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Abstract

Diffusion in heterogeneous environments is usually governed by unusual dynamics, ex-
hibiting sub- or superdiffusive scaling depending on the structural complexity and memory
effects. In many systems, diffusing particles may alternate between periods of motion
and rest, or may undergo stochastic resetting to a preferred position. While each of these
mechanisms has been studied independently, their combined effect in a heterogeneous
medium has been insufficiently investigated. We formulate and solve a coupled set of one
dimension diffusion equations for the probability densities of moving and resting particles,
accounting for space-dependent diffusivity and stochastic resetting. We obtain expressions
for the probability distribution and show the behavior of the survival probability, mean-
square displacement, and first-passage time. The results reveal a diverse range of behaviors
with distinct diffusion regimes. One of them is obtained for small times, which can be
connected to the heterogeneity present in the system, and another for intermediate times
related to the intermittent process produced by the moving and pauses before the system
reaches the stationary state.

Keywords: anomalous diffusion; intermittent motion; first passage time

MSC: 60J60; 60J65; 60J70

1. Introduction
One of the most fundamental phenomena in nature is diffusion, which can occur in

various scenarios characterized by either usual [1,2] or anomalous [3–5]. For usual diffusion,
we have the Markovian processes essentially characterized by a linear time dependence
for the mean square displacement

〈
(x − ⟨x⟩)2

〉
∼ t with the distribution of probabilities

expressed in terms of a Gaussian distribution [1,2]. For anomalous diffusion, we have
a nonlinear time dependence of the mean square displacement, e.g., ⟨(x − ⟨x⟩)2⟩ ∼ tδ,
where δ < 1 and δ > 1 are connected with the sub- and superdiffusion, typical of non-
Markovian processes [5,6]. Other dependencies for the mean square displacement are
possible, such as

〈
(x − ⟨x⟩)2

〉
∼ lnδ t, which characterizes an ultraslow diffusion [7,8].

We also have the Lévy distributions, which are asymptotically characterized by power
laws, and the mean square displacement is not defined. These behaviors have been
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verified in many scenarios, such as electrical response [6], anomalous transport [9–11],
ecology and movement patterns [12,13], and heterogeneous [14], bacterial motion in porous
media [15], active particles in complex environments [16], and disordered [17,18] media.
Another aspect of the diffusion processes concerns the feature that, in general, they can
appear combined with others, such as reactions [19], adsorption–desorption [20–22], and
stochastic resetting [23–26]. The interaction of particles with the substrate, where they
are diffusing, can be represented by reactions or adsorption–desorption. This process
promotes immobilization and, after a characteristic time, allows them to transition to
motion, characterizing an intermittent process. These dynamics are observed in transport
through porous media, molecular motors exhibiting pause phases, or random searchers
alternating between relocation and inspection [27,28]. The stochastic resetting introduces
processes in which particles in a diffusive system are periodically and randomly returned
to a starting point, altering the system’s long-term behavior and creating non-equilibrium
stationary states. This enables applications in areas such as search theory [29,30], biological
processes [31], and economic modeling [32,33]. The interplay among these processes
in a heterogeneous medium can provide insights into several physical and biological
phenomena that involve complex structures and processes.

Here, we analyze intricate dynamics that arise from the combination of stochastic reset-
ting and diffusion occurring within spatially heterogeneous environments with pauses for
the one-dimensional case. For this, we consider the distribution ρ(x, t) = ρ1(x, t) + ρ2(x, t),
with ρ1(x, t) and ρ2(x, t) defined by the following set of equations:

∂

∂t
ρ1(x, t) =

∂

∂x

{
D(x)

∂

∂x
ρ1(x, t)

}
+ r
(
S1(t)δ(x − x′)− ρ1(x, t)

)
− ζ1ρ1(x, t) + ζ2ρ2(x, t)

∂

∂t
ρ2(x, t) = ζ1ρ1(x, t)− ζ2ρ2(x, t)

, (1)

where ρ1(x, t) and ρ2(x, t) represent the particles in the bulk, where ρ1(x, t) represents the
particles diffusing and ρ2(x, t) represents the particles immobile (paused), and S1(t) is the
survival probability connected to the particles that are diffusing. The diffusion consid-
ered here is D(x) = D|x|−η , which has been applied in several contexts such as diffusion
on fractals [34], disordered media [18,35], and turbulent flux [36,37]. A different form
of heterogeneity in the context of stochastic resetting has been explored in Refs. [38–40].
It is worth mentioning that for a space-dependent diffusivity D(x), the Fokker–Planck
equation corresponding to the stochastic process dXt = a(Xt) dt +

√
2D(Xt) ◦α dWt de-

pends on the stochastic interpretation parameter α (α = 0: Itô; α = 1
2 : Stratonovich;

α = 1: Hänggi–Klimontovich). The resulting FP operator includes an additional term
(1 − α)D′(x)ρ, known as the spurious drift [41–43]. In our formulation, the diffusive term
present in Equation (1) with spatial dependence corresponds to the Hänggi–Klimontovich
convention. For Equation (1), we obtain the solution and the mean square displacement
by considering the boundary conditions ρ1(±∞, t) = 0, ρ2(±∞, t) = 0, and the initial
conditions ρ1(x, 0) = φ(x) and ρ2(x, 0) = 0. To analyze the mean first passage time, we
consider the system subjected to the boundary conditions ρ1(0, t) = ρ1(∞, t) = 0 with
ρ2(0, t) = ρ2(∞, t) = 0, which characterizes an absorbing surface in x = 0. These develop-
ments are performed in Section 2. In Section 3, we present our discussion and conclusions.
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2. Diffusion and Stochastic Resetting
Let us start our analysis of Equation (1) by considering the eigenfunctions of the

Sturm–Liouville problem related to the following differential equation:

∂

∂x

{
|x|−η ∂

∂x
ψ±(x, k)

}
= −|k|2+ηψ±(x, k), (2)

with the condition |ψ±(±∞, k)| < ∞, which results in

ψ+(x, k) = (|k||x|)
1
2 (1+η)J−ν

(
2(|k||x|)

1
2 (2+η)/(2 + η)

)
and (3)

ψ−(x, k) = xk(|k||x|)
1
2 (1+η)−1Jν

(
2(|k||x|)

1
2 (2+η)/(2 + η)

)
, (4)

where the sub-indexes + and − refer to the even and odd solutions, ν = (1 + η)/(2 +

η), and Jν(x) is the Bessel function [44]. By using the eigenfunctions defined by
Equations (3) and (4), it is possible to obtain the solution for Equation (1). To do this,
we consider that the solution can be written as follows:

ρ(x, t) =
1
2

∫ ∞

−∞

[
ψ+(x, k)ρ̃+(k, t) + ψ−(x, k)ρ̃−(k, t)

]
dk, (5)

with

ρ̃±(k, t) =
1
2

∫ ∞

−∞
ψ±(x, k)ρ(x, t)dx, (6)

where ρ̃±(k, t) is determined by Equation (1). By applying the previous equation in
Equation (1), we find that

∂

∂t
ρ̃1,±(k, t) = −(D|k|2+η + ζ1 + r)ρ̃1,±(k, t) + ζ2ρ̃2,±(k, t) +

1
2

rS1(t)ψ±(x′, k) (7)

and

∂

∂t
ρ̃2,±(k, t) = ζ1ρ̃1,±(k, t)− ζ2ρ̃2,±(k, t) . (8)

By using the Laplace transform (L{ρi(x, t); s} =
∫ ∞

0 dse−stρi(x, t) = ρ̂i(x, s) and

L−1{ρ̂i(x, s); t} = 1
2πi
∫ c+i∞

c−i∞ dsestρ̂i(x, s) = ρi(x, t)) and performing some additional calcu-
lations, it is possible to show that

̂̃ρ1,±(k, s) =
φ̃1,±(k) + (r/2)Ŝ1(s)ψ±(x′, k)
s + D|k|2+η + r + ζ1 − Λ̂(s)

, (9)

̂̃ρ2,±(k, s) =
ζ1

s + ζ2

φ̃1(k) + (r/2)Ŝ1(s)ψ±(x′, k)
s + D|k|2+η + r + ζ1 − Λ̂(s)

, (10)

with Λ̂(s) = ζ1ζ2/(s + ζ2). By performing some calculations, it is possible to show that the

ρ̂1(x, s) =
1
2

[∫ ∞

−∞
φ(x̄)Ĝ(x, x̄, s)dx̄ + rŜ1(s)Ĝ(x, x′, s)

]
, (11)

̂̃ρ2(x, s) =
ζ1

2(s + ζ2)

[∫ ∞

−∞
φ(x̄)Ĝ(x, x̄, s)dx̄ + rŜ1(s)Ĝ(x, x′, s)

]
, (12)
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with Ĝ(x, x′, s) defined as follows:

Ĝ(x, x′, s) =
2

(2 + η)D
|xx′|

1
2 (1+η)

[
I−ν

(
2

2 + η
Φ̂(s)|x|

1
2 (2+η)

)
K−ν

(
2

2 + η
Φ̂(s)|x′|

1
2 (2+η)

)
+

xx′

|xx′| Iν

(
2

2 + η
Φ̂(s)|x|

1
2 (2+η)

)
Kν

(
2

2 + η
Φ̂(s)|x′|

1
2 (2+η)

)]
,

for |x| < |x′|, and

Ĝ(x, x′, s) =
2

(2 + η)D
|xx′|

1
2 (1+η)

[
I−ν

(
2

2 + η
Φ̂(s)|x′|

1
2 (2+η)

)
K−ν

(
2

2 + η
Φ̂(s)|x|

1
2 (2+η)

)
+

xx′

|xx′| Iν

(
2

2 + η
Φ̂(s)|x′|

1
2 (2+η)

)
Kν

(
2

2 + η
Φ̂(s)|x|

1
2 (2+η)

)]
,

for |x| > |x′|, where Φ̂(s) =
√
(s + r + ζ1 − Λ̂(s))/D and Kν(x) is the Bessel function of

modified argument of second kind [44].
The survival probability can be determined from the set of Equation (1). For this, we

can perform an integration on the spatial variable and obtain the following set of equations:

∂

∂t
S1(t) = −ζ1S1(t) + ζ2S2(t)

∂

∂t
S2(t) = ζ1S1(t)− ζ2S2(t)

(13)

where S1(t) =
∫ ∞
−∞ dxρ1(x, t) and S2(t) =

∫ ∞
−∞ dxρ2(x, t), which results in the following

solutions for the survival probabilities:

S1(t) =
ζ2

ζ2 + ζ1
+

ζ1

ζ2 + ζ1
e−t(ζ2+ζ1) (14)

and

S2(t) =
ζ1

ζ2 + ζ1
(1 − e−t(ζ2+ζ1)) . (15)

Figure 1 shows the behavior of the distribution connected to the system for different
values of η to illustrate how the heterogeneity combined with the stochastic resetting and
pauses modifies the time evolution of the system. This feature is more clearly illustrated
in Figure 2 with the time behavior of the mean square displacement. The heterogeneous
diffusivity introduces a non-trivial scaling of the mean square displacement, σ2

x(t) ∝
t2/(2+η) for small times (see Figure 2a), which interpolates between sub- and superdiffusive
regimes depending on η. The inclusion of pauses effectively tempers the transport exponent
(see Figure 2b), while stochastic resetting establishes a nonequilibrium stationary state.
Figure 3a,b show the behavior of the distribution for different times by considering η = 1/2
and η = −1/2. It is worth mentioning that the distribution has different behaviors
depending on the choices performed for η, which is different from the standard case with
stochastic resetting [24]. Particularly, it is possible to show that ρst(x) = limt→∞ρ(x, t) is
given by

ρst(x) =
|x| 1

2 (1+η)

Γ
(

1
η+2

) √ r
D

(
1

2 + η

√
r
D

) 1
η+2

Kν

(
2

2 + η

√
r
D
|x|

η+2
2

)
(16)

for the initial condition used in Figure 3, which implies that the parameters ζ1 and
ζ2 influence only the time evolution of the system until it reaches the stationary state.
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This result also shows that the asymptotic behavior of mean square displacement, i.e.,
σx,st = limt→∞σx(t), in this scenario, for the system is independent of the ζ1 and
ζ2, yielding

σx,st =
2Γ
(

2
2+η

)
(2 + η)Γ

(
1

η+2

)Γ
(

3
η + 2

)[
(η + 2)

√
D
r

] 4
2+η

. (17)

For intermediate times, the influence of ζ1 and ζ2 is evident as show in Figure 2a,b.

η = 1/2, ζ1 = 2, ζ2= 1

η = 0, ζ1 = 2, ζ2= 1

η = -1/2, ζ1 = 2, ζ2= 1

-3 -2 -1 1 2 3
x

0.2

0.4

0.6

0.8

1.0

ρ(x,t)

Figure 1. Behavior of the distribution versus x for different values of η by considering the diffusion
process with pauses and stochastic resetting. We consider, for simplicity, r = 1, t = 1, D = 1, and the
initial condition φ(x) = δ(x − x̄) with x̄ = 0.

η=1/2, ζ1=2, ζ2=1

η=0, ζ1=2, ζ2= 1

η=-1/2, ζ1=2, ζ2=1

σx
2(t) ∝ t4/3

η= 0, ζ1=ζ2=0

σx
2(t) ∝ t4/5

(a)

0.1 1 10 100 1000 104
t

0.01

0.05

0.10

0.50

1

σx
2(t)

η = 0, ζ1 = 2, ζ2= 1

σx
2(t) ∝ t1/2

η = 0, ζ1 = ζ2= 0

σx
2(t) ∝ t

(b)

0.1 1 10 100 1000
t

0.01

0.05

0.10

0.50

1

5

σx
2(t)

Figure 2. (a) shows the behavior of the mean square displacement versus t for different values of η

by considering the diffusion process with pauses and stochastic resetting. (b) compares the behavior
of the mean square displacement versus t for η = 0 with pauses and without pauses to show the
intermediate behavior introduced by the intermittent motion promoted by the pauses. We consider,
for simplicity, r = 1, D = 1, x′ = 0, and the initial condition φ(x) = δ(x − x̄) with x̄ = 0.

t=0.5

t=1.0

t=1.5

t=2.0

t=2.5

(a)

-3 -2 -1 1 2 3
x

0.1

0.2

0.3

0.4

0.5

0.6

0.7

ρ(x,t)

t=0.5

t=1.0

t=1.5

t=2.0

t=2.5

(b)

-3 -2 -1 1 2 3
x

0.5

1.0

1.5

ρ(x,t)

Figure 3. (a,b) show the behavior of the distribution for different times by considering η = 1/2 and
η = −1/2. We consider, for simplicity, r = 1, t = 1, D = 1, ζ1 = 2, ζ2 = 1, x′ = 0, and the initial
condition φ(x) = δ(x − x̄) with x̄ = 0.
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Now, we consider the system subjected to the boundary conditions ρ1(0, t) =

ρ1(∞, t) = 0 with ρ2(0, t) = ρ2(∞, t) = 0, which characterizes an absorbing surface in
x = 0. The system’s behavior in this context is analyzed to determine the mean first-
passage time, accounting for stochastic resetting and pauses in diffusion processes within a
heterogeneous medium. By using the considerations for the previous case, it is possible to
show that the solution is given by

̂̃ρ1,−(k, s) =
φ̃1,−(k) + (r/2)Ŝ1(s)ψ−(x′, k)
s + D|k|2+η + r + ζ1 − Λ̂(s)

, (18)

̂̃ρ2,−(k, s) =
ζ1

s + ζ2

φ̃1(k) + (r/2)Ŝ1(s)ψ−(x′, k)
s + D|k|2+η + r + ζ1 − Λ̂(s)

. (19)

By performing some calculations, it is possible to show that the

ρ̂1(x, s) =
∫ ∞

0
φ(x̄)Ĝ−(x, x̄, s)dx̄ + rŜ1(s)Ĝ−(x, x′, s) , (20)

̂̃ρ2(x, s) =
ζ1

s + ζ2

[∫ ∞

0
φ(x̄)Ĝ−(x, x̄, s)dx̄ + rŜ1(s)Ĝ−(x, x′, s)

]
, (21)

with Ĝ−(x, x′, s) defined as follows:

Ĝ−(x, x′, s) =
2

(2 + η)D
|xx′|

1
2 (1+η)Iν

(
2

2 + η
Φ̂(s)|x|

1
2 (2+η)

)
Kν

(
2

2 + η
Φ̂(s)|x′|

1
2 (2+η)

)
, (22)

for |x| < |x′|, and

Ĝ−(x, x′, s) =
2

(2 + η)D
|xx′|

1
2 (1+η)Iν

(
2

2 + η
Φ̂(s)|x′|

1
2 (2+η)

)
Kν

(
2

2 + η
Φ̂(s)|x|

1
2 (2+η)

)
, (23)

for |x| > |x′|.
Figure 4 shows the behavior of the survival probability for the system when subjected

to an absorbent surface for different values of η, when subjected to the stochastic resetting
and pauses. By using the previous equations, it is possible to obtain the mean first passage
time, i.e.,

T(x̄, x′) =
ξ1 + rξ2

2rξ2
DΓ(ν)

(
1

2+η

√
r
D

)ν
x′

1
2 (1+η)Kν

(
2

2+η

√
r
D x′

1
2 (2+η)

)
×
(

1 − 2
DΓ(ν)

(
1

2 + η

√
r
D

)ν

x̄
1
2 (1+η)Kν

(
2

2 + η

√
r
D

x̄
1
2 (2+η)

))
.

(24)

Figure 5 shows the behavior of the mean first passage time for different scenarios.
Figure 5a shows the behavior of the mean first passage time with the stochastic resetting
rate r for different values of η in the presence of pauses. This intermittent motion increases
the first-passage time relative to the standard case. Figure 5b shows the behavior of the
mean first passage time with the stochastic resetting rate r for different values of η in the
presence of pauses for different values of the resetting position.
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η=1/2, ζ1=2, ζ2=1

η=0, ζ1=2, ζ2= 1

η=-1/2, ζ1=2, ζ2=1

η= 0, ζ1=ζ2=0

0.01 0.10 1 10 100
t

0.01

0.05

0.10

0.50

1

S(t)

Figure 4. Behavior of the survival probability versus t for different values of η by considering the
diffusion process with pauses and stochastic resetting. We consider, for simplicity, r = 1, D = 1, and
the initial condition φ(x) = δ(x − x̄) with x̄ = 1.

η=1/2, ζ1=2

η=0, ζ1=2

η=-1/2, ζ1=2

η=0, ζ1=0

(a)

0.01 0.10 1 10 100
r

5

10

50

100

500

1000

T(x,x')

η=1/2, ζ1=2

η=0, ζ1=2

η=-1/2, ζ1=2

η=0, ζ1=0

(b)

0.001 0.010 0.100 1 10
x'

1

10

100

1000

104
T(x,x')

Figure 5. Behavior of the mean first passage time for different values of η by considering the diffusion
process with pauses and stochastic resetting. (a) shows the behavior with the resetting rate r for
x′ = 2 and (b) shows the behavior with the resetting position x′ for a given initial condition x̄ with
r = 1. We consider, for simplicity, D = 1 and the initial condition φ(x) = δ(x − x̄) with x̄ = 1.

3. Discussion and Conclusions
We have analyzed the combination of heterogeneous diffusion, pauses, and stochastic

resetting. The results obtained here enable a rich dynamical behavior, governed by the
interplay of spatial inhomogeneity and temporal intermittency. The heterogeneous diffu-
sivity considered here modifies the local spreading rate. For η > 0, diffusion is hindered
near the origin, generating an effective trapping potential, while η < 0 favors outward
propagation and superdiffusive trends. These features are connected to the behaviors
observed for the mean square displacement, particularly for small times, which allows
us to obtain σ2

x(t) ∝ t2/(2+η). Introducing pauses during the process slows the growth of
the mean-squared displacement, leading to a crossover between the active and immobi-
lized regimes as the system responds to the intermittent process. The resetting process
establishes a nonequilibrium stationary distribution whose shape depends sensitively on
η. The stochastic resetting also alters the first-passage statistics, producing a finite mean
first-passage time as verified for the case of an absorbing surface. The results obtained for
the mean first-passage time T(x, x′) exhibit a familiar non-monotonic dependence on r,
which for small resetting rates allows for long excursions, while very high r confines the
dynamics excessively. This behavior yields an optimal resetting rate ropt that minimizes
search time, revealing how spatial heterogeneity with intermittent motion modifies the
optimal search efficiency. This point can be verified by inspection in Figure 5. This interplay
may explain, for example, adaptive strategies in active matter and living systems where
movement intermittency and environmental inhomogeneity coexist. Finally, we hope that
the results presented here will help to analyze diffusion in systems where the medium’s
heterogeneity is combined with stochastic resetting and intermittent motion.
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