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Abstract

In this paper, by introducing a general homogeneous kernel function and several parame-
ters, we establish a new Hardy-Hilbert-type integral inequality involving two derivative
functions of higher-order. For the resulting inequality, we determine the equivalent con-
ditions of the best possible constant factor related to the parameters. As applications, we
demonstrate that a lot of new Hardy-Hilbert-type integral inequalities can be derived by
choosing specific homogeneous kernel functions.
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1. Introduction

The classical Hardy-Hilbert inequality reads as follows:

1 1
o0 0 ambn T [ee] q
m;n; < S <mz am) (Z b ) (1)

where p > 1, l—l-l =1, by >0,0< Y _jah <ocoand 0 < Y2 ; b} < oo, the constant
Sm(n 77 1s the best possible ([1], Theorem 315).
Corresponding to inequality (1), the following inequality is known in the literature as

factor

the integral Hardy-Hilbert inequality.

bk demy < ST </ooo f ’7<x>d"> % (/ooo g (y)d}/> "o

where p > 1, %—Fl:l f(x),8(y) =0,0< [;° fP(x)dx < ooand 0 < [;°g7(y)dy < oo,
the constant factor Sm(n 77 is the best value ([1], Theorem 316).

The Hardy-Hilbert inequalities (1) and (2) have significant applications in mathemati-
cal analysis and approximation theory (see [1,2]).
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In 2006, Krni¢ and J. Pecari¢ [3] provided a meaningful generalization of the Hardy-
Hilbert’s inequality by introducing two parameters, as follows:

1 1

B(MAﬂ[Zm“”l“aiV [Zn“”wbz]”, ©)

m=1n=1 m n=1
where p > 1, %—I—% =1,A € (0,2](i = 1,2), A + A2 = A € (0,4], the constant fac-
U= 1

tor B(A1,Az) given by the Beta function, B(u,0) := [;° W
+

dt (u,v > 0), is the

best value.

In 2019, Adiyasuren et al. [4] proposed a new extension of the Hardy-Hilbert’s in-
equality by introducing two partial sums.

During 2016-2025, Hong et al. [5-9], He et al. [10], and Liu [11] dealt with various
extensions of the Hardy-Hilbert integral inequality and discussed the equivalent char-
acterizations of the best possible constant factor related to the parameters. For a more
detailed discussion of integral inequalities of Hardy—-Hilbert type, we refer the reader to
the monographs [12,13].

In 2024, Zeng and Yang [14] established a Hardy-Hilbert-type integral inequality
involving two derivative functions of n-order by introducing the homogeneous kernel

. l .
function e as follows:
1
fO ( ) /(\+)2ndxdy< #BE(Az,/\—/\z)Ba(Al,/\—/\l)
(x+y) [%y (A +k) (4)
1 1
X[Jo AT () ] P g7y )7 (800 () k)
wherep >1, 119 % =1,0< A A <A A =22 /\2 + )‘1 JAs % + %,f(i)(x),g(f)(y) >
0, fO(0+) = gV (0+) =0 (i =0,1,--, ),0 < fo xpl A)=1(£m) (x))Pdx < oo and

0 <[5yt 1=A) 71 (g (y)) dy < eo.
In the same year, Yang [15] gave a further generalization of the above inequality by

constructing the homogeneous kernel function W, ie.,
1
r'(A D o
fO fO x)%fldxdy < r(/\—.—(]’n)—F]’l)Bp(/\zl)‘_)‘z)Bq(/\l,)‘_Al) (5)
1 1

K xP A=A =1(£00) ()] P [ [ ya01-12)-1 (g0 (x)) Tax] 4,

where p > 1,141 = 1,0 <Ay, Ay <A, Ay = 202+ 40 Ry o= 20 4 22 £ (x), 00 (y) >
O € 0,12}, FI-D() = gi-D(u) = ale)(¢ > Gt — co), Fi-D(0') = g D(0) =
0G = 1L2---,m j = 1,2, ,n),0 < [Zap@M1(fm)dx < coand 0 <
Jo 0 g )y < o

The results presented in [14,15] motivate us to consider a unified generalization of
inequalities (4) and (5). In this paper, by using the technique of constructing weight
functions and the idea of introducing parameters, we establish a new Hardy—Hilbert-
type integral inequality containing the general homogeneous kernel k) ;,, 1, (x,y) and two
derivative functions of higher order, the result obtained is a generalization of the above-
mentioned inequalities (4) and (5). Moreover, we characterize the equivalent conditions of
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the best possible constant factor related to several parameters and illustrate the applications
of the newly established Hardy-Hilbert type integral inequality.

2. Preliminaries and Lemmas

We first state the following assumption (H1), which will be used frequently in the
subsequent discussion.

HL p>1 341 =1N:={L2--}0< A A <A mn €Ny := NU{0},
fO(x)>0,¢0(y)>03G=0,1,---,m;j=0,1,---,n), f"(x) and gA(")(y) are continuous
function unless at finite points in Ry = (0, c0) satisfying 0 < f0°° xPA=AM)=1£(m) (x)dx < oo
and 0 < foo yil (1-A2)-1 ¢ (y)dy < co. Moreover, in order to make the form of the inequality in
the main results more concise, we introduce the symbols A= A- /\2 + )‘1 and Ay = A- Al + 4 for

the simplification of the parameter expressions.

Lemma 1. Under the assumption (H1), let s € (0,00),s1,52 € (0,s), and let ks(x,y)(> 0) be a
homogeneous function of s-degree, which satisfies ks (ux, uy) = u—%ks(x,y)(u, x,y > 0), and

ks(0) ::/0 ke(t,1) 7" 1dt € Ry (0 = 51,5 — 52).

The homogeneous function ks(x, y) is called the kernel function. To characterize the
integral properties of the kernel function ks(x, y), we define the following weight functions:

wi(sy) =y [kl y)atldx(y € Ry, ©)

@s(s2,%) = % [ ko y)y= Mdy(x € Ry). )
0

Then, the following expressions hold true:

ws(s1,y) = ks(s1)(y € Ry), (8)

@s(s2,x) = ks(s —s2)(x € Ry). ©)

Proof. In (6), for fixed y € Ry, by setting t = 7, we find

[e)

wils1,y) =y [ Rty y) )yt = [ k(e
0 0

this yields ws(s1,y) = ks(s1)-

In (7), for fixed x € R4, by the same way as above, setting t = ;, we obtain

S
@s(s2,x) = ”Zfoo %2 ?dt

— 5 szf ks t, 1)( ) fO s(8, 1)H—52) 14y,
which implies that @s(sy, x) = ks(s — sp). The Lemma 1 is proved. O

Remark 1. Consider some special cases of the homogeneous kernel function ks(x,y), one has the
following particular homogeneous functions satisfying the conditions of Lemma 1.
Fors € (0,00),0 =s1,s —sp € (0,5),
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(i) Choosing ks(x,y) = T +y) s(x,y > 0), we obtain
ks(a):/Do ! t°~dt = B(o,s — o) € Ry;
0 (t+1)s 7 7
(ii)  Choosing ks(x,y) = lﬁﬁi/y? (x,y > 0), we obtain
Int 1/ Inu -1 2
_ [ Int ® Inu - _ & .
ks(a)—/o e = 52/0 s =] €Ry
(iti) Choosing ks(x,y) = W(x,y > 0), we acquire
[ tO’fldt 1 (<) ttT*l 1
k :/ 7:/1“7’1«# / dt = €R..
() o (max{t,1})* Jo + 1 f o(s—o) "
Lemma 2. Under the assumption (H1), we have the following inequalities:
¥ e 0em=A) e () 4y < T /°° p(1-A1)~1( f(m) ()P 4 10
| oo < T1 G [ (F ) dx, o)

i=0

0 N n—1 o 00 o
|y iy < [T G4+ [y 0 g )y, )
j=0 '

where for m = 0 and n = 0, we denote H?:Ol (i+A):=1, H;’;Ol (j 4 A2) := 1, respectively.
Proof. Form =0, f(x) = f(©(x), the inequality (10) keeps the form of an equality, and
the conclusion is evident.

FormeN,i=0,1,---,m
ity ([1], Theorem 330)

—1, Ay > 0, using the classical Hardy’s integral inequal-

/Ooo x,r(/ox n(t)dt) dx < (-2 1)’”/:o TP () dx,

where h(x)(> 0) € L(Ry),r > 1, and setting

= pli+A) +10> 1), h(x) = F7 ), [ = f 0 ),

it follows that

| (0 () < (i Ay [ a0 () (),
0 0

Substituting i =0,1,--- ,m
cations, we obtain the inequality (10). For the case of Ay > 0, in the same way as described

— 1, in turn, in the above inequality, and then by simplifi-
above, we can derive inequality (11). The proof of Lemma 2 is complete. [J

Lemma 3. Under assumption (H1), for kyimin(A1 +m), kyimin(A+n—Ap) € Ry, the
following inequality holds
1

1
L= [ [ kaM(x,y)f(x)g(y)dxdy < kﬁwu +m— Ak

X[fo yP(1=m=Ay)— 1fp(
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Proof. By applying equality (10) and the assumption (H1), we have
L:= /oQ xp(lfm*;\l)*lfp(x)dx < o0.
0

If L = 0, then f(x) = 0 a.e. in Ry, thereby (") (x) = 0 a.e. in R, which contradicts
the fact that [;° xP(1=A1) =1 (m) (x))dx > 0. Hence, we conclude 0 < L < oo. In the same
way as above, we can deduce that

0< /o yq(l_”_;\Z)_lg"(y)dy < oo.

Note that % + % =1, )A\l = /\7—,])‘2 + %’;\2 = /\_qu + %, using the classical Holder’s
inequality and Fubini theorem ([16,17]), it follows that
00 oo x(lfm*/\l)/q y(lfn*/\z)/p
I= f() fO k/\+m+n(x/ y) [y(l—”—)lz)/P f(x)] [x(l—m—/\l)/qg(y)]dxdy
1

o roo x(I=m=A1)(p=1) E
< fo fo kA+m+n(x,y)Wf’”(x)dxdy

1

o oo (1-n-22)(q-1) q
X{fo Jo k;\+m+n(x,y)yxlwg’1(y)dxdy}

1
(o) — (o) d — 1 — — —A— D
_ {fo [xAtm Azfo k)‘er*"(x’y)ylfnyf/\z}x(l m—A1)(p—1)—A m+Azfp(x)dx}P

1
°° — © dx —n— —1)—A—-n q
X{fo [y f k/\+m+n(x/y)m]y(l A2)(g=1)=2 “lgq(y)dy}q
1
0 _ o d Cm—Aq)—
— {fo [x)\+m Azf() k/\+m+n(x,y)yl_%)\2]xp(l m A]) 1fp(x)dx}p
1

[e ] n— ) dx i) —
X{fo [y f k/\+m+n(x/y)m]yq(l A2) 18q(1/)dy}q'

By the aid of the definitions of w;(s1,y) and @s(sp, x), together with ws(s1,y) = ks(s1),
@s(sp, x) = ks(s —sp) asserted by Lemma 1, fors = A +m+n,s1 = Ay +m,sp = Ay + 1,
kasman(A +m), kyiman(A+n—Ay) € Ry, we have

1

[ m— [ d —m—Aq)—
L B em = [ b ) e M0 g ) P
1

0o n— 00 dx AN
X{fo [y/\-i- )llfo kAerJr”(x’y)xl—T)\l]yq(l n—Ay) 1gq(y)dy}q
1
= [fo @rtmrn(A2+ 1, x)xP(1=m=A) =1 £ (x)dx] P

1

x[1f0°° Wp s (M +m,lywﬂ—"-ﬁz)—lgq(y)dy}q
:kﬁ A+ —)\)ka (A +m)

Adm-+n m— A2 /\+m+n1 1Tm .

[ fo2 P =m=2)=1 £ () dx] P [ [° y0=n=A2) =1 () dy] 9.
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Hence
1 1
1< kﬁmﬂ(Hm—Az)kgmm(M +m) ) (13)
X[ [ xpl1m= AM)=16p (x)d Pyt A2)- gbl(y)dy]a,

Below, we verify that inequality (13) holds strictly (no equality case). Otherwise, if
inequality (13) takes the form of an equality, then there exist constants A and B such that

they are not both zero, and (see [16])

x(lfm*)\l)(Pfl) y(lfn*)\z)(qfl) .
Since % + % =1, ;\1 = /\;})‘2 + %,}\2 = % + %, the above expression is equiva-

lent to

Axp(=m=A1)— fp( ) = [Byq(lfnffxz)Jr/\f/\l*/\zgq (y)]xflf()t*/\lf)\z) ae.inR,.
Assuming that A # 0, then there exists a y € Ry such that

xp(l—m—ﬁl)—lfp(x) — [%yQ(l_”_;\Z)+/\_)\l_/\qu(y)]x_l_(/\_)\l_/\z) ae inR;.

Note that for any A —A; — Ay € R, fo —(A=M—-MA) gy = fl 2 1=(A=AM=A2) gy 4
I x~1=(A=M=M) gy = co, which contradicts the fact that 0 < L < oo. So, inequality (13)

holds strictly. This completes the proof of Lemma 3. [J

3. Main Results
By using inequalities (10)—(12), we obtain

Theorem 1. Under assumption (H1) and that of Lemma 3, we have the following inequality

L= I3 Jo kasman(x,9)f (x)g(y)dxdy .

< T (i+A)” n (i+A2)” kf+m+n<A tm— Ak (A Em) (1)
1= ]_
1 1

X (o AT () ] P(f5T 07 (80 (y) ) 7.
In particular, for A + Ay = A, in view of (H1), it implies

0< [0 (f0 () dx < o, 0.< [Ty (g0 () < e

Then, the following inequality holds true

fooo fooo kA+m+n(x y)f(x)g(y)dxdy

m—1
< TII (i+M)7" H ( + A2) " krpmn (A1 +m)
i=0 j=0 (15)
1 1

[ fo7 aP A=A £0m) () P dx] P [ [ ya (=220~ (g0 () Tdy) 4.
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Proof. Using Lemmas 2 and 3 gives

N -1 A N — 3
fooo xp(lfm,/\l),lfp(x)dx < mI_IO (l+)\1) PfOOO xP(lf)q)*l (f(m)(x))pdx,

~ n—1 n oo ~
3 y10-n=A)=1ed (y)dy < 1 (j+42) T [o2y10=22)=1 (gl (y)) dy
]:

and
1 1
L= [ [ knpmen(%,y) f(x)g(y)dxdy < kP A m = Akl (A 4 m)

i
[ [ xp(=m=A0)=1£p (x)d fo yI0=n=h) =1 (y)dy) 4.

Combining the above three inequalities leads to inequality (14). When A + A, = A, we
have A; = Ay, Ay = Ay, then we derive inequality (15) from inequality (14). The Theorem 1
is proved. [

Theorem 2. Under assumption (H1) and that of Lemma 3, if A1 + Ay = A, then the constant

1 1

n—1

(j +A2) karern(/\ +m— A2)k)7+m+n(A1 +m)
0

S
L

-1

Il
<}

i =

in (14) is the best possible.

Proof. In order to prove that the constant in (14) is the best possible, we need only to prove
that the constant factor in (15) is the best value. Based on the characteristics of the above
constants along with the structural form of the right-hand side of inequality (15), we will
construct two higher-order derivative functions related to any € > 0, and then use the limit
process (¢ — 0) to prove that there does not exist a smaller constant factor than the one
asserted by Theorem 2 that can make the inequality (15) hold true. [

Forany 0 < ¢ < min{pAq,qA,},m,n € Ny, we construct the following functions:

0,0<x<1,
f(m) (x) = m—1 )\17571 ,
IMIGE+AM-—)x P ox>1
=0
0,0<y<1,
FW) =4 e Mt

Then, for m,n € N, from the definitions of /(") (x) and g (y), we can derive f(x)
and g(y), as follows:

fx) [i 1+A1_, Jo (o™ J* ) (t1) by - syt

0,0<x<1,

A1+Wl—*— 4

0,0<x<1
= AM——-1 ,
z+)\1—fj1j co iy Podtydty g)dt, x> 1
{ - mel(x)/x > 1
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where p,,_1(x) is a polynomial of (m — 1)-degree with all the positive coefficients, which
satisfies

i m—€—1. () .
77511)71(1):(95A1+ P 1) lx=1(i=0,---,m—1).

2(y) = 0,0<y<1,
s8\Y) = yAz+n—§—1_ n_1(y),y21'

where P,_1(y) is a polynomial of (n — 1)-degree with all the positive coefficients, which
satisfies

j _e_1.(7) )
P (1) = i LG =0, n—1).

Moreover, we denote that p_1(x) = P_1(y) := 0, and the above expressions satisfy
the case of m =n = 0.

Since P,,_1(y) is a polynomial of (n — 1)-degree, we have y'~"P, 1(y) — Cy (constant)
as y — co. It is obvious that there exists a positive constant C, such that y'~"P, 1(y) <
C (y € [1,0)). Similarly, one has x!~"p,,_1(x) < C; (constant) for x € [1,00).

If there exists a positive constant M, satisfying

m—1
<TJGE+A)" H i+ A2) kg (A1 + m) (16)
i=0 j=0

such that (15) is valid when we replace the constant factor by M, then, in particular, we have

L= [57 5 kamin (6, y) f(%)3 g)dxdy )
< MLJE PA=M=1 (F00) (x))) da] P [ [ ya1-22)- (gl( )(y)'dy) 7 1
= ML (iA1= 5)TT G da = )0 )P ()1
M’,”nlom—f)’fﬁl (j+A2 - 5).
P j=0 q

On the other hand, by substituting f(x) and §(y) into the left-hand side of inequal-
ity (14) and utilizing the Fubini theorem [17], we obtain

/\2+n7£71 o /\1+m7£71
= T —PuaW)T kagmen(x,y) (x P — pu(x))dx]dy
>A— (A1 + Ap),

where A, Ay, Aj are formulated by

/\2+n7£71 /\1+m*571
A= flooy 1 (f1ook)\+m+n(xr}/)x P dx)dy,
)\1+m7£71
A *fl n—1 y)(f1ookA+m+n(X,y)x p dx)dy,
)\2+n7£71

Ap = floo pmfl(x)(ffo kA+m+n(xry)y q dy)dx
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Setting u = ﬁ, we deduce that

)\1+ﬂ17£71
A = fl - 1 fl kppmn (1, 1)u p du)dy
y . .
A+m———1 AM+m———1
= fl e 1 fl K smn (4, 1)u P du) )dy + fl kayman(u,Du P du
¥ ¢ .
1 AM+m———1 o 1 1 o~ A+m——-1
= Jo knvmn(u, u Poo(JTy ldy)du + Efl kn-tmn (1, 1)u Poodu
€ u €
1,1 AM+m+——1 -~ AMAm———1
= E[f() k/\+m+n(”/ 1)” 9 du+ fl k)\+m+n(”r1)u p du]l

0. A1 < [y M P 1 ()T Koo D )y
y C
< Cfyy My [ kapmn (u, Dttty < )le)\+m+n(/\l +m) < My <o

In the same way as above, we can obtain 0 < Ay < Mj < co.
Based on the above results, one has the following inequality:

1 )\1+m+§—1 o /\ﬁ-m—i—l
Jo kamrn(u, u T du+ S kaman(u, 1)u Podu—e(Ar + Ay)

= m-1 . Nt €
<el<MT] (Z+A1—*)H(]+A2—f).
i=0 P j=0 q

In the above inequality, letting ¢ — 07, which implies ¢(A; + Ay) — 0, it follows
from the Fatou lemma [16] that

k)\—&-m-&-n()\l + m) = f()l kA+m+n(u,1)uA1+M—1du + floo kA+m+n(M,1)uA1+m_ldU
€ €

1 AM+m+——1 - M+m———1
< hini[fo kn-tmn (1, 1)u T du+ S K (w, 1)u Podu—e(Ar + Ay)]
0
o . m=1 g n— -1
smMn(z+A1——)n(1+Az——) MH(1+A1)H(]+/\2),
e—0t  i=0 P j=0 q j=0
which yields that

—_

n—

H i+A) 11—[ (j+A2)" - kygman(A +m) < M.
i=0 j=0

m—1
By the assumption in (16), we conclude that M = ] (i + A1) H G+ A2) kppman (A1 +
i=0 j=0
m) is the best possible constant factor for inequality (15). Also, it is the best constant factor
for inequality (14) in the case when A1 + Ay = A. The proof of Theorem 2 is complete.

Theorem 3. Under assumption (H1) and that of Lemma 3, if the constant factor

1 1

n—1

met o . p q
1_([) (i+A1) ] O(]+A2 L A= AKT (A +m)
1= ]J=

in (14) is the best possible, then we have A1 + Ay = A.
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Proof. For A; = )‘_pAz + %,;\2 = % + %, wehave A1 + A, = A with 0 < A1, Ay < A.
By employing Holder’s inequality [16], we find

krsmin(A1 +m) = fooo kg (u, Durtm=1dy
A—Ay+m—1 AM+m—1

= Jo Karmin(1,1)(u P ) (u 1 )du
1 1 (17)
< (Jo knsmen (u, )ut =225 qu ) P ([ kg (1, 1)t ) 4
1 1
kf+m+n()\ — A2+ m)k)?+m+n ()\1 + m) S R+.

Since the constant factor

1 1

— 1
HO ] + /\2 ){7+m+n(/\ +m— AZ)k/‘\]+m+n()‘1 + m)

|
—

m

I
o

i

in (14) is the best value, comparing with the constant factors in (14) and (15) (for A; = Ai,
i=1,2), we obtain

1 1

— ~ 711’!—1 . ~
U( + )T G+ A2) kD (A= AT (A 4 m)

e 4 Looa 1 A
< I GE+A) TTG+A2)  kagmen(Ar +m)
which yields

kp

)\+m+n<A +m— Az)k/\+m+n()t1 + m) S k/\‘H’l’H’Tl(}\l + m)

By comparing the above inequality with inequality (17), we conclude that inequal-
ity (17) keeps the form of an equality. From the derivation process of inequality (17), it
follows that the necessary and sufficient condition for taking an equal sign is that there
exist constants A and B such that they are not both zero and Aut~42+m=1 = ByM+m=1 ge
in Ry (see [16]). Assuming that A # 0, we have urM—h = % a.e. in Ry, which implies
that A — A1 — Ay = 0, thatis A; + A, = A. This completes the proof of Theorem 3. [J

4. Application to Generating New Hardy-Hilbert-Type Integral Inequalities

Example 1. Using Remark 1 (ii), by taking ky 0 (x,y) = % in (15) of Theorem 2,
we obtain

I5" 15 e e ()5 @)y

m—1 n—l 1 T 2
< I TG+ A [ m ) (18)

1 1

X [foo 2P A= (x)) dx] P [ [y 0=22) 71 (g0 (y)) Tdy] 7,
here the constant factor TT (i+ A1) VTT (j+ A2)~" T *0<A
where the constant factor il;[o (i+Aq) j];[o(]+ 2) [sinn()\l—l—m)/()\—i—m—i-n)]( <A,

Ay < A, A1+ Ay = A) is the best possible.
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Moreover, as a direct application of the main results, choosing m = n = 0 in Theorems 1-3,
we obtain the following new Hardy—Hilbert-type integral inequalities.

Corollary 1. Under assumption (H1), the following inequality is valid

1 1

S I8 k() F()g ()xdy < k] (A = Ak (M) 19)
1 1

X[ fo? xR ()] P [ [ 70220710 )y ]9
Corollary 2. Under assumption (H1), if A + Ay = A, then the following inequality is valid

I k() f (x)g(y)dxdy
(20)

< (M) %P A=A fp () dx] P ([0 0221 gi (y)dy ]

Corollary 3. If A+ Ay = /\ then the constantfactor k” (A= Az)kq (A1) in (19) is the best
value. If the constant factor k” (A — /\z)kq (A1) in (19) is the best value, then Ay + Ay = A.
Remark 2. In view of the discussion in Remark 1, if we employ various homogeneous kernel

functions in Theorem 1, we can derive a number of new Hardy—Hilbert-type integral inequali-
ties. For example, in Theorem 1, if we choose the homogeneous kernel functions kj,o,(x,y) =

W and ko pman(x,y) = (H%/ respectively, we recover inequalities (4) and (5),
xTy xTy
which were originally presented in [14] and [15] respectively. Moreover, if we choose differ-

In(x/y)

ent homogeneous kernel functions such as ky ypyin(x,y) = Ty

— 1
kntmn(X,y) = (max{xy}
integral inequalities can be obtained directly.

(see Example 1),
and the others, then a wide variety of new Hardy—Hilbert-type

)A+m+n

5. Conclusions

In this article, we investigate a very extensive generalization form of the Hardy-Hilbert
integral inequality. By introducing a general homogeneous kernel function kj ¢ ;1 (X, y)
and using the technique of constructing weight functions, we establish a new Hardy-
Hilbert-type integral inequality in Theorem 1. Subsequently, in Theorems 2 and 3, we
determine the equivalent conditions of the best possible constant factor related to several
parameters. Finally, in Corollaries 1, 2 and Remark 2, we illustrate that a lot of new Hardy—
Hilbert-type integral inequalities can be derived by choosing different homogeneous kernel
functions. The main contribution of our work is the development of a novel method
for extending the Hardy—Hilbert integral inequality through the construction of general
homogeneous kernel functions. From the perspective of practical applications, the results
of this work enrich the study of mathematical inequalities, providing valuable cases and
materials for elementary mathematics education through the mathematical thinking and
methods presented.
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