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Abstract

Since the early twentieth century, quantum mechanics has sought an interpretation that
offers a consistent worldview. In the course of that, many proposals were advanced, but all
of them introduce, at some point, interpretation elements (semantics) that find no correlate
in the formalism (syntactics). This distance from semantics and syntactics is one of the major
reasons for finding so abstruse and diverse interpretations of the formalism. To overcome
this issue, we propose an alternative stochastic interpretation, based exclusively on the
formal structure of the Schrodinger equation, without resorting to external assumptions
such as the collapse of the wave function or the role of the observer. We present four
(mathematically equivalent) mathematical derivations of the Schrodinger equation based
on four constructs: characteristic function, Boltzmann entropy, Central Limit Theorem
(CLT), and Langevin equation. All of them resort to axioms already interpreted and offer
complementary perspectives to the quantum formalism. The results show the possibility
of deriving the Schrodinger equation from well-defined probabilistic principles and that
the wave function represents a probability amplitude in the configuration space, with
dispersions linked to the CLT. It is concluded that quantum mechanics has a stochastic
support, originating from the separation between particle and field subsystems, allowing
an objective description of quantum behavior as a mean-field theory, analogous, but not
equal, to Brownian motion, without the need for arbitrary ontological entities.

Keywords: stochastic interpretation; derivation of the Schrodinger equation; interpretation
of quantum mechanics

MSC: 81-02; 81-10; 81Q65; 81525; 81530

1. Introduction

Since 1900, when Max Planck suggested quantization as the explanation for the
blackbody radiation phenomenon, quantum mechanics has been struggling to find an
interpretation that gives it a consistent worldview. At first, up to 1927, it was a matter of
developing a systematic theory that encompassed all the dispersed phenomena known
since 1900, such as blackbody radiation, the photoelectric effect, the Compton effect, and
the double-slit effect, to cite but a few. From 1925-1926, Heisenberg, Schrodinger, Dirac,
and others developed the formalism of such a systematic theory. In 1927, in the Solvay
Congress, the first interpretation of quantum mechanics was presented, which is known as
(the first version of) the Copenhagen interpretation. The interpretation raised some distress
among prominent physicists, such as Einstein, Schrodinger, Ehrenfest, and others.
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Before 1927, Max Born proposed the interpretation of the wave function by referring
to ensembles of physical systems as a result of the interpretation of scattering experiments.
However, in the 1927 Copenhagen interpretation, Heisenberg insisted (in fact, throughout
his life) that the wave function is related to a single physical system [1]. Other constructs,
such as the observer (with a quite different role from the one it has in classical physics),
duality, and complementarity, were proposed, among others. Around 1935, a measurement
theory for quantum mechanics was proposed, mainly by von Neumann, which can be
considered a complement to the 1927 Copenhagen interpretation, despite the introduction
of new elements, such as the role of the observer’s mind. Given Heisenberg’s imposition
and the linear character of the Schrodinger equation, this measurement theory advocated
the principle of reduction of the wave packet, which increased the discomfort with the
interpretation among many physicists. We may thus say that the interpretation of the
wave function as a representation of a single system is one of the major elements of all
Copenhagen interpretations.

In 1952, Bohm’s reconstruction of the theory appeared [2], based on a rearrange-
ment of the formalism of the Schrodinger equation and comparisons with the classical
Hamilton-Jacobi theory, from which the notion of a quantum potential was proposed. This
interpretation is based on the notion of trajectories (discarded in the Copenhagen inter-
pretation) and allows one to maintain a realistic but nonlocal interpretation of the theory,
from which Bohm introduced a number of other interpretive elements, such as the notion
of an “implicate order” and the notion of “wholeness” [3]. On the other hand, the theory
eliminated notions such as “observer”, “reduction of the wave packet”, and interpreted
Heisenberg’s uncertainty relations on other grounds related to initial conditions. Bohm's
interpretation, furthermore, is of an ensemble type, in opposition to the Copenhagen in-
terpretations. It then became clear that the ontological structure of the theory (if it should
have such a thing) could be very different depending on the proposed interpretation.

The decades from 1940 to 1960 also saw the birth of many proposals for stochastic
approaches to quantum mechanics [4-6]. These approaches also presented constructs quite
different from those of the Copenhagen interpretation, but also changed Bohm’s interpreta-
tion by assuming that those trajectories of his should be considered stochastic realizations
that replaced Bohm's “deterministic” trajectories. Since these stochastic interpretations
were unable to find in the Schrodinger equation formalism any source for the fluctuations,
or even formal (mathematical) signs of randomness in the overall theory, they assumed
that this should come from the background cosmic radiation field [7], making that equation
represent open systems. Again, new ontological elements were proposed to cope with the
interpretation of quantum mechanics. The very issue of a stochastic support is not present
in the Schrodinger equation, let alone the fact that it represents an open system.

In 1957, Hugh Everett [8], criticizing the principle of reduction of the wave packet,
proposed his own approach that was based on the notion of “branches” that lately were
interpreted in terms of many worlds [9] or many minds [10], giving birth to a whole
category of ontologies. Branches, many worlds, etc. form the ontological background of the
approach. It is noteworthy that Everett assumed all other suppositions of the Copenhagen
interpretation (and assumed his own proposal as a metatheory for it); that is, his main
assumption was that the wave function represents a single physical system, not an ensemble
of them in the usual classical sense, and his dissatisfaction was with the use of a reduction
of the wave packet principle.

Later on, in 1970, Leslie Ballentine [11] defended that quantum mechanics is about
ensembles in the usual sense and proposed the statistical interpretation of quantum me-
chanics, which represented a strong downsizing in the ontology of the theory. The theory
faced some problems with non-destructive experiments that show that, with some qualifi-
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cations to be presented in what follows, the wave function can represent single systems. In
line with Ballentine’s proposal, this possibility [11] implies a version of the ergodic theorem
that those supporting this interpretation have never proved to be correct in the realm of
quantum mechanics. In fact, to assume the validity of this theorem, one needs to turn
attention to random behavior, which is not present in Ballentine’s original proposal. This
means that the interpretation was wrong or, in the best case, incomplete.

A great number of other proposals for the interpretation of quantum mechanics
followed and still appear in the literature, such as Consistent Histories [12], Qbism [13],
Relational [14], to cite but a few (see [15] for more details). All these older proposals
continue to be developed with some complement or another, and one is faced with a forest
of ontological entities that hardly converse with one another. A recent research published
in Nature (see Gibney (2025)) [16] with more than a thousand physicists shows the current
status of the controversy.

The fact is that each one of these proposals introduces one or more constructs that the
underlying formalism does not uphold, which means that in the basic formal structure
of quantum mechanics (its syntactical apparatus), we do not find one or more variables that
represent the construct that is being presented in its interpretation or semantics. There are no
variables for observers [17], reduction of wave packets, branches, many worlds, minds,
background radiation, random variables, ergodicity, and so on (the list is enormous). If
these constructs were grounded in the formal structure of the theory, its unity would mean
the unity of the interpretation (at least to a greater extent), and the different interpretations
would have been just equivalent ways of saying the same thing, which they are not.
Moreover, the problem of having constructs in semantic interpretation that do not have a
symbolic counterpart in the formalism is that one can always manage these “wildcards”
to interpret almost any phenomenon. This situation, we believe, has much to do with the
historical way in which the formalism was presented: in advance of the interpretation of its
mathematical symbols, functions, and variables.

One may then ask if there is a way to circumvent this situation and propose an
interpretation that is fully grounded on the underlying formalism of quantum mechanics,
in the sense that it does not introduce, on the semantic level, constructs that do not have a
syntactic counterpart—a symbolic representation in the formalism. This paper is written
to show that this is indeed the case and to present, as a brief review, all the results that
support this view. In this perspective, the problem may be that one always departs from
the Schrodinger equation, which presents the wavefunction 1 as a symbol to be interpreted.
Given the present status of the field, to begin with, the Schrodinger equation may be too
late. If this is true, maybe a better approach would be to “step back” and find some easily
interpreted formal elements (axioms) that would give the Schrodinger equation as a theorem,
and the interpretation of its elements as a simple matter of semantic inheritance.

Thus, a methodological assumption is that if we can derive the Schrodinger equation from
more basic (and already easily interpreted) propositions and definitions (axioms), we can follow
this secure path to arrive at a sound interpretation of the theory. Moreover, if we can make
derivations from a very small number of different (but formally equivalent) axioms, this can
improve even more our comprehension of the theory, since each derivation puts forward
its own semantic constructs and, thus, represents different (but interconnected) ways to look
for the theory’s interpretation.

In the following sections, we will present four derivations of the Schrodinger equation
that were proposed in the last three decades and show that they are all formally equivalent.
In each section, we will show that the proposed derivation of that section gives us a clearer
picture of some aspects of quantum theory (see Figure 1). We will end with a consistent
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interpretation of quantum mechanics that is fully based on its formal structure, with all the
semantic constructs of the interpretation grounded on the underlying formal apparatus.

Use of Generalized |[Bohr-Sommerfeld [ Feynman ]
Coordinates Rules Path Integral

1

Characteristic Function
Derivation

Figure 1. The four derivations of the Schrodinger equation (the Klein-Gordon derivation is not
discussed in this paper) and the main concepts linked to them. Each derivation is mathematically
connected with all the others, providing a sound formal background for the interpretation.

The paper is organized as follows: in Section 2, we will present the derivation based
on the construct of the characteristic function. In the third section, we will present the
derivation based on the construct of Boltzmann’s entropy and mathematically show the
equivalence between this derivation and the one presented in Section 2. In the fourth
section, we will present the derivation based on the Central Limit Theorem and show that
this derivation helps us understand some of the results presented in Sections 2 and 3. In
Section 5, we will present the derivation based on the Langevin equation and show the
ergodic theorem explicitly in action, while confirming the random character of quantum
mechanics. All these previous sections are based on previously published materials, now
briefly organized for the presentation of the interpretation they demand. Thus, Section 6
is devoted to the interpretation that unequivocally emerges from the previous sections. In
Section 7, we present two examples for the application of the interpretation: Bell’s theorem
and Schrodinger’s cat. We leave our concluding remarks to Section 8.

2. The Characteristic Function Derivation

In this derivation, the statistical notion of a characteristic function plays a fundamen-
tal role. As we shall show, the following axioms allow us to derive mathematically the
Schrodinger equation

Axiom 1. The marginal characteristic function of the phase-space probability density function

F(q,p;t), defined by
+o0 ,
Z(q,6q;t) = / F(q, p;£)e'?/Mdp, (1)
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where h is a universal parameter with dimensions of angular momentum, is such that it can be

written as 5 5
Z(q,f%/;f)=¢*<q—;;t>¢(q+2q;t>, )

and should be expanded to second order in the parameter 6q.

Axiom 2. For an isolated system, the joint phase-space probability density function related to any
quantum-mechanical phenomenon obeys the Fourier-transformed Liouville equation

" .pog\ dF (g, p;
Jeol) 572

to second order in 4.

Please note that the Liouville equation appears integrated and this integral should be
considered up to the second order in the parameter 4. This is important since this shows
that the resulting probability density function in phase-space F(g, p; t) is not a solution of
the complete Liouville equation, in which case it would mean that the derived equations
are deterministic and, indeed, Newtonian. The details of the derivation can be found in [18]
or [19]. We give only a sketch of it here.

Thus, we begin with Equation (3) and make the characteristic function appear in all
terms by manipulating the integrals to obtain the equation for the characteristic function as

n 9z oV, .9z
BTN qa—qZ—zhg. (4)
We now put
.S(g;t
viait) = Rig: exp (241, ®)

and use this result and the expression (2) expanded to the second order in dq to write

59\ 2 2R [9R\? i6q 9S
Z(q,0q;t) = {R2+ (zq) lR(q;f)aqz - (aq) }exp(lhqaq) - (6)

If we note, using (5) and the definition of the probability density and momentum, that

d5(q;
p(g;t) =R(g:t)* ; plg;t) = ngl t), )

we may substitute the function (6) into Equation (4) and separate the real and imaginary
parts to obtain the equations

dp(q;t) | o [plgt) 1
5 +% . o(g:t)| =0, 8)
and ) ) )
S 1 /s o R
at+zm<aq> VD SR o )

which are known to be equivalent to the Schrodinger equation. In fact, if we write the
probability amplitude as in (5) and substitute it into the Schrodinger equation, we obtain
the two Equations (8) and (9)—essentially Bohm’s approach applied ‘backwards’ (see [2]).

Of course, this expansion to the second order becomes what remains to be explained.
However, we can advance, at this point only qualitatively, that it is known that when a
characteristic function is truncated to the second order, there should be some relation to the
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Central Limit Theorem. This relation will be clarified in Section 4, as a means to explain
that this truncation is, in fact, exact.

Please note that it is this truncation of the characteristic function that introduces
important differences between this approach and Wigner’s definition of a probability
distribution on phase space [20]. Thus, we should consider this truncation as an essential
element of the approach. Note also that, at this point, we do not know the formal expression
of the phase-space probability density function F(q, p;t). This will be presented in the
next section.

The averages of phase-space functions of type g(g, p; t) can be calculated simply as

(&lg, p;t)) = /q /p g(q, p;t)F(q, p; t)dpdq, (10)

once we know the formal appearance of F.

We must acknowledge the importance of being able to derive the Schrodinger equation
from more basic postulates. The symbols of these postulates are already interpreted, and
any interpretation that appears for the quantum-mechanical formalism must be related to
the meanings of symbols that pertain to the axioms in a sort of semantic inheritance. Thus, as
an example, it is easy to see that

T ey . N e 0Z2(g,09;t)
p(q;t) = 51;%2(11,5(1%), p(g;t)p(g;t) = lim zhia(éq) , (11)

6q—0
where p(g;t) is the configuration-space probability density function and p(g;t) is the
average momentum. It is easy to show that the previous expression for the average
momentum, when written in terms of the wave functions, becomes
7P t)
p= —th, (12)
from which one defines the momentum operator.

Thus, it follows by semantic inheritance that 1 must be a configuration-space probabil-
ity amplitude. This is something to praise, if one remembers how difficult it was to arrive
at this conclusion in the decade of 1920, with all the discussions between Schrédinger and
Bohr, which finally ended with Born’s interpretation [21]. Moreover, at this point of the
derivations, Equation (3) means that quantum mechanics is a theory related to ensembles—
this will be expanded, with qualifications, to single systems when we present the derivation
based on Langevin equations, in Section 5. Please note that the derivation does not allow
one to talk about observers, reductions, branches, stochastic support, etc. Thus, we should
not be allowed to introduce these ontological entities, except by brute force.

Of course, the point now is on the reliability of the derivation. This derivation has some
formal consequences that help us with that, and we briefly present them in what follows.

2.1. Derivation in Generalized Coordinates

One of the main tests for an axiomatic approach is its ability to “survive” extensions
of it. For example, and at the most basic level, the derivation made in the previous section
is easily generalized to any dimensions. We should only write the axioms in the desired
dimension to arrive at the Schrodinger equation written in this chosen dimension.

Besides that, the last developments allow us to make the derivation of the Schrodinger
equation in any coordinate system, instead of making the quantization in Cartesian coor-
dinates and then changing to the desired coordinate system. Of course, a theory cannot
depend on the arbitrary choice of the coordinate system. However, quantum mechanics
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does not have a process to make quantization directly from a Hamiltonian written in any
coordinate system [22-24]. The situation is shown in Figure 2.

Hamiltonian in > Schrodinger equation
Cartesian Coordinates in Cartesian coordinates
Y A4
Hamiltonianinany ___..cceeea--)p  Schrodinger equation
Coordinate system in other coordinate system

Figure 2. The usual approach to quantum mechanics does not furnish a general method to quantize
directly in any coordinate system. The present axiomatic approach allows for that by simply writing
the axioms in the desired coordinate system. It fulfills the process represented by the dashed
line, without which the theory would depend on the (arbitrary) choice of a particular (Cartesian)
coordinate system.

For an axiomatic approach, this is not a matter of mannerism. If we want to find a
reliable derivation, it must pass this generalization test and shows itself capable of finding
the Schrodinger equation in any coordinate system, as long as we write the axioms in
the desired system. This result may be shown, and the calculations for the spherical
coordinate system may be found in [18]. It should be noted that the calculations, although
of a simple algebraic type, are extremely long. The lengthy calculations are presented in
a file using algebraic computation, which is referred to in the Supplementary Materials
Section. This result should increase our confidence in the present derivation using the
characteristic function.

2.2. The Role of the Bohr-Sommerfeld Rules

The Bohr-Sommerfeld rules are usually assumed to be part of the “old” quantum
theory [25]. The present derivation shows that this is not the case. In fact, the Bohr-
Sommerfeld rules are an important part of the overall formal structure of the theory.

This result comes easily from the fact that the characteristic function is the Fourier
transform of a product of functions. The convolution theorem implies the Bohr-Sommerfeld
rules, as mathematically shown in [18]. Moreover, as shown in that paper, the Bohr-
Sommerfeld rules come with an integer or a half-integral number. The absence of this last
result is another point stressed in the literature to rule out the Bohr-Sommerfeld rules as
adequate to the quantum formal apparatus (see [25], p. 48). In the mathematical derivation
process of these rules [18], one is informed that they can be strictly applied only in situations
where one has some symmetry in the physical system. Thus, one should not expect them
to strictly apply to atoms with two or more electrons, which is another criticism made in
the literature (see [25], p. 48).

These rules can be used to interpret, in corpuscular terms, “wave-like” phenomena [26-28],
such as the double-slit interferometry—something that would reveal itself important in the
overall interpretation of quantum mechanics, to be presented in Section 6.
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2.3. Connection with Feynman Path Integrals

It is easy to show [18] that the present derivation is equivalent to Feynman’s path-
integral approach [29]. To do this, we stress that

o
Mq=p£&, (13)
and we put § = Jdq/Jt. This means that 4 represents the velocity taken over the same
trajectory, since in general we would have

dg = Ag + 4ot

where Ag is the separation between two distinct trajectories (which we make equal to zero).
We must have
f q(t2)
A/ pth:A/ pdg =0,
t q(t1)

1

which is an expression for the Principle of Least Action. We may now use

qp=L(q,4;t) — E, (14)

where L(g, g; ) is the classical Lagrangian function and E is the energy (supposed constant)
of the system under consideration. We end up with the expression (see [18])

o(a(t+5)) = [ oe|ga@an - Baloqror(P)a )

where J(p/4) is the Jacobian of the transformation (g, p)—(g, 4). From this last expression,
we continue on the same steps as Feynman to arrive at the Schrédinger equation.

It is thus easy to see from (14) that Jt in our approach is € in Feynman’s, which is a
parameter that he uses to expand his results to second order. Thus, the two approaches are
equivalent, one being performed upon the configuration-space, the other being performed
upon phase-space. This is another point in favor of the reliability of the present derivation.

With this last result on the equivalence with Feynman'’s path-integral approach, we
may say that in our approach, we are summing over phase-space trajectories. This resembles
the stochastic construct of “realizations” of random movements. However, we must not
rush in interpreting this in this manner, since there is no trace of randomness in the
formal structure of the derivation. To be capable of restraining from these kinds of hurried
conclusions is our main argument against other derivations, based on other semantic
constructs. “Realizations” and “stochastic behavior” must be introduced only after the
formalism is further developed to support their inclusion in the interpretation. We do that
in the following sections.

3. The Entropy Derivation

The formal equivalence between our approach and Feynman’s means that one may
derive the Schrodinger equation following different formal paths, with the introduction of
different constructs (or axioms, when it is the case). If this is the case, these other derivations
can give us a clearer picture of the theory with respect to the formal constructs introduced.
It is not the case that interpretation constructs, without the correlating syntactic symbolic element,
would be introduced—we are avoiding exactly this kind of approach. This is why it is so
important to show that one derivation is formally equivalent to all the others. Thus, new
formal constructs can come to our help to give us a better grasp of what the theory is talking
about after we show that these constructs indeed are rooted in the theory’s formalism.
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In this section, we continue to use the axiomatic approach and use the concept of
Boltzmann entropy to mathematically derive the Schrodinger equation. However, note
that we will use different axioms, which implies that the present derivation is completely
independent of the one presented in the previous section. This is particularly interesting
because it allows us to compare and interrelate the axioms, thereby making the correlation
between the whole theory under scrutiny. We begin with the new axioms:

Axiom 3. For an isolated system, the joint phase-space probability density function related to any
quantum-mechanical phenomenon obeys the first two momentum-integrated Liouville equations as

/ dF(w, 70/ e, pit) q,P, dp=0, (16)

Axiom 4. The product of the variances of the momenta and the positions of a physical process,
calculated at each point q of the configuration space, must satisfy (see [30] for a rationale for
this axiom)

(op(a;t)) (sa(a:)*) = Fj (17)

Equation (17) means that we pick a strip or fiber in phase space in the interval
[q —0q/2,9 + 6q/2] (since we work with probability densities). Then <5p(q; t)2> must be
interpreted as the variance of the momentum variable calculated on this fiber at the instant
of time t. Equivalently, in this same fiber, <5q(q ; t)2> represents the variance of the variable
g at the instant of time t. Thus, Equation (17) means that, on any fiber labeled with g, the
product of variances in variables p and g must be equal to 1% /4. This is a very stringent
constraint imposed on the phase-space probability density function.

Moreover, the two equations in (16) do not mean that the classical Liouville equation
should be satisfied by the probability density function F(qg, p; t), which would cause quan-
tum mechanics to collapse into Newtonian mechanics. We impose only that the first two
statistical averages there represented, integrated in the variable p (that is, over a fiber), must
be zero. These equations mean conservation of probability and conservation of momentum
in the configuration space.

The present derivation is less direct than that using the characteristic function (see [26,31]
for more details). We first introduce the two definitions [32]:

/P q,p;t)dp = p(q;t); /PP q,p:t)dp = p(q;t)p(q;t), (18)

where the first represents the usual way in which one calculates the marginal probability
density function on the variable g, while the second represents the calculation of the
average momentum p(g; t) defined in the configuration space (not to be confused with the
dynamical variable p, without the explicit dependency on g).

To proceed with the derivation, one must expand the Liouville equation and integrate
it in the variable p to find, using (18), the continuity equation

ap(aqt;t) +8q[ (Z; )p(q )} _o, (19)

which is the first equation to be obtained.
To obtain the second equation (see the previous section), one must multiply the
Liouville equation by p and integrate it into this variable to obtain the equation

1 oMy (g; ) L aV(q)

2 ol p(a; )] +
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where 9 (g, t) represents the second statistical momentum moment of the variable p and
is defined by

/ p*F(q,p;t)dp = Ma(g;t). (21)

We thus define the variance of the momentum variable over some fiber labeled by g as

(6@t )olast) = [ Ip — pla:t)]*Fla,pit)dp. (22)

Now, consider the entropy S(gq;t) defined in the configuration space in such a way that
the equal a priori probability postulate grants us that (see [33], pp. 290, 509)

p(q;t)=exp [65{1”] ,

where kg is Boltzmann’s constant—this is why we are presenting this derivation in more
detail, since we want to show at which point Boltzmann’s entropy comes into play. We
now disturb the probability density function in the vicinity of 4 = 0 by writing ¢ — g + dg
in such a way that we have

1 (9S(q+dg;t) s o1 825(q+5q;t) 2
AT )Jq:00q+2k3( %° )MZOM]

p(9.00;t) = p(q +0g;t) = p(g; t)e (23)
This means that the disturbed p(g,q;t), when considered up to the second order, is a
Gaussian function. Please note that p continues to depend on the variable g, showing that the
amount of disturbance J4 is an independent variable with respect to g. The final disturbed
function gives the characteristic function, since the averages and variances that come
from it are those that come from the underlying characteristic function (see [34], p. 172
or [33], pp. 288-291; see also Section 3.1 in what follows). Please note that we develop the
last expression to second order in dq (which begins to show the deep connection with the
derivation made in the previous section).
Thus, it is obvious that

+°°(52ex Sa — ada?)d(é +oo§ex Sa — wsa?)d(s 2
<5q(q;t)z>:fm<q> p(Bdq M)(fﬂ_(fm qexp(Boq zxq)(q)>/

J12 exp(Bog — xdq?)d(dq) [ exp(Boq — xdq?)d(dq)
where we put

1 [(9%*6(g;t) 1 /96
= —L) , Bp=—(=) .
ZkB 8q2 0 kB E)q 0

We thus have that

21n(g; -1 2 ; -1
) - - -(P80) (1 782)

but we would like to have an expression for

(op(a:0?).

Generally speaking, for a general physical theory, the dispersions in variables g and p are
independent of each other. However, Axiom 4 of the present section makes them depend
upon each other and introduces the main feature of quantum mechanics; in what follows,
we will show that this expression gives the usual Heisenberg dispersion relations.



Mathematics 2025, 13, 3571

11 of 41

Indeed, the content of the second axiom (and quantum mechanics) allows us to write

n? 3%1Inp(q;t) n 26 (q;t)
AN plg;t) " 7
(or@e?) = =3 AP tky  ogr

and thus 2 2
h 0“1In st
(op(@:0)e(a:t) = — g 0(g; t)a’;gq).

Substituting [31] this expression into (20) and writing, as in the derivation of the
previous section,

plg:t) =R(@:D)% p(g:t) = "’ng;” / 24

we find the equation

S 1 /3S\? 2 R
at+2m<aq> +V(q)—72mR(q;t)W—0. (25)

Equations (19) and (25) were already shown in the previous section to be equivalent
to the Schrodinger equation

1w Py(g;t) s Y(gt)
“om o +V(D(gt) = lhT/

if we write ¢(g; ) as presented in (24). This ends our derivation.

3.1. Equivalence to the Characteristic Function Derivation

Now, it is important to show that both derivations give the same interpretation of the
theory, but using different constructs (characteristic function and Boltzmann entropy). This
should also improve our confidence in the derivation processes (if one is not yet convinced
of their adequacy, see Figure 1).

To do this, we take the definition of the characteristic function of the last section
and expand the exponential of the Fourier integral nucleus in a power series to write the
characteristic function, fo second order in g, as

io 5q)>
Z(q,0q:t) = /F(w;t)dwr #/PF(q,P;t)dP— %/PZF(q,Pﬂ)dﬁ,
and, using (18) and (21), we rewrite it as

2 5q)*
20,600 = p(a:0) + (g p(ait) ~ O ma(). 20

We now substitute (26) into the equation satisfied by the characteristic function (see
previous section) and take the real and imaginary parts to find Equations (19) and (20).
This shows that both mathematical derivations are formally equivalent.

As we said, the proof of the equivalence between the two derivations is of utmost
importance for our objectives. Indeed, the two derivations use different constructs (charac-
teristic function and Boltzmann entropy). However, both are introduced from axioms that
are already interpreted with respect to all their symbols and have been proved to be mathe-
matically equivalent. Thus, by semantic inheritance, we can expand our understanding of
the quantum-mechanical formalism, which we do in the following sections.
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3.2. Heisenberg Dispersion Relations

From the relation (17), with an equal sign for each point of the configuration space, we can
mathematically derive Heisenberg’s dispersion relations (see, for example, [30] or [31]).
Indeed, if we begin with

(op(g;t) ) (da(a:t)”) = Fi/

and use - -
a2 he 9%Inp(q;t
(op(g;)) = EE S
then X
a In
Ap? - Ag? :——/ p d/q 0)’pg;t)dq,

with Ap2 and Aq? as implied. If we integrate the first integral by parts, we obtain

e [ e 2) 2R

By manipulating this equality in a straightforward manner (see [31], for details), we obtain

K2
ApZ-qu > ey

The last result is important. Please note that the equality sign for each fiber on the
phase space labeled with g blocks any interpretation based on some kind of measurement
theory or an interpretation of a subjective type. All quantum-mechanical systems have
the same property, which is an objective property of them. Heisenberg relations inherits
this feature from the axiom. Even if we look at Heisenberg’s dispersion relations (not
uncertainty relations) with a greater or equal sign, we must acknowledge that this sign
is there only because we are abstracting from the particular state. Indeed, once the (pure)
state is fixed, one must have an equality sign. For example, in the case of the harmonic
oscillator, we have the equality (Aq), - (Ap)n = (n+ 1/2)hw, where w is the frequency
of the oscillator and n gives the state. This means, again, that this relation regards an
objective feature of the physical system (in this case, the harmonic oscillator). Indeed, it is
quite difficult to argue how two different observers, measuring with different apparatuses,
would obtain exactly the same result for the product of the dispersions; on the other hand,
to say that this relation is an abstraction of the concrete experimental context is just to
affirm that it should be considered an objective property.

The question, of course, is: Where did these dispersions come from? They come from
the kind of separation we make in the physical system, by looking at the particle subsystem
in detail, while assuming only a fixed expression for the field subsystem that furnishes the
potential V(g), something that announces the role of fluctuations, without making them
explicit. At this point, just as an example, it is instructive to watch any simulation of a
wave packet colliding with a potential barrier. When the wave packet enters the region of
V(gq) > 0, it begins to deform, but the potential barrier keeps its form as if nothing were
happening, despite the obvious fact that a physical interaction begins (see [35], pp. 106-107).
This can only happen if we are looking at quantum mechanics, as given by the Schrédinger
equation, as a mean-field theory in which we keep our attention on the particle subsystem
while assuming only an average behavior for the field subsystem.

This resembles the Brownian movement situation, roughly speaking. In the Brownian
movement, we are interested in the (large) pollen particle and consider the shocks that
come from the colloidal (much smaller particles) in average terms. In this sense, quantum
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mechanics is established in the canonical ensemble picture, the field playing the role of a
thermal reservoir. We formally and explicitly address this feature in Section 5, when we
present the derivation based on the Langevin equation.

3.3. Positive Phase-Space Probability Density Function

We may invert the Fourier transform that defines the characteristic function to find

plg;1) v —p(a, 1)
Flgpt) = ——— ——— ), 27
(opit) 270 (q; t) eXp{ 20%(q;t) @)
where we already used
0lnZ(q,0q;1)

) = —ih i
p(g;t) = —in lim, aoq)

and we put the variance density in p as

1@ Inp(g;t)

20008\ —
v (q/t) - 4 aqz

If we note that 02(g;t) = (6p(q;t)?), the expression (27) tells us that the phase-space
probability distribution function for any phenomenon of quantum mechanics is given,
at each fiber of the configuration-space labeled by g, as a Gaussian function with average
momentum given by p(g;t) and statistical variance given by ¢2(g; ).

A more detailed exposition can be found in [31], where we present the harmonic
oscillator and the hydrogen atom examples. If we consider, for example, the state (2,1,1)
of the hydrogen atom, we can present an example of a phase-space probability density
function as

-3

r

. 2 _ 2sin26
sin“fe " "e

p3+f§2’+(”"’1)2} r

Fio1,1)(r, 6,0, pr, po, pp) =17/

Calculating the average energies, momenta, and other properties of this state using F5 1 1)
gives all theoretical quantum results [31], as for any other state. These calculations are
presented in an algebraic computation program, which is referred to in the supplementary
materials section.

However, at this point, we recall that we have truncated the characteristic function (to
the second order in é4). The question then is whether we can make such an inversion of the
Fourier transform (when we integrate g from 0 to oo). It seems that if we have a truncation,
the results obtained would be approximate, in the best case. However, all results are exact
in the examples cited before. In Section 4, we will show that the expansions to second order
so far adopted (and Feynman'’s too) are exact, when we present the Central Limit Theorem
and its role regarding quantum mechanics.

3.4. Phase-Space Behavior

The axioms do not assume that the phase-space probability density function satisfies
the Liouville equation, but only to the second order in the parameter 3. However, it is
instructive to consider the application of the Liouville operator to the quantum phase-space
probability density.

In Figure 3, we plot the function

1  dF.(q,p) _ 1 (p oF, BFn> ’ (28)

m oq qﬁ

Fu(q,p) dt Fu(q,p)
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for n = 1,2 of the harmonic oscillator. We divided the Liouville operator applied to F, (g, p)
by F.(g, p) itself to avoid the Gaussian exponential decay of the phase-space probability
density function, which would cause the result to go to zero.

0. 2 ™
2 X 2 X
4 dF1(x,p)/dt dF2(x,p)/dt
FIpp) F2{x,p)

(a) (b)

Figure 3. Behavior of the functions F, (g, p) for n = 1 and n = 2 in panels (a) and (b), respectively. The
images show the strong variations of the phase-space density near the fibers at which the fluctuations
diverge (in magenta), while they satisfy Liouville’s equation far from these divergence fibers.

In Figure 3, it becomes apparent that the Liouville equation is satisfied almost ev-
erywhere, except in the fibers where the probability density functions of the phase space
have divergences. On these fibers, the result of the application of the Liouville operator
to the probability density function strongly oscillates. The two integrals in the first axiom,
Equation (16), remove these behaviors by averaging over the fiber and give zero as a result.
These results, together with the calculations related to the harmonic oscillator in general,
are made using algebraic computation in a file presented in the Supplementary Materi-
als section.

4. The Central Limit Theorem

This section is of utmost importance because it gives consistency to the last two
derivations with respect to the expansion to the second order in dg. Indeed, as we have
noted in Section 2, we used the characteristic function, developed to the second order in the
parameter Jq. At that point, since we did not present a reason why this expansion should
terminate at the second order, we have no option but to assume that this was a truncation of
the characteristic function and thus an approximation.

However, in Section 3, we inverted the Fourier transform that defines the characteristic
function and thus integrated the variable dq within the interval (—co, +-o0). The only way
we can perform the inversion is if the characteristic function expanded to second order is
not a truncation, but its very exact expression.

This happens, as is well known, when the system obeys some version of the Central Limit
Theorem (CLT). We therefore expect that the CLT is deeply rooted in the quantum formalism.

We will show this in this section. Please note that the CLT is related to sums of random
variables, and this will bring us closer to our objective, i.e., to show, mathematically and
explicitly, that quantum mechanics has a stochastic support—and to find the equation that
gives this support.
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4.1. Phase-Space Sampling and Sums of Random Variables

It is easy to see from the definition of the characteristic function that momentum is the
random variable with which to cope. One may think of a particle filling the phase space
by moving around, assuming values of phase-space points (g, p) that are random (g being
random because of p—see next section). Let us turn to discrete variables gy, px (see the
next section). Of course, each infinitesimal region of size dgdpy, centered in (g, px) in
phase space, will have a probability w(gy, px, t)dqxdpy of being filled, which may vary as
the system evolves in time (see Figure 4).

ph
fiber

Figure 4. Sampling over the phase space related to the marginal characteristic function formulation.
The image is related to the dynamics of a harmonic oscillator in state n = 2 after some time filling
the phase space—after 1,000,000 points in a simulation done by the authors (see next section on the
Langevin equation for quantum mechanics). A phase-space fiber at the point g is presented.

Thus, the mathematical expression for the marginal characteristic function means
that, at any instant ¢, a sampling of the whole phase space is carried out by fixing the
variables g, and ¢t and sampling over the respective fiber of this space (in which p varies
from (—o0, +00)).

Of course, since we are looking at a probability density, this sampling must be taken in
the interval [gx — 69/2, gx + 0q/2], i.e., each sampling is performed in phase space within
a fiber of width dq that is parallel to the momentum axis. This means that w(qy, pk, f) can
be written as & (g, t)v(pk : gk, t), where v(py : q; t) is the conditional probability density
that one obtains (py, t), given that (g, ) has occurred. Since we are within a fiber of size
0g, one must have different outcomes of g; within it, with different probabilities densities
¢x(qx, 1), but, assuming py and g are independent, the probability density p(q,t) (qx at the
center of the fiber k) will be given by

N
p(q.t) =T & t)- (29)
k=1
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Our interest lies in the variable
(N) N (N)
P = , P= lim P\, 30
; Pk (q) Nl ( )

where py(g) are the random momentum variables when g is within the fiber indexed by gy,
its center, and N is a number that we will make go to infinity to obtain the variable P.

Assuming all these characterizations, the derivation of the CLT for quantum mechanics
is straightforward, as the reader may verify in [36,37] and will be briefly presented in
what follows.

Of course, in any derivation process of the CLT, one never finds any physical equations
related to quantum mechanics or any other physical theory. The derivation is simply a
matter of statistical calculations using the Levy approach [38].

Indeed, what makes this calculation adequate for quantum mechanics is the assump-
tion about phase-space sampling and the way we write the marginal characteristic function.
This is extremely important: it is because we write the marginal characteristic function as
the product

Z(q,6q;t) =9*(q—0q/2;t)p(q + q/2;t), (31)

and expanded it to second order that we have the link between the quantum formalism and the CLT—
see next subsection. This is shown explicitly in [36], in Equations (30)-(33) of that paper.

Thus, if the CLT applies, we end with the probability density function, defined in
phase space, for any quantum problem as

(g;1) (r—p(g:1)?
F(q,p;t) = ZF:TZZMGXP{_%}' >

where the average p(g; t) and variance 02(g; t), defined on the fiber g, are given by

. .. 0dlnZ(q,éq;t) ’ 5 .. 0%InZ(q,6q;t)
f) = —ih lim ————"—= ; B = —h" lim ——————"—~= 33
plg;t) = =i Jim =575 At 5950 9(0q)2 33)
and
o(g;t) = lim Z(q,dq;t). (34)
6g—0

now written in terms of the characteristic function only, as one can find, for instance, in [39].

This last comment brings us to the main objective of making this connection. We are
now in a position to understand the Jg and expansions to second order, and we address
this point in the next subsection.

4.2. Meaning of Second-Order Expansion

We then present quite briefly the Central Limit Theorem and its proof, while pinpoint-
ing some important aspects regarding its relation to the characteristic function derivation.

Theorem 1. consider, for a given fiber centered on q in the configuration space, a sequence of

independent random variables py, pa, . .., pn with (p;) = pi(g;t) and (p?) = o?(q;t),i=1,2,...
Ifwe put P™) = py + py + - - - + py, then, under very general conditions, the reduced variable

um = P21 (35)
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where

=Y m, =), (36)
k=1 k=1

has approximately a Gaussian distribution with u") = 0 and o2(") = 1. Thus, if F, is the
probability distribution function of the random variable P, for each fiber centered in g, whose
probability density in the configuration space is p(q; t), then we have

. . 2
lim F,(q,P;t) = p(‘”)exp{—(P"("’i))}, 37)
n—sco 27‘[0’((],‘ t)2 20’((],‘ t)
where -
(g ) = [p(g: 1) = Lmait), (38)
=1
and .
o(g:t) = |o@t)’] = Y el@hr. (39)
k=1

Proof. (We will demonstrate the theorem only for situations in which the y; = m are all
equal, and so are all the 0 = s2. However, the theorem has a much wider applicability [38]).
Under these assumptions, we have u(g; )" = nm and o(q; )2 = ns? (note that this
means that s> must go to zero with n~! as we make n — oo, the same being valid for m.
Consider now the probability P(q, p; t)dp of being in some interval (p, p + dp) after n steps,
each within (py, px + dpy), with probability

w(qk, pr; t)dpk (40)

where we assume that all w(x) are identical and g are in the interval (7 — 6q/2, 9 + 64/2)).
We assume that w(qy, px, t) = Sk (qi; t)w(qk, pr; t), since Cx(gy; t) is the probability of being
in the vicinity of g, and w(gy, px; t) is the conditional probability of being in the vicinity of
Pk assuming that the system is in the vicinity of q.

In this case, we obtain, as we have already noted,

n
t)=T1%kat), (41)
k=1
and, as a consequence, it is possible to obtain our probability function as
n
F(q,p;t)dqdp = p(q;t / /y H w(qx, p; t)dpxdq . (42)
n k
dp

We then use [33]
oo .
o (P - Z Pk) =5 f e Olr—Xi i gp,

and

00
F(q,p;t) = p(q;t) / . "GWI—[ / e Prw(q, p; t)dpy - (43)

Now, if instead of working with py, we use the rescaled random variable (py — m)/s,
such that

£(q,0;t) = / e s (g, pi; t)dpy, (44)
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(note that Z refers to each py), then the properties of the Fourier transform give us

. im0 if im0 0
Z(q,0,t) = exp(s> /exp(?‘)w(q, P t)dp = exp(s)z<q, S;t). (45)

This last result means that the rescaled characteristic function Z(q, 0; t) related to the
variable P must be given by

Z(q,0;t) = P(q?f)eXP<—ng> {Z (q, ;ﬁs;tﬂn, (46)

since we are considering the p; independent variables, a demand of the Central Limit
Theorem. In fact, in this case, the characteristic function of their sum is just the product of
the characteristic functions of each p; (actually, this is one of the most important features of
the characteristic functions).

Thus,

. 0
InZ(q,6;t) =In(p(g;t)) — z\/sﬁmG +nln [z (q, \/ﬁs;tﬂ , 47)

and we can develop z(0) in the Maclaurin series as
"

2(0) = 1+2/(0)0 + Zzﬂezwn, (48)

where all the derivatives are with respect to 6 and r;, the remainder of the expansion is

a complicated expression of these quantities and powers of #n [39] in such a manner that
limy, 00 7, = 0. Since the definition of z(g, 6; t) implies that

Z(0) =im 2"(0) = —(m? +5?), (49)

we may write

2, g2
z(q,0,t) = 1+imf — wez + T, (50)
and, thus,
/nm . m m? + s?
InZ(q,6;t) =In(p(g;t)) —i 5 6+nin|l —l—z\/ﬁSQ - ( 2 )92 + 1y (51)
N . . . m (m2+52) e .

Please note that Y= is a finite quantity, while N and -~ - are infinitesimal, in

the sense that they go to zero as n~! when n — c0. However, note that there is a factor
multiplying the logarithm in the last expression. This means that we will have to search for
the expanded expression in the logarithm.

Since we want results for n — oo, we develop the logarithm in power series to find

. m (m?>+s%) ,
_ R|—
(l\/ﬁsg 2ns? o

2., 2 2
m g (m +5)92+R> +] (52)

Vnm

S

InZ(q,0;t)) = In(p(q;t)) —i~——0+n

1(.
—_— Z —_
2 < \/ns 2ns?
Please note that the first two terms in the brackets cancel out, and we end up with

InZ(t) = In(p(g;t)) — %92 +Q,(8), (53)
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where ), (0) depends on 1 as some inverse power law of type n™* with « > 0[39]. Thus,
if we take the limit n — oo, we obtain

: ) — )y L2
nlglgo InZ(q,6;t) = In(p(g;t)) 59 , (54)

which, upon inversion, gives the Gaussian probability function (1 = u(*))

F(q,u;t) = P 2, (55)

which is the result we were willing to show . [

It is important to note that we have two variables p; and P (see the previous subsection),
so that for each of them there are variables dg and Aq. The variable 44 is connected to
the probability densities w(qgy, px; t) of individual results and can be made infinitesimal.
However, the probability that comes from the sum in (30) is defined as

N N
F(w;t)dqdpw(q;t)l"[/ / [ Tw(pk:q.t)dpidq, (56)
k=1’"1 YN 1

giving the relation between the infinitesimal and finite characteristic functions as

Z(q,Aq;t) = p(q;1) eXp(—ii}"rf) [Z(q,\/eﬁs)r, (57)

where 0/+/ns = éq in such a way that the finite case is related to Ag = ndq, with n — oo,
while g — 0. Thus, despite dq being infinitesimal, Aq is finite, and this last variable is
being integrated in the inversion of the Fourier transform.

We can compare the result (50) with our expansion of the characteristic function
z(q,0q;t) = ¢*(q —6q/2;t)(q + 69/2;t) to see their equivalence. Indeed, we have to

second order (see (6))
_ Jge (002 #R _ (0R 195
z—{R + 3 Fpa 3 exp haqéq .
If we now expand this result in terms of Jg, we obtain
_gefy 198 [ 1138\ 1(1¥R_(13R)’
Z_R{1+haq§q+l 22\3q) T8 lRaZ “\R3g

The second term is easily recognized as the momentum average p = m. The third is simply
—m?/2, and the fourth is

1(12R _(19R\*) _ 1/ 19%In(R?)
8\ R 9g2 R 9q 2\ 4 og? ’

which is just s2, according to the results of the previous section, such that we have exactly

(5q2} . (58)

the same expression as shown in (50).
These results allow us to rewrite the axioms of the approach as
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Axiom 5. The characteristic function Z\")(q,5q;t) of the random variable p = Y i1 Pk can be
written (in the limit n — oo) as the product

Z%(q,6q;t) = 9" (q - %q; t) ¥ (q + %q; t) (59)

for any quantum system, and quantum mechanics refers to the universality class defined by the
Central Limit Theorem.

Axiom 6. For an isolated system, the joint phase-space probability density function related to any
quantum-mechanical phenomenon obeys the Fourier-transformed Liouville equation

poq\ dF(q,p;t) _
/ eXp<Z h ) i (€0)

to second order in éq.

Please note that the first axiom already implies that the marginal characteristic function
should be developed up to the second order in §g—these two statements are equivalent.

At this point, the two derivations presented in sections two and three were shown to
be formally adequate. Now, and only now, we can say that quantum mechanics is a theory
with stochastic support. Moreover, we know that this stochastic behavior comes from the
separation of the field and particle subsystems, in which the field subsystem plays the
role of a heat reservoir, and the whole theory (based on the Schrédinger equation) is a
mean-field theory, or it is of the type of a canonical ensemble in the terms of statistical
mechanics. This is a completely objective source for the fluctuations.

Despite the fact that the CLT has given us all the previously mentioned understanding,
it uses random variables p; whose values come from some equation yet to be determined—the
Schrodinger equation cannot do that, of course, since it is already the result of the washing
out of the random behavior. We present this equation in the next section.

5. The Langevin Equations of Quantum Mechanics

Approaches proposing stochastic support for quantum mechanics flourished in the
early 1950s [40] and had received many different formats of presentation [5,41-48]. It is still
a proficuous field of investigation, but the interpretation they propose, in general, does not
take part in the mainstream of the interpretations of quantum mechanics.

Our objective is to find an equation that provides concrete values for the random
variables py that appeared in the CLT, i.e., the concrete values of the stochastic realizations
of some quantum-mechanical system. This means that we are searching for a true stochastic
equation with which we can make actual simulations, for instance. An equation, for
example, of the Langevin type. All the stochastic derivations of the Schrodinger equation
do not provide such an equation, but some sort of Bohm’s equation, which is equivalent to
the Schrodinger equation (as we did up to this point). Thus, these derivations are at the
same level of description as those we advanced in the previous sections. We will explicitly
show that in the next Section 5.1.

In fact, as we shall show, these derivations are of great importance, since they are able
to show the reason why the random variables p; do not appear in some concrete random
variable equation, such as one of Langevin type. This provides an argument for our own
interpretation that the Schrodinger equation is a sort of mean-field approach.

We then must try to find an equation that concretely deals with random variables and
that connects these variables to the momenta of the physical system and still recovers all the
behavior of any quantum-mechanical system. This means that this equation should reduce
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to the Schrodinger equation when averages are taken. As we shall show, this equation
is the Langevin equation, modeled to give the appropriate results of the usual quantum
theory in the appropriate limit.

In what follows, we present one usual derivation of the Schrodinger equation from
a stochastic rationale and show the averaging process we were talking about. We then
present the Langevin equation of quantum mechanics.

5.1. Stochastic Average Derivation

Many stochastic derivations of the Schrédinger equation can be found in the liter-
ature [6,7]. However, in this section, we only sketch the stochastic derivation of de la
Pefia [7,49], which makes the stochastic variables and their properties explicit. The inter-
ested reader may find all the details in [50]. We will adapt de la Pefia’s derivation to one
dimension as a means to simplify it. This will make the comparison to what we have done
in Section 2 immediate.

Thus, let us begin by assuming that the velocity c of the particle is the sum of a
systematic or current velocity v and a stochastic component u

c=u-+o. (61)

De la Pefia, thus, introduces a time-inversion operator that can distinguish between sys-
tematic and stochastic velocities. He manipulates the equations of his approach using this
operator to derive the Schrédinger equation.

If we are trying to present how some quantities f vary with time, i.e., df /dt, we need
to assume situations in which the position q changes with respect to time

oq = q(t+dt) —q(t), (62)

where we assume 6t to be very small (compare with Feynman’s path-integral approach).
Suppose now that f(g; t) is any smooth function of 4 and t; we can write

flat+ot), 40— fqt),) [a 1.3 1 5
5 = §+§5q$+2—5t&q @4' f(q(t),t).  (63)

Of course, this change becomes a distribution with respect to the variable ég.

We now fake the average of the above expression (average values with respect to the
0q distributions). It is at this point that the concrete random behavior of the approach is
lost, and we are left with average results (or a mean-field theory); note that this means that
Bohm’s approach must be considered in the same fashion, if our calculations end up giving
Bohm’s equation. Thus, we find

Df(qt) = lim SUEFODE+0) = flg(t), ) _

5t—0 ot

d d 02
= g‘FC%*‘DTqZ‘F"' f(a:t), (64)

where the parameters ¢, 2D, ... represent the limits of the first- and second-order moments
of the distribution f with respect to the values of the variable dq, divided by Jt. We identify
c with the components of the velocity c. Again, this means that all the dependence of the
equation on éq is now inserted into the coefficients ¢,2D, ..., which are the results of the
averaging process. Note also that D — 9/9t + cd/dq = d/dt in the limit when D — 0.
Penia calls D the forward derivative operator.
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Using the time-inversion operator, de la Pefia introduces the backward derivative
operator, and, using both, he obtains, after some lengthy manipulations, the two equations

Ju Jv D azv Ju D 82 — m

7E)t + U*aq + _78 7 - Au*aq - /\ 2—‘,— aqlzl e f()/ ( )
J Ju 0°u Jv d-v — ¢

fl;—i-Z?f—i-D S 4y + D2+ 0

where fj is the force. These are our primary equations.
Equation (65) can be written as

Jv 9[22 Jv u? Ju _ 19V
2 2[g+D 2-Ag-AD E]+ =LY

m dq (66)
Wt Zlw+D BT+ =0

This system of equations can be shown to be equivalent to the Schrodinger equation. In
fact, when imposing certain conditions on the constant terms appearing in the previous
equation, we can recover the Schrodinger equation. Furthermore, these conditions on the
constants and their relations to the velocities (systematic and stochastic) give the connection
between the present approach and the characteristic function derivation of the Schrédinger
equation, shown in Section 2.

Indeed, looking at the equations that lead to the Schrodinger equation in Section 2,

we write 25 a1
p= LB@H - _yp dnREH (67)
m  9q oq
where R(g;t) and S(g;t) are real dimensionless functions of g and f, and put D_ = 0,

Di=D="h/2m, A =1,toget

S (q; 2 2 R(y;
55‘1”+V(q)+i("’—5) _ 1 PR _

g 2mR  9q2
oR@? | 2 [Ruttas) g ’ )
ot aq m odq|

In de la Pefia’s derivation, it is not clear what it means to make this choice for the
constants, but the resulting equation is the same as that we obtained in sections two and
three and is thus equivalent to the Schrodinger equation, as already mentioned.

The expressions (67) provide the explicit connection to our derivation based on the
entropy construct, since we can rewrite the stochastic velocity u in terms of the entropy as

u(g;t) = holnR(g;t) 7 dlnp(qt) Rk 06(q;t)
TH = aq 2m  9q  2mkg 9

(69)

where p(g;t) = R*(g;t) and &(g;t) = kpInp(g; t). Moreover, this equation is related to the
content of the fluctuation-dissipation theorem (see [33], pp. 594-597). Equation (67) give
the statistical character of p(q,t) and u(g, t), but conceal their concrete fluctuation behavior.
To address this fluctuation behavior, we must take a step further.

5.2. Stochastic Langevin Derivation

The Central Limit Theorem was proved without knowing which equation would furnish
the sums of random variables that the theorem assumes, and the stochastic results obtained so
far cannot provide such sums. In this section, we will find a true stochastic equation for
quantum mechanics in the form of a Langevin equation [50].
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Thus, let us begin with a two-dimensional system (phase space of a system with one
degree of freedom) for which our proposed Langevin equations are given by

{ B = —p(t) + ¢1(q) + VT (@) (1) 70)
dalt) _ 1 '
dt T m p(t)

The rationale for presenting the equation in this form is that we should expect some
departing from Newton’s equations, but given solely in terms of the elements that pertain
to the framework of a Langevin equation, i.e., the fluctuation and dissipation terms. Please
note that all these terms provide a picture of the way the field subsystem interacts with the
corpuscular one. Indeed, for the example of the electromagnetic field, and assuming the
instance of virtual photons, we can say that the first and last terms on the right-hand side of
the first equation show how the force field changes from its mean value ¢;(g) when some
virtual photons are exchanged between the corpuscular and the field subsystems. The
functional appearance of these fluctuations, given by I'»(q), is left as a way to adequate
this proposal to furnish the correct quantum-mechanical results. We also assume, in the
context of a Langevin equation, that

@wy =0 (2we(r))=a(t-r). 71)

Since we consider each fiber in the phase space defined by some value of the variable
g, we will keep g constant and work only with the first equation. This equation in (70) may
be solved by discretizing the time parameter to find

Put1 = apn + Td1(q) +1/1T22(9)Cn (72)

1

Z(t) — \ﬁén' (73)

such that
(Cn) =0;  (ZuCm) = Onm - (74)

Thus, the same considerations about the way we make our sampling of the phase
space advanced in the derivation of the Central Limit Theorem also apply here. In this
sampling, we are not iterating on the variable g because we are looking for the momentum
probability distribution for each point q in the configuration space. Thus, for each such point g,
pn is a random variable that we can consider using traditional statistical methods.

In the ensemble approach of a one-particle system, for instance, we let the particle in
each one-particle system begin at any point in the phase space and, after some definite time
givenby t = nT, we make our statistics over the fiber using the characteristic function given
in (78), by collecting the momentum and position in each system and building from them a
statistical frequency diagram. In the single-system approach for a one-particle system, for
instance, we let the particle fill the phase space and collect, at each small step T, its position
and momentum to make from them a statistical frequency diagram. Please note that the
ergodic theorem says that these two sampling methods must give the same result.

Now, iterating (72) and putting po = 0, for simplicity, we find, for the nth iteration
(see [50,51] for more details on the calculations in this section)

n—1
Pn = Z Wy, (75)
=0
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and using Equation (72), we have, for the first two iterations,

pr="apo+19(q) +/In(q)S;
p2= alpo+Tlgr(q) +api(g)] + [VIT2()E +ay/T2@))|

and, in general,
n no
P =a"po+ Y a'pr(q) + VT Y a'\ /T (q)Z—s. (76)
(=0 (=0

If we put pg = 0, for simplicity, we obtain

wp = ta'1(q) + VT’ T2 (q)E0 s - (77)

Thus, py, is the sum of independent random variables, which we defined in the previous
section as P(N), while wy is equivalent to the variable py, both defined in Equation (30). This
makes a bridge between this approach and the one based on the Central Limit Theorem.

We can connect these two approaches with that of the characteristic function by writing
this function for (the uppercase Z,, will be related to the whole sum of random variables,
up to n; when we take n — oo, we will drop the index )

Zn(q,6q;t) = <exp(ip25q) > , (78)

where we note that because the functions I'>; depend on g, we must have the same depen-

dence for the characteristic function Z,,. In fact, the averaging process represented in (78) is
explicitly given by

"
Zn(q,0q;t) = / eXp(whq>f(q,Pn;t)dPn; (79)

where f(q, wy; t) is the probability density function related to each p;,.
Thus, since we write (1) as (79) with ég = 0,

(1) =p(q), (80)

where we are supposing that all variables py, ¢ have the same underlying joint probability
distribution function (see the derivation of the Central Limit Theorem). Now, (78) can be
written as

15[7 n—1 n—1
Z,(q,6q;t) = /exp (ﬁ Z ZUg) Hf(q, wy; tdwy, (81)
(=0 (=0
which results in (see the discussions in Section 4.1)
=l iwo
Zn(q,00:t) =p(q) [ ] <e><p( . q>> , (82)
(=0 wy

since the w,’s are all independent random variables—note that the averages are now taken
with respect to wy and the characteristic function (for each random variable of the sum)

zn(wy) = <exp(%) >w is such that (1)10{ =1
. i
Now, using (77), we can write, for example,

= a2 (q) + 20* 1/ Tl; + 1a* T (q)87
a9} (q) + 303729 (9) T ()80 + 300 91 (9)T2(9)8F + 72T (9)* 28]

v (83)

SWSN

w, =
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Using (74), we find
(wr) = Ta'g1(q), (w}) = 72} (q) + T Ta(q), (84)
and higher-order expressions.
The variance of the random variable w, becomes
<w%> — <w6>2 = Tayl"zz(q), (85)

and, thus (up to second order—we justify that in what follows),

<exp<iw)fl(sq>> = exp{—'mzzfzz(q)?j} exp(—i<w;;>5q> . (86)
wy

Please note that this is, essentially, the expression of Equation (6) found in Section 2, now

explicitly presented in terms of random variables.
Thus, we obtain, for the total characteristic function,

bn ; é 2 ] n\q, 6

Zn(q,60;T) = p(q) eXp<—(qth2)q) ew(—“’;)q) , (87)

where )
bu(q;7) = Ta(q) Y a%, (88)

(=0

and B
pn(3:7) =T¢1(9) Y o', (89)

/=0

where p,,(¢; T) is called the average momentum; note that this nomenclature is appropriate
since ¢1(q) is a force depending only on the random variable g and 7 is a time, and thus
T¢1(q) has the dimension of an average momentum (an impulse), so it could be explicitly

written as
n—1 n—1
pu(g;T)o(q) = ZZ / ta'$1(9) f (9, P t)dpn = T1(9)p(q) éZ a’, (90)
=0 =0

and is usually called (in non-equilibrium kinetic theory) the macroscopic average momen-
tum [32] (as introduced in Section 3).
The expression (87) automatically implies, by inversion of the Fourier transform, that

Y () NS BN 21 (%3]
@ puiT) = 27th, (q; T) € p{ 2b,(g;T) }’ 1)

where we have already normalized the density f(g, p; t). Now we may take the limit T — 0,
n — oo, such that nt — ¢, to find (note that the index n must now be dropped)

— . 2
f(q,P;f) — %GXP{W}l (92)
where . -1 _2¢
b(g;t) = lime 0 TIa2(q) Zi?_:lo o (93)

p(g;t) = ¢1(q) im0 T )" a
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which are both geometric progressions. Using T = t/n, we obtain

L0yt
= 1—(1—91)?2 29T — T2 ’

Adding the geometric progressions in (93) to n, and taking n — co, we obtain [50]

b(g;t) =T (q) [%ﬁ,ﬂ
plgit) = gr(q) (5) (94)

and asymptotically, + — oo,

o) = 2y = 20, 95)

4

2y v

Thus, we end with the asymptotic distribution,

_ . 2
f(q,p;t):%exP{_W}/ (96)

which is the joint probability distribution related to the Langevin system of Equation (70).
For the third-order statistical moment, as given by (83) (and higher ones), we obtain
results such as

i <w5’> = i) f a +37%¢1(q)T2(q) i ¥ =
/=0

(=0
1 — exp(—37t)
7
39T + 39272 + 1373 ©7)

= [(pg*(q)r?' +37%¢ (q)Fzz(Q)}

which goes to zero as T — 0. This is another way, related to the Central Limit Theorem,
to justify our assumption of a second-order development of the characteristic function.
All our expansions up to the second order in g are not approximations. This is the very
expression of the CLT, rephrased using the Langevin equation and the justification for the
derivation using the characteristic function. Furthermore, this shows the deep relations
between all the derivation processes already presented.

The second equation in (70) makes the overall span of the whole phase space, since it is
connected by the probability density function p(g, t) for each fiber and allows the sampling
to be over all points in the phase space. The probability densities, in fact, the probability
amplitudes, are obtained by means of the Schrodinger equation, which, in the perspective of
this approach, has exactly this role.

The result (96) shows that, for each point q of the configuration space, the momentum
probability distribution is of Gaussian type, exactly as in (32) coming from the Central
Limit Theorem.

We have already connected the present approach to the derivations of the previous
sections. However, in order to make it possible to make actual simulations, we must find
the formal structure of the fluctuation term.

Since the probability density functions in phase space must be equal, beyond being
both Gaussian, we must compare the result (96) with (32) for any quantum system. This
implies making the identification

P Inp(q). 95(q) 8)

(@) =20p%) = =g =52 #@h =73~
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where both p(q) = R?(q) and S(g, ) come from the solution of the Schrodinger equation with

#(a,0) = Rig ) exp( 241, )

Because of these identifications, the fluctuation term in the first Langevin equation
representing the momentum fluctuations becomes

— 921
Vin(a. P = el (100)

 4m

and enters into the general Langevin equations as a true random force, due to &,. Thus,
the relation with the Bohmian “quantum potential” becomes clear: Bohm'’s equation is an
equation for average values (such as p(g, t)) and the “quantum potential” does not appear as
a true random force, but only an averaged one.

In the next sections, we present some results obtained by making simulations of the
Langevin equations. Two physical systems are considered: the one-dimensional harmonic
oscillator and the one-dimensional Morse potential. We also show, for the harmonic
oscillator example, the relation between the results of the simulation of the Langevin
equations (70) and Bohm’s equation [49,50]. In the supplementary materials section, we
present a small algebraic computation program that simulates the Langevin equation for
the harmonic oscillator.

5.2.1. The Harmonic Oscillator
The potential (Weputm =h =w = 1)

V(g) = %qz, (101)

gives the non-normalized probability amplitudes

¥ulq) = exp(—42/2) Hu(a), (102)

where H,, are the Hermite polynomials. Some results for the probability density function
on the configuration space obtained with the simulations are shown in Figure 5 as dots.
As can be seen from this figure, they are very good compared to the theoretical results
obtained from the solution of the Schrédinger equation. These simulations were performed
considering a single particle system that moves randomly in phase-space. One can also
make ensemble simulation of these equations to obtain equivalent results (see the section
below on the ergodic theorem).

As a way to compare the results of this section and those of Bohmian mechanics, we
plot the constant-energy curves coming from Bohm'’s potential (for some values of the total
energy), the equal probability curves coming from the phase-space probability density
function, and the filling of the phase space coming from the simulation of the dynamical
Langevin equations. The result is shown in Figure 6 for the first two excited states of the
harmonic oscillator.
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Figure 5. The fitting of three probability density functions in configuration space for the states
n = 1,2,3 in panels (a), (b), and (c), respectively, of the harmonic oscillator system represented
as green dots. The continuous curve is the theoretical result coming from the solution of the
Schrodinger equation.

(a2) (b2) (c2)

Figure 6. Bohm’s trajectory for constant energy (a), equal probability curves of the phase-space
probability density function (b), and the filling of the phase space (c) made by simulating the
corresponding Langevin equations. The states are given by the quantum numbers: 1 (above) and
2 (below).

5.2.2. The Morse Oscillator

The potential function is

lexp(—B(q —q0)) — 1], (103)

Vi) =2

such that
Yuly) = e=VPY(2VDy) VP22 122D (2y/Dy ) (104)

where ¢ = 21/Dy and L!(q) are the Laguerre associated functions. We made our single
system simulations for D = 10 and for the quantum numbers n =0, 1, 2.

The probability density functions in the configuration space (above) and the corre-
sponding probability density functions in the phase space (below) are shown in Figure 7
and show a very good fit to the theoretical ones.

With the Langevin equation defined for any dimension in phase space, one can
simulate the stochastic behavior of whatever physical system of interest. It is possible to
obtain much information from these simulations. Some of them are presented as follows:
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The ergodic theorem: we mentioned in a previous section that we can make simu-
lations of the ensemble type or the single-system type using the Langevin equation,
adequate for a specific physical system. In fact, the ensemble-type simulation is
always possible, but single-system-type simulations depend on the experimental
setup being considered. For instance, it is possible to make both types of stochastic
simulations for the isolated atom, molecule, or solid, but it is impossible to make
a single system-type simulation for the double-slit experiment, since each particle
sent to the slit is absorbed by the detectors, and one has to send another particle
(another one-particle system) in a necessary ensemble-type simulation. We will show
that this implies very important interpretive consequences in Section 6. However,
at this point, it is important to stress that the results obtained by ensemble-type or
single-system-type simulations, for situations where the latter is possible, always give
the same result, showing that the assumption of the ergodic theorem in the context of
quantum mechanics is adequate for these situations [50]. We present the results for
the first three states of the harmonic oscillator in Figure 8

The fluctuation-dissipation theorem: the Langevin equation differs from the New-
tonian equation by introducing a dissipation and a fluctuation term. It is possible
to show, using simulations of the Langevin equation, that one has the quantum-
mechanical version of the fluctuation-dissipation theorem of statistical physics.

The Newtonian limit: using single-system simulations it is possible to show that, by
variation of the parameter 7 (see the previous section), we can go continuously from
classical mechanics (when v = 0) to quantum mechanics, when one obtains the quantum-
mechanical probability density for some non-zero value of this parameter that depends on the
actual physical system being considered. This is shown in Figure 9.

(a2) (b2) (c2)

Figure 7. Above we show the probability density functions in configuration space for states n = 0, 1,2
in panels (al), (b1), and (c1), respectively, of the Morse oscillator with D = 10. The continuous lines
are the theoretical curves coming from the solution of the Schrodinger equation. Below, we show the
corresponding phase-space filling, in panels (a2 —c2) for the same states.
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(a) (b) (c)
Figure 8. The results of the stochastic simulations in the ensemble picture using the Langevin
equations for the quantum-mechanical harmonic oscillator. States n = 0, 1,2 are shown in panels
(a), (b) and (c), respectively. Lines refer to the theoretical results, and dots refer to the simulations.
The stochastic simulations were made using 10,000 realizations with 1200 points in each of them.

(d)

Figure 9. Simulations of the harmonic oscillator for four values of the parameter 4: (a) ¥ = 0,
T = 0.0001, n = 63,000 (Newtonian picture); (b) v = 0.001, T = 0.001, n = 80,000; (c) v = 0.1,
7 = 0.01, n = 120,000; (d) v = 1.0, T = 0.01, n = 500,000 (quantum-mechanical result). The values of
T are smaller for small values of 7y to make the integration of the trajectories more precise, and we use
500,000 points in (d) to show the “exact” situation.

With all these results at hand, we are prepared to present in the next section a
panoramic view of a new stochastic interpretation of quantum mechanics.

6. A New Stochastic Interpretation

We can now, with the certainty brought by the mainly syntactical results, put forward
a number of conclusions about the interpretation of quantum mechanics. In this paper, we
will present the most important ones, without trying to be exhaustive. We do that in the
following list with only ten possible conclusions.

*  the structure of the theory: exactly as with classical mechanics, quantum mechanics
relies upon two equations. The first equation represents the statistical behavior of
ensembles (we return to this point later) and is the Schrodinger equation; the second
equation represents the individual behavior of the constituents of the ensembles
and is the Langevin equation already presented. This comes clearly from the first
postulate of the first and second axiomatic derivations, for the Schrodinger equation,
and also comes from the Langevin equation derivation, for individual constituents.
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The stochastic nature of the quantum movement of the constituents poses important
differences from the classical case. Indeed, if we keep in the classical case with the same
initial conditions for the constituents of the ensemble, we come out with a probability
distribution function of the type é(p — pN(t))d(q — g™ (t)), where pN(t) and gN(¢)
give the Newtonian deterministic trajectory on phase space, and 4() is the Dirac delta
distribution. In the quantum-mechanical case, which is not deterministic, and for the
stationary cases, we can begin with the same initial conditions for each constituent of
the ensemble and obtain the overall correct probability density function, since we are
no longer restricted to a trajectory, but to realizations. This makes the Schrodinger and
Langevin equations give, in the long run (stationary situation), equivalent results, but
the Langevin equation can give transient behaviors that are not within the Schrédinger
equation’s reach. Besides that, the Langevin equation introduces a crucial difference
between nature and behavior that we address in the following item;

on nature and behavior: the connection between the two levels of the quantum-
mechanical description, individual and ensemble, mentioned in the previous item,
leaves no doubt about the fact that quantum mechanics is related to particles randomly
moving in phase-space. These particles, when moving this way, fill the phase-space
so as to give the correct phase-space and configuration-space probability distribution
functions, the latter coming directly from the Schrodinger equation. Thus, we are left
with two different levels of analysis: the level regarding the individual constituents of
the ensembles, which are particles, and the result of the behavior of these constituents
as time elapses, which are given by the probability densities coming from the wave
nature of the probability amplitudes that are the solutions of the Schrodinger equation.
This means that the two levels presented in the previous item reflect into two different
levels of analysis: one about the nature of the constituents of the ensembles, the other
related to their behavior—the confusion between these two levels is one of the major
problems of the interpretations of quantum mechanics, which reflects on the notion of
some duality;

no duality principle: since waves refer to the behavior of the ensemble, while the
constituents of the ensembles are particles (with well-defined position and momentum
at any instant of time—see the Langevin equation), there is no room for talking about
some wave—particle duality. This duality only occurs if the two concepts are at the
same ontological level, which they are clearly not;

no complementarity principle: since there is no ontological duality, there is no need for
a complementarity principle, which is, by the way, not a physical principle, but a
principle regarding our capabilities of knowing;

referents of the dispersion relations: the dispersion relations are, obviously, valid, since
they are at the root of quantum mechanics (see the second axiom of the entropy
derivation). These relations refer to the behavior of the ensembles, which come from
the random movement of the particles. Thus, one should expect that such ensembles
will necessarily present dispersions. These dispersions (and the relations between
those with respect to canonically conjugate variables) define the realm of application
of quantum mechanics;

objective or subjective: the previous results show explicitly that quantum mechanics is
an objective theory. It refers to actual particles, moving with actual (despite random)
phase-space trajectories and having, at any instant of time, definite position and
momentum. This has consequences for the need for a measurement theory in the
scope of quantum theory. This means that the notion of an observer (in the quantum-
mechanical sense) is irrelevant—see next item;
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need for a measurement theory: it becomes clear that it is from the essential characteristic
of quantum-mechanical ensembles regarding their dispersions that one may say that
it is impossible, in the realm of quantum theory, to measure ensembles with different
dispersions relations (almost a tautology in the present approach). This inversion of
perspective shows that there is no need for a measurement theory, which comes from
the insistence, mainly Heisenberg’s, that the probability amplitude refers to a single
system in any instant of time t, not an ensemble at ¢;

ensembles and single systems: despite the fact that the Schrodinger equation refers
primarily to ensembles at some instant of time, in some cases it is possible to show that it
also refers to single systems, taken along a sufficient wide time window—see the item on
the ergodic principle. However, this is only possible if the experimental setup allows
for non-destructive measurements of the single systems. For instance, we may think
of a single isolated hydrogen atom being non-destructively measured along a time
interval. In this case, the ergodic principle applies and one may talk about ensembles
at some instant of time, or single systems along a time window sufficiently large to make
the ergodic principle apply. Most of the difficulties (weirdness) of quantum mechanics
come from the insistence on making single-system (wide time-window) analysis using
the time frame characteristic of the ensemble perspective (instantaneously time). For
instance, the double-slit interferometry can be analyzed only from the perspective
of ensembles, since whenever each particle is absorbed into the detectors, one must
send another particle (another physical system), since the measurement is destructive.
The same may be said about Schrodinger’s Cat: if we assume that a dead cat is a
destructive measurement, irrespective of being seen or not by some “observer”—
instead of assuming superpositions of dead/alive cats while not “observed”;

state preparation and development: the Schrodinger equation is a partial differential equa-
tion whose solution must be given by considering also boundary (or initial) conditions,
as any partial differential equation must. The Schrodinger equation, thus, gives the
dynamical evolution of the initial state. When one forgets this point, it seems that, for
a specific physical situation, any solution of the Schrodinger equation is possible (and
thus superpositions of them, given the equation’s linearity). However, by fixing the
initial conditions one fixes the energy involved at that concrete physical situation and
the Schrodinger equation just says how these initial states, with energy in the allowed
range, will evolve in time, given the potential to which they are submitted—exactly as
with the partial differential heat equation, for instance: we give the initial temperature
distribution on a bar, for example, and the equation shows how the temperature will
be distributed on future instants of time. These initial or boundary conditions refer
to the state preparation process, while the resulting distributions, coming from the
dynamical evolution of the initial conditions, represent the development, in time, of
these prepared states, and this is what is expected to be objectively measured in any
actual experiment. In part, this lack of understanding comes from the fact that we are
generally interested in stationary results of an eigenvalue equation, which blurs this
distinction (however, this difference is clear in scattering problems, for instance, or the
double-slit phenomenon);

reality of the random movement: all the randomness of the particles’ movement come
from the fact that the Schrodinger equation (and also the Langevin equation) assumes
a separation between the particle and field subsystems, and looks for the particle sub-
system in more detail, while assuming that the field subsystem behaves as a reservoir,
keeping its energy structure constant in time. This is the same structure of thinking that
we see in the Brownian movement, but with its own characteristics. Thus, we must say
that the theory proposes a coarse-graining approach for the movement of the particles
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(exactly as with the Brownian movement). The trajectories and particles are real, but
the access to them is in the way of a coarse-graining process—which is a characteristic
of the Langevin equation (see [52], chapter 2). Please note that, contrary to the usual
stochastic approach, we are considering physical systems related to the Schrodinger
equation as closed systems, in much the way statistical ensembles are considered in a
Canonical Ensemble perspective of statistical mechanics. Usual stochastic interpre-
tations justify randomness from external sources, such as the random background
radiation field, making the Schrédinger equation represent open systems.

Other interpretation elements of quantum mechanics follow directly from the syntac-
tic developments made in the previous sections, but the most important ones are those
presented above. In fact, one can look at most of the already proposed interpretations with
the eyes of the present one, thus unraveling most of their meanings or misconceptions,
something that would lead us too far afield and is not the present purpose of this paper.

7. Examples of Interpretation: Bell’s Theorem and Schrodinger’s Cat

It will be instructive to concretely address, as examples, some relevant problems
of quantum mechanics in which interpretations can vary in very important ways. One
such example is related to Bell’s inequalities [53], the other regards the Schrodinger’s cat
gedanken experiment.

7.1. Bell’s Theorem

In their discussion with Bohr about the status of quantum mechanics, Einstein, Podol-
sky, and Rosen devised an experiment (EPR) designed to show that quantum mechanics
was an incomplete theory. For them, the element of objective reality was absent. From the
point of view of the objective realism that they embrace, variables should have well-defined
values as representing the physical phenomenon, being observed or not in an actual experi-
ment. Their argument was directed against the Copenhagen interpretation (at that time
widely accepted) that certain variables in a quantum system do not have definite values,
unless they are measured. David Bohm reformulated the EPR experiment in terms of a pair
of entangled half-integral spin particles, which can also be applied to polarized photons.

In 1964, John Bell devised a test aiming at distinguishing between these two world
views (objective realism versus subjective quantum mechanics). Experiments were per-
formed using correlated photons by Clauser, Horne, Shimony, and Holt [54] and, after that,
by Aspect [55-59], showing that the results of quantum mechanics, which are supposed to
be subjective, agree with the experiment. Bell also searched for the possibility that some
hidden-variable approach could restore the issue of objectivity. He has concluded that
Bohm's interpretation can do that, but at the expense of delivering a nonlocal theory. The
final conclusion was that no physical theory of local hidden variables can ever reproduce
all predictions of quantum mechanics. Thus, since the present approach has some contact
with Bohm'’s formalism, despite the differences in interpretation, it seems natural to depart
from Bohm'’s approach and then introduce our own.

From the point of view of Bohm’s theory, whenever we have a probability density
function that presents statistical correlations, the quantum potential would reveal them as
nonlocal interaction. This was already seen by Bohm himself in his 1952 paper [2]. Indeed,
consider a two-particle system with the probability density function given by

p(71,72) = p1(71)p2(72)L (71, 72) , (105)

where p; and p; are one-particle densities and (71, 7,) is the correlation function, such that
¢(71,72) — 1 when no correlation exists and the two particles are statistically independent.
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In this case, Bohm’s quantum potential becomes

Q1 7) = W;(T,?z) {vi( p(?l,?z)) + vg(,/p(m,?z))] . (106)

When the correlation function is equal to one (no correlation), the forces that come
from this potential reduce to

1

2m/ pr ()

which are local forces. Of course, if the correlation function is not equal to one, and the

fox(F) = Vk[ V,%( P(ﬁ))] , (107)

particles are entangled, one particle will feel the force coming from the other particle, given
by the gradient of the quantum potential.

As we noted, nonlocal behavior gives Bohm’s approach the ability to comply with
Bell’s inequality, but at the expense of having a nonlocal approach.

The formulation we will be using is the one in which a two-particle quantum-
mechanical system, initially in a spin state S = 0, decays into two separate one-particle
systems, each going horizontally in opposite directions (since the total linear momentum
must be zero).

In our stochastic approach, Bohm'’s potential appears as the fluctuation term of the
Langevin equation. Thus, our approach parallels that of Bohm'’s, despite being fully
non-deterministic.

However, we note that the entangled state already existed when the particles were
forming the state S = 0. When the system decays into two systems of one particle, this
same entangled spin state continues fo be valid, and continues to be represented by the same
spin-space probability amplitude. Thus, the entangled state has its origin in the prepared
state of the two-particle system.

Bohm’s quantum potential is translated into the present interpretation as giving the
fluctuations of the force field (acting in the prepared two-particle system to keep the two
particles together). Thus, exactly in the same fashion as with Bohm'’s approach, when there
is no correlation between the particles, the fluctuations in each of the one-particle systems
are independent of one another. If there is a correlation (an entangled state), then the two
fluctuation profiles would be statistically dependent on each other.

However, contrary to Bohm’s assumption, this does not represent some nonlocal
behavior of a potential, but the very fact that the correlation was inscribed into the one-
particle systems from the start, because they come from a correlated two-particle system of
half-integral spins, and the complete wave function of this system is a Slater determinant
to encompass Pauli’s principle. This information propagates with the particles as they move
from the origin. When one measures the spin of one of the particles, this correlated state
is being measured, but not because there is some nonlocal force acting on the particle of
that system.

Moreover, we note that one always has in Bohm’s approach that a statistical depen-
dence (correlation or entanglement) is in a one-to-one correspondence with local or nonlocal
behavior. Furthermore, note that in the case of spins, we are not even considering the
correlation (or interaction in Bohm’s parlance) as defined in true space. The correlations,
statistical dependence, or entanglement are defined in the abstract spin state, and one
should not take conclusions about non-locality (in true space) by looking at this spin space.
Bohm also noticed, in this 1952 paper [2], that the quantum “potential” seems to have no
recognizable physical source, which is an undesirable feature for a physical theory. In the
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present case, the fluctuations, represented by the last term of the Langevin equation, are
part of the physical potential V and thus have a physical source.

The arguments presented above are much less visible if we are talking about a “po-
tential”, but become clear, in our opinion, if we use the notion of a prepared two-particle
correlated state, where correlated fluctuations take place in the two-particle system, and are
propagated (in true space) by the two one-particle systems. What makes them correlated is
the need to have the conservation of the S = 0 state and the need to satisfy Pauli’s exclusion
principle, as quantum mechanics implies.

The present approach is not a hidden-variable theory; it is stochastic, local, objective,
and reproduces all the predictions of quantum mechanics.

7.2. Schrodinger’s Cat

The gedanken experiment of Schrodinger’s cat cleverly connects the functioning of
a microscopic quantum physical system (a radioactive source) to a classical system (the
cat and its properties) to show the entailing consequences of some interpretations of the
quantum system.

From a collapse-like interpretation, one must assume that the cat is in an undefined
state of living until some observation is made on it. From the point of view of the present
approach, the Schrodinger’s cat physical system is of the destructive kind, which means that
once the cat dies, there is nothing else one can do to change its state, that is, the experiment
is not a time-independent one, as is usually assumed. Moreover, and more important, the
radioactive sample must have a half-life, giving the probability that it will emit in some time
window (think, for instance, of a radioactive sample with a half-life of a few milliseconds
and ask yourself what would be the result of the observation taken two years after the
onset of the experiment).

This is thus a good example of the consequences of assuming a one-system interpreta-
tion of a situation where only an ensemble one is possible (the same occurs, for instance,
with the double-slit experiment, among others). An ensemble interpretation of this experi-
ment was already presented by Ballentine [11] and simply states that the (time-dependent)
squared coefficients of the dead and alive states represent the probability of finding the cat
dead or alive at some future time.

8. Conclusions

Quantum mechanics was developed by positing some different but equivalent formal
processes: Schrodinger’s equation or matrix calculations. From these syntactic elements,
many interpretations were proposed. Each of these interpretations makes use of semantic
terms that are not explicitly presented in the formal structure. This should not happen,
since this leaves this semantic element of theory without the constraints posed by the
syntactical apparatus, thus being an element that can be freely used to whatever one needs
(the theories thus interpreted become not refutable in Popper’s sense [60]).

As physical theories become more and more abstract, as they are becoming, this tenet
of following closely the syntactic structure of the theory to propose semantic constructs
becomes more and more relevant, if not crucial. Most elements of the semantic interpre-
tations that we have presented in the previous section, if not all, come directly from the
proposed axioms, by means of what we have called semantic inheritance, since the axioms
are already interpreted in quite usual terms.

It is important, at this point, to make as clear as possible our assumptions regarding
the use of an axiomatic approach for the derivation of the Schrodinger equation, together
with the consequences we admit. This will help the reader to understand the depth of our
approach or to disagree with it. Thus, we have seen that we can derive the Schrodinger
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equation from some set of axioms; these axioms may vary, but have been proven to be
always interconnected. We thus assume that

e In this kind of approach, the Schrodinger equation is a theorem. Thus, it logically
occupies a more superficial place in the theory, the axioms representing a deeper level
of the theory.

* Axiomatic mathematical derivations of the same equation are necessarily intercon-
nected; if two sets of axioms A and B derive the same equation, then they are, in some
way, equivalent—we have shown this, in the main text, for Feynman’s path-integral
approach, de la Pefia’s stochastic derivation, and our own derivations. In this sense,
an axiomatic approach to derive some equation plays the role of giving syntactic unity
for the field being considered; in the present case, quantum mechanics.

¢  Given the previous assumption, it is interesting to assume as many axiomatic math-
ematical derivations of the field as possible, since each one of them can introduce
symbols that are not explicitly considered in the other derivations, despite their formal
equivalence (e.g., the characteristic function derivation does not refer to Boltzmann
entropy, despite the fact that this derivation is equivalent to the entropy derivation).

*  One is not free to put forward any axioms whatever, with whatever variables and
functions one wants, and still derive the desired equation. If some variables or
functions do not pertain to some field of physics (e.g., if a phase-space probability
density function would not be part of quantum mechanics) and we assume them in
the axioms, we would never be able to derive the desired equation or its consequences.

¢ On the other hand, all the machinery necessary to interpret the physical theory repre-
sented by the equations mathematically derived with the use of the axioms is given
in the axioms, or their derived extensions. Any other assumption would lead to a
different theory, with the assumption being a new axiom (e.g., the assumption that
some principle of reduction of the wave packet is necessary, which introduces mea-
surement theory in the realm of quantum mechanics. We have proven that we can
interpret quantum mechanics without this axiom or principle; it is not even a formal
axiom if one does not assume the formal constructions of decoherence. This means
that an axiomatic approach can help us interpret some physical theory with only the
constructs that are necessary for it, generally producing a downsizing of the overall
interpretation structure.

*  The interpretation can come from the formalism and never the other way around.

That being said, we can recall that the proposed syntactic apparatus, which goes
beyond the one usually used in quantum mechanics (see, for instance, the Langevin
equation or the Central Limit Theorem), interrelates with all other results in such a way
that its adequacy should be beyond dispute, and so must be the semantic interpretations
that come from it.

Indeed, the characteristic function derivation was shown to be mathematically equiva-
lent to Feynman'’s path-integral approach, which gives the correct result for quantization in
generalized coordinates by only adapting the axioms to this context, and it also gives the
Bohr-Sommerfeld rules in the context of the presence of symmetries. This characteristic
function derivation is shown to be equivalent to the entropy derivation, which shows
the relevance of the Boltzmann entropy for the formalism and puts the (strict) dispersion
relations in the foremost evidence. All these developments are based on an expansion to
the second order of some parameter that was mathematically shown to be connected to the
Central Limit Theorem, whose adequacy directly follows from the way the characteristic
function is written. The universal aspect of quantum mechanics may be thought to be
connected with this result, which is at the base of quantum theory. Finally, a Langevin
equation was shown to give all the results expected from the Schrédinger equation (and
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also transient states, which the Schrodinger equation does not furnish). This Langevin
equation shows, mathematically, how the central limit operates within quantum mechanics.
All these results are strictly and formally linked to form a framework that prepares the
interpretation of the theory on sound grounds, as we have shown.

Other results, not presented in this paper, were also developed in the last 30 years of re-
search. For instance, one can see how to propose a Schrodinger equation to half-integral spin
particles [61] and understand the issue of rotations by 47 in strict mathematical and physi-
cal terms [49,62]; it is also possible to understand the issue regarding quantum-mechanical
and classical statistical distribution functions, in connection with Gibbs” paradox, in quite
new terms [63]. Another result is the derivation of the relativistic Klein-Gordon equation
from the relativistic extension of the axioms presented in this paper [49,64], in the character-
istic function formalism; a result that can improve our confidence in the derivation method.
One can also find the derivation of the Caldirola-Kanai equation for dissipative systems
by a slight, but important, modification of the axioms thus presented for non-dissipative
situations [65].

Finally, we note that the formal structure of quantum mechanics was not changed
but referred to a deeper formal level, precisely that of the axioms. These results allowed
us to advance a new interpretation of the formalism without changing the overall structure
of quantum mechanics based on the Schrodinger equation. This means that all formal results
of the approach are kept intact, but their meaning should be reviewed in light of the
new interpretation. As an example, we considered Bell’s inequalities in Section 7; these
inequalities are kept as they are, in their formal structure, but the interpretation, based on
Bohm'’s quantum potential (hidden-variable interpretation) must be changed. Indeed, what
is a “potential” in Bohm's approach becomes a statistical term related to fluctuations. We
showed that non-independent quantum-mechanical systems (of two particles, for instance)
will also have their fluctuations depending upon one another, which is the immediate
notion of statistical correlation, but a local one. Thus, in this approach, there is no “quantum
potential”, but a correlation term. This, as a matter of fact, explains why Bohm’s quantum
“potential” has no source (as Bohm himself admits), and also removes the problem of
non-locality, as shown in Section 7.

At this point, it would be interesting to turn our attention to the comments made in
the introduction with respect to some interpretations that were historically proposed in the
twentieth century. We are using these proposals only as historical specific examples, even
though all of them were developed and changed after their proposition. We do not consider
these developments, despite their importance, since we want to show the actual historical
proposals as just examples of our approach regarding the introduction of unnecessary
constructs to the theory or the lack of them.

Thus, we can say that Everett’s relative state interpretation provides a formalism to
overcome the interpretation based on the principle of the reduction of the wave—particle that
the Copenhagen interpretation assumes; and that “branches” are the formal consequence of
this approach. However, note that Everett’s approach already assumes all the Copenhagen
interpretation without the reduction principle just to remove this element, with the (correct)
argument that it is not part of the quantum-mechanical formalism based on the Schrodinger
equation. Thus, Everett’s proposal does exactly what we assume to be inadequate: to
assume first an interpretation of the Schrodinger equation and its constituents to present a
formal way to understand them by some formal developments (he assumes, for instance,
that the wave function applies to individual systems).

However, we should argue that we are doing the same, since we advance axioms
that present symbols usually assumed to be not part of quantum mechanics. However,
the axiomatic approach shows exactly the opposite, since, according to our assumptions, it
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unravels the role played by these symbols in the theory, such as the phase-space probability
density function. This is so because the axioms do not include the Schrodinger equation,
but mathematically derive it. It is the derivation process that gives these symbols the status
of actually pertaining to the quantum-mechanical framework. Axioms should generally
be simple (and, when possible, in a small number), but their justification comes from the
results they imply, especially if they allow a better comprehension of the theory, possibly
with fewer ontological entities. We think that the present interpretation does exactly this.
It is based on quite clear axioms: The equation for the development of the phase-space
probability density in time and the Fourier transform of this function.

The justification of these axioms is all the results derived from them, which were not
only the Schrodinger equation itself, but the whole formalism of quantum mechanics. It
is very important, actually crucial, to understand the difference between this approach
and Everett’s approach, for instance. It also makes quantum mechanics capable of being
interpreted on only the construct of “random movements”, making a reduction of the
interpretation ontology, compared to others, except for the statistical interpretation of
Ballentine and others.

This interpretation can also elucidate many issues regarding the hidden-variable ap-
proach, some of them already presented in previous comments. It removes the notion of
“quantum potential” and replaces it with the notion of “fluctuations” dismissing the prob-
lem of non-locality, to cite one example (and removes the notions of wholeness, implicate
order, and so on). In fact, Bohm’s approach, with another interpretation, is also derived
from the present approach, since it is a mere rewrite of the Schrodinger equation. It is only
reinterpreted from the axioms and the semantic inheritance.

With respect to Ballentine’s approach, the present interpretation endows it with the
possibility of explaining the results of single-system experiments, since it introduces stochas-
ticity and, with it, the notion of the ergodic principle, which is shown in the simulations.
This, in consequence, gives the difference between nature and behavior, a difference that is
untenable within the usual formalism. In this sense, this interpretation complements this
statistical interpretation.

We summarize the relations of these three examples of interpretations with our own
in Table 1.

Table 1. Assessment of the relations of the three interpretations explicitly presented in the text with
the present one.

Proponent Main Assumptions Relation with Our Approach

Assumes the validity of the ergodic the-
orem without showing that it is, indeed,
the case in the context of quantum me-

Our stochastic simulations show that the
ergodic theorem is adequate and this

Ballentine . . helps us make the connection between
chanics. The lack of the assumption of ., .
. L Ballentine’s ensembles and the single-
a stochastic support makes this difficult . . .
system picture whenever it is possible.
to grasp.
By rewriting the Schrodinger equation, In the present approach, it is mathe-
Bohm postulates that the term Q(q), matically shown that this term comes
which is equal to our term I'y, is a po- from our choice of separating the overall
tential, which makes it possible to have physical system into a particle subsys-
Bohm nonlocal behavior in the context of quan- tem and a field subsystem. This sepa-

tum mechanics. The theory is assumed
as deterministic, but with statistical ini-
tial conditions complying with Heisen-
berg’s relation.

ration turns the system into a stochas-
tic and not a deterministic one. Heisen-
berg’s relation governs the overall move-
ment of the stochastic dynamics.
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Table 1. Cont.

Proponent Main Assumptions

Relation with Our Approach

Everett

Assumes that the wave function always
describes an individual system and tries
to remove the collapse assumption. It
ends up with the notion of “branches”
which give rise to the Many Worlds or
Many Minds interpretations. It assumes
the need for a measurement theory.

In the present approach, it is mathemat-
ically shown that the wave function is
primarily related to ensembles (as with
Ballentine’s interpretation), and can be
related to single systems only when the er-
godic theorem is valid, and with different
time notions (time instant for ensembles
and time window for single systems).

de la Pefia

Assumes, from the beginning, a statis-
tical average that washes out the true
fluctuation behavior. As a consequence,
the interpretation is not able to show the
origin of such fluctuations and appeals
to the assumption of the background
radiation field by means of which the
Schrodinger equation becomes referred
to an open system.

The present approach shows that the ori-
gin of the fluctuations is the way the
physical system is divided in its cor-
puscular and field subsystems. More-
over, the Langevin approach furnishes
the strict stochastic equation that under-
lies the Schrodinger equation. It keeps
the Schrodinger formalism in the con-
text of an isolated physical system.

Of course, it is not possible to cope with all this unfolding of the interpretation (that is
why this paper is a bird’s eye on it) and its comparison with other proposals. This unfolding
will be left for another moment.

We hope that the presentation of this proposal of a stochastic interpretation of quantum
mechanics can speak to the physicists” minds as it spoke to ours. It removes, in our
view, all the weirdness of quantum mechanics and is in full and strict relation to its
syntactic apparatus.

Supplementary Materials: The following supporting information can be downloaded at: Deriva-
tion of the Schrodinger equation in generalized: This derivation is rather long, but its devel-
opment gives much confidence in the adequacy of the axioms of the approach. The deriva-
tion is performed in the spherical coordinate system using Maple 17®. To access the program,
click the link https://www.dropbox.com/scl/fi/5rzaouduvpaw?7rlhc5z7d/Generalcoordinates.
mw?rlkey=qe0658ovynw3xlbyb4g58bfgi&st=1w378e8f&dl=1 (accessed on 16 October 2025). Har-
monic oscillator calculations: We provide, as a downloadable link, a Maple 17® program
that can be used to perform the calculations and graphics presented in the main text for
any state of the harmonic oscillator problem. The program can be downloaded from the
link https:/ /www.dropbox.com/scl/fi/mdv7s3kmywlmeakjh6555/HarmonicOscillatorExample.
mw?rlkey=cym9b67lebcre12h839bad6zx&st=pegzf7fc&dl=1 (accessed on 16 October 2025). Hy-
drogen atom calculations: We provide, as a downloadable link, a Maple 17® program that can
be used to perform the calculations and graphics related to the hydrogen atom problem. The
program can be downloaded from the link: https://www.dropbox.com/scl/fi/28pjofqijdkilgn7
fuoe8/HydrogenAtomExample.mw?rlkey=t2epzl436fkg3v5zsitk9i6dn&st=pfqffkeh&dl=1 (accessed
on 16 October 2025). Simulation of the Langevin equation: We provide a Maple 17® program
that can be used to make the calculations and graphics presented in the main text for the har-
monic oscillator problem. The program simulates the Langevin equations for states of the har-
monic oscillator and can be easily adapted to other physical systems. To access the program, click
the link https://www.dropbox.com/scl/fi/hxvf417s22fcnOwau;j7rl/LangevinMaple. mw?rlkey=
xzwjufflvnv4kkdwqg73tdlrp&st=8xy4mvh7&dl=1 (accessed on 16 October 2025). This is a simpler
version of the CSharp® program used to produce the figures in this paper.
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