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Abstract

This work introduces a unified framework for analyzing linear delay differential Sylvester
matrix equations with noncommuting coefficients. The methodology employs a Kronecker
product-based vectorization to transform the system, yielding explicit closed-form solu-
tions via a novel delayed perturbation matrix function. Additionally, a delay-adapted
Gramian matrix is formulated to derive necessary and sufficient controllability criteria. The
approach’s efficacy is confirmed through a numerical example, demonstrating its capability
in complex, noncommutative scenarios where classical methods are inapplicable.

Keywords: exact solutions; delay differential matrix equation; delayed matrix function;
controllability; Kronecker product; vector operator
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1. Introduction
The study of delay differential Sylvester matrix equations (DSEs) constitutes a cor-

nerstone in modern systems theory and mathematical modeling of complex dynamical
systems with memory effects, filter design theory, model reduction problems, and robust
control problems; see ref. [1–3] and the references therein.

In the theory of ordinary differential equations with delays, one of the key tools used
to solve initial problems is the method of steps; see, for instance, ref. [4–7]. This method is
especially efficient if linear equations are considered. This concept is implicitly used below
to formulate the solution of the matrix equation:

X′(ϑ) = BX(ϑ − σ) + X(ϑ − σ)C+ F(ϑ), for ϑ ∈ [0, ∞),
X(ϑ) = Φ(ϑ), for ϑ ∈ [−σ, 0],

(1)

where ϑ is the independent variable, σ is a positive constant delay, X is an n × n unknown
real dependent variable matrix, B, C are given n× n constant real matrices, F is a continuous
n × n real matrix on [0, ∞), and Φ is a continuously differentiable n × n real matrix, defined
on [−σ, 0]. Equation (1) has a unique solution, X = X(ϑ), in the sense that X(ϑ) is
continuous on [−σ, ∞) and continuously differentiable on [0, ∞). Recently, much attention
has been attracted to derive representations of solutions of linear differential equations
with delays by using a concept of so-called delayed matrix functions, with their definitions
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suggested by the step method. We can refer to papers [8,9], where these investigations are
applied to first-order [9] and second-order [8] linear delayed differential equations with a
single delay. Let us refer, for instance, to papers [10–14] substantially contributing to this
field, and extending these results to much more complicated systems. These results are
widely applied, for example, to stability investigations, iterative learning control, or relative
controllability; let us mention at least [15–18].

On the other hand, control theory plays an important role in various applications,
including vibration control in mechanical systems [19,20], stability analysis of power
networks [21], fractional order epidemic models [22], and robust control design for time-
delay systems [23,24]. Several authors have studied the controllability of the differential
Sylvester matrix equations

X′(ϑ) = A X(ϑ) + X(ϑ) B+EU(ϑ)F, for ϑ ∈ [0, ∞),
X(ϑ) = Φ(ϑ), for ϑ ∈ [−σ, 0],

where X = (X1, X2, . . . , Xn)
T : [−σ, ∞) → Rn×p is a solution satisfying (2) for every

ϑ ∈ [0, ∞), U(ϑ) ∈ Rm1×m2 shows the control matrix, A, B, E, and F are n × n, p × p,
n × m1, and m2 × p constant real nonzero matrices, respectively, and Φ : [−σ, 0) → Rn×p

determines initial conditions. Murty et al. [25] established fundamental controllability
criteria for linear matrix Lyapunov systems using rank conditions and matrix function
techniques. Murty and SureshKumar [26] addressed the controllability of linear impulsive
matrix Lyapunov differential systems with delays present in the control function, high-
lighting the impact of delayed control inputs on the steerability of the system. Dubey
and George [27] investigated the controllability of semilinear matrix Lyapunov systems,
establishing sufficient conditions under which such systems can be steered to a desired
state. In a related study, Murty et al. [28] analyzed the controllability of Lyapunov fuzzy
dynamical matrix systems, extending classical control concepts to systems governed by
fuzzy logic. Appa Rao and Prasad [29] examined the controllability of dynamical systems
of the Sylvester matrix on time scales, unifying continuous and discrete formulations within
a single framework, while the controllability of Sylvester-type systems has been explored in
the absence of delays; see [25,27,29]. Moreover, Sadek et al. [30] presented global extended
Krylov subspace methods for the numerical solution of large-scale differential Sylvester ma-
trix equations, offering efficient computational tools for high-dimensional systems. Finally,
Diblik [31] studied the representation of solutions to linear matrix first-order differential
equations with delay, establishing explicit solution formulas under commutativity condi-
tions. Our work extends these results to the more challenging noncommutative case while
incorporating control inputs and obtaining complete controllability criteria.

However, to the best of our knowledge, the closed-form solutions and controllability
analysis of delay differential Sylvester matrix equations with distributed delays and control
inputs under non-permutable matrix coefficients remain largely unaddressed, leaving a
critical gap in the literature. Therefore, in this paper, we consider solutions and controlla-
bility of the nonhomogeneous linear delay differential Sylvester matrix equation (DSE) of
the form

X′(ϑ) = A X(ϑ) + X(ϑ) B+ S X(ϑ − σ) + X(ϑ − σ) J
+EU(ϑ)F, for ϑ ∈ [0, ∞),

X(ϑ) = Φ(ϑ), for ϑ ∈ [−σ, 0],
(2)

where X = (X1, X2, . . . , Xn)
T : [−σ, ∞) → Rn×p is a solution that satisfies (2) for every

ϑ ∈ [0, ∞), U(ϑ) ∈ Rm1×m2 represents the control input, A, B, S, J, E, and F are n × n,
p × p, n × n, p × p, n × m1, and m2 × p constant real nonzero matrices, respectively, and Φ :
[−σ, 0) → Rn×p determines the initial conditions. The presence of delay terms S X(ϑ − σ)
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and X(ϑ − σ) J introduces infinite-dimensional dynamics, rendering classical Kalman-
type rank conditions insufficient and necessitating novel functional-analytic or operator-
theoretic approaches [2,6,7].

This paper aims to bridge this theoretical gap by establishing the following:

(i) Explicit representation formulas for the solution of (2) under both permutable and
non-permutable assumptions on the coefficient matrices, utilizing a novel delayed
matrix exponential framework adapted to the Sylvester structure;

(ii) Necessary and sufficient conditions for the controllability of (2), formulated in
terms of the system matrices A, B, S, J, E, and F, and the delay σ, without
requiring commutativity;

(iii) A constructive methodology based on Kronecker product transformations and de-
layed matrix function expansions, enabling both theoretical analysis and nume-
rical implementation;

(iv) The derived results not only generalize existing literature on scalar and vector delay
systems, but also provide foundational tools for the control and stabilization of large-
scale matrix dynamical systems arising in multi-agent networks, tensor-based models,
and coupled PDE-ODE systems with memory.

To provide a clear and structured overview of the methodological framework devel-
oped in this paper, we present a systematic block diagram in Figure 1.

1. Original
Problem

Delay
Differential

Sylvester Matrix
Equation

2. Equivalent
Vector System

Using
Kronecker

Product and
Vectorization

3. Analytical
Solution

via
Delayed

Perturbation
Matrix Function

4. Controllability
Analysis

via
Delay-Adapted
Gramian Matrix

5. Results &
Verification

Steering of States
and Control

Figure 1. A schematic overview of the proposed methodology for solving and analyzing the control-
lability of delay differential Sylvester matrix equations.

The remainder of this paper is organized as follows: In Section 2, we introduce
necessary notation and preliminary results on a delayed matrix function. In Section 3, we
derive the explicit solution representation for (2). In Section 4, we establish controllability
criteria. Finally, we provide illustrative examples.

2. Preliminaries
In this section, we present some properties and rules for Kronecker products, a definition

of the Vec operator, and basic results related to the delayed perturbation matrix function.
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Definition 1 ([32]). Let O = [oij] ∈ Rm×n and H ∈ Rp×q; then, the Kronecker product of O and
H written O⊗H is defined to be the matrix

O⊗H =


o11H o12H · · · o1nH
o21H o22H · · · o2nH

...
...

. . .
...

om1H om2H · · · omnH

,

which is an mp × nq matrix.

Definition 2 ([32]). Let Z = [Zij] ∈ Rn×s. The vector Vec(Z) is defined as

Vec(Z) = [Z11, Z21, . . . , Zn1, . . . , Z1s, Z2s, . . . , Zns]
T ∈ Rns.

Moreover, we have the following properties of the Kronecker product:

1. (A⊗B)T = AT ⊗BT.
2. (A⊗B)(C⊗D) = (AC⊗BD).
3. Vec(AB) = (BT ⊗A)Vec(Y).

Definition 3. Consider constant real matrices C,W ∈ Rn×n (both nonzero). The matrix sequence
ΥC,W(k; s) in Rn×n satisfies the delayed recurrence relation

ΥC,W(k + 1; s) = CΥC,W(k; s) +WΥC,W(k; s − σ),

with initial conditions of ΥC,W(0; s) = Θ, ΥC,W(k;−σ) = Θ, and ΥC,W(1; 0) = In, where
k = 1, 2, . . . and s = 0, σ, 2σ, . . . , Θ represents the n × n zero matrix, and In denotes the n × n
identity matrix.

Definition 4 ([33]). The delayed perturbation matrix function FC,W
σ is defined as follows:

FC,W
σ (ϑ) :=


Θ, − σ ≤ ϑ < 0,
In, ϑ = 0,

∞
∑

i=0

p−1
∑

j=0

(ϑ−σj)i

i! ΥC,W(i + 1; jσ), (p − 1)σ < ϑ ≤ pσ.

Lemma 1 ([33]). The delayed perturbation matrix function FC,W
σ (ϑ), defined in Definition 4, is a

solution of the homogeneous linear delay differential equation

d
dϑ

Z(ϑ) = CZ(ϑ) +WZ(ϑ − σ), for ϑ > 0,

with the initial condition Z(ϑ) = In for ϑ = 0 and Z(ϑ) = Θ for ϑ ∈ [−σ, 0).

The explicit solution provided in Theorem 2 relies on the delayed perturbation matrix
function FC,W

σ (ϑ), defined in Definition 4 as an infinite series. For the solution to be well-
defined, the convergence of this series must be established. The following proposition
provides a convergence guarantee.

Proposition 1 (Convergence Criteria). Let C,W ∈ Rn×n be arbitrary constant matrices (not
necessarily permutable), and let σ > 0 be the delay. The matrix series defining FC,W

σ (ϑ) in
Definition 4 converges absolutely and uniformly for all ϑ on any compact interval.
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Proof. Consider the general term of the series for a given ϑ ∈ [(p − 1)σ, pσ]:

ai =
p−1

∑
j=0

|ϑ − jσ|i
i!

∥YC,W(i + 1; jσ)∥.

The matrix sequence YC,W(i + 1; jσ) is defined by a linear recurrence. Therefore,
there exists a constant M > 0 (dependent on C,W, p) and a matrix norm ∥ · ∥ such that
∥YC,W(i + 1; jσ)∥ ≤ Mi for sufficiently large i. Let R = max0≤j≤p−1 |ϑ − jσ|. Then,

ai ≤ p
Ri

i!
Mi = p

(MR)i

i!
.

The series ∑∞
i=0

(MR)i

i! is the Taylor series for eMR, which converges for any finite M, R.
By the Weierstrass M-test, the original matrix series converges absolutely and uniformly.

Remark 1. 1. Implications for Large Delay (σ): From Proposition 1, the convergence radius is
infinite for sufficiently large delay σ. The function FC,W

σ (ϑ) is an entire function of ϑ for any
given σ. However, for a fixed computational budget (truncating the series at i = N), the number of
terms required for a desired accuracy in the interval [(p − 1)σ, pσ] grows with R = maxj |ϑ − jσ|,
which itself grows with σ. Therefore, the series defining FC,W

σ (ϑ) converges for all finite values of
ϑ, meaning it has an infinite radius of convergence. This guarantees that the solution remains valid
over any finite time interval, regardless of the delay magnitude σ.

2. Non-Permutable Matrices: The proof of Proposition 1 makes no assumption on the
commutativity of C and W. The bound relies only on the growth of the matrix sequence YC,W,
which is guaranteed to be at most exponential due to its linear recurrence structure. This confirms
that the framework and the resulting solutions are valid for the general non-permutable case, which
is the central focus of this work.

Lemma 2 (Properties of the Delayed Perturbation Matrix Function). Let C,W ∈ Rn×n be
arbitrary constant matrices (not necessarily permutable), and let σ > 0. The delayed perturbation
matrix function FC,W

σ (ϑ) defined in Definition 4 satisfies the following properties on any finite
interval [−σ, T]:

1. Existence and Continuity:FC,W
σ (ϑ) exists and is continuous for all ϑ ∈ [−σ, T].

2. Boundedness: There exists a constant KT > 0 such that ∥FC,W
σ (ϑ)∥ ≤ KT for all ϑ ∈

[−σ, T].
3. Differentiability: FC,W

σ (ϑ) is continuously differentiable on the intervals ((k − 1)σ, kσ) for
k ∈ Z+, and its derivative satisfies the delayed differential equation:

d
dϑ

FC,W
σ (ϑ) = CFC,W

σ (ϑ) +WFC,W
σ (ϑ − σ), for ϑ > 0.

Proof. We prove each property in sequence.
1. Existence and Continuity: From Proposition 1, the series defining FC,W

σ (ϑ) con-
verges uniformly on any compact interval. Since each partial sum is a continuous function
of ϑ (being a finite sum of continuous functions), the uniform limit FC,W

σ (ϑ) is itself contin-
uous on [−σ, T].

2. Boundedness: The uniform convergence on the compact interval [−σ, T] implies
that FC,W

σ (ϑ) is bounded on this interval. We can take KT = maxϑ∈[−σ,T] ∥FC,W
σ (ϑ)∥ < ∞.

3. Differentiability: For ϑ ∈ ((k − 1)σ, kσ), the series can be differentiated term-by-
term due to the uniform convergence of the derivative series on any closed subinterval.
Differentiating the series representation,
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d
dϑ

FC,W
σ (ϑ) =

∞

∑
i=1

p−1

∑
j=0

(ϑ − jσ)i−1

(i − 1)!
YC,W(i + 1; jσ)

= C
∞

∑
i=0

p−1

∑
j=0

(ϑ − jσ)i

i!
YC,W(i + 1; jσ) +W

∞

∑
i=0

p−1

∑
j=0

(ϑ − (j + 1)σ)i

i!
YC,W(i + 1; jσ)

= CFC,W
σ (ϑ) +WFC,W

σ (ϑ − σ),

where we have used the recurrence relation from Definition 3: YC,W(i + 1; jσ) =

CYC,W(i; jσ) +WYC,W(i; (j − 1)σ). The derivative is continuous on each open interval
((k − 1)σ, kσ).

3. Exact Solutions of a Delay Differential Matrix Equation
This section is devoted to deriving the explicit form of the solution to problem (2).

The following theorem shows an equivalence between the delay differential Sylvester
matrix Equations (2) for size n × p and the delay differential system (3) for size np × 1.

Theorem 1. Assume that A, B, S, J are non-permutable n × n, p × p, n × n, p × p constant
real nonzero matrices, respectively. Let X(ϑ) = Vec(X(ϑ)), U(ϑ) = Vec(U(ϑ)), and Ψ(ϑ) =

Vec(Φ(ϑ)). Then the delay differential Sylvester matrix Equation (2) is equivalent to system

X′(ϑ) = C X(ϑ) +WX(ϑ − σ) +
(
FT ⊗E

)
U(ϑ), for ϑ ∈ [0, ∞),

X(ϑ) = Ψ(ϑ), for ϑ ∈ [−σ, 0],
(3)

where C =
(
BT ⊗ In

)
+
(
Ip ⊗A

)
, W =

(
JT ⊗ In

)
+
(
Ip ⊗ S

)
, and In is the identity matrix.

Proof. We apply the Vec operator to Equation (2), and using the above properties of the
Kronecker product, we have

X′(ϑ) =
[(

BT ⊗ In

)
+
(
Ip ⊗A

)]
Vec(X(ϑ))

+
[(

JT ⊗ In

)
+
(
Ip ⊗ S

)]
Vec(X(ϑ − σ)) + Vec(EU(ϑ)F)

= C X(ϑ) +WX(ϑ − σ) +
(
FT ⊗E

)
U(ϑ),

and
Vec(X(ϑ)) = Vec(Φ(ϑ)) = Ψ(ϑ).

This completes the proof.

Theorem 2. The unique solution of (3) with the initial condition X(ϑ) = Ψ(ϑ) is

X(ϑ) = FC,W
σ (ϑ + σ)Ψ(−σ) +

∫ 0

−σ
FC,W

σ (ϑ − s)
(
Ψ′(s)−CΨ(s)

)
ds

+
∫ ϑ

0
FC,W

σ (ϑ − s)
(
FT ⊗E

)
U(s)ds, (4)

or

X(ϑ) = FC,W
σ (ϑ)Ψ(0) +W

∫ 0

−σ
FC,W

σ (ϑ − σ − s)Ψ(s)ds

+
∫ ϑ

0
FC,W

σ (ϑ − s)
(
FT ⊗E

)
U(s)ds. (5)
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Proof. Using Lemma 1, the proof of Formula (4) is similar to the proof of Corollary 1
in [33]. Using summation by parts, we rewrite the term in (5) as follows:

∫ 0

−σ
FC,W

σ (ϑ − s)Ψ′(s)ds

= FC,W
σ (ϑ)Ψ(0)−FC,W

σ (ϑ + σ)Ψ(−σ)

+
∫ 0

−σ

[
FC,W

σ (ϑ − s)
]′

Ψ(s)ds

= FC,W
σ (ϑ)Ψ(0)−FC,W

σ (ϑ + σ)Ψ(−σ)

+
∫ 0

−σ

[
CFC,W

σ (ϑ − s) +WFC,W
σ (ϑ − σ − s)

]
Ψ(s)ds.

Hence ∫ 0

−σ
FC,W

σ (ϑ − s)
[
Ψ′(s)−CΨ(s)

]
ds

= FC,W
σ (ϑ)Ψ(0)−FC,W

σ (ϑ + σ)Ψ(−σ)

+W
∫ 0

−σ
FC,W

σ (ϑ − σ − s)Ψ(s)ds. (6)

Substituting (6) into (4), we obtain (5). This completes the proof.

Corollary 1. Let A, B, S, J be permutable n × n, p × p, n × n, p × p constant real nonzero
matrices, respectively. Then the unique solution of (3) with the initial condition X(ϑ) = Ψ(ϑ) is

X(ϑ) = RC,W
σ (ϑ + σ)Ψ(−σ) +

∫ 0

−σ
RC,W

σ (ϑ − s)
(
Ψ′(s)−CΨ(s)

)
ds

+
∫ ϑ

0
RC,W

σ (ϑ − s)
(
FT ⊗E

)
U(s)ds,

or

X(ϑ) = RC,W
σ (ϑ)Ψ(0) +W

∫ 0

−σ
RC,W

σ (ϑ − σ − s)Ψ(s)ds

+
∫ ϑ

0
RC,W

σ (ϑ − s)
(
FT ⊗E

)
U(s)ds,

where

RC,W
σ (ϑ) :=


Θ, − σ ≤ ϑ ≤ 0,
In, 0 ≤ ϑ ≤ σ,

∞
∑

i=0

p−1
∑

j=0

(ϑ−σj)i

i! (i
j)C

i−jWj, (p − 1)σ ≤ ϑ ≤ pσ.

Corollary 2. Let A = B =Θ, which leads to C =Θ in (3). Suppose that S and J are non-
permutable n × n and p × p constant real non-zero matrices, respectively. Then the solution
Y(ϑ) of (3) can be expressed as

X(ϑ) = FΘ,W
σ (ϑ + σ)Ψ(−σ) +

∫ 0

−σ
FΘ,W

σ (ϑ − s)Ψ′(s)ds

+
∫ ϑ

0
FΘ,W

σ (ϑ − s)
(
FT ⊗E

)
U(s)ds,
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or

X(ϑ) = FΘ,W
σ (ϑ)Ψ(0) +W

∫ 0

−σ
FΘ,W

σ (ϑ − σ − s)Ψ(s)ds

+
∫ ϑ

0
FΘ,W

σ (ϑ − s)
(
FT ⊗E

)
U(s)ds,

where

FΘ,W
σ (ϑ) =

∞

∑
i=0

p−1

∑
j=0

(ϑ − σj)i

i!
ΥΘ,W(i + 1; jσ)

=
⌊ ϑ

σ+1⌋
∑
i=0

(ϑ − σi)i

i!
Wi = e(ϑ−σi).

Remark 2. Corollary 2 improves the corresponding results in [31] by removing the commuta-
tivity assumptions.

4. Controllability
In this section, we obtain the necessary and sufficient conditions for the controllability

of the system (3).

Definition 5 ([34]). The systems (3) are controllable over the interval
[
0, ϑ f

]
if they possess the

ability to transit any initial state X(ϑ) = X0, −σ ≤ ϑ ≤ 0 to a designated final state X f through
the application of a control law U(ϑ) ∈ Rm1×m2 valid within the interval [0, ϑ f ], such that (3) has

a solution X :
[
−σ, ϑ f

]
→ Rn that satisfies X(ϑ) = X0, −σ ≤ ϑ ≤ 0, and X

(
ϑ f

)
= X f for all

X0, X f ∈ Rn×p.

Definition 6. The delay Gramian matrix of system (3) is defined as follows:

Πσ[0, ϑ f ] =
∫ ϑ f

0
FC,W

σ (ϑ f − s)
(
FT ⊗E

)
(F⊗ET)FCT,WT

σ (ϑ f − s)ds, (7)

where ·T denotes the transpose of the matrix.

Theorem 3. The system (3) is controllable in [0, ϑ f ] if and only if the np × np symmetric control-
lability delay matrix Πσ is positive definite. In this case, the control

U(ϑ) = (F⊗ET)FCT,WT

σ (ϑ f − ϑ)Π−1
σ [0, ϑ f ]µ, (8)

where

µ = X f −FC,W
σ (ϑ f )Ψ(0)−W

∫ 0

−σ
FC,W

σ

(
ϑ f − σ − s

)
Ψ(s)ds,

defined in 0 ≤ ϑ ≤ ϑ f , transfers X(ϑ) = X0, −σ ≤ ϑ ≤ 0 to X(ϑ f ) = X f .

Proof. Assume that Πσ[0, ϑ f ] is positive definite. Then it is a nonsingular matrix, which
guarantees that Π−1

σ [0, ϑ f ] exists. By Lemma 2, FC,W
σ (θ) is continuous and bounded on

[0, ϑ f ], which ensures that the control function defined by (8) is well-defined and the
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integrals in the solution representation (5) exist. Now, substituting (8) into (5) with ϑ = ϑ f ,
and using the properties of FC,W

σ (θ) yields

X(ϑ f ) = FC,W
σ (ϑ f )Ψ(0) +W

∫ 0

−σ
FC,W

σ

(
ϑ f − σ − s

)
Ψ(s)ds

+
∫ ϑ f

0
FC,W

σ (ϑ f − s)
(
FT ⊗E

)
(F⊗ET)FCT,WT

σ (ϑ f − s)dsΠ−1
σ [0, ϑ f ]µ

= X f .

Hence, (3) is controllable on [0, ϑ f ]. Conversely, assume that (3) is controllable on [0, ϑ f ];
then, we have to show that Πσ[0, ϑ f ] is nonsingular. The continuity and boundedness of
FC,W

σ (θ) (Lemma 2) guarantee that the Gramian matrix Πσ[0, ϑ f ] is well-defined. Suppose
that Πσ[0, ϑ f ] is symmetric and positive semidefinite. Thus, there exists at least one non-
zero arbitrary constant state z ∈ Rnp such that

0 = zTΠσ[0, ϑ f ]z =
∫ ϑ f

0
zTFC,W

σ (ϑ f − s)
(
FT ⊗E

)
(F⊗ET)FCT,WT

σ (ϑ f − s)zds

=
∫ ϑ f

0
θ(s, ϑ f )θ

T(s, ϑ f )ds =
∫ ϑ f

0
∥θ∥2ds, (9)

where
θ(s, ϑ f ) = zTFC,W

σ (ϑ f − s)
(
FT ⊗E

)
,

which implies that ∫ ϑ f

0
∥θ∥2ds = 0,

then
θ(s, ϑ f ) = zTFC,W

σ (ϑ f − s)
(
FT ⊗E

)
:= 0T, 0 ≤ ϑ ≤ ϑ f , (10)

where 0 signifies the np-dimensional null vector. Since (3) is controllable on [0, ϑ f ], there
exists a control U1(ϑ) that drives the initial state to zero state at ϑ f . That is,

X(ϑ f ) = FC,W
σ (ϑ f )Ψ(0) +W

∫ 0

−σ
FC,W

σ

(
ϑ f − σ − s

)
Ψ(s)ds

+
∫ ϑ f

0
FC,W

σ (ϑ f − s)
(
FT ⊗E

)
U1(s)ds

= 0, (11)

similarly, there exists a control U2(ϑ) that drives the initial state to z ̸= 0 state at ϑ f . That is,

X(ϑ f ) = FC,W
σ (ϑ f )Ψ(0) +W

∫ 0

−σ
FC,W

σ

(
ϑ f − σ − s

)
Ψ(s)ds

+
∫ ϑ f

0
FC,W

σ (ϑ f − s)
(
FT ⊗E

)
U2(s)ds

= z. (12)

From (11) and (12), we have

z =
∫ ϑ f

0
FC,W

σ (ϑ f − s)
(
FT ⊗E

)
[U2(s)−U1(s)]ds. (13)

Multiplying (13) by zT, and using (10), we have

zTz =
∫ ϑ f

0
zTFC,W

σ (ϑ f − s)
(
FT ⊗E

)
[U2(s)−U1(s)]ds = 0.
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We conclude that zTz = 0, which contradicts the assumption z ̸= 0. Therefore,
Πσ[0, ϑ f ] is positive definite and consequently nonsingular. The proof is complete.

5. An Example
The following example illustrates the theoretical results.

Example 1. Consider the nonhomogeneous delay differential Sylvester matrix equation:

X′(ϑ) = A X(ϑ) + X(ϑ) B+ S X(ϑ − 1) + X(ϑ − 1) J+EU(ϑ)F, for ϑ ∈ [0, 2],

X(ϑ) = Φ(ϑ) =

(
ϑ 0
0 ϑ

)
, for ϑ ∈ [−1, 0],

(14)

where

A =

(
0 −1
1 0

)
, B =

(
1 0
1 1

)
, E =

(
1 0
1 0

)

S =

(
1 0
−1 2

)
, J =

(
0 3
2 0

)
, F =

(
0 1
1 0

)
.

Then

Ψ(ϑ) =


ϑ

0
0
ϑ

,

(
FT ⊗E

)
=


0 0 1 0
0 0 1 0
1 0 0 0
1 0 0 0

, (F⊗ET) =


0 0 1 1
0 0 0 0
1 1 0 0
0 0 0 0



C=


1 −1 1 0
1 1 0 1
0 0 1 −1
0 0 1 1

, W =


1 0 2 0
−1 2 0 2
3 0 1 0
0 3 −1 2

.

Using Definitions 3 and 4, we compute

FC,W
1 (ϑ) :=


Θ, − 1 ≤ ϑ < 0,
I, ϑ = 0,

∑∞
i=0

ϑi

i! ΥC,W(i + 1; 0), 0 < ϑ ≤ 1,

∑∞
i=0 ∑1

j=0
(ϑ−j)i

i! ΥC,W(i + 1; j), 1 < ϑ ≤ 2,

and, for i ≥ 0, we deduce that

ΥC,W(i + 1; 0) = Ci, ΥC,W(i + 1; 1) = iWCi−1,

such that
ΥC,W(0; s) = ΥC,W(k;−1) = Θ, ΥC,W(1; 0) = I.

Thus

FC,W
1 (ϑ) =

∞

∑
i=0

1

∑
j=0

(ϑ − j)i

i!
ΥC,W(i + 1; j) = eCϑ + (ϑ − 1)WeC(ϑ−1).
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By Theorem 2, the explicit solutions X(ϑ) of (14) for ϑ ∈ [0, 2] are given by

X(ϑ) = FC,W
1 (ϑ)Ψ(0) +W

∫ 0

−1
FC,W

1 (ϑ − s − 1)Ψ(s)ds

+
∫ ϑ

0
FC,W

1 (ϑ − s)
(
FT ⊗E

)
U(s)ds

= W
∫ 0

−1

[
eC(ϑ−s−1) + (ϑ − s − 2)eC(ϑ−s−2)W

]
Ψ(s)ds

+
∫ ϑ

0

[
eC(ϑ−s) + (ϑ − s − 1)eC(ϑ−s−1)W

](
FT ⊗E

)
U(s)ds.

Moreover, the delay Gramian matrix corresponding to (14) is constructed using (7), giving

Π1[0, 2] =
∫ 2

0
FC,W

σ (2 − s)
(
FT ⊗E

)
(F⊗ET)FCT,WT

σ (2 − s)ds

=


74.76 114.96 43.01 86.78
114.96 249.85 64.14 163.56
43.01 64.14 35.07 70.53
86.78 163.56 70.53 168.73

 > 0,

and

Π−1
1 [0, 2] =


0.14 −0.06 −0.21 0.07
−0.06 0.03 0.09 −0.04
−0.21 0.09 0.51 −0.19
0.07 −0.04 −0.19 0.09

.

Since the numerical properties of the delay Gramian matrix provide concrete, quantitative
metrics to validate the theoretical controllability results, the computed Gramian Π1[0, 2] is positive
definite, as verified by its eigenvalues:

λ(Π1[0, 2]) ≈ {1.463, 19.118, 47.427, 460.402}.

All eigenvalues being positive provides a direct numerical confirmation of the nonsingularity
required by Theorem 3. As a result, for any finite terminal conditions X f ∈ R2×2 such that
X(2) = X f = (X1, X2, X3, X4)

T, the control function U(ϑ) = (U1, U2, U3, U4)
T is given by

U(ϑ) = (F⊗ET)FCT,WT

σ (2 − ϑ)Π−1
σ [0, 2]µ,

where

µ = X f −W
∫ 0

−1
FC,W

σ (1 − s)Ψ(s)ds,

Hence, the system (14) is controllable on [0, 2] by Theorem 3. The successful computation of
the control input U(ϑ) that drives the system from the initial state to the specified final state X f

for various initial conditions, as visualized in the subsequent figures, is the ultimate quantitative
demonstration of the system’s controllability over the interval [0, 2]. To visualize the system behavior,
we plot the state trajectories and control inputs for two different initial conditions. Figure 2
shows the state evolution X(ϑ) for the initial vector X = (2, 1, 3, 4)⊤, while Figure 3 displays
the corresponding control functions U1(θ), U2(θ), U3(θ), U4(θ) over the interval [0, 2]. Similarly,
Figure 4 illustrates the state X(ϑ) for X = (1, 7, 6, 0)⊤, and Figure 5 shows the associated
control inputs.
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Figure 2. The trajectory of the state X(ϑ) of system (14) in the interval [0, 2] when X =(
X1, X2, X3, X4

)⊤
=
(

2, 1, 3, 4
)⊤

.
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Figure 3. The trajectory of the control functions U1(ϑ), U2(ϑ), U3(ϑ), U4(ϑ) for ϑ ∈ [0, 2] when

X =
(

X1, X2, X3, X4

)⊤
=
(

2, 1, 3, 4
)⊤

.
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Figure 4. The trajectory of the state X(ϑ) of system (14) in the interval [0, 2]) when X =(
X1, X2, X3, X4

)⊤
=
(

1, 7, 6, 0
)⊤

.
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Figure 5. The trajectory of the control functions U1(ϑ), U2(ϑ), U3(ϑ), U4(ϑ) for ϑ ∈ [0, 2] when

X =
(

X1, X2, X3, X4

)⊤
=
(

1, 7, 6, 0
)⊤

.
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Remark 3. It is seen that the conclusion of Theorem 5 in [31] is not applicable to the system (14)
because our results impose minimal restrictions on the coefficient matrices: they are not required to
commute. Therefore, our results improve some existing ones.

6. Conclusions
This study has successfully established a unified and computationally tractable frame-

work for analyzing the solutions and controllability of linear delay differential Sylvester
matrix systems even in the absence of commutativity among coefficient matrices. By lever-
aging the vectorization operator and Kronecker product algebra, we transformed the
original matrix system into an equivalent vector differential equation, thereby circum-
venting the analytical complexities inherent in noncommuting matrix structures. This
reduction enabled us to derive explicit closed-form expressions for the general solution
using a delayed perturbation matrix function induced by the time delay.

A key strength of our approach lies in its generality: the assumptions on the system
matrices are deliberately minimal, allowing the inclusion of numerous practically relevant
cases from single matrix delay equations to coupled systems as special instances of our
formulation. Moreover, we introduced a delay-adapted Gramian matrix and used it to
derive necessary and sufficient conditions for controllability.

The effectiveness of the proposed methodology was demonstrated through carefully
constructed examples, which confirm that our solution representation and controllability
test remain valid and efficient even when traditional approaches break down due to
noncommutativity or delay coupling. These results not only resolve a significant theoretical
gap but also provide engineers and applied scientists with practical tools for designing
controllers in matrix-structured systems such as those arising in networked control, multi-
agent coordination, vibration suppression, and tensor-based dynamical modeling.

Future research directions include extending the framework to nonlinear perturbations,
stochastic disturbances, fractional-order derivatives, and systems with multiple or state-
dependent delays all under nonpermutable matrix structures. Additionally, developing
efficient numerical algorithms based on the derived closed-form solutions, along with
a rigorous analysis of their computational complexity and a comparative study against
standard DDE solvers, and integrating these results with Krylov subspace methods [3,30]
for high-dimensional systems present a promising avenue for scalable numerical solutions.
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