSGA-II MOEA/D ARMOEA MOEADDAE CMOES PPS QMOSNS

Mean (Std) Mean (Std) Mean (Std) Mean (Std) Mean (Std) Mean (Std) Mean (Std)

UF1 1.0436 × 10−1

(2.06 × 10−2) −
1.3958 × 10−1

(5.00 × 10−2) −
1.1366 × 10−1

(2.55 × 10−2) −
1.2412 × 10−1

(6.88 × 10−2) −
9.9917 × 10−2

(2.04 × 10−2) −
2.5277 × 10−2

(2.46 × 10−2) +
8.1566 × 10−2

(2.49 × 10−3)

UF2 3.7636 × 10−2

(1.35 × 10−2) −
9.2915 × 10−2

(4.85 × 10−2) −
4.7011 × 10−2

(1.55 × 10−2) −
4.9463 × 10−2

(3.75 × 10−2) −
3.4721 × 10−2

(1.01 × 10−2) −
3.3001 × 10−2

(2.69 × 10−2) −
2.9344 × 10−2

(6.98 × 10−3)

UF3 2.2090 × 10−1

(6.33 × 10−2) =
2.5427 × 10−1

(3.45 × 10−2) =
2.9052 × 10−1

(3.39 × 10−2) −
2.6687 × 10−1

(4.38 × 10−2) −
1.8408 × 10−1

(4.54 × 10−2) +
1.2160 × 10−1

(5.52 × 10−2) +
2.3783 × 10−1

(3.95 × 10−2)

UF4 4.6240 × 10−2

(1.18 × 10−3) =
5.5563 × 10−2

(2.96 × 10−3) −
4.6259 × 10−2

(1.60 × 10−3) =
5.2656 × 10−2

(4.99 × 10−3) −
4.4842 × 10−2

(7.00 × 10−4) =
7.9341 × 10−2

(7.25 × 10−3) −
4.8162 × 10−2

(5.50 × 10−3)

UF5 3.0432 × 10−1

(7.93 × 10−2) −
4.3658 × 10−1

(1.18 × 10−1) −
3.3533 × 10−1

(1.15 × 10−1) −
3.9002 × 10−1

(1.38 × 10−1) −
3.1027 × 10−1

(1.07 × 10−1) −
4.9008 × 10−1

(1.08 × 10−1) −
2.7604 × 10−1

(1.28 × 10−1)

UF6 1.9411 × 10−1

(9.74 × 10−2) =
2.7970 × 10−1

(1.58 × 10−1) −
2.1489 × 10−1

(1.29 × 10−1) =
2.8230 × 10−1

(1.24 × 10−1) −
1.5863 × 10−1

(9.66 × 10−2) −
3.3513 × 10−1

(1.61 × 10−1) −
1.5848 × 10−1

(7.48 × 10−2)

UF7 1.5186 × 10−1

(1.52 × 10−1) =
2.1207 × 10−1

(1.64 × 10−1) −
2.0253 × 10−1

(1.49 × 10−1) −
2.9699 × 10−1

(1.92 × 10−1) −
9.4093 × 10−2

(1.07 × 10−1) =
3.3251 × 10−2

(1.00 × 10−1) +
1.4691 × 10−1

(1.28 × 10−1)

UF8 2.7834 × 10−1

(6.53 × 10−2) −
2.9534 × 10−1

(4.76 × 10−2) −
2.5379 × 10−1

(2.50 × 10−2) −
1.8529 × 10−1

(1.16 × 10−1) +
2.6765 × 10−1

(6.46 × 10−2) −
2.4754 × 10−1

(6.58 × 10−2) −
2.1906 × 10−1

(5.01 × 10−2)

UF9 3.7086 × 10−1

(1.13 × 10−1) −
3.3210 × 10−1

(5.02 × 10−2) −
2.6802 × 10−1

(8.26 × 10−2) =
2.5230 × 10−1

(6.55 × 10−2) =
2.9483 × 10−1

(9.63 × 10−2) =
3.0348 × 10−1

(8.14 × 10−2) =
2.8510 × 10−1

(3.74 × 10−2)

UF10 4.4203 × 10−1

(9.14 × 10−2) =
6.3308 × 10−1

(2.43 × 10−1) −
4.2346 × 10−1

(1.46 × 10−1) =
4.9013 × 10−1

(1.02 × 10−1) −
3.6983 × 10−1

(5.24 × 10−2) =
7.0851 × 10−1

(1.07 × 10−1) −
3.9883 × 10−1

(1.23 × 10−1)

+/−/= 0/5/5 0/9/1 0/6/4 1/8/1 1/5/4 3/6/1
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Table 6. Statistical Results of MOO Algorithms in Terms of HV For UF Test Suites.

Function
NSGA-II MOEA/D ARMOEA MOEADDAE CMOES PPS QMOSNS

Mean (Std) Mean (Std) Mean (Std) Mean (Std) Mean (Std) Mean (Std) Mean (Std)

UF1 5.9375 × 10−1

(2.46 × 10−2) −
5.6023 × 10−1

(4.72 × 10−2) −
5.8039 × 10−1

(2.32 × 10−2) −
5.7774 × 10−1

(4.54 × 10−2) −
6.0197 × 10−1

(2.17 × 10−2) −
6.9003 × 10−1

(3.21 × 10−2) +
6.2120 × 10−1

(3.92 × 10−3)

UF2 6.8125 × 10−1

(8.17 × 10−3) −
6.5392 × 10−1

(2.23 × 10−2) −
6.7160 × 10−1

(9.89 × 10−3) −
6.7670 × 10−1

(1.95 × 10−2) −
6.8453 × 10−1

(6.11 × 10−3) −
6.8895 × 10−1

(2.04 × 10−2) =
6.9277 × 10−1

(4.14 × 10−3)

UF3 4.6623 × 10−1

(5.40 × 10−2) =
4.4097 × 10−1

(3.10 × 10−2) −
4.0582 × 10−1

(2.90 × 10−2) −
4.0569 × 10−1

(3.53 × 10−2) −
5.0818 × 10−1

(5.12 × 10−2) +
5.3844 × 10−1

(7.89 × 10−2) +
4.7645 × 10−1

(2.50 × 10−2)

UF4 3.8307 × 10−1

(1.43 × 10−3) −
3.6728 × 10−1

(5.20 × 10−3) −
3.8356 × 10−1

(1.95 × 10−3) −
3.7410 × 10−1

(7.25 × 10−3) −
3.8632 × 10−1

(8.47 × 10−4) −
3.3559 × 10−1

(8.86 × 10−3) −
3.9195 × 10−1

(4.71 × 10−3)

UF5 2.2367 × 10−1

(7.89 × 10−2) −
1.6565 × 10−1

(6.24 × 10−2) −
2.2215 × 10−1

(6.74 × 10−2) −
1.9810 × 10−1

(7.67 × 10−2) −
2.2981 × 10−1

(7.94 × 10−2) −
1.2029 × 10−1

(8.22 × 10−2) −
2.7202 × 10−1

(8.26 × 10−2)

UF6 3.1154 × 10−1

(6.15 × 10−2) −
2.8049 × 10−1

(6.81 × 10−2) −
3.1103 × 10−1

(5.79 × 10−2) −
2.7102 × 10−1

(7.11 × 10−2) −
3.3925 × 10−1

(3.41 × 10−2) −
2.1913 × 10−1

(9.83 × 10−2) −
3.5475 × 10−1

(3.07 × 10−2)

UF7 4.4883 × 10−1

(1.06 × 10−1) =
3.9918 × 10−1

(1.10 × 10−1) −
4.0966 × 10−1

(1.05 × 10−1) −
3.4553 × 10−1

(1.32 × 10−1) −
4.8942 × 10−1

(7.79 × 10−2) =
5.4923 × 10−1

(7.42 × 10−2) +
4.5492 × 10−1

(1.02 × 10−1)

UF8 2.6536 × 10−1

(4.80 × 10−2) −
3.1474 × 10−1

(2.36 × 10−2) −
3.3145 × 10−1

(1.48 × 10−2) −
3.9744 × 10−1

(7.11 × 10−2) +
2.8342 × 10−1

(4.08 × 10−2) −
2.9743 × 10−1

(4.79 × 10−2) −
3.5811 × 10−1

(3.54 × 10−2)

UF9 3.7830 × 10−1

(9.85 × 10−2) −
4.4321 × 10−1

(4.34 × 10−2) −
4.9272 × 10−1

(7.11 × 10−2) −
5.4239 × 10−1

(6.47 × 10−2) −
4.5524 × 10−1

(9.24 × 10−2) −
4.8820 × 10−1

(9.64 × 10−2) −
5.9433 × 10−1

(3.51 × 10−2)

UF10 1.0160 × 10−1

(4.50 × 10−2) −
1.5012 × 10−1

(7.41 × 10−2) −
1.6860 × 10−1

(7.13 × 10−2) =
1.2644 × 10−1

(6.87 × 10−2) −
1.4521 × 10−1

(2.65 × 10−2) =
3.0092 × 10−2

(2.45 × 10−2) −
2.0826 × 10−1

(1.02 × 10−1)

+/−/= 0/8/2 0/10/0 0/9/1 1/9/0 1/7/2 3/6/1

The aggregated performance metrics across Tables 1–6 demonstrate that QMOSNS
emerges as the superior algorithm among the seven evaluated methods for handling
unconstrained multi-objective optimization problems.

5.2.2. Constrained Multi-Objective Problems

In the previous section on unconstrained multi-objective test problems, the proposed
QMOSNS demonstrated superior performance. To further evaluate its capability in han-
dling constrained multi-objective optimization problems, we conducted performance as-
sessments on two constrained test suites.

Tables 7 and 8 present the statistical results of IGD and HV metrics obtained by
QMOSNS and comparative algorithms on the C_DTLZ test set. The results indicate that
QMOSNS achieves the best performance on C1_DTLZ1, C2_DTLZ2, and C3_DTLZ4, with
its IGD values demonstrating excellent convergence properties. On the C1_DTLZ3 function,
CMOES yields the optimal results, followed by MOEADDAE, while the other algorithms
fail to converge close to the true Pareto optimal front. These observations are further
supported by the HV metric results in Table 8. Overall, QMOSNS exhibits the strongest
performance across this test set. Figure 7 illustrates the Pareto optimal front obtained by
QMOSNS and the corresponding true Pareto front for this test set. Figure 7 reveals that
QMOSNS achieves excellent convergence to the true Pareto optimal front with proper
distribution and spread for the Pareto optimal solutions, except in the case of C1_DTLZ3.
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Figure 6. Pareto optimal fronts generated by QMOSNS for test functions UF1-UF10.

Table 7. Statistical Results of MOO Algorithms in Terms of IGD For C_DTLZ Test Suites.

Function
NSGA-II MOEA/D ARMOEA MOEADDAE CMOES PPS QMOSNS

Mean (Std) Mean (Std) Mean (Std) Mean (Std) Mean (Std) Mean (Std) Mean (Std)

C1_DTLZ1 2.6661 × 10−2

(1.11 × 10−3) −
2.0490 × 10−2

(5.91 × 10−5) −
2.0443 × 10−2

(8.87 × 10−5) −
2.1013 × 10−2

(1.25 × 10−4) −
2.0163 × 10−2

(1.84 × 10−4) =
2.5783 × 10−2

(6.41 × 10−4) −
2.0190 × 10−2

(1.43 × 10−4)

C1_DTLZ3 4.5775 × 100

(4.01 × 100) =
4.4759 × 100

(3.90 × 100) +
6.4188 × 100

(3.23 × 100) +
6.2912 × 10−2

(4.69 × 10−3) +
5.4429 × 10−2

(7.75 × 10−4) +
2.4606 × 100

(3.70 × 100) +
8.0120 × 100

(3.77 × 10−3)

C2_DTLZ2 5.6989 × 10−2

(3.13 × 10−3) −
4.9314 × 10−2

(3.04 × 10−5) −
4.3653 × 10−2

(2.09 × 10−4) −
4.4162 × 10−2

(4.91 × 10−4) −
4.2947 × 10−2

(7.13 × 10−4) −
5.5358 × 10−2

(1.71 × 10−3) −
4.2112 × 10−2

(5.25 × 10−4)

C3_DTLZ4 1.2813 × 10−1

(5.22 × 10−3) −
1.1649 × 10−1

(1.37 × 10−1) −
2.4717 × 10−1

(3.84 × 10−1) −
8.9333 × 10−1

(4.07 × 10−1) −
9.7132 × 10−2

(1.54 × 10−3) −
1.7135 × 10−1

(9.25 × 10−2) −
9.4932 × 10−2

(1.71 × 10−3)

+/−/= 0/3/1 1/3/0 1/3/0 1/3/0 1/2/1 1/3/0
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Table 8. Statistical Results of MOO Algorithms in Terms of HV For C_DTLZ Test Suites.

Function
NSGA-II MOEA/D ARMOEA MOEADDAE CMOES PPS QMOSNS

Mean (Std) Mean (Std) Mean (Std) Mean (Std) Mean (Std) Mean (Std) Mean (Std)

C1_DTLZ1 8.2413 × 10−1

(4.20 × 10−3) −
8.4050 × 10−1

(1.22 × 10−3) =
8.3981 × 10−1

(2.04 × 10−3) −
8.4032 × 10−1

(1.00 × 10−3) −
8.3986 × 10−1

(2.55 × 10−3) =
8.1900 × 10−1

(4.06 × 10−3) −
8.4101 × 10−1

(6.92 × 10−4)

C1_DTLZ3 2.2957 × 10−1

(2.67 × 10−1) +
2.1690 × 10−1

(2.72 × 10−1) +
1.0804 × 10−1

(2.21 × 10−1) +
5.5702 × 10−1

(1.70 × 10−3) +
5.5816 × 10−1

(1.59 × 10−3) +
3.5964 × 10−1

(2.40 × 10−1) +
0.0000 × 100

(0.00 × 100)

C2_DTLZ2 4.8983 × 10−1

(4.02 × 10−3) −
5.1524 × 10−1

(9.47 × 10−5) −
5.1410 × 10−1

(1.74 × 10−3) −
5.1497 × 10−1

(1.79 × 10−3) −
5.1247 × 10−1

(2.26 × 10−3) −
4.9937 × 10−1

(3.75 × 10−3) −
5.1746 × 10−1

(1.17 × 10−3)

C3_DTLZ4 7.6465 × 10−1

(4.48 × 10−3) −
7.8688 × 10−1

(4.87 × 10−2) −
7.3721 × 10−1

(1.51 × 10−1) −
4.0066 × 10−1

(1.83 × 10−1) −
7.8811 × 10−1

(1.43 × 10−3) −
7.5983 × 10−1

(2.65 × 10−2) −
7.9090 × 10−1

(1.71 × 10−3)

+/−/= 1/3/0 1/2/1 1/3/0 1/2/1 1/2/1 1/3/0

 

 

Figure 7. Pareto optimal fronts generated by QMOSNS for test functions C1-DTLZ1, C1-DTLZ3,
C2-DTLZ2, and C3-DTLZ4.

The MW test suite presents significant optimization challenges due to its notably
small feasible regions and multiple nonlinear constraints. Tables 9 and 10 display the
statistical results of IGD and HV metrics obtained by QMOSNS, NSGA-II, MOEA/D,
ARMOEA, MOEADDAE, CMOES, and PPS on the MW test set, respectively. Analysis
of IGD metrics reveals that QMOSNS achieves optimal performance on most functions,
including MW1, MW2, MW4, MW6, MW8, MW10, and MW13. This superior performance
is consistently reflected in the corresponding HV metric results as well. While QMOSNS
shows relatively weaker performance compared to some algorithms on the remaining
functions, the Wilcoxon rank-sum test results for both IGD and HV metrics demonstrate
that the proposed algorithm maintains substantial advantages over NSGA-II, MOEA/D,
ARMOEA, MOEADDAE, and PPS, with only marginal superiority when compared to
CMOES. Figure 8 provides a graphical representation comparing the true Pareto front
of the MW test suite with the Pareto fronts obtained by QMOSNS. These figures show
that some of the test problems have special Pareto optimal fronts. Figure 8 reveals that
QMOSNS consistently achieves solutions with both strong convergence to the true Pareto
fronts and uniform distribution across the entire optimal regions.
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Table 9. Statistical Results of MOO Algorithms in Terms of IGD For MW Test Suites.

Function
NSGA-II MOEA/D ARMOEA MOEADDAE CMOES PPS QMOSNS

Mean (Std) Mean (Std) Mean (Std) Mean (Std) Mean (Std) Mean (Std) Mean (Std)

MW1 5.0439 × 10−3

(2.92 × 10−3) −
8.6758 × 10−3

(3.45 × 10−3) −
1.1113 × 10−2

(1.55 × 10−2) −
8.2137 × 10−3

(1.85 × 10−2) −
1.6647 × 10−3

(4.00 × 10−5) −
7.6059 × 10−3

(4.53 × 10−3) −
1.6484 × 10−3

(5.13 × 10−5)

MW2 2.5613 × 10−2

(1.03 × 10−2) −
2.3825 × 10−2

(8.72 × 10−3) −
2.8420 × 10−2

(1.40 × 10−2) −
3.9482 × 10−2

(1.23 × 10−2) −
1.3023 × 10−2

(8.64 × 10−3) −
1.5179 × 10−1

(1.27 × 10−1) −
3.7268 × 10−3

(1.89 × 10−5)

MW3 6.0586 × 10−3

(2.61 × 10−4) =
1.7567 × 10−2

(3.35 × 10−2) −
1.3161 × 10−2

(2.39 × 10−2) =
5.7479 × 10−3

(5.07 × 10−4) =
5.1306 × 10−3

(3.03 × 10−4) +
6.0695 × 10−3

(5.26 × 10−4) =
5.6287 × 10−3

(5.54 × 10−4)

MW4 5.6744 × 10−2

(2.20 × 10−3) −
4.4540 × 10−2

(2.55 × 10−3) −
4.1562 × 10−2

(1.10 × 10−4) −
4.3055 × 10−2

(1.22 × 10−3) −
4.2187 × 10−2

(6.53 × 10−4) −
8.9115 × 10−2

(7.52 × 10−2) −
4.1135 × 10−2

(3.62 × 10−4)

MW5 4.7616 × 10−1

(3.45 × 10−1) −
3.6708 × 10−3

(2.25 × 10−3) =
3.3312 × 10−1

(3.57 × 10−1) −
1.4872 × 10−2

(1.30 × 10−2) −
8.3645 × 10−4

(1.36 × 10−4) +
2.4809 × 10−1

(2.98 × 10−1) −
3.6696 × 10−3

(1.14 × 10−3)

MW6 1.0426 × 10−1

(1.69 × 10−1) −
1.7326 × 10−2

(9.05 × 10−3) −
6.6015 × 10−2

(1.36 × 10−1) −
7.0572 × 10−2

(4.29 × 10−2) −
1.2291 × 10−2

(8.44 × 10−3) −
5.2652 × 10−1

(3.31 × 10−1) −
3.2689 × 10−3

(1.57 × 10−3)

MW7 1.0394 × 10−1

(1.84 × 10−1) =
4.8889 × 10−3

(2.11 × 10−4) +
1.4826 × 10−2

(1.98 × 10−2) =
5.1604 × 10−3

(7.30 × 10−4) +
4.9246 × 10−3

(3.83 × 10−4) +
5.5890 × 10−3

(5.08 × 10−4) +
6.8865 × 10−3

(1.09 × 10−3)

MW8 6.5049 × 10−2

(8.69 × 10−3) −
5.0555 × 10−2

(1.18 × 10−3) −
4.9557 × 10−2

(5.82 × 10−3) −
7.7832 × 10−2

(4.26 × 10−2) −
4.3733 × 10−2

(1.18 × 10−3) −
1.5878 × 10−1

(1.02 × 10−1) −
4.2075 × 10−2

(6.58 × 10−4)

MW9 1.5317 × 10−1

(2.86 × 10−1) =
2.8690 × 10−2

(2.89 × 10−2) =
1.5522 × 10−2

(8.52 × 10−3) =
7.7868 × 10−2

(2.22 × 10−1) −
4.7448 × 10−3

(2.06 × 10−4) +
2.1343 × 10−1

(3.05 × 10−1) −
1.4595 × 10−2

(4.58 × 10−3)

MW10 1.3243 × 10−1

(6.33 × 10−2) −
5.6674 × 10−2

(2.03 × 10−2) −
1.6107 × 10−1

(1.72 × 10−1) −
2.4756 × 10−1

(2.18 × 10−1) −
1.6548 × 10−2

(2.04 × 10−2) −
3.9786 × 10−1

(2.64 × 10−1) −
3.5036 × 10−3

(6.87 × 10−5)

MW11 5.5903 × 10−1

(2.90 × 10−1) −
3.5536 × 10−1

(3.61 × 10−1) −
4.2591 × 10−1

(3.50 × 10−1) −
7.7566 × 10−3

(5.96 × 10−4) =
6.1930 × 10−3

(1.95 × 10−4) +
7.1952 × 10−3

(2.41 × 10−4) =
7.9184 × 10−3

(1.85 × 10−3)

MW12 1.5406 × 10−1

(3.01 × 10−1) −
5.0312 × 10−3

(1.55 × 10−4) =
7.6721 × 10−2

(1.74 × 10−1) −
8.2274 × 10−2

(2.43 × 10−1) −
7.2094 × 10−2

(2.12 × 10−1) =
1.5019 × 10−1

(2.51 × 10−1) −
5.0175 × 10−3

(1.77 × 10−4)

MW13 1.1926 × 10−1

(8.21 × 10−2) −
7.2207 × 10−2

(3.29 × 10−2) −
4.1184 × 10−1

(4.19 × 10−1) −
1.0196 × 10−1

(3.71 × 10−2) −
3.6053 × 10−2

(2.90 × 10−2) −
4.5019 × 10−1

(3.62 × 10−1) −
1.1450 × 10−2

(1.02 × 10−3)

MW14 1.2762 × 10−1

(8.93 × 10−3) =
2.1166 × 10−1

(2.53 × 10−3) =
1.0980 × 10−1

(2.44 × 10−3) =
1.0405 × 10−1

(3.87 × 10−3) =
1.0135 × 10−1

(1.49 × 10−3) =
1.7169 × 10−1

(4.30 × 10−2) =
1.6694 × 10−1

(1.08 × 10−1)

+/−/= 0/10/4 1/9/4 0/10/4 1/10/3 5/7/2 1/10/3

Table 10. Statistical Results of MOO Algorithms in Terms of HV For MW Test Suites.

Function
NSGA-II MOEA/D ARMOEA MOEADDAE CMOES PPS QMOSNS

Mean (Std) Mean (Std) Mean (Std) Mean (Std) Mean (Std) Mean (Std) Mean (Std)

MW1 4.8335 × 10−1

(6.12 × 10−3) −
4.7744 × 10−1

(7.10 × 10−3) −
4.7571 × 10−1

(1.67 × 10−2) −
4.8100 × 10−1

(2.43 × 10−2) =
4.8970 × 10−1

(1.54 × 10−4) =
4.7675 × 10−1

(9.19 × 10−3) −
4.8975 × 10−1

(2.63 × 10−4)

MW2 5.4575 × 10−1

(1.55 × 10−2) −
5.4763 × 10−1

(1.29 × 10−2) −
5.4218 × 10−1

(2.19 × 10−2) −
5.2548 × 10−1

(1.71 × 10−2) −
5.6644 × 10−1

(1.47 × 10−2) −
3.9623 × 10−1

(1.33 × 10−1) −
5.8242 × 10−1

(2.24 × 10−5)

MW3 5.4287 × 10−1

(4.00 × 10−4) −
5.3498 × 10−1

(2.29 × 10−2) −
5.3708 × 10−1

(2.16 × 10−2) =
5.4328 × 10−1

(4.94 × 10−4) =
5.4377 × 10−1

(7.16 × 10−4) =
5.4277 × 10−1

(8.79 × 10−4) =
5.4361 × 10−1

(1.02 × 10−3)

MW4 8.2383 × 10−1

(2.81 × 10−3) −
8.3859 × 10−1

(2.21 × 10−3) −
8.4127 × 10−1

(1.37 × 10−4) =
8.3964 × 10−1

(1.49 × 10−3) −
8.3994 × 10−1

(6.07 × 10−4) −
7.7147 × 10−1

(8.04 × 10−2) −
8.4142 × 10−1

(2.69 × 10−4)

MW5 1.6046 × 10−1

(9.06 × 10−2) −
3.2280 × 10−1

(1.08 × 10−3) =
2.0545 × 10−1

(1.07 × 10−1) −
3.1550 × 10−1

(9.29 × 10−3) =
3.2410 × 10−1

(1.22 × 10−4) +
2.2144 × 10−1

(1.04 × 10−1) −
3.2206 × 10−1

(8.09 × 10−4)

MW6 2.7885 × 10−1

(4.08 × 10−2) −
3.0718 × 10−1

(1.16 × 10−2) −
2.8563 × 10−1

(4.31 × 10−2) −
2.5336 × 10−1

(3.65 × 10−2) −
3.1386 × 10−1

(1.24 × 10−2) −
1.0847 × 10−1

(9.03 × 10−2) −
3.2764 × 10−1

(2.60 × 10−3)

MW7 3.7545 × 10−1

(6.97 × 10−2) =
4.1097 × 10−1

(2.78 × 10−4) +
4.0907 × 10−1

(3.56 × 10−3) =
4.1207 × 10−1

(3.71 × 10−4) +
4.1144 × 10−1

(7.45 × 10−4) +
4.1146 × 10−1

(3.37 × 10−4) +
4.0883 × 10−1

(1.82 × 10−3)

MW8 4.7937 × 10−1

(2.39 × 10−2) −
5.3247 × 10−1

(6.10 × 10−3) −
5.2155 × 10−1

(1.77 × 10−2) −
4.6104 × 10−1

(7.82 × 10−2) −
5.4346 × 10−1

(7.60 × 10−3) −
3.3354 × 10−1

(1.32 × 10−1) −
5.5278 × 10−1

(6.68 × 10−4)

MW9 3.0354 × 10−1

(1.60 × 10−1) =
3.6331 × 10−1

(3.07 × 10−2) =
3.7990 × 10−1

(8.09 × 10−3) =
3.5461 × 10−1

(1.25 × 10−1) −
3.9749 × 10−1

(1.63 × 10−3) +
2.5766 × 10−1

(1.74 × 10−1) −
3.8034 × 10−1

(4.66 × 10−3)
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Table 10. Cont.

Function
NSGA-II MOEA/D ARMOEA MOEADDAE CMOES PPS QMOSNS

Mean (Std) Mean (Std) Mean (Std) Mean (Std) Mean (Std) Mean (Std) Mean (Std)

MW10 3.5692 × 10−1

(4.08 × 10−2) −
4.0208 × 10−1

(1.45 × 10−2) −
3.4582 × 10−1

(8.59 × 10−2) −
3.0205 × 10−1

(1.09 × 10−1) −
4.3812 × 10−1

(1.82 × 10−2) −
2.2690 × 10−1

(1.23 × 10−1) −
4.5434 × 10−1

(2.14 × 10−4)

MW11 3.0737 × 10−1

(7.33 × 10−2) −
3.5860 × 10−1

(9.10 × 10−2) −
3.4045 × 10−1

(8.79 × 10−2) −
4.4413 × 10−1

(1.08 × 10−3) −
4.4728 × 10−1

(1.64 × 10−4) +
4.4730 × 10−1

(1.21 × 10−4) +
4.4638 × 10−1

(7.78 × 10−4)

MW12 4.7973 × 10−1

(2.48 × 10−1) −
6.0436 × 10−1

(3.16 × 10−4) +
5.3769 × 10−1

(1.64 × 10−1) =
5.4315 × 10−1

(1.91 × 10−1) =
5.4577 × 10−1

(1.86 × 10−1) −
4.6451 × 10−1

(2.24 × 10−1) −
6.0402 × 10−1

(3.06 × 10−4)

MW13 4.1837 × 10−1

(4.53 × 10−2) −
4.4437 × 10−1

(1.93 × 10−2) −
3.6279 × 10−1

(7.88 × 10−2) −
4.2589 × 10−1

(2.17 × 10−2) −
4.6150 × 10−1

(1.28 × 10−2) −
2.8453 × 10−1

(1.13 × 10−1) −
4.7643 × 10−1

(5.69 × 10−4)

MW14 4.5107 × 10−1

(1.93 × 10−3) =
4.3980 × 10−1

(3.66 × 10−3) =
4.7076 × 10−1

(2.92 × 10−3) +
4.7392 × 10−1

(1.70 × 10−3) +
4.6970 × 10−1

(1.70 × 10−3) =
4.3802 × 10−1

(9.40 × 10−3) =
4.4873 × 10−1

(3.67 × 10−2)
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Figure 8. Pareto optimal fronts generated by QMOSNS for test functions MW1-MW14.
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The test results on constrained multi-objective optimization problems demonstrate
that QMOSNS effectively handles constraints and obtains Pareto optimal fronts with both
high convergence and good distribution across different Pareto optimal regions.

5.3. Multi-Objective Engineering Design Problems

While multi-objective benchmark functions are effective for algorithm testing, real-
world engineering optimization problems pose greater challenges to algorithm perfor-
mance. To evaluate the applicability of the proposed algorithm, this study further tests the
algorithm on 10 multi-objective engineering design problems. The basic information of
these 10 test problems is presented in Table 11, where m denotes the number of objectives,
d represents the problem dimension, ng indicates the number of inequality constraints, and
nh stands for the number of equality constraints. Since real multi-objective engineering de-
sign problems lack known true Pareto fronts, the HV metric is exclusively used to evaluate
algorithm performance on these problems. Table 12 provides the statistical results of HV
metrics obtained by each algorithm.

Table 11. Basic Information on Multi-objective Engineering Design Problems.

Problem Name m d ng nh

RWMOP1 Pressure Vessel Design 2 2 2 0

RWMOP2 Vibrating Platform Design 2 5 5 0

RWMOP3 Welded Beam Design 2 4 4 0

RWMOP4 Disc Brake Design 2 4 4 0

RWMOP5 Car Side Impact Design 3 7 9 0

RWMOP6 Four Bar Plane Truss 2 4 1 0

RWMOP7 Multiple Disk Clutch Brake Design 2 5 8 0

RWMOP8 Spring Design 2 3 8 0

RWMOP9 Multi-product Batch Plant 3 10 10 0

RWMOP10 Crash Energy Management for High-speed Train 2 6 4 0

Table 12 demonstrates that QMOSNS achieves the best HV metric values on 6 engi-
neering design problems: Vibrating Platform Design, Disc Brake Design, Multiple Disk
Clutch Brake Design, Spring Design, Multi-product Batch Plant, and Crash Energy Man-
agement for High-speed Train. It ranked second only to ARMOEA on problems Pressure
Vessel Design, Car Side Impact Design, and Four Bar Plane Truss, while ranking third
on problem Welded Beam Design, performing inferior to NSGA-II and CMOES. Further-
more, the results of the Wilcoxon rank-sum test provide additional evidence that, across
these 10 real-world engineering design problems, QMOSNS significantly outperforms
NSGA-II, MOEA/D, ARMOEA, MOEADDAE, CMOES, and PPS algorithms while main-
taining favorable robustness. These experimental results confirm that QMOSNS exhibits
stronger competitiveness in solving practical engineering design problems compared to
other algorithms. Figure 9 provides a graphical representation of the Pareto fronts obtained
by QMOSNS.
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Table 12. Statistical Results of MOO Algorithms in Terms of HV For Engineering Design Problems.

Function
NSGA-II MOEA/D ARMOEA MOEADDAE CMOES PPS QMOSNS

Mean (Std) Mean (Std) Mean (Std) Mean (Std) Mean (Std) Mean (Std) Mean (Std)

RWMOP1 6.0530 × 10−1

(5.84 × 10−4) −
1.0776 × 10−1

(5.79 × 10−4) −
6.0749 × 10−1

(6.23 × 10−4) +
5.5592 × 10−1

(2.36 × 10−2) −
6.0590 × 10−1

(5.74 × 10−4) −
4.7622 × 10−1

(5.18 × 10−2) −
6.0670 × 10−1

(5.63 × 10−4)

RWMOP2 2.4666 × 10−1

(1.27 × 10−1) −
2.9075 × 10−1

(1.08 × 10−1) −
2.1771 × 10−1

(1.31 × 10−1) −
5.6270 × 10−3

(2.57 × 10−2) −
3.1711 × 10−1

(8.92 × 10−2) −
3.9133 × 10−1

(8.94 × 10−4) −
3.9286 × 10−1

(6.52 × 10−5)

RWMOP3 8.5762 × 10−1

(6.20 × 10−3) +
1.6127 × 10−2

(3.04 × 10−2) −
8.5250 × 10−1

(9.13 × 10−3) =
8.5470 × 10−1

(2.28 × 10−3) −
8.5671 × 10−1

(4.08 × 10−3) =
8.4743 × 10−1

(3.32 × 10−3) −
8.5620 × 10−1

(2.84 × 10−3)

RWMOP4 4.3373 × 10−1

(9.72 × 10−4) −
4.1892 × 10−1

(8.92 × 10−3) −
4.3348 × 10−1

(1.53 × 10−3) −
4.2924 × 10−1

(3.33 × 10−3) −
4.3388 × 10−1

(8.57 × 10−4) −
4.3296 × 10−1

(4.76 × 10−4) −
4.3477 × 10−1

(1.82 × 10−4)

RWMOP5 2.5911 × 10−2

(5.60 × 10−5) −
9.7880 × 10−3

(6.84 × 10−4) −
2.6094 × 10−2

(5.91 × 10−5) +
2.5747 × 10−2

(1.14 × 10−4) −
2.5990 × 10−2

(5.96 × 10−5) −
2.4220 × 10−2

(9.09 × 10−4) −
2.6040 × 10−2

(5.00 × 10−5)

RWMOP6 4.0908 × 10−1

(1.47 × 10−4) −
5.3063 × 10−2

(3.74 × 10−5) −
4.1008 × 10−1

(7.14 × 10−5) +
3.8484 × 10−1

(4.90 × 10−3) −
4.0936 × 10−1

(1.14 × 10−4) −
3.8505 × 10−1

(6.51 × 10−3) −
4.0945 × 10−1

(1.25 × 10−4)

RWMOP7 6.1757 × 10−1

(1.02 × 10−3) =
1.1983 × 10−1

(2.61 × 10−2) −
6.1727 × 10−1

(1.41 × 10−3) =
6.0043 × 10−1

(1.77 × 10−2) −
6.1585 × 10−1

(1.31 × 10−3) −
5.7821 × 10−1

(1.68 × 10−2) −
6.1801 × 10−1

(2.73 × 10−4)

RWMOP8 5.4172 × 10−1

(9.93 × 10−4) −
6.6012 × 10−2

(7.77 × 10−6) −
5.4127 × 10−1

(1.85 × 10−3) −
4.1054 × 10−1

(6.20 × 10−2) −
5.3602 × 10−1

(4.67 × 10−3) −
5.3369 × 10−1

(2.23 × 10−3) −
5.4288 × 10−1

(8.25 × 10−4)

RWMOP9 3.3496 × 10−1

(1.03 × 10−2) =
1.9624 × 10−1

(4.20 × 10−2) −
3.1811 × 10−1

(1.49 × 10−2) −
2.2856 × 10−1

(5.31 × 10−2) −
3.3105 × 10−1

(1.17 × 10−2) −
3.1082 × 10−1

(2.08 × 10−2) −
3.3861 × 10−1

(1.75 × 10−2)

RWMOP10 3.1711 × 10−2

(1.49 × 10−4) −
2.9320 × 10−2

(2.81 × 10−6) −
3.1658 × 10−2

(2.34 × 10−4) −
3.1485 × 10−2

(1.12 × 10−4) −
3.1741 × 10−2

(4.08 × 10−5) −
3.1627 × 10−2

(2.60 × 10−5) −
3.1760 × 10−2

(8.15 × 10−7)

+/−/= 1/7/2 0/10/0 3/5/2 0/10/0 0/9/1 0/10/0

 

Figure 9. Pareto optimal fronts generated by QMOSNS for engineering design problems.
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5.4. Ablation Study on Initialization Strategy

To evaluate the effectiveness of the population initialization based on Halton sequence,
an ablation study was conducted on ten test functions selected from the aforementioned
50. In the ablation study, the algorithm without Halton sequence-based population ini-
tialization is referred to as QMOSNS-1, while the version employing this initialization
method is designated as QMOSNS-2. The performance is measured using the IGD and
HV metrics, with all other settings consistent with the previous experiments. According to
the results shown in Table 13, QMOSNS-1 and QMOSNS-2 yield generally similar results,
though QMOSNS-2 performs slightly better. This indicates that the Halton sequence-based
initialization method contributes to some extent to improving the optimization outcomes,
thereby demonstrating the effectiveness of the approach.

Table 13. Statistical Results in the Ablation Study.

Problem
QMOSNS-1 QMOSNS-2 QMOSNS-1 QMOSNS-2

Mean (Std) Mean (Std) Mean (Std) Mean (Std)

IGD HV

ZDT1 3.9705 × 10−3

(6.68 × 10−5) −
3.9049 × 10−3

(3.89 × 10−5)
7.1997 × 10−1

(2.24 × 10−4) −
7.2028 × 10−1

(1.24 × 10−4)

ZDT6 6.7421 × 10−3

(1.74 × 10−2) −
3.1914 × 10−3

(1.05 × 10−4)
3.8432 × 10−1

(2.18 × 10−2) −
3.8881 × 10−1

(1.00 × 10−4)

DTLZ1 2.0464 × 10−2

(1.92 × 10−4) =
2.0382 × 10−2

(1.70 × 10−4)
8.4135 × 10−1

(7.37 × 10−4) =
8.4163 × 10−1

(5.88 × 10−4)

DTLZ2 5.3883 × 10−2

(6.02 × 10−4) =
5.3918 × 10−2

(4.79 × 10−4)
5.5960 × 10−1

(1.25 × 10−3) =
5.5963 × 10−1

(1.73 × 10−3)

UF6 2.1746 × 10−1

(1.37 × 10−1) =
1.5848 × 10−1

(7.48 × 10−2)
3.2183 × 10−1

(5.77 × 10−2) −
3.5475 × 10−1

(3.07 × 10−2)

UF8 2.4906 × 10−1

(4.16 × 10−3) =
2.1906 × 10−1

(5.01 × 10−2)
3.3624 × 10−1

(3.86 × 10−3) −
3.5811 × 10−1

(3.54 × 10−2)

C1_DTLZ1 2.0196 × 10−2

(2.24 × 10−4) =
2.0190 × 10−2

(1.43 × 10−4)
8.4041 × 10−1

(1.10 × 10−3) −
8.4101 × 10−1

(6.92 × 10−4)

C2_DTLZ2 4.2039 × 10−2

(3.31 × 10−4) =
4.2112 × 10−2

(5.25 × 10−4)
5.1651 × 10−1

(1.75 × 10−3)
5.1746 × 10−1

(1.17 × 10−3)

MW3 5.8982 × 10−3

(4.08 × 10−4) =
5.6287 × 10−3

(5.54 × 10−4)
5.4295 × 10−1

(8.32 × 10−4) =
5.4361 × 10−1

(1.02 × 10−3)

MW10 5.5396 × 10−3

(3.06 × 10−3) −
3.5036 × 10−3

(6.87 × 10−5)
4.5037 × 10−1

(5.86 × 10−3) =
4.5434 × 10−1

(2.14 × 10−4)

+/−/=

6. Conclusions
This study proposes a novel multi-objective optimization algorithm called QMOSNS,

which is developed based on the Social Network Search algorithm framework to solve
complex multi-objective optimization problems. QMOSNS employs the Halton sequence
to generate the initial population, thereby enhancing population diversity. By replacing the
random selection mechanism in the traditional SNS emotion model with Q-learning, the
algorithm can effectively identify optimal mutation strategies during iterations. The ap-
proach incorporates an external archive population combined with non-dominated sorting
and crowding distance to handle multi-objective optimization problems. The performance
of QMOSNS was evaluated against NSGA-II, MOEA/D, ARMOEA, MOEADDAE, CMOES,
and PPS using three test suites: 22 unconstrained multi-objective benchmark problems,
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18 constrained multi-objective benchmark problems, and 10 multi-objective engineering
design problems, with both IGD and HV metrics employed for performance assessment.
The experimental results across all test categories demonstrate that QMOSNS outperforms
NSGA-II, MOEA/D, ARMOEA, MOEADDAE, CMOES, and PPS in solving multi-objective
optimization problems. In the real world, most multi-objective engineering optimization
problems often involve complex constraints and intricate Pareto front structures, posing
significant challenges to the MOO algorithms. The QMOSNS method proposed in this
study adaptively selects evolutionary operators through a Q-learning mechanism, effec-
tively balancing global exploration and local exploitation processes, thereby enhancing
its problem-solving capability in complex optimization scenarios. It has demonstrated
strong performance across multiple test problems, proving its considerable applicability
and effectiveness in addressing real-world multi-objective optimization challenges. For
future research, QMOSNS will be applied to address dynamic optimization, uncertainty
optimization, and practical engineering problems, particularly optimization challenges in
mechanical design. Additionally, comparative studies will be conducted between QMOSNS
and other state-of-the-art multi-objective optimization algorithms to further investigate its
performance in solving real-world engineering problems.
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