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Abstract

To analyze unbalanced electrical systems, the mathematical technique “symmetrical compo-
nents method” developed by Charles LeGeyt Fortescue in the early 20th century has been
very successful in this field. By decomposing three-phase systems into three symmetrical
components: positive sequence, negative sequence, and zero sequence, the Fortescue theory
provides an important analyzing method. It allows for the calculation of these symmetrical
components, which helps in understanding and addressing issues related to unbalance in
amplitude within electrical systems. This theory deals only with amplitude unbalances in
electrical systems to analyze and solve those problems. Since this technique is limited only
to amplitude unbalance, our objective is to propose a modified Fortescue theory, which will
resolve frequency unbalance problems in electrical systems. The new balanced components,
at the conclusion of this new theory, will be used as references to be assigned in the adopted
control strategies in a subsequent research paper.

Keywords: frequency unbalance; amplitude unbalance; Fortescue theory; symmetrical
components; electrical systems

MSC: 93-10; 37C20; 90C31; 65L07

1. Introduction and Literature Review

The global energy landscape is undergoing a profound transformation, driven by
the dual imperatives of climate change mitigation and energy security. The depletion of
conventional oil reserves and the carbon-intensive nature of fossil fuels have significantly
disrupted the global carbon cycle, leading to an accelerated accumulation of greenhouse
gases and alarming climate change [1]. This reality, compounded by a growing imbalance
between energy production and consumption, has galvanized the international research
community to rapidly integrate renewable energy sources (RES) primarily solar photo-
voltaic (PV) and wind power into electrical grids [2,3].
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However, the stochastic and intermittent nature of these resources poses major chal-
lenges to the stability, power quality, and reliability of modern power systems. Ensuring the
balance of future energy systems will require advanced strategies for seamless integration
and continuous service, even under dynamic and unbalanced operating conditions [4,5].
A critical aspect of this challenge is managing electrical power quality, particularly when
RES are connected to the grid under non-ideal conditions. These conditions often manifest
as imbalances in voltage and current amplitude and frequency, which can cause equipment
malfunction, reduced efficiency, and voltage flicker [6].

The foundational framework for analyzing unbalanced three-phase systems was
established by Charles LeGeyt Fortescue in 1918 with his introduction of the Symmetrical
Components Method (SCM) [7]. This seminal technique decomposes an unbalanced three-
phase system into three sets of balanced sequences: the positive sequence (representing
normal balanced operation), the negative sequence (representing phase imbalance), and the
zero sequence (representing ground or neutral currents). For nearly a century, Fortescue’s
theory has been the cornerstone of power system analysis, fault detection, and protection
design, proving highly effective for handling imbalances in voltage or current amplitude
under a constant grid frequency [8,9].

However, the effectiveness of SCM is intrinsically tied to the assumption of a single,
stable system frequency. As established in fundamental textbooks and reaffirmed in
contemporary reviews like [10], the classical transformation matrices are valid only when
the phase angles evolve at a synchronous speed, ws.

The large-scale integration of RES, which are interfaced through power electronic
converters, has fundamentally altered power system dynamics. Unlike synchronous gen-
erators with significant rotational inertia that stabilize grid frequency, converter-based
resources can exhibit rapid frequency variations due to several factors:

v" Intermittency of RES: Sudden variations in solar irradiance or wind speed cause
immediate fluctuations in the power output frequency [11].

v Low Grid Inertia: In weak grids or microgrids, low inertia makes the system
frequency highly susceptible to fluctuations from load changes and
generation imbalances [12,13].

v" Inverter Control Dynamics: Complex control loops in grid-following and grid-
forming inverters can introduce frequency oscillations, particularly during unbalanced
grid conditions [14,15].

When a PV generator operates at a frequency that deviates from the grid’s, a fun-
damental synchronization problem arises at the Point of Common Coupling (PCC). This
frequency mismatch means the inverter’s output is no longer synchronized with the grid
voltage, directly manifesting as voltage flicker and power oscillations at the beat frequency.
These effects severely degrade power quality for other local loads.

This situation is critically exacerbated by the behavior of grid-following inverters,
which rely on Phase-Locked Loops (PLLs) for synchronization. A fluctuating PV frequency
can cause PLL instability, leading to control failures and potentially triggering protective
shutdowns. Such a trip not only results in a loss of generation but also injects further insta-
bility into the grid by suddenly removing active power. Consequently, rather than acting
as a stable power source, a PV system with frequency fluctuations becomes a source of
disturbance, undermining local power quality and threatening the stability of the microgrid
or weak grid to which it is connected.

The principal advantage of Fortescue’s method over direct analytical techniques for
resolving asymmetrical faults lies in its powerful decomposition of a complex, unbalanced
system into decoupled positive, negative, and zero-sequence networks. This transformation
simplifies calculation by reducing the problem to the analysis of simpler, single-phase
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equivalent circuits. Furthermore, it provides unparalleled physical insight by directly
quantifying imbalance through the negative-sequence component. This capability not only
enables root-cause analysis and accurate assessment of harmful effects like machine heating
but also forms the critical foundation for designing sensitive and selective protective
relaying systems. As such, Fortescue’s method offers a standardized and comprehensive
framework that direct techniques lack.

These frequency deviations (Af) create a scenario where the fundamental assumption
of the classical Fortescue theory is violated. When w/ = ws + Aws, the traditional sequence
components, as calculated by the fixed Fortescue operator a = ejon, are no longer constant
in a rotating reference frame but become oscillatory, leading to inaccurate analysis and
ineffective control [16]. Recognizing the limitations of classical methods, researchers have
developed advanced techniques to handle unbalanced conditions, primarily focusing
on amplitude unbalance but laying the groundwork for frequency-variation analysis.
Dual/Second-Order Generalized Integrator (DSOGI) and Dual Synchronous Reference
Frame (DSRF) PLL: These techniques are highly effective for decomposing sequences under
amplitude unbalance. The DSRF-PLL, for instance, uses two rotating frames (positive
and negative) to extract DC components from each sequence [17,18]. However, their
performance degrades under frequency variations, as the filters and controllers are tuned
for a nominal frequency [19].

Advanced Phase-Locked Loops (PLLs): Numerous enhanced PLL structures, such
as the Decoupled Double Synchronous Reference Frame (DDSRF) PLL [20] and adaptive
PLLs [21], have been proposed to improve synchronization under unbalanced and distorted
grids. While robust to amplitude imbalances, their response to rapid frequency changes
can be slow or oscillatory, and they do not provide a generalized theoretical framework for
sequence decomposition under frequency unbalance.

Signal Processing Approaches: Methods based on the Kalman Filter [22], the Teager
Energy Operator [23], and mathematical morphology [24] have been applied for frequency
estimation and flicker detection. These are excellent for measurement but are not inherently
designed to reconstruct balanced sequence components for control purposes under com-
bined amplitude and frequency imbalance [25]. A critical gap identified in the literature is
the absence of a unified theoretical extension of Fortescue’s method that explicitly accounts
for frequency unbalance. Existing solutions are often control-centric or signal-processing-
based, addressing the symptom rather than redefining the underlying analytical model [26].
As demonstrated, the classical Fortescue theory is inadequate for systems experiencing fre-
quency deviations, a common occurrence in RES-dominated grids. While modern control
techniques offer practical workarounds, they lack the foundational analytical elegance and
generality of Fortescue’s approach [27].

This paper links this gap by proposing a Modified Fortescue Theory. The core con-
tribution is the introduction of a new transformation operator, ag, which incorporates
the frequency deviation term Af; = Awst. This modification allows for the decomposi-
tion of a three-phase system with simultaneous amplitude and frequency unbalance [28]
into three distinct, balanced sequences. The resulting components are constant in their
respective reference frames, providing ideal references for control systems. This theoretical
advancement is not merely an academic exercise; it is a necessary step towards developing
more robust and intelligent control strategies for future power systems [29]. By providing
a mathematically sound basis for analyzing frequency unbalance, this work paves the
way for enhanced stability, power quality, and reliability in the era of renewable energy.
The final objective of this work is to study the behavior of currents and voltages when
a renewable energy source is connected to a three-phase electrical grid under conditions of
both amplitude and frequency unbalance [30]. The classical analytical tools, while powerful,



Mathematics 2025, 13, 3548

4 of 26

Photovoitaic Field ¢ Lpy ! Boost Converter Ipc

are insufficient to fully address the complexities introduced by frequency deviations. This
paper, therefore, introduces a Modified Fortescue Theory to resolve frequency unbalance
problems, providing new balanced components that will serve as references for advanced
control strategies in subsequent research.

Our paper is structured to systematically develop and validate the proposed Modified
Fortescue Theory. It begins with a system description and mathematical presentation,
establishing the foundational models and highlighting the limitations of the classical the-
ory under frequency unbalance. The subsequent section analyzes the influence of the
PV generator frequency variation on system performance, demonstrating the resulting
oscillations and flicker phenomena. Following this, a load voltage calculation method
is detailed to model the system’s behavior under these unbalanced conditions. The core
of our contribution is then presented in the strategy for evaluating the load voltage se-
quences, which introduces the new transformation operator and derives the balanced
sequence components. The validity and effectiveness of the proposed theory are subse-
quently demonstrated through Section 6. Finally, the paper concludes by summarizing
the key findings, emphasizing the significance of the work, and outlining potential future
research directions.

2. System Description and Mathematical Presentation

The benchmark system, shown in Figure 1, models a three-phase PV generator con-
nected to the main grid. The PV source is interfaced at the Point of Common Coupling
(PCC), which also supplies a local three-phase load. This topology is ideal for analyzing
key power quality issues. Specifically, we investigate the system’s response to a frequency
deviation between the PV generator and the grid (f,» # fs), as well as to voltage amplitude
sags [31], thereby simulating realistic grid fault conditions.

Fopvs Qgpv

Upc

Figure 1. Photovoltaic generator connected to grid.

This paper establishes the theoretical foundation for advanced control strategies to
enable the robust integration of renewable energy sources—such as photovoltaic, wind, and
hybrid systems—into modern power grids. The work is motivated by a critical limitation
of the classical Fortescue theory: its restriction to amplitude unbalance and its inability
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to handle the frequency unbalance inherent to inverter-based resources. To address this
gap, we introduce a novel theoretical identification method that precisely traces the origin
of fluctuations in a three-phase system (x1,x2,x3) [32] under simultaneous amplitude
and frequency deviations. The system is modeled using complex phasors, as defined in
Equation (1), where the quantities x, x, and x5 are complex numbers of the form a + jb.

X1 = leej(GS)
x, = xppel = %) 1)
X3 = X3M€j(65+%ﬂ)

The angular position 6; is defined by the relation s = wst, where w; represents the
grid’s fundamental angular velocity. When the three-phase system (x, x,, x3) is unbal-
anced in amplitude (x1p1 # Xapm 7 X3Mm), its behavior can be decomposed into symmetrical
components. The positive, negative, and zero sequences, which characterize different as-
pects of the system’s response, are calculated using the standard Fortescue transformations

given in Equations (2)—(4) [33,34]:

_Epl_ 1 1 a?| —Kl_ 1 (1 a4 a?] x1Mej(95)
&pz = g a2 1 a X | = g ﬂ2 1 a xZMEj(GS_ZTn) (2)
EY e a® 1] x5 0 @ 1] (el ®HE)
_ _ o ) o o
X | = g a 1 a Xy | = g a 1 a x2Me] s— 3 (3)
| X3 | _ﬂ2 a 1] |x3] _a2 a 1) _x3Mej(95+%”)_
e L S N EY B A x1pel @)
| =3z |1 1 1 n| =31 11 xopel 0= %) @)
X3 11 1) |x3] 111 xappel O+ %)

The decomposition yields three sets of symmetrical components: the positive-sequence

(gpl,gpz,gp:;) , the negative-sequence (X1, X,, X,3), and the zero-sequence (X1, Xy2, X1,3),
. . 27

derived from the unbalanced system (xq,x,,x3) using the Fortescue operator ¢/ .

The characteristic spatial orientation of each sequence, which provides a clear means
of differentiation, is depicted in Figure 2 [35].

Negative Sequence Zero Sequence
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Figure 2. Spatial distribution of different sequences.

The system under study, illustrated in Figure 1, comprises a photovoltaic (PV) genera-
tor defined by its three-phase voltages (Vgpo1, Ugpo2, Ugpoa) and currents (igpo1, igpo2, igpos)
interfaced with a three-phase electrical grid, supplying a three-phase load V ;. Under ideal
synchronous conditions, the PV generator frequency f,, matches the grid frequency fs.



Mathematics 2025, 13, 3548

6 of 26

200

However, in practice, the intermittent nature of solar generation inevitably introduces
a frequency deviation Afy,. To analyze this effect, a deviation of Af,, = 1 Hz is considered.

Similarly, while the objective is to maintain balanced voltage amplitudes at the load,
real-world grid conditions often lead to imbalances. To simulate this, a 10% voltage drop in
phase 1 is applied at t = 0.5 s. The frequency deviation between the PV generator and the
grid is quantified by Equation (5):

fpv:fs+Afpv (5)

The frequency variation Af pv directly impacts the mathematical description of the
three-phase system established in Equation (1). To account for this deviation, the system’s
representation is modified by introducing the angular displacement Af; = Awst, leading
to the revised expressions given in Equation (6):

X1 = leej(65+A95)
. 2n
xp = xpppel A% (6)
. 2
X3 = x3Me](95+A95+7”)

The system in Figure 1 was simulated in MATLAB/Simulink R2025a under condi-
tions of simultaneous frequency and amplitude unbalance. Figure 3 shows the resulting
load voltage over time, illustrating the resulting flicker phenomenon [36]. The electrical
parameters and simulation settings used for this study are detailed in Table 1.

(a) Zoomed View: 1.1s to 1.5s
T
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o 8

1
-
o
=]

-200

300

(b) Complete Temporal Evolution
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Figure 3. Temporal evolution of load voltage.

To obtain the simulation results shown in Figure 3, fundamental circuit laws were
applied to the electrical system comprising the photovoltaic generator, the load, and
the electrical grid. The voltage across a single phase of the load is given by the follow-
ing expression: vy (t) = Rpijp(t) + LLdi%t(t) where R; and Lj represent the resistance
and inductance of the single-phase load, respectively, and ij; is the current through it.
The current in the single-phase load is defined as: i1y (f) = igpy1(t) + ieg1(t) Where igyy1(t)
and 7.1 (t) are the currents in the first phase of the photovoltaic generator and the electrical
grid, respectively. Applying Kirchhoff’s voltage law to the PV generator-load loop yields:

Vgpo1 () = Repoigpu1 (t) + Lgpo dig’j;tl(t) + 011 (t) where vg,01(t) is the first-phase voltage of
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the photovoltaic generator, igpy1(t) is its current, Rgyn and Lgpy are the resistance and
inductance of its first phase, respectively. Similarly, applying Kirchhoff’s voltage law to the
electrical grid-load loop gives: Veg1(t) = Regiee1(t) + Legdl%lt(t) + 011 () where veg1 (t) is the
first-phase voltage of the electrical grid, i,¢1 () is its current, Reg and Leg are the resistance
and inductance of the grid’s first phase.

Table 1. Electrical system and simulation parameters.

Electrical System Parameters

PV Generator

Electrical Grid Electrical Load

Maximum voltage amplitude: 300 V

Maximum voltage amplitude: 300 V

Nominal frequency: 50 Hz

Post-fault frequency: 51 Hz

Constant frequency: 50 Hz

Resistance: 120 O)

Line resistance: 110 Q)

Line resistance: 110 Q)

Line inductance: 0.16 H

Line inductance: 0.16 H

Inductance: 0.06 H

Simulation Parameters

Temporal Conditions

Initial Conditions

Numerical Configuration

Simulation time step: 100 ps

PV generator initial currents:
igpvl =igpv2 =igpv3=0A

Integration method: Forward
Euler (explicit)

Total simulation: 4 s
(40,000 iterations)

Electrical grid initial currents:
iegl =ieg2 =ieg3=0A

Sampling frequency: 10 kHz
(time step = 0.0001 s)

Fault application time: 0.5 s

Electrical load initial voltage:
VI1=VI2=VI3 =100V

Boundary conditions: Zero
initial conditions for currents

Figure 3 demonstrates the onset of pronounced load voltage fluctuations; a phe-
nomenon known as voltage flicker; immediately after the fault occurrence at t = 0.5 s. Con-
sidering a three-phase system (x1, x,, x3) with amplitude unbalance (x1p; # Xopm # X3m)
and a modified pulsation w! = ws + Aws (ws = 27tf;), its direct and quadrature (d, q) axis
components are given by Equation (7):

cos (s — 27” cos (0 + 27”

X4 5 COS(OS) X]MCOS(QS + AGS)
x| = \[3 —sin(0s) —sin(6s —3) —sin(6s+ ) | | xapmcos(6s + A5 — 25) | (7)
Xo % % \% x3pmcos (05 + Ads + ZF)

In summary, the integration of renewable energy poses significant challenges to grid
stability, particularly through power quality issues arising from operational imbalances.
Although classical Fortescue theory offers a foundational framework for analyzing am-
plitude unbalance, its limitations are critically exposed under the dynamic conditions of
modern power systems, where frequency deviations are increasingly prevalent. This gap
necessitates an expanded analytical approach to accurately characterize system behavior
during loss of synchronization.

The following section addresses this exact scenario by analyzing the direct impact of
PV generator frequency variations on system performance. The results demonstrate that
even a minimal deviation—as small as 1 Hz—between the generator frequency (fy,) and
the grid frequency (fs) propagates through the system, causing measurable oscillations in
key operational parameters. This empirical evidence underscores the critical need for the
modified theoretical framework introduced in this work.
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3. PV Generator Frequency Variation Influence

To quantitatively assess the impact of frequency unbalance on system stability, a case
study was conducted on the power system illustrated in Figure 1. A random fault scenario
was simulated, inducing a frequency deviation in the photovoltaic (PV) generator such
that its operating frequency diverges from the grid frequency by Af,, = 1 Hz. This
perturbation creates an asynchronous operating condition between the generator and the
grid. Under these circumstances, the direct and quadrature (d, q) axis components of the
load voltage, (v4y, Uy 1) [37], which are typically constant in a perfectly synchronized steady
state, exhibit significant oscillatory behavior. The resulting temporal evolution, depicted in
Figure 4, clearly demonstrates the destabilizing effect of frequency unbalance, manifesting
as sustained oscillations that compromise power quality and highlight the insufficiency of
conventional control strategies based solely on the classical Fortescue decomposition.

(a) System Response to Frequency Unbalance (f,;=50Hz, f,,=51Hz, deltaf=1Hz)
I

I I I I

Vau
300 — Vau .
Zoom Region

Voltage (V)
g
|
|

200 | | | | | | |
0 0.5 1 1.5 2 25 3 3.5 4
Time (s)

(b) Detailed View [1.0,1.25s]: 2nd Harmonic Component at 100Hz
[ [

200

-
a
=]

Voltage (V)
g

73
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Frequencies: Grid = 50Hz, PV = 51Hz, deltaf = 1Hz, 2nd Harmonic =

0

Figure 4. Temporal evolution of (v4;,7v,1) components.

The positive-sequence components (v;p L v;p L) of the load voltage system
(v1L, V21, v3L), expressed in the (d,q) reference frame, exhibit oscillations at the pertur-
bation frequency of Af,, = 1 Hz.

Furthermore, these signals are characterized by a secondary frequency component at
100 Hz, which corresponds to twice the grid frequency (2 x 50 Hz). It is important to note
that this 100 Hz component is distinct from the classical “dual frequency” phenomenon [38],
as it is not a harmonic of the 1 Hz fundamental perturbation. Consequently, the tempo-

ral evolution of both the positive-sequence components (Ut—;pL’ v;pL) and the negative-

sequence components (v;n L Ygn L) , referenced to the positive and negative synchronous
reference frames (PSF and NSF), respectively [39], are presented in Figures 5 and 6.
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relative to the positive synchronous reference frame (PSF).
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Figure 6. Temporal evolutions of the negative sequence components of the load voltages system
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To investigate the origins of the fluctuations observed in the positive sequence
(v;pL, v;pL) and negative sequence (vd_nL, vq_nL) components, the mathematical expres-
sions for the positive <1pk>, negative (x,;), and zero (x;;) sequence components are
derived with respect to the positive and negative synchronous reference frames (PSF, NSF).
These formulations are presented in Equation 8 [40].

Xy = 173 gl O 00 %)
X = SX53 xippel 00+ (k=2 5) | = (1,23} (8)

_ 1yvi=3 i(0s4+A0s—(i—1) 2%
Xk = gzizl xiMe]( s+A0s (1 ) 3 )
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Consequently, the (d, q) axis components for these sequences are formulated as shown
in Equations (9) and (10).

x;p = fz Xinc0s (265 4+ Abs)

x‘;fp = j\/;Zk 1 XiMSZI’l(ZGS —+ AGS) )
xjp =0
X, = \/’Zk T ximcos (ABs + (i, 1)%”)
x;n = \/72]( 1leSl ( 277'[) (10)

=0

The classical Fortescue theory is inadequate for identifying the origin of fluctuations
in sequence components caused by PV generator frequency variations or grid faults. Un-
der these dynamic conditions, the standard Fortescue operator a = ¢/ F fails to provide
an accurate sequence decomposition, as it is strictly limited to systems with amplitude per-
turbations. To overcome this limitation, we are introducing a new transformation operator,
denoted as ag. Developed from the principles in [41], this modified operator is specifically
designed to handle the challenges of variable-frequency environments.

a* = e_j%n
ax, = e~ B0 (11)

ag_ = e 1A
e /A0 1 agy +ag— =0

In the system of Equations (11), the angular displacement is defined as Afs = Awst.
Utilizing this new operator, the system of Equations (6) can be reformulated as follows:

X1 = leengsej(es)

Xy = xppre/0se! 6:=%) (12)
X3 =X3M€]A956( ?)

To compensate for frequency variation, we introduce a phase correction factor, e /4%.
This leads to a new transformation matrix that replaces the one used in classical Fortescue
theory. The modified matrix decomposes the system into three balanced subsystems: direct
(positive-sequence), inverse (negative-sequence), and homopolar (zero-sequence). The new
positive-sequence components are thus defined as follows:

x 1 ¥ i xq ppel (0s+20s)
=pl 1 ) 5 M 2
3 . . . s
Xpo| = 3€ 89 1e7i% 1 el F | el AT (13)
. . . 2
lp:), e]zTn e_]%T 1 x3Me](95+A95+Tﬂ)

Thus, expanding Equation (13) yields the following expressions for the new positive-
sequence components:

Xp1 = 5[ + xom + Xzl
; 2
[X1M+XZM+X3M]€](GS_T) (14)

[le + Xopm + X3M]€j(95+27n)

,pz

1
3
1
Ap3 T 3
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Following an analogous procedure to that applied for the positive sequence, the
negative-sequence components are derived as follows:

—j2 j2x (65 +A0.
X, 12 e )3 e 32 lee]( s+ 52)
—1 § 27T ;27T 5 us
Y| =3¢ 7AOs | oS 1 e IF xZMe](GSJ’MS‘Z?) (15)
27 2 i s
Xu3 e_]T_r g]Tn 1 X3M€](65+A95+ )

Thus, expanding Equation (15) yields the following expressions for the new negative-
sequence components:

. . 2 . 2

X1 =3 {leejes + xqppel G5 4 x3Me](95_TH)]
H 2 . 2 .

Xp =3 {X1M€](95+Tn) +xopmel 3 + x3Me195} (16)
. 2 . . 2

X3=13% {leej(GS_Tn) + xppel% + nge](95+Tn)]

The zero-sequence components are similarly derived using the following
matrix relationship:

&hl ) 1 1 1 leej(gs +A952)
Xpp | = geilABS 1 1 1 XZME](QSJ'_ABS_T) (17)
Xn3 1 1 1 xBMej(GS-&-AeS.F%f)

After expansion, the new zero-sequence components are given by the system of
Equation (18).

. . 2 . 2

X = % {leBJGS + xopel B3 + X3M€](95+7ﬂ)}

Xip =3 {leﬂeS + xomel %73 4 xgppel (O3 )} (18)
. . 2 . 2

X3 =3 {leeles + xopmel %3 + xaMEJ(eﬁTn)}

This section has established the core theoretical framework for handling frequency
unbalance through the novel transformation operator ax and its corresponding matrix. This
development enables the decomposition of an unbalanced system into balanced positive-,
negative-, and zero-sequence subsystems, specifically for scenarios involving frequency
deviations from PV generator integration. With this analytical foundation in place, the
subsequent Section 4 will detail the computational model for determining the load voltage
under these unbalanced conditions. This application will quantify the concrete impact of
combined PV generator frequency and amplitude variations on electrical load operation.

4. Load Voltage Computing Method

To apply the modified Fortescue theory in practice, a precise method for calculating
load voltage under imbalance conditions is required. This section presents a computational
model for determining load voltage dynamics during simultaneous PV-grid frequency and
amplitude variations.

The system topology is shown in Figure 7, a detailed single-line diagram of the grid-
connected PV system. The model comprises three primary components:

v" The Photovoltaic (PV) Generator: Represented as an ideal three-phase voltage source,
it is characterized by its generated currents (Igy0) and voltages (Vgpo). Its inter-
face with the grid includes a line impedance [42], modeled by a resistance R;;; and
an inductance Ly.
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v' The Electrical Load: A local three-phase load is connected at the Point of Common
Coupling (PCC), drawing a current I} at a voltage V;. The load itself is modeled with
its own impedance (Ry, Ly ) [43].

v' The Electrical Grid: Modeled as a second ideal three-phase voltage source with
currents (I,g) and voltages (Veq), representing the main grid. Its connection to the
PCC also includes a line impedance (Ryo, Lyjp) [42].

PV ‘ i
| IR I | | R 1
Generator —Q‘L-

1
Igpw Ryy  Luyy PCC Lyz Ryp 1 AX

Load

Figure 7. Scheme model topology.

This configuration creates two primary current paths: one from the PV generator to the
load, and another from the main grid to the load. The load voltage V} is the critical variable
at the PCC [44], determined by the interaction of these two sources and the load impedance.
The objective of the calculating method is to derive V} considering the potential frequency
deviation of the PV generator ( fpo = fs +Af pv> and possible voltage amplitude sags [45].

The calculation begins by defining the balanced three-phase voltage systems for both
the PV generator and the electrical grid, as shown in Equations (19) and (20). To analyze
these quantities in a rotating reference frame [46] that simplifies the control and analysis,
Park’s transformation [47] is applied. The PV generator voltages are transformed using the
Park matrix P(6,,) referenced to the PV generator’s angle 6, = 271 fp,t as per Equation (21).
Similarly, the grid voltages are transformed using P(6;), referenced to the grid angle
0s = 27t fst, as per Equation (22). By applying Kirchhoff’s voltage laws to the loops formed
between the PV generator, the grid, and the load, the dynamic equations for the system in
the (d, q) reference frame are established. These equations, presented in Equations (24)—(26),
form a complete set of differential equations that describe the system'’s electrical dynamics.
Solving this system of equations allows for the precise computation of the load voltage
components vg;, and v, under the defined unbalanced operating conditions, thereby
providing a direct link between the theoretical sequences derived in the previous section
and their practical manifestation in the system’s voltages.

As shown in Figure 7, the balanced voltages for the PV generator system are given by
the following equations:

Vgpol = VepuMax€0s (27T fpot)
Vgpe2 = Vepomaxc0s (27 fyot — 2F) (19)
Vgpos = VgpoMax€0s (270 fpot + 5F)
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Similarly, the balanced voltages for the electrical grid are given by the system of
Equation (20).
Uegl = VegMaxCOS(znfst)
Ueg2 = VegMuxCOS (27Tfs - 2771) (20)
Vegs = VogMaxC0s (27 fst + 2F)
The PV generator voltages are transformed into the Park reference frame (d, q) using

the Park matrix P(6),), as defined in Equation (21). Similarly, the three-phase grid voltages
(Veg1, Vega, Vegs) are transformed using the Park matrix P(6s), given by Equation (22).

Vdgpo Ugpol
Vggpo | = [P(Opo)] | vgpon (21)
Uogpv Ugpv3
Udeg Uegl
Ogeg | = [P(0s)] Ueg2 (22)
Uoeg Ueg3
The Park matrix P(6), which is used in both Equations (21) and (22), is defined in
Equation (23).
5 cos(9)  cos(0 — 2 cos(0+ &)
P(6) = \/g —sin(0) —sin(0— %) —sin(0+ %) (23)
1 1 1
V2 V2 V2

In the preceding equations, the angles are defined as 6,, = 27 fyyt and 65 = 27 fst.
Based on the interaction between the PV generator and the electrical load, the system
dynamics are described by equation set (24).

, diy .
{Udgpv = Rtllldgpv + Ltll% - Ltllwpvlquv +v4r (24)
. 1 .
Uggpv = Rtlllquv + Lin % + Ltllwpvldgpv + 041,

Similarly, for the loop comprising the grid and the load, the (d, q)-axis components of
the grid voltage and the load voltage are given by Equations (25) and (26), respectively.

. diy, .
{Udeg = Rtlzldeg + LtlZWg - Ltlzwslqeg + v (25)
. dige .
Ugeg = RtlZIqeg + LtlZ# + Ltlzwsldeg +U4L
. di ws+wWpy -
vgr = Rpigp + L=t — L= g1
. di wWs+wpy .
_ qL s pv
UL = RquL-i-LLW-i-LL 514, (26)

i = ideg + idgpv
gl = igeg + iggpo
Under normal operating conditions, in the absence of disturbances and with the PV
generator connected to the grid supplying the load, the grid and the PV generator share
the same frequency, as stated in Equation (27).

fpv = fs (27)

When a fault occurs, causing a frequency deviation Af ,, in the PV generator relative
to the grid, Equation (27) is no longer valid and is replaced by Equation (28).

fpv:fs“l‘Afpv (28)
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The system was simulated in MATLAB/Simulink with a PV generator frequency
variation as defined by Equation (28). The results, shown in Figure 8, demonstrate the
emergence of a voltage flicker phenomenon in the load voltage, consistent with prior re-
search [48-50]. This flicker not only disrupts industrial equipment but also has documented
adverse physiological effects on humans. Its severity is rigorously quantified according
to standard EN 61000-4-15 [51], which defines the methodologies for flicker measurement
and assessment [52].

500
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Figure 8. Temporal evolution of the load voltages.

Following the frequency deviation Af ,,, the (d, q)-axis components of the load volt-
ages exhibit sustained oscillations. As illustrated in Figure 9, these oscillations occur
precisely at the deviation frequency Af por demonstrating a direct propagation of the distur-
bance from the PV generator through the system to the load bus.
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Figure 9. Temporal evolution of (UdLr 2 L) components: case of frequency variation.
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The second case study examines an amplitude imbalance, simulated by applying a 10%
voltage drop to the first phase of the photovoltaic generator. This single-phase fault induces
significant oscillations in the load voltage’s direct and quadrature components (v 1, v41)-
As Figure 10 shows, these oscillations occur at twice the grid frequency (2f ), a characteristic
signature of unbalanced conditions in three-phase systems [53]. This result demonstrates
how a localized amplitude disturbance propagates through the system, manifesting as
a second-harmonic oscillation in the synchronous reference frame [54].

190
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100 YqL
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Figure 10. Temporal evolution of (v4;,v,) components: case of voltage drops.

5. Strategy for Evaluating the Sequences of Load Voltage

Building upon the previous section’s method for calculating load voltage, this section
provides a critical analysis of its sequence components. While the conventional Fortescue
decomposition is effective for amplitude unbalance, it fails under frequency deviations. To
address this, we develop a comprehensive strategy for evaluating load voltage sequences
using the novel transformation operator ax and the modified symmetrical components
theory. Our objective is to deconstruct the fluctuating load voltage into its positive, negative,
and zero sequences under frequency unbalance. This decomposition precisely identifies
the origins of the observed oscillations, thereby establishing a foundation for their effective
mitigation through advanced control strategies.

Due to random disturbances, the frequency fy, of the electrical quantities exchanged
between the PV generator and the load deviates from the grid frequency f; by a value of
Af s as defined by the following relationship:

{fpv = fo+ Ay 29

CUpy - ws + A(L)pv

Under these conditions of frequency unbalance, the standard Fortescue theory is inval-
idated, as the amplitudes of the symmetrical sequences become oscillatory. To demonstrate
this limitation, the positive sequence components of the load voltage v,,11, 0,51, Up3; are
evaluated using the conventional theory as follows [55]:

; 2
Up1L 1 el’s ‘3_]2 E v

: .
Oppr| =3 le’3 1 dE oy (30)
Up3L s el3 1 v3L,
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Expanding Equation (30) yields the temporal expressions for the positive sequence
components (0,11, Upor, p3L ), as given in Equation (31).

0 l 1Lmax " 2Lmax 3Lmax COS (95 A9 )

V. +V 4V 2
0 2L —_ 1Lmax 2L max 3Lmax COS (GS A9 v 7T ) ( } )
v SL 1Lmax [ZLmax 3Lmax COS (95 Ae 271 )

To address the limitations of the conventional Fortescue theory under frequency un-
balance, the new transformation operator e /4% is applied. This operator compensates
for the frequency deviation, enabling a correct evaluation of the positive sequence compo-
nents v,,;;;i = {1,2,3} of the load voltage system. The calculation, based on this modified

approach, is defined by Equation (32).

2 2
UpiL 1 1 el T V1L
—1 22 .2
v | = e B0 | i F 1 T | |y (32)
3 ]L?T _]‘ZLT
Up3L els e /3 1 O3,

Developing the expression in Equation (32) leads to a new temporal form for the
positive sequence components (vpl L Up2L, Up3 L), which is fundamentally different from
the result obtained using the standard Fortescue theory in Equation (31). Crucially, the
frequency deviation term A6, cancels out in the derivation, resulting in the simplified
and balanced expressions given in Equation (33). This elimination demonstrates the
new operator’s ability to compensate for the frequency unbalance, producing a steady-
state sequence.

UpiL Vleax+V2[érr1ux+V3Lmux cos(6s)
UPZL — | ViLmax+Vormax+VaLmax COS( s — 2771') (33)
Up?)L VlL;nux+V2L§rzax+V3Lrnax cos (95 + 2771')

The expressions for the positive sequence components derived in Equation (33)
can be succinctly generalized into a single, condensed mathematical form presented in
Equation (34). This formulation provides a unified representation for the three phases
(vpl L Up2L, Up3 L), significantly streamlining subsequent analysis and implementation in
control algorithms.

1 —i=3 2r
UpkL = 3 ;:1 ViLmaxC0s (95 — (k= 1>3>;k =1{1,2,3} (34)

Applying the same methodological framework established for the positive sequence,

the negative sequence components v,,;;;i = {1,2,3} of the load voltage system are now

derived. This involves utilizing the new transformation operator e /2% within a dedicated

transformation matrix for the negative sequence, as defined in Equation (35).

L (6,470
On1L 12 e/ e/ 32 Vleaxe]( st pvzn
—1 27 .o i
UnoL | = 3¢ 1800 | ol 5" 1 e 5| | Vopmaxe! O 000 —5) (35)
P27 27T . 2
Un3L e 13 @3 1 VsLmaxe](GerAepw )

The expansion of the transformation in Equation (35) yields the explicit time-domain
expressions for the negative sequence load Voltage components (Unl L, Un2L, Un3 L). These
temporal expressions, detailed in Equation (36), reveal the specific oscillatory behavior
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1

of the negative sequence under the influence of the frequency unbalance, completing the
symmetrical component analysis initiated for the positive sequence.

OnlL = %[VleuxCOS(GS) + Vormaxcos (65 + 27”) + V31maxcos (65 - ZTH)]

Un2L = % [VleuxCUS (Gs =+ %T) + VaLmax€08 (65 - %T) + V3Lmaxcos(65)] (36)
1
3

Un3L [ViLmaxcos (6s — Z°) + Varmax€os(6s) + Vapmaxcos (65 + 3]

For mathematical consistency and compactness, the negative-sequence components
are also expressed in a generalized form. Analogous to the positive-sequence formulation,
this provides a unified expression for the three phases:

1 —i=3 ) 27
UnkL = 522‘:1 ViLmaxC0s (95 +(k+i— 2)3); k={1,23} (37)

Completing the symmetrical component analysis, the zero sequence components
it i = {1,2,3} of the load voltage system are derived. This is achieved by applying the
transformation defined in Equation (38), which utilizes the new operator to extract the zero
sequence under frequency unbalance conditions.

0s+1600)

Up1L 1 1 11 Vi Lmax€!*
UL | = ge—]AQ;ﬂ) 1 1 1 V2Lmax€j(95+A9?”’_2Tn) (38)
Un3L 1 11 V3Lmaxej(95+A9p,,+%ﬂ)

The zero-sequence component can be consolidated into the compact form of
Equation (39). This generalized representation simplifies the expression considerably;,
yielding a concise and versatile formula suitable for computational analysis and control
system design.

1 —i=3 ) 27
OpkL = 3 ;:1 ViLimaxcos (65 - (1 - 1)3>} k= {1/2/3} (39)

Having independently derived the positive (vp11, vpor, vp31), Negative (vy11, Vnar, VL),
and zero (vj1r, Vppr, Upsr) Sequence components using the modified theory, the final step
is to reconstruct the original load voltage vector (v1r,vpr,v3r). This reconstruction is
performed by summing the respective sequences according to the fundamental principle
expressed in Equation (40), thereby verifying the consistency and completeness of the
decomposition process.

OkL = UpkL + Unkr + Opkr 5 k= {1,2,3} (40)

The final load voltage vector is synthesized from its individual sequence components
using Equation (40). By substituting the compact forms of the positive-, negative-, and
zero-sequence components (Equations (34), (37), and (39)) into this superposition, we arrive
at the comprehensive result in Equations (41) and (42). This derivation culminates in
a simplified expression that accurately represents the original unbalanced system.

27T

= 2 ) 2 .
UL = 5 Z:i ViLmax {cos (95 — (k- 1):) + cos (05 —(k+i— 2);) + cos <65 —(i— 1)3)}; k={1,2,3} (41

27
Ukt = ViLmaxCOS (95 — (k- 1)3) ; k=1{1,2,3} (42)
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To analyze the dynamic behavior of each symmetrical component, the load voltage
sequences are transformed into their respective Park components within the Positive (PSF)
and Negative (NSF) Synchronous Reference Frames. Figure 11 illustrates this essential
relationship, which forms the basis for the subsequent control strategy.

B A

d—l—

(o, +Aw,, )t

a
—(0, + 4w, )1
NSF d

Figure 11. Reference frame study.

The positive sequence components of the load voltage (vpir, vpor, vp31) are trans-
formed into the synchronous positive reference frame (PSF) using the Park transformation
matrix defined in Equation (43). This operation projects the balanced positive sequence onto
a rotating reference frame aligned with the grid voltage vector, converting the three-phase

quantities into DC components (v:{p L v;p L) under ideal balanced conditions.

+
UapL UpiL
Ul—;_pL = [P(+65)] ps | vpar (43)
U;rpL Z)ng

Substituting the explicit form of the Park transformation matrix [P(+65)]pgp into
Equation (43) yields the expanded expression given in Equation (44). This step pro-
vides the complete mathematical operation for converting the positive sequence voltages
(vpl L,UPZL,Upg,L) into their direct and quadrature-axis components within the positive
synchronous reference frame.

v;pL cos(fs)  cos(6s — 27) cos (6 + 27”) Up1L

o | = \ﬂ _siq(es) —sin(@ls — ) —sin (915 +3) | |vp0r (44)
+ 1 1 i

Z)opL \/E \/E \/i vP3L

Substituting the time-domain expressions for the positive sequence voltages
(vpl L, Up2L, Up3 L) into the transformation of Equation (44) allows for the analytical deriva-
tion of the dg-axis components (v;pL, U;po ZJ;; L)' The resulting expressions, given in
Equation (45), reveal that under the defined conditions, the quadrature and zero-sequence
components become zero, while the direct-axis component reflects the average amplitude of
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the three phases. This result confirms the effective transformation of the balanced positive
sequence into a pure DC quantity in the synchronous frame.

Uj{pL = %\/g(vleax + Varmax + V3Lmux)
—0 (45)
=0

‘WL
opL

The negative sequence voltage components (v,1r, Upar, Un3r) are transformed into
the Negative Synchronous Reference Frame (NSF) using the Park transformation matrix
defined in Equation (46). This specific transformation, denoted as [P(—65)] s, is designed
to effectively isolate and analyze the negative sequence by rotating in the direction opposite
to the positive sequence, converting its oscillatory nature into simplified components.

Vgnl, Uil
O | = [P(=05)]nsF | on2L (46)
Uonl Un3L

Substituting the explicit form of the Negative Synchronous Reference Frame (NSF)
Park transformation matrix [P(—6s)] g into the general framework of Equation (46) yields
the expanded matrix Equation (47). This step provides the complete computational formu-
lation required to project the negative sequence voltages (v,11, Vn2L, Un3r) Onto the dq-axes
of the NSF, explicitly defining the trigonometric operations for this specific transformation.

VoL 5 cos(6s) cos(@s—i-%ﬂ) cos (s — 7”) VL

Vont, | = \f sin(0;) sin(0s + %) sin(0s = 5) | |ou 47)
T 1 1 1

Vol V2 V2 V2 On3L

Substituting the analytical expressions for the negative sequence voltages
(Un1L, Un2L, Unsr) into the transformation matrix of Equation (47) allows for the deriva-
tion of the corresponding dg-axis components (vd_n L Vani Von L) in the NSEF. The resulting
expressions, given in Equation (48), demonstrate a key characteristic: the quadrature
and zero-sequence components resolve to zero, while the direct-axis component v | is
a function of the voltage amplitudes. This confirms the successful isolation of the negative
sequence into a simplified, non-oscillatory form within its dedicated reference frame.

vdnL — 1 \/7<2V1Lmux VaoLmax — V3Lmax)
- =0 (48)

The balanced dg-axis components, essential for robust control, are synthesized by
subtracting the negative-sequence components in the NSF (Equation (48)) from the positive-
sequence components in the PSF (Equation (45)). As defined in Equation (49), this operation
yields balanced references (v}, ,, v qu) Crucially, this subtraction cancels the oscillatory
terms caused by system unbalance, resulting in steady-state DC quantities that are immune
to imbalances.

+ - _3 2
UdpL — O — 1 \/;(VZLmax + V3Lmax)

+ - _
VUgpr, — Vg, = 0 (49)
+ - _
UopL ~ YonL = 0

This analytical development successfully reconstructs perfectly balanced direct and
quadrature-axis components for the voltage and current systems by strategically combining
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the positive and negative sequences within their respective synchronous reference frames
(PSF and NSF). The specific balanced components, defined as v;, = v;{p L — Vg, and
v;Lb = v;’p L~ Ugur, cONstitute the principal result of this methodology. These components
are impervious to the oscillations caused by system unbalance and will serve as the criti-
cal reference signals to be assigned within the advanced control strategies developed in
a subsequent publication.

The core objective of this theoretical framework is to precisely identify the origin of
fluctuations during unbalanced conditions. To achieve this, the analysis within the Positive
and Negative Synchronous Frames (PSF and NSF) must account for the interaction between

sequence components. This analysis is based on the following fundamental relationships:

+ _ o+ +
{vqu - qupL + qunL (50)

Qz;qL = Qd_qu + Qz;an

The transformation of sequence components between the Positive and Negative Syn-
chronous Reference Frames (PSF and NSF) is governed by a fundamental kinematic rela-
tionship. A component in one frame is converted to the other by accounting for the relative
angular displacement of 26;, as defined by the following equations:

{ Dagpt. = Lagpr [005(205) + jsin (265)] = v, (51)
Q:{WL = g;an * [cos(265) — jsin(26s)] = Qd_ane_]ZGS

Therefore, by strategically combining sequence components from the PSF and NSF, we
reconstruct a set of perfectly balanced voltage components. These synthesized components,
defined in Equation (52), provide the essential balanced references (U;Lh, v;Lb) for the load
voltage. As they are impervious to the imbalances studied here, they form the direct
foundation for the control strategies developed in subsequent research.

ot -
Yarb = YapL ~ YanL (52)
o, =vl —ov

qLb qpL gnL

The subscript “b” denotes “balanced,” indicating components synthesized to be free

+
qLb’
are thus designated as critical reference signals. These references will be fed to the controller

from oscillatory effects caused by system unbalance. The resulting signals, v}, and v

of the grid-interfacing PV inverter to ensure stable, high-quality power injection, even in
the presence of upstream imbalances.

The Modified Fortescue Theory developed in this work provides the foundation for an
advanced, robust control system for grid-connected PV inverters. The transition from theory
to practice involves a structured implementation strategy where these balanced components
serve as the critical input to an intelligent controller. The proposed implementation is
architected as follows:

v" Real-Time Signal Conditioning Block: A dedicated processing unit must be im-
plemented in the inverter’s digital signal processor (DSP) to execute the modified
symmetrical components transformation in real-time. This block will continuously
sample the three-phase voltages at the Point of Common Coupling (PCC), compute

the frequency deviation Af,,, and apply the new transformation operator ag to gen-
+

qLb’
(52). These signals, being constant in the synchronous reference frame even under

erate the perfectly balanced reference signals v;, and v ,, as defined by Equation
grid imbalance, form the ideal setpoints for the control system.

V' Controller Core: The balanced references v}, and U;Lb are fed into a Controller as the
target setpoints. The controller is designed to regulate the inverter’s output currents
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by processing the error and its derivative between these balanced references and
the measured inverter currents in the dq frame. The key advantage here is that the
controller’s decision-making is based on clean, non-oscillatory error signals, allowing
its rule base to operate effectively without being misled by the oscillatory components
traditionally induced by grid imbalances.

v" Actuation and Modulation Stage: The output of the controller (the commanded
inverter voltage in the dg frame) is transformed back to the three-phase stationary
frame using an inverse Park transformation. These voltage commands are then
synthesized by the inverter’s power switches using a Space Vector Pulse Width
Modulation (SVPWM) technique, renowned for its high DC-link utilization and low
harmonic distortion.

In conclusion, this implementation strategy directly leverages the core contribution
of this paper: the generation of imbalance-immune reference signals. By integrating these
signals into a controller, the inverter is endowed with the capability to maintain stable,
high-quality power injections and provide effective grid support, even in the presence of
severe amplitude and frequency unbalances. This paves the way for the development of a
new generation of highly resilient and intelligent grid-connected renewable energy systems.

6. Results and Discussion

This section presents the simulation results and a detailed discussion that validates the
limitations of the classical Fortescue theory under frequency unbalance and demonstrates
the efficacy of the proposed Modified Fortescue Theory.

6.1. Limitations of Classical Theory in Describing Frequency Unbalance Phenomena

The initial simulation of the system depicted in Figure 1, under a frequency deviation
of Af,, = 1 Hz between the PV generator and the grid, clearly illustrates the problem.
As shown in Figure 3, the load voltage exhibits significant fluctuations, a phenomenon
known as voltage flicker, immediately after the fault inception at t = 0.5 s. This flicker is
a direct consequence of the frequency unbalance, which the classical grid control systems,
based on a single-frequency assumption, cannot compensate for.

Further analysis in the synchronous reference frame provides deeper insight.
The (d, q) axis components of the load voltage (v4r,v4r), presented in Figure 4, are not
constant as they would be in a perfectly balanced and synchronous system. Instead,
they exhibit persistent oscillations at the frequency of the deviation, Af , (1Hz). This
oscillation confirms that the standard Park transformation, which locks onto the grid fre-
quency fs, is unable to decouple the variables when the source (PV generator) operates at
a different frequency.

Most critically, the application of the classical Fortescue transformation to this scenario
leads to erroneous results. When the positive and negative sequence components of the

load voltage are extracted using the standard operator a = ¢/F and observed in their
respective Positive and Negative Synchronous Frames (PSF, NSF), they are not constant.
As evidenced in Figures 5 and 6, both sequences (v;{pL, v;rpL) and (v[;nL, v,;q L) contain
oscillatory components. Specifically, these signals oscillate at two distinct frequencies:
the primary oscillation at A f po = 1 Hz and a secondary component at 100 Hz (twice the
grid frequency). This outcome is pivotal: it demonstrates that under frequency unbalance,
the classical Fortescue theory fails to produce its fundamental output constant, balanced
sequence components. The sequences themselves become unbalanced and time-varying,
rendering them useless as stable references for high-performance control systems.
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6.2. Development and Validation of the Modified Fortescue Theory

The limitation of the classical approach requires a fundamental revision of the trans-
formation principle. The core of our solution is the introduction of a new transformation
operator, ag, defined in Equation (11). This operator is modified to explicitly account for
the phase drift caused by the frequency difference: ag+ = e /4%a. The factor e /4% acts as
a frequency compensation term, effectively aligning the reference frame with the average
or intended system dynamics despite the presence of Af por

The derivation of the new sequence components using the modified transformation
matrix (Equations (13), (15) and (17)) yields a critical result. After mathematical develop-
ment, the expressions for the new positive sequence components (Equation 14) simplify to
a form where the disturbance term A#f; is eliminated:

1 o
Xp1 = g[xlm + xom + x3mle/™

The same applies to the negative and zero sequences (Equations (16) and (18)). This
is the principal theoretical result: the proposed modification successfully decouples the
frequency unbalance, yielding sequence components that are functions only of the funda-
mental grid frequency 6s and the amplitudes x;s. Consequently, these new sequences are
perfectly balanced and constant, fulfilling the original purpose of symmetrical component
analysis even in the presence of a frequency deviation.

6.3. Reconstruction of Balanced References for Control Applications

The practical value of this theoretical development is demonstrated through the
reconstruction of balanced (d, q) axis components for control purposes. By processing the
load voltages with the modified theory, we obtain the new positive and negative sequences.
Their representation in the PSFs and NSFs, as detailed in Equations (43)—(48), results in
constant values for the direct and quadrature components (v;p L VnLs etc.) .

The key innovation for control strategy is introduced in Equation (52): the construction
of a balanced reference signal by subtracting the negative-sequence component in the NSF
from the positive-sequence component in the PSF.

ot o
Uarh = YapL ~ YanL

+ ot
Uy =0

gL — 7

;nL

This operation, vJ; ,, yields a constant value proportional to the sum of the voltage am-
plitudes of the two unaffected phases, as shown in Equation (49). This balanced component
(v;u], U;Lb) is completely devoid of the oscillations caused by the frequency unbalance. It
represents a “clean” reference signal that accurately reflects the state of the system after
rejecting the imbalance disturbance.

The ability to generate such balanced references is a breakthrough for controlling
power converters under non-ideal conditions. In a standard controller, the oscillations
in the (d,q) components (Figure 9) would propagate through the control loops, causing
oscillatory current injections, power pulsations, and potential instability. By using the
proposed v}, and v;Lb as references, a controller can be designed to drive the system
towards a truly balanced operating point, effectively mitigating the flicker and ensuring
stable power injection even during frequency transients. This provides a mathematically
rigorous foundation for the next generation of “grid-supporting” and “grid-forming”
inverters that must remain stable in the increasingly complex and variable-frequency
environment of modern power grids.
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6.4. Comparative Analysis: Amplitude vs. Frequency Unbalance

The paper further contrasts the effects of frequency unbalance with the well-
understood case of amplitude unbalance. When a 10% voltage drop in one phase is
simulated (amplitude unbalance), the resulting oscillations in the (d, q) components, shown
in Figure 10, occur at twice the grid frequency (100 Hz). This 100 Hz ripple is a known
phenomenon, addressed by techniques like the DDSRE-PLL [56]. However, the oscillation
at 1 Hz due to frequency unbalance is a fundamentally different and more challenging
problem, as it is not a harmonic but a sub-synchronous modulation of the fundamental
component, which cannot be filtered out by conventional means without affecting the
controller’s dynamic response. This comparison underscores the necessity of the proposed
theory, as it addresses a distinct class of power quality issues that existing methods are not
designed to handle.

6.5. Limitations of the Proposed Method

This study’s methodology is developed under the defined condition of symmetrical
frequency fluctuation across the three phases of the PV generator. While this work focuses
on this specific case, the derived framework establishes a foundation for future adaptation
to address scenarios involving asymmetrical (phase-dependent) frequency fluctuations.

7. Conclusions

This paper has established a novel theoretical framework by extending the classical
Fortescue symmetrical components theory to address the critical challenge of frequency
unbalance in modern electrical systems, a phenomenon increasingly prevalent with the high
penetration of renewable energy sources like photovoltaics. The conventional Fortescue
decomposition, while robust for amplitude unbalances, proves inadequate under frequency
deviations, leading to oscillatory sequence components and compromised power quality,
as demonstrated by the flicker phenomenon observed in our simulations.

The core contribution of this work is the introduction of a modified transformation
theory, centered on the new operator ag, which successfully compensates for frequency
variations. This modification allows for the derivation of balanced positive, negative, and
zero sequence components even when the PV generator frequency fy, deviates from the
grid frequency f;. The culmination of this analytical effort is the synthesis of perfectly
balanced direct and quadrature-axis voltage components, v, and v;Lh, which are imper-
vious to both amplitude and frequency imbalances. These components are not merely
a theoretical result; they are specifically engineered to serve as the foundational reference
signals for advanced control systems.

The immediate and practical application of this methodology lies in the control of
the three-phase voltage source converter (VSC) that interfaces the PV generator with the
power grid. The balanced references v, and vr-;Lb can be directly integrated into a high-
performance control loop. Specifically, these DC-like reference signals will be used as the
setpoints for the inner current controllers in the synchronous reference frame. The output
of these controllers, the required converter voltage vectors, will then be synthesized using
the Space Vector Pulse Width Modulation (SVPWM) technique [57].

The application of SVPWM is particularly suitable for this context due to its inherent
advantages: it provides superior DC-link voltage utilization, generates lower total har-
monic distortion (THD) compared to conventional sinusoidal PWM, and offers a digital
implementation that is ideal for modern microprocessor-based controllers. By feeding the
SVPWM algorithm with the voltage commands derived from the balanced references v,
and v;th, the inverter will generate switching signals that produce a three-phase voltage
waveform which counteracts the effects of the source imbalance. This ensures that the
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power injected into the grid remains stable and of high quality, even during disturbances,
thereby mitigating flicker and protecting sensitive equipment.

In conclusion, this paper provides the essential theoretical groundwork for a new
generation of robust control strategies. The proposed modified Fortescue theory delivers
the precise reference quantities needed to effectively decouple the converter operation from
system imbalances. The subsequent research will detail the implementation of an intelligent
control scheme, leveraging these balanced references within a fuzzy logic-based controller
to dictate the SVPWM-driven inverter, ultimately assigning remarkable fault-tolerant
capabilities to grid-connected PV systems and enhancing the stability and reliability of
future power networks.
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