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Abstract

Counting data play a critical role in various real-life applications across different scientific
fields. This study handles the classical and Bayesian estimation of the one-parameter
discrete linear exponential distribution under randomly right-censored data. Maximum
likelihood estimators, both point and interval, are derived for the unknown parameter. In
addition, Bayesian estimators are gained using informative and non-informative priors,
assessed under three distinct loss functions: squared error loss, linear exponential loss,
and generalized entropy loss. An algorithm for generating randomly right-censored data
from the proposed model is also developed. To evaluate the efficiency of the estimators,
considerable simulation studies are conducted, revealing that the maximum likelihood
and the Bayesian approach under the generalized entropy loss function with a positive
weight consistently outperform other methods across all sample sizes, achieving the lowest
root mean squared errors. Finally, the discrete linear exponential distribution demonstrates
strong applicability in modeling discrete count lifetime data in physical and medical
sciences, outperforming related alternative distributions.

Keywords: linear exponential distribution; random right-censored; maximum likelihood
estimation; Bayesian estimation; lifetime count data

MSC: 65H10; 65Z05; 60-08; 60E05; 62E10; 62F15; 62F25; 62N01; 62N05; 62P35; 65C05; 65H10;
65K05

1. Introduction
Lifetime distributions play a crucial role in analyzing and modeling data across a wide

range of applied fields, including economics, engineering, finance, and the medical and
biological sciences. In practice, data collection is frequently constrained by time or budget
limitations, often resulting in incomplete datasets. Such incomplete datasets are commonly
referred to as censored data. Various censoring schemes are available in the literature to
examine these data sets, such as left, right, type I, type II, random, and hybrid censoring
schemes. One of the most important censoring techniques in the literature is random
censoring. Random right-censored data occur when the precise event time is unknown,
as a subject is yet to test the desired event at the end of the study or drops out of the study
before the event occurs, and this decision to drop out is not influenced by the event itself.
This incomplete information forms a time interval, rather than a specific point, where the
event’s occurrence is “censored” at the right side [1]. Randomly censored lifetime data
are commonly used in multiple applications such as medical science, biology, reliability
studies, etc.
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The literature on censoring has been largely developed in a continuous setting. Clas-
sical contributions include the Kaplan–Meier estimator proposed by [2], kernel-based ap-
proaches for censored data introduced by [3], and prediction methods under random censor-
ing by [4], with further developments addressing complex schemes such as twice-censored
data by [5,6]. These works highlight the theoretical depth of continuous censoring methods.
Many real-world datasets are inherently discrete, which limits the direct application of
continuous methods. There remains a need to develop novel discrete distributions that can
effectively model censored data and accommodate diverse types of lifetime discrete data.
In this regard, several studies have made notable contributions. For instance, refs. [7–13] in-
troduced multi-parameter discrete models, whereas refs. [14–16] proposed one-parameter
models for discrete lifetime data. The challenge of random censoring in discrete settings
has also been addressed, notably by [17–20], who developed methodological frameworks
for practical implementation.

One of the recently proposed discrete lifetime models is the Discrete Linear Exponen-
tial (DLE) distribution [16], which provides the flexibility to fit over-dispersed, positively
skewed, and increasing failure data. The probability mass function (PMF) of DLE distribu-
tion is given by:

P(X = xi, ϕ) =
e−ϕx(1 + ϕx + ϕ3)− e−ϕ(x+1)(1 + ϕ(x + 1) + ϕ3)

1 + ϕ3 ; x = 0, 1, 2..., ϕ > 0. (1)

The corresponding CDF is given by:

FX(x, ϕ) = 1 − e−ϕ(x+1)

1 + ϕ3 (1 + ϕ(x + 1) + ϕ3) x = 0, 1, 2, ....ϕ > 0. (2)

While the original work by [16] examined the fundamental properties and estimation
of the DLE distribution under complete data, the current study extends this model to the
case of randomly right-censored data, which frequently occurs in medical and reliability
studies. New inferential procedures are developed for parameter estimation using both
maximum likelihood (ML) and Bayesian methods under various loss functions. Further-
more, an algorithm for generating randomly right-censored samples from the DLE model is
proposed, and extensive simulation experiments are conducted to evaluate the performance
of the estimators. Finally, an analysis of real data is carried out to validate and illustrate the
practical applicability of the proposed methods.

2. Maximum Likelihood Estimations
The ML method is one of the most widely used classical estimation techniques. In this

Section, both point and interval estimation methods under randomly right-censored data
are considered.

2.1. Point Estimation

The ML estimation of the parameter ϕ is derived for the DLE distribution under
random right-censored sample. In this case, each observation contributes to the likelihood
function through a random sample (xi, di) of size nm defined as:

Li = [P(xi)]
di [S(xi)]

1−di ,

where xi denotes the observed lifetime, P(xi) is the probability mass function, S(xi) is the
survival function and di is a censoring indicator, taking the value di = 1 if the lifetime is
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observed and di = 0 if it is censored (i = 1, 2, ..., n), see [1]. Then, for the DLE distribution
under random right-censoring, the likelihood function of ϕ is given by:

L(x, ϕ, d) =
n

∏
i=1

[(
e−ϕxi

1 + ϕ3

(
(1 + ϕxi + ϕ3)− e−ϕ(1 + ϕ(xi + 1) + ϕ3)

))di

×
(

1 + ϕxi + ϕ3

1 + ϕ3 e−ϕxi

)(1−di)
]

. (3)

The corresponding log-likelihood function is:

LL(x, ϕ, d) =
n

∑
i=1

[
di

(
− ϕxi − log(1 + ϕ3) + log

(
(1 + ϕxi + ϕ3)− e−ϕ(1 + ϕ(xi + 1)

+ ϕ3)
))

+ (1 − di)
(
− ϕxi + log(1 + ϕxi + ϕ3)− log(1 + ϕ3)

)]
. (4)

The nonlinear likelihood equation corresponding to the parameter ϕ is derived by
differentiating Equation (4) with respect to ϕ, as shown below:

∂LL
∂ϕ

=
n

∑
i=1

[
− xi −

3ϕ2

1 + ϕ3 + di

(
xi + 3ϕ2 + e−ϕ

(
ϕ(xi + 1) + ϕ3 − xi − 3ϕ2)

(1 + ϕxi + ϕ3)− e−ϕ(1 + ϕ(xi + 1) + ϕ3)

)

+ (1 − di)
xi + 3ϕ2

1 + ϕxi + ϕ3

]
. (5)

The detailed derivation of Equation (5) can be found in Appendix A. Now, the ML
estimator of parameters ϕ can be found by equating Equation (5) to zero. However, due
to the complexity of this likelihood equation, deriving a closed-form solution for the ML
estimator of ϕ is challenging. Consequently, numerical methods, such as the Newton–
Raphson iteration technique, are employed to approximate the ML estimate of ϕ. An R
program has been developed to solve the ML equations numerically.

2.2. Interval Estimation

The ML estimation of the unknown parameter ϕ does not have a closed-form solution;
therefore, the exact sampling distribution of the ML estimator cannot be derived. As a
result, it is not feasible to construct an exact confidence interval for ϕ. Instead, an asymptotic
confidence interval (ACI) for ϕ is developed based on the asymptotic distribution of its
ML estimator. It is well known that the ML estimator ϕ̂ of ϕ is consistent asymptotically
and follows a normal distribution such that

√
n(ϕ̂ − ϕ) ∼ N(0, I−1(ϕ)), where I(ϕ) is the

expected Fisher information defined as:

I(ϕ) = E(
∂2LL
∂ϕ2 ).

In many practical situations, it is difficult to obtain an explicit form of this expec-
tation. Therefore, following [21], the observed Fisher information is employed instead.
The observed Fisher information is given by:

J(ϕ) = −∂2LL
∂ϕ2 ,

with ϕ replaced by its estimate ϕ̂, where the second-order partial derivative of the log-
likelihood (LL) function can be expressed as:
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∂2LL
∂ϕ2 =

n

∑
i=1

[
6ϕ(1 + ϕ3)− 9ϕ2

(1 + ϕ3)2 + di

[
6ϕ + e−ϕ((xi + 1) + 3ϕ2 − 6ϕ)

− e−ϕ(ϕ(xi + 1) + ϕ3 − xi − 3ϕ2)
][
(1 + ϕxi + ϕ3)− e−ϕ(1 + ϕ(xi + 1) + ϕ3)

]
−
[

xi + 3ϕ2 − e−ϕ(xi + 1 + 3ϕ2) + e−ϕ(1 + ϕ(xi + 1) + ϕ3)
][

xi + 3ϕ2

+ e−ϕ(ϕ(xi + 1) + ϕ3 − xi − 3ϕ2)
]/(

(1 + ϕxi + ϕ3)− e−ϕ(1 + ϕ(xi + 1) + ϕ3)
)2]

+ (1 − di)
[
6ϕ(1 + ϕxi + ϕ3)− (xi + 3ϕ2)2

]/(
1 + ϕxi + ϕ3

)2
]

. (6)

The ACI for the parameter ϕ is given by:

ϕ̂ ± Zγ/2

√
v(ϕ̂), (7)

where Zγ/2 is the upper γ/2 quantile of the standard normal distribution, and

v(ϕ̂ = I−1(ϕ̂), where I(ϕ̂) = − ∂2LL
ϕ2 |ϕ=ϕ̂.

3. Bayesian Estimation
In this section, Bayesian estimation procedures are developed for the parameter of

the DLE distribution under randomly right-censored samples. The analysis is conducted
using several loss functions, including the squared error loss function (SELF), the linear
exponential (LINEX) loss function, and the general entropy loss function (GELF). Cor-
responding Bayesian credible intervals are also constructed. The estimators are derived
under two cases of prior distributions: informative and non-informative priors.

case I Assume the parameter ϕ flowing Gamma priors with shape parameter α and rate
parameter 1. The Gamma prior is employed due to its flexibility and capacity to
encapsulate a wide range of prior beliefs, making it a suitable choice for Bayesian
analysis. The hyperparameter of the Gamma prior was selected in such a way
that the Gamma prior mean (shape/rate) was the same as the original mean
(parameter value); see [22–24]. The corresponding prior density function of ϕ is
given by:

π1(ϕ, α, β) =
Γ(α)

ϕα−1e−ϕ ; ϕ > 0, α > 0, (8)

where ϕ is a positive parameter. The posterior density function of ϕ given the
data x = (x1, x2...., xn) is expressed as follows:

f1(ϕ|x) ∝ L(x|ϕ)π1(ϕ),

f1(ϕ|x) ∝
ϕα−1e−ϕ

Γα

n

∑
i=1

[
di

[
− ϕxi − log(1 + ϕ3) + log(1 + ϕxi + ϕ3)− e−ϕ(1 + ϕ

(xi + 1) + ϕ3)
]
+ (1 − di)

[
− ϕxi + log(1 + ϕxi + ϕ3)− log(1 + ϕ3)

]]
. (9)

case II In the case of a non-informative prior, little or no prior information is available
about the unknown parameter. For ϕ, an improper non-informative prior is
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adopted, which can be expressed in the form of a uniform density over its
parameter space, with probability density function given by:

π2(ϕ) =
1
ϕ

; ϕ > 0. (10)

The uniform prior was preferred for its simplicity and computational stability.
The posterior density function of ϕ can be expressed as follows:

f2(ϕ|x) ∝
1
ϕ

n

∑
i=1

[
di

[
− ϕxi − log(1 + ϕ3) + log(1 + ϕxi + ϕ3)− e−ϕ(1 + ϕ(xi + 1)

+ ϕ3)
]
+ (1 − di)

[
− ϕxi + log(1 + ϕxi + ϕ3)− log(1 + ϕ3)

]]
. (11)

For the two prior cases described above, the Bayes estimator of ϕ is derived under
three different loss functions, as detailed in the following subsections.

3.1. Bayesian Estimator Under SELF

The SELF is one of the most commonly used symmetric loss functions and is defined as:

SE(ϕ̂, ϕ) = (ϕ̂ − ϕ)2.

Under this criterion, the Bayesian estimator corresponds to the posterior mean and
can be expressed, for both prior cases, as:

ϕ̂SELF ∝
∫

ϕ
ϕ f (ϕ|x) dϕ.

For the gamma prior, the estimator takes the following integral form:

ϕ̂1SELF ∝
∫ ∞

0

ϕαe−ϕ

Γα

n

∑
i=1

[
di

[
− ϕxi − log(1 + ϕ3) + log(1 + ϕxi + ϕ3)− e−ϕ(1 + ϕ

(xi + 1) + ϕ3)
]
+ (1 − di)

[
− ϕxi + log(1 + ϕxi + ϕ3)− log(1 + ϕ3)

]]
dϕ. (12)

For the non-informative prior, it is represented as:

ϕ̂2SELF ∝
∫ ∞

0

n

∑
i=1

[
di

[
− ϕxi − log(1 + ϕ3) + log(1 + ϕxi + ϕ3)− e−ϕ(1 + ϕ

(xi + 1) + ϕ3)
]
+ (1 − di)

[
− ϕxi + log(1 + ϕxi + ϕ3)− log(1 + ϕ3)

]]
dϕ. (13)

3.2. Bayesian Estimator Under LINEX Loss Function

The LINEX loss function proposed by [25] allows for asymmetric penalization of
overestimation and underestimation and is defined as:

LIN(ϕ̂, ϕ) = (ec(ϕ̂−ϕ) − c(ϕ̂ − ϕ)− 1),

where a shape parameter c ̸= 0 determines both the direction and the degree of asymmetry.
The Bayesian estimator of ϕ under this function is expresed as:

ˆϕLIN ∝
1
c

ln[
∫

ϕ
e−cϕ f (ϕ|x)].
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For the two prior assumptions, the estimators can be formulated as follows:

ϕ̂1LIN ∝ −1
c

ln

( ∫ ∞

0

ϕα−1e−ϕ(c+1)

Γα

n

∑
i=1

[
di

[
− ϕxi − log(1 + ϕ3) + log(1 + ϕxi + ϕ3)− e−ϕ

(1 + ϕ(xi + 1) + ϕ3)
]
+ (1 − di)

[
− ϕxi + log(1 + ϕxi + ϕ3)− log(1 + ϕ3)

]])
, (14)

ϕ̂2LIN ∝ −1
c

ln

( ∫ ∞

0

e−cϕ

ϕ

n

∑
i=1

[
di

[
− ϕxi − log(1 + ϕ3) + log(1 + ϕxi + ϕ3)− e−ϕ(1 + ϕ

(xi + 1) + ϕ3)
]
+ (1 − di)

[
− ϕxi + log(1 + ϕxi + ϕ3)− log(1 + ϕ3)

]])
. (15)

3.3. Bayesian Estimation Under GELF

The GELF introduced by [26] is an asymmetric loss function which can be given as:

GE(ϕ̂, ϕ) =
q2

2
(lnϕ̂ − lnϕ)2,

where q controls the asymmetry. The corresponding Bayesian estimator is

ˆϕGE ∝ [
∫

ϕ
ϕ−q f (ϕ|x)]−1/q.

For the two prior structures, the estimators can be formulated as follows:

ϕ̂1GE ∝

( ∫ ∞

0

ϕα−1−qe−ϕ

Γα

n

∑
i=1

[
di

[
− ϕxi − log(1 + ϕ3) + log(1 + ϕxi + ϕ3)− e−ϕ(1 + ϕ

(xi + 1) + ϕ3)
]
+ (1 − di)

[
− ϕxi + log(1 + ϕxi + ϕ3)− log(1 + ϕ3)

]])−1/q

, (16)

ϕ̂2GE ∝

( ∫ ∞

0
ϕ−(q+1)

n

∑
i=1

[
di

[
− ϕxi − log(1 + ϕ3) + log(1 + ϕxi + ϕ3)− e−ϕ(1 + ϕ

(xi + 1) + ϕ3)
]
+ (1 − di)

[
− ϕxi + log(1 + ϕxi + ϕ3)− log(1 + ϕ3)

]])−1/q

. (17)

The 100(1 − γ)%Bayesian credible interval for ϕ is constructed using the following
formula:

P(LL < ϕ < UL) =
∫ UL

LL
f (ϕ | X) dϕ = 1 − γ, 0 < γ < 1, (18)

where LL and UL denote the lower and upper bounds of the credible interval, respectively,
and f (ϕ | X) is the posterior density of ϕ.

The Bayesian estimation of the parameter ϕ with different loss functions does not
provide straightforward formulas, as shown in Equations (9) and (11). Therefore, advanced
Bayesian Markov Chain Monte Carlo (MCMC) techniques are employed to approximate
these estimators by generating samples from the posterior distributions. It’s important
to note that the full conditional posterior density functions of ϕ in Equations (9) and (11)
do not match up with any common distributions. This leads to the use of the Metropolis-
Hastings algorithm to generate MCMC samples. Graphs of these posterior distributions
are included to highlight their similarity to the normal distribution (see Figure 1). This
similarity supports the application of the Metropolis–Hastings method with normal pro-
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posal distributions. The main steps of the Metropolis–Hastings procedure are summarized
as follows:

1 Set the initial values ϕ(0) = ϕ̂.
2 Generate ϕ(∗) from a normal distribution centered at the current estimate as

q(ϕ) = N
(

ϕ̂, ˆVar(ϕ̂)
)

.

3 The acceptance probability is computed as h = min
(

1, f (ϕ∗ |x)
f (ϕ(i−1) |x)

)
.

4 The chain is iterated M times to obtain posterior samples, ϕ(i), i = 1, ...., M.

For more details, see [16].

Figure 1. Posterior density for two cases.

4. Simulation
Simulation studies offer a powerful tool for assessing the performance of statistical

estimators under controlled conditions, particularly when analytical solutions are difficult
to obtain or unavailable. In this study, a Monte Carlo simulation is conducted to assess the
performance of the proposed estimation methods for the parameter of the DLE distribution
under random right-censoring. The main objectives are:

* To evaluate the accuracy and precision of parameter estimates for the DLE distribution
based on random right-censored samples.

* To compare the performance of the ML and Bayesian approaches under different
loss functions.

* To investigate the impact of sample size and prior assumptions on the performance of
the estimation methods.

A total of N = 1000 random right-censored samples are generated from the DLE
distribution for various sample sizes n = 20, 100, 500, 1000. The simulations are conducted
under four true parameter values: ϕ = 0.01, 0.1, 0.5, 1 For each generated dataset, parameter
estimation is performed using both ML and Bayesian approaches. Bayesian estimation
is implemented under both symmetric and asymmetric loss functions, including SELF,
LINEX, and GELF, with weights c, q ∈ {−1.5, 1.5}. Two prior specifications are considered:
a gamma prior (informative) and a uniform prior (non-informative). The random right-
censored samples are generated using the following algorithm:

1. Fix the value of the parameter ϕ.
2. Obtain x̀i from DLE distribution; i = 1, ..., n.
3. Draw n random pseudo Ci from uniform distribution i.e., Ci ∼ U(0, x̀i); i = 1, ...., n.

This distribution controls the censorship mechanism.
4. Construct the observed data as follows:

(xi, di) =

(x̀i, 1), if x̀i ≤ Ci,

(Ci, 0), otherwise,
i = 1, . . . , n.
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Consequently, the pairs (x1, d1), (x2, d2), ..., (xn, dn) form the random right-censored
dataset.

For more details on this algorithm, see [27]. For each configuration, both the ML
and Bayesian estimates are obtained, along with their associated asymptotic confidence
intervals (ACI) or credible intervals, computed at a 95% confidence level. For the Bayesian
approach, posterior inference is carried out using the Metropolis–Hastings algorithm with
a chain of 12,000 samples, discarding the first 2000 as burn-in. The effectiveness of the
proposed point estimation methods is assessed using two key measures: the bias and the
root mean squared error (RMSE), defined respectively as bias(ϕ̂) = ϕ̂ − ϕ, and RMSE(ϕ̂) =√

Var(ϕ̂ − (biasϕ̂)2. The performance of the interval estimation procedures is evaluated
by considering the average lengths of the confidence intervals for ML estimates and the
credible intervals for Bayesian estimates. All computational procedures were implemented
in the R 4.5.1 software.

Tables 1 and 2 summarize the simulation outcomes, and Figure 2 provides a heat-
map representation of RMSE values across different scenarios. Several important find-
ings emerge:

• As the sample size increases, the RMSE of both ML and Bayesian estimators declines,
reflecting enhanced accuracy and convergence toward unbiasedness.

• An increase in sample size leads to a reduction in the RMSE for both ML and Bayesian
estimators, confirming their improved precision and asymptotic unbiased behavior.

• The Bayesian estimators with informative priors generally outperform those with
non-informative priors.

• Bayesian estimates under asymmetric loss functions with a positive weight yield
smaller RMSE values and shorter credible intervals compared to those with a nega-
tive weight.

• Among the Bayesian methods, GELF with positive weight consistently yields the
smallest RMSE and the shortest interval lengths.

• The ML estimator and the Bayesian estimator under GELF with positive weight show
superior and consistent performance across all sample sizes.

Figure 2 further confirms these findings. Overall, the results demonstrate that both
ML and Bayesian estimation, when combined with informative priors and asymmetric loss
functions with positive weights, substantially enhance estimation efficiency in the presence
of censoring.

Table 1. The ML and Bayesian estimates (SELF,LINEX, and GELF) of ϕ using Case I: Gamma prior
under random right-censored samples.

ϕ n

ML

Bayesian Estimation

SELF
LINEX GELF

c = −1.5 c = 1.5 q = −1.5 q=1.5

Estimate
Bias
MSE

Length

Estimate
Bias
MSE

Length

Estimate
Bias
MSE

Length

Estimate
Bias
MSE

Length

Estimate
Bias
MSE

Length

Estimate
Bias
MSE

Length

0.01

20
1.012 × 10−2

1.225 × 10−4

2.046 × 10−3

6.701 × 10−3

1.010 × 10−2

1.006 × 10−4

2.820 × 10−3

3.889 × 10−3

1.022 × 10−2

2.226 × 10−4

2.054 × 10−3

3.014 × 10−3

1.022 × 10−2

2.165 × 10−4

2.051 × 10−3

3.011 × 10−3

1.032 × 10−2

3.158 × 10−4

2.079 × 10−3

3.033 × 10−3

9.732 × 10−3

−2.679 × 10−4

1.991 × 10−3

2.926 × 10−3

100
1.002 × 10−2

2.452 × 10−5

8.408 × 10−4

2.758 × 10−3

1.008 × 10−2

7.647 × 10−5

1.175 × 10−3

1.983 × 10−3

1.004 × 10−2

4.066 × 10−5

8.249 × 10−4

1.318 × 10−3

1.004 × 10−2

3.966 × 10−5

8.247 × 10−4

1.318 × 10−3

1.006 × 10−2

5.669 × 10−5

8.268 × 10−4

1.320 × 10−3

9.957 × 10−3

−4.261 × 10−5

8.194 × 10−4

1.310 × 10−3
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Table 1. Cont.

ϕ n

ML

Bayesian Estimation

SELF
LINEX GELF

c = −1.5 c = 1.5 q = −1.5 q=1.5

Estimate
Bias
MSE

Length

Estimate
Bias
MSE

Length

Estimate
Bias
MSE

Length

Estimate
Bias
MSE

Length

Estimate
Bias
MSE

Length

Estimate
Bias
MSE

Length

0.01

500

1.003 × 10−2

2.862 × 10−5

3.601 × 10−4

1.178 × 10−3

1.003 × 10−2

3.007 × 10−5

5.023 × 10−4

8.812 × 10−4

1.001 × 10−2

7.438 × 10−6

3.530 × 10−4

6.573 × 10−4

1.001 × 10−2

7.252 × 10−6

3.530 × 10−4

6.572 × 10−4

1.001 × 10−2

1.044 × 10−5

3.532 × 10−4

6.576 × 10−4

9.992 × 10−3

−8.126 × 10−6

3.526 × 10−4

6.554 × 10−4

1000

1.002 × 10−2

1.610 × 10−5

2.522 × 10−4

8.258 × 10−4

1.002 × 10−2

1.752 × 10−5

3.586 × 10−4

6.781 × 10−4

1.002 × 10−2

2.177 × 10−5

2.381 × 10−4

4.442 × 10−4

1.002 × 10−2

2.168 × 10−5

2.381 × 10−4

4.442 × 10−4

1.002 × 10−2

2.325 × 10−5

2.382 × 10−4

4.442 × 10−4

1.001 × 10−2

1.413 × 10−5

2.373 × 10−4

4.438 × 10−4

0.1

20

1.028 × 10−1

2.773 × 10−3

2.116 × 10−2

6.883 × 10−2

1.002 × 10−1

1.921 × 10−4

2.735 × 10−2

4.171 × 10−2

1.016 × 10−1

1.643 × 10−3

1.992 × 10−2

3.215 × 10−2

1.011 × 10−1

1.050 × 10−3

1.967 × 10−2

3.210 × 10−2

1.023 × 10−1

2.287 × 10−3

2.001 × 10−2

3.225 × 10−2

9.658 × 10−2

−3.424 × 10−3

1.941 × 10−2

3.128 × 10−2

100

1.013 × 10−1

1.311 × 10−3

8.391 × 10−3

2.720 × 10−2

1.003 × 10−1

3.223 × 10−4

1.169 × 10−2

1.886 × 10−2

1.005 × 10−1

4.679 × 10−4

8.441 × 10−3

1.498 × 10−2

1.004 × 10−1

3.682 × 10−4

8.420 × 10−3

1.494 × 10−2

1.006 × 10−1

5.824 × 10−4

8.452 × 10−3

1.499 × 10−2

9.959 × 10−2

−4.057 × 10−4

8.373 × 10−3

1.486 × 10−2

500

1.006 × 10−1

6.139 × 10−4

3.492 × 10−3

1.128 × 10−2

1.004 × 10−1

3.964 × 10−4

5.207 × 10−3

9.628 × 10−3

1.005 × 10−1

4.759 × 10−4

3.680 × 10−3

6.157 × 10−3

1.005 × 10−1

4.574 × 10−4

3.676 × 10−3

6.157 × 10−3

1.005 × 10−1

4.974 × 10−4

3.683 × 10−3

6.155 × 10−3

1.003 × 10−1

3.127 × 10−4

3.657 × 10−3

6.154 × 10−3

1000

1.004 × 10−1

4.193 × 10−4

2.453 × 10−3

7.933 × 10−3

1.005 × 10−1

4.688 × 10−4

3.512 × 10−3

6.592 × 10−3

1.005 × 10−1

4.668 × 10−4

2.550 × 10−3

4.525 × 10−3

1.005 × 10−1

4.577 × 10−4

2.548 × 10−3

4.525 × 10−3

1.005 × 10−1

4.773 × 10−4

2.552 × 10−3

4.524 × 10−3

1.004 × 10−1

3.867 × 10−4

2.535 × 10−3

4.529 × 10−3

0.5

20

5.192 × 10−1

1.919 × 10−2

9.031 × 10−2

2.896 × 10−1

5.124 × 10−1

1.237 × 10−2

1.190 × 10−1

1.845 × 10−1

5.244 × 10−1

2.435 × 10−2

8.994 × 10−2

1.510 × 10−1

5.130 × 10−1

1.299 × 10−2

8.497 × 10−2

1.469 × 10−1

5.222 × 10−1

2.221 × 10−2

8.831 × 10−2

1.494 × 10−1

5.002 × 10−1

1.991 × 10−4

8.423 × 10−2

1.462 × 10−1

100

5.137 × 10−1

1.366 × 10−2

4.007 × 10−2

1.236 × 10−1

5.130 × 10−1

1.300 × 10−2

5.493 × 10−2

9.437 × 10−2

5.152 × 10−1

1.515 × 10−2

4.175 × 10−2

7.094 × 10−2

5.131 × 10−1

1.313 × 10−2

4.085 × 10−2

7.076 × 10−2

5.148 × 10−1

1.479 × 10−2

4.154 × 10−2

7.082 × 10−2

5.109 × 10−1

1.087 × 10−2

4.017 × 10−2

7.106 × 10−2

500

5.099 × 10−1

9.867 × 10−3

1.895 × 10−2

5.310 × 10−2

5.101 × 10−1

1.011 × 10−2

2.383 × 10−2

4.183 × 10−2

5.101 × 10−1

1.009 × 10−2

1.838 × 10−2

2.942 × 10−2

5.097 × 10−1

9.714 × 10−3

1.816 × 10−2

2.938 × 10−2

5.100 × 10−1

1.003 × 10−2

1.834 × 10−2

2.940 × 10−2

5.093 × 10−1

9.284 × 10−3

1.793 × 10−2

2.938 × 10−2

1000

5.084 × 10−1

8.435 × 10−3

1.412 × 10−2

3.716 × 10−2

5.095 × 10−1

9.451 × 10−3

1.857 × 10−2

2.736 × 10−2

5.094 × 10−1

9.441 × 10−3

1.472 × 10−2

2.049 × 10−2

5.093 × 10−1

9.255 × 10−3

1.460 × 10−2

2.048 × 10−2

5.094 × 10−1

9.409 × 10−3

1.470 × 10−2

2.049 × 10−2

5.090 × 10−1

9.043 × 10−3

1.446 × 10−2

2.049 × 10−2

1

20

9.672 × 10−1

−3.280 × 10−2

6.719 × 10−2

1.924 × 10−1

1.099 × 100

9.897 × 10−2

2.983 × 10−1

3.598 × 10−1

1.126 × 100

1.257 × 10−1

2.433 × 10−1

2.850 × 10−1

1.076 × 100

7.650 × 10−2

1.961 × 10−1

2.655 × 10−1

1.107 × 100

1.068 × 10−1

2.223 × 10−1

2.766 × 10−1

1.066 × 100

6.556 × 10−2

1.939 × 10−1

2.656 × 10−1

100

9.891 × 10−1

−1.092 × 10−2

2.684 × 10−2

8.046 × 10−2

1.045 × 100

4.486 × 10−2

1.079 × 10−1

1.658 × 10−1

1.050 × 100

4.984 × 10−2

8.492 × 10−2

1.259 × 10−1

1.043 × 100

4.267 × 10−2

7.991 × 10−2

1.236 × 10−1

1.047 × 100

4.737 × 10−2

8.308 × 10−2

1.250 × 10−1

1.041 × 100

4.058 × 10−2

7.884 × 10−2

1.235 × 10−1

500

9.982 × 10−1

−1.835 × 10−3

6.339 × 10−3

1.991 × 10−2

1.030 × 100

3.016 × 10−2

5.127 × 10−2

7.090 × 10−2

1.032 × 100

3.199 × 10−2

4.317 × 10−2

5.031 × 10−2

1.031 × 100

3.067 × 10−2

4.214 × 10−2

5.013 × 10−2

1.032 × 100

3.154 × 10−2

4.281 × 10−2

5.024 × 10−2

1.030 × 100

3.027 × 10−2

4.184 × 10−2

5.011 × 10−2
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Table 1. Cont.

ϕ n

ML

Bayesian Estimation

SELF
LINEX GELF

c = −1.5 c = 1.5 q = −1.5 q=1.5

Estimate
Bias
MSE

Length

Estimate
Bias
MSE

Length

Estimate
Bias
MSE

Length

Estimate
Bias
MSE

Length

Estimate
Bias
MSE

Length

Estimate
Bias
MSE

Length

1 1000

9.993 × 10−1

−7.324 × 10−4

3.288 × 10−3

1.052 × 10−2

1.029 × 100

2.891 × 10−2

4.170 × 10−2

5.292 × 10−2

1.029 × 100

2.885 × 10−2

3.636 × 10−2

4.274 × 10−2

1.028 × 100

2.820 × 10−2

3.583 × 10−2

4.266 × 10−2

1.029 × 100

2.863 × 10−2

3.618 × 10−2

4.271 × 10−2

1.028 × 100

2.800 × 10−2

3.567 × 10−2

4.266 × 10−2

Table 2. The ML and Bayesian estimates (SELF, LINEX, and GELF) of ϕ using Case II: Uniform prior
under random right-censored samples.

ϕ n

ML

Bayesian Estimation

SELF
LINEX GELF

c = −1.5 c = 1.5 q = −1.5 q = 1.5

Estimate
Bias
MSE

Length

Estimate
Bias
MSE

Length

Estimate
Bias
MSE

Length

Estimate
Bias
MSE

Length

Estimate
Bias
MSE

Length

Estimate
Bias
MSE

Length

0.01

20

1.012 × 10−2

1.225 × 10−4

2.046 × 10−3

6.701 × 10−3

1.050 × 10−2

4.991 × 10−4

2.958 × 10−3

4.162 × 10−3

1.059 × 10−2

5.877 × 10−4

2.174 × 10−3

3.048 × 10−3

1.058 × 10−2

5.814 × 10−4

2.170 × 10−3

3.045 × 10−3

1.543 × 10−2

5.432 × 10−3

6.420 × 10−3

4.402 × 10−3

1.449 × 10−2

4.492 × 10−3

5.483 × 10−3

4.099 × 10−3

100

1.002 × 10−2

2.452 × 10−5

8.408 × 10−4

2.758 × 10−3

1.011 × 10−2

1.077 × 10−4

1.168 × 10−3

1.971 × 10−3

1.009 × 10−2

9.397 × 10−5

8.327 × 10−4

1.324 × 10−3

1.009 × 10−2

9.296 × 10−5

8.325 × 10−4

1.323 × 10−3

1.262 × 10−2

2.617 × 10−3

2.890 × 10−3

1.981 × 10−3

1.249 × 10−2

2.485 × 10−3

2.763 × 10−3

1.941 × 10−3

500

1.003 × 10−2

2.862 × 10−5

3.601 × 10−4

1.178 × 10−3

1.003 × 10−2

3.071 × 10−5

4.945 × 10−4

8.663 × 10−4

1.001 × 10−2

9.989 × 10−6

3.529 × 10−4

6.471 × 10−4

1.001 × 10−2

9.803 × 10−6

3.529 × 10−4

6.471 × 10−4

1.174 × 10−2

1.743 × 10−3

1.824 × 10−3

9.129 × 10−4

1.172 × 10−2

1.720 × 10−3

1.801 × 10−3

9.089 × 10−4

1000

1.002 × 10−2

1.610 × 10−5

2.522 × 10−4

8.258 × 10−4

1.001 × 10−2

1.167 × 10−5

3.542 × 10−4

6.871 × 10−4

1.002 × 10−2

1.919 × 10−5

2.377 × 10−4

4.404 × 10−4

1.002 × 10−2

1.909 × 10−5

2.376 × 10−4

4.403 × 10−4

1.153 × 10−2

1.526 × 10−3

1.576 × 10−3

6.820 × 10−4

1.151 × 10−2

1.515 × 10−3

1.565 × 10−3

6.811 × 10−4

0.1

20

1.028 × 10−1

2.773 × 10−3

2.116 × 10−2

6.883 × 10−2

1.017 × 10−1

1.721 × 10−3

2.740 × 10−2

4.257 × 10−2

1.032 × 10−1

3.241 × 10−3

2.004 × 10−2

3.242 × 10−2

1.027 × 10−1

2.656 × 10−3

1.975 × 10−2

3.210 × 10−2

1.512 × 10−1

5.124 × 10−2

6.141 × 10−2

4.023 × 10−2

1.422 × 10−1

4.219 × 10−2

5.250 × 10−2

3.779 × 10−2

100

1.013 × 10−1

1.311 × 10−3

8.391 × 10−3

2.720 × 10−2

9.969 × 10−2

−3.104 × 10−4

1.131 × 10−2

1.895 × 10−2

9.980 × 10−2

−1.969 × 10−4

8.326 × 10−3

1.473 × 10−2

9.971 × 10−2

−2.945 × 10−4

8.314 × 10−3

1.472 × 10−2

1.258 × 10−1

2.576 × 10−2

2.841 × 10−2

2.019 × 10−2

1.245 × 10−1

2.446 × 10−2

2.716 × 10−2

1.988 × 10−2

500

1.006 × 10−1

6.139 × 10−4

3.492 × 10−3

1.128 × 10−2

9.955 × 10−2

−4.496 × 10−4

5.118 × 10−3

9.199 × 10−3

9.963 × 10−2

−3.700 × 10−4

3.628 × 10−3

6.257 × 10−3

9.961 × 10−2

−3.882 × 10−4

3.628 × 10−3

6.255 × 10−3

1.171 × 10−1

1.711 × 10−2

1.794 × 10−2

9.212 × 10−3

1.169 × 10−1

1.689 × 10−2

1.772 × 10−2

9.164 × 10−3

1000

1.004 × 10−1

4.193 × 10−4

2.453 × 10−3

7.933 × 10−3

9.968 × 10−2

−3.166 × 10−4

3.441 × 10−3

6.321 × 10−3

9.965 × 10−2

−3.511 × 10−4

2.499 × 10−3

4.436 × 10−3

9.964 × 10−2

−3.601 × 10−4

2.500 × 10−3

4.435 × 10−3

1.151 × 10−1

1.506 × 10−2

1.556 × 10−2

6.916 × 10−3

1.149 × 10−1

1.495 × 10−2

1.545 × 10−2

6.898 × 10−3
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Table 2. Cont.

ϕ n

ML

Bayesian Estimation

SELF
LINEX GELF

c = −1.5 c = 1.5 q = −1.5 q = 1.5

Estimate
Bias
MSE

Length

Estimate
Bias
MSE

Length

Estimate
Bias
MSE

Length

Estimate
Bias
MSE

Length

Estimate
Bias
MSE

Length

Estimate
Bias
MSE

Length

0.5

20

5.192 × 10−1

1.919 × 10−2

9.031 × 10−2

2.896 × 10−1

4.832 × 10−1

−1.685 × 10−2

1.113 × 10−1

1.828 × 10−1

4.960 × 10−1

−4.031 × 10−3

8.116 × 10−2

1.432 × 10−1

4.860 × 10−1

−1.395 × 10−2

8.021 × 10−2

1.398 × 10−1

7.054 × 10−1

2.054 × 10−1

2.426 × 10−1

1.794 × 10−1

6.741 × 10−1

1.741 × 10−1

2.122 × 10−1

1.728 × 10−1

100

5.137 × 10−1

1.366 × 10−2

4.007 × 10−2

1.236 × 10−1

4.893 × 10−1

−1.067 × 10−2

5.204 × 10−2

8.678 × 10−2

4.906 × 10−1

−9.354 × 10−3

3.804 × 10−2

6.759 × 10−2

4.888 × 10−1

−1.119 × 10−2

3.835 × 10−2

6.702 × 10−2

6.096 × 10−1

1.096 × 10−1

1.211 × 10−1

8.879 × 10−2

6.049 × 10−1

1.049 × 10−1

1.166 × 10−1

8.887 × 10−2

500

5.099 × 10−1

9.867 × 10−3

1.895 × 10−2

5.310 × 10−2

4.903 × 10−1

−9.722 × 10−3

2.308 × 10−2

4.298 × 10−2

4.906 × 10−1

−9.375 × 10−3

1.762 × 10−2

2.947 × 10−2

4.903 × 10−1

−9.727 × 10−3

1.780 × 10−2

2.944 × 10−2

5.752 × 10−1

7.517 × 10−2

7.838 × 10−2

4.105 × 10−2

5.743 × 10−1

7.432 × 10−2

7.756 × 10−2

4.102 × 10−2

1000

5.084 × 10−1

8.435 × 10−3

1.412 × 10−2

3.716 × 10−2

4.917 × 10−1

−8.314 × 10−3

1.757 × 10−2

2.756 × 10−2

4.917 × 10−1

−8.259 × 10−3

1.372 × 10−2

2.037 × 10−2

4.916 × 10−1

−8.434 × 10−3

1.382 × 10−2

2.037 × 10−2

5.668 × 10−1

6.677 × 10−2

6.893 × 10−2

3.168 × 10−2

5.664 × 10−1

6.636 × 10−2

6.853 × 10−2

3.166 × 10−2

1

20

9.672 × 10−1

−3.280 × 10−2

6.719 × 10−2

1.924 × 10−1

9.793 × 10−1

−2.071 × 10−2

2.339 × 10−1

3.134 × 10−1

9.998 × 10−1

−1.674 × 10−4

1.649 × 10−1

2.429 × 10−1

9.663 × 10−1

−3.369 × 10−2

1.551 × 10−1

2.313 × 10−1

1.612 × 100

6.118 × 10−1

1.314 × 100

3.972 × 10−1

1.503 × 100

5.033 × 10−1

1.049 × 100

3.708 × 10−1

100

9.891 × 10−1

−1.092 × 10−2

2.684 × 10−2

8.046 × 10−2

9.692 × 10−1

−3.083 × 10−2

9.331 × 10−2

1.437 × 10−1

9.725 × 10−1

−2.747 × 10−2

6.784 × 10−2

1.090 × 10−1

9.668 × 10−1

−3.320 × 10−2

6.967 × 10−2

1.082 × 10−1

1.216 × 100

2.159 × 10−1

2.388 × 10−1

1.569 × 10−1

1.206 × 100

2.065 × 10−1

2.296 × 10−1

1.545 × 10−1

500

9.982 × 10−1

−1.835 × 10−3

6.339 × 10−3

1.991 × 10−2

9.720 × 10−1

−2.805 × 10−2

4.765 × 10−2

7.115 × 10−2

9.735 × 10−1

−2.654 × 10−2

3.806 × 10−2

5.095 × 10−2

9.723 × 10−1

−2.765 × 10−2

3.880 × 10−2

5.081 × 10−2

1.140 × 100

1.396 × 10−1

1.461 × 10−1

7.471 × 10−2

1.138 × 100

1.381 × 10−1

1.445 × 10−1

7.451 × 10−2

1000

9.993 × 10−1

−7.324 × 10−4

3.288 × 10−3

1.052 × 10−2

9.758 × 10−1

−2.416 × 10−2

3.686 × 10−2

5.007 × 10−2

9.757 × 10−1

−2.430 × 10−2

3.150 × 10−2

3.900 × 10−2

9.751 × 10−1

−2.485 × 10−2

3.192 × 10−2

3.897 × 10−2

1.123 × 100

1.229 × 10−1

1.277 × 10−1

6.342 × 10−2

1.122 × 100

1.222 × 10−1

1.270 × 10−1

6.331 × 10−2

Figure 2. Heat-map of RMSE under random right-censored samples for ML estimation and Bayesian
estimations at different values for parameter ϕ (ϕ1 = 0.01, ϕ2 = 0.1, ϕ3 = 0.5, ϕ4 = 1) and different
sample sizes (n1 = 20, n2 = 100, n3 = 500, n4 = 1000).
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Figure 2 presents heat maps illustrating the RMSE results for two cases: Case 1
corresponds to the Gamma prior, and Case 2 corresponds to the Uniform prior. Here, “P”
denotes a positive weight and “N” denotes a negative weight. In the heat maps, darker
colors indicate higher RMSE values, while lighter colors indicate lower RMSE values.

5. Applications in Random Right-Censored Data
5.1. Real Data Analysis for Comparing Competing Discrete Models

In this subsection, three real datasets are analyzed to illustrate the applicability of
the proposed distribution to censored data. Model performance is assessed using the
maximum log-likelihood (-LL) and several goodness-of-fit criteria, including the Kol-
mogorov–Smirnov (KS) test with its corresponding p-value, as well as the Akaike in-
formation criterion (AIC) and Bayesian information criterion (BIC) to compare the DLE
distribution against other competing one-parameter discrete distributions, as listed in
Table 3.

Table 3. Competing models for the DLE distribution.

Models Abbreviation Author(s)

Discrete Raleigh DR [28]
Poisson Pois [29]

Discrete Pareto DP [30]
Discrete Burr–Hatke DBH [31]

Discrete Inverted Topp–Leone DITL [32]
Geometric GEOM [33]

Negative Binomial Nbinom [34]

5.1.1. Dataset I

A sample of the failure time of 20 epoxy insulation samples at the voltage level of
57.5 Kv. The failure times, in minutes, are 510, 1000*, 252, 408, 528, 690, 900*, 714, 348, 546,
174, 696, 294, 234, 288, 444, 390, 168, 558, and 288 (see [1]). Here, the censoring times are
indicated with asterisks *. Table 4 presents the ML estimates along with their standard
errors for the parameter of the DLE distribution and other competing models. Additionally,
the corresponding goodness-of-fit criteria are provided.

Table 4. ML Estimates, log-likelihood (-LL) and associated goodness-of-fit criteria for Dataset I.

Models ML
(S.E.) -LL AIC BIC K-S p-Value

DLE 0.0039
(0.0006) 126.381 254.761 255.757 0.146 0.784

DR 0.999
(0.000) 125.856 253.712 254.708 0.109 0.971

Pois 471.699
(4.857) −1159.51 2321.01 2322.00 0.499 0.000

DITL 0.168
(0.072) 157.164 316.329 317.325 0.527 0.000

DP 0.149
(0.035) 159.328 320.657 321.653 0.535 0.000

DBH 6.4 × 10−9

(0.0005) 227.841 457.681 458.677 0.994 0.000
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Table 4. Cont.

Models ML
(S.E.) -LL AIC BIC K-S p-Value

Geom 0.0024
(0.0006) 126.887 255.774 256.769 0.339 0.019

Nbinom 0.040
(0.0019) 148.331 298.662 299.658 0.319 0.034

From Table 4, the DLE distribution provided a satisfactory fit, with AIC = 254.761 and
a non-significant K–S test (p = 0.784), indicating good agreement with the observed data.
Although the Discrete Rayleigh distribution achieved slightly lower AIC and BIC values,
the DLE distribution demonstrated comparable performance, confirming its suitability
and flexibility for modeling the data. The results presented in Figure 3 further support the
findings of Table 4.

Figure 3. Fitted CDFs (red) compared with empirical CDFs (black) for Dataset I.

5.1.2. Dataset II

The dataset below reports the remission times, in weeks, for a group of 30 leukemia
patients who received similar treatment (see [1]): 1, 1, 2, 4, 4, 6, 6, 6, 7, 8, 9, 9, 10, 12, 13,
14, 18, 19, 24, 26, 29, 31*, 42, 45*, 50*, 57, 60, 71*, 85*, and 91. Here, the censoring times are
indicated with asterisks *. Table 5 presents the ML estimates and their standard errors for
the parameter of the DLE distribution, alongside estimates for other competing models.
The corresponding goodness-of-fit criteria are also provided.

Regarding Table 5, the DLE distribution achieved an adequate fit with AIC = 237.817
and a K–S p-value = 0.042, indicating reasonable agreement with the observed data. Al-
though the geometric distribution showed slightly lower AIC and BIC values, the DLE
distribution provided comparable performance and better flexibility in capturing the data
pattern, supporting its applicability as an alternative discrete distribution. Figure 4 further
illustrates and supports the findings presented in Table 5.
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Table 5. ML Estimates, log-likelihood (-LL) and associated goodness-of-fit criteria for Dataset II.

Models ML
(S.E.) -LL AIC BIC K-S p-Value

DLE 0.069
(0.009) 102.85 237.817 239.219 0.254 0.042

DR 0.999
(0.000) 130.114 262.229 263.629 0.506 0.000

Pois 25.675
(0.932) 412.885 827.769 829.171 0.524 0.000

DITL 0.383
(0.129) 115.205 232.409 233.810 0.265 0.029

DP 0.296
(0.059) 119.915 241.831 243.232 0.312 0.006

DBH 6.47 × 10−9

(0.007)
148.893 299.785 301.186 0.733 0.000

Geom 0.052
(0.009) 99.826 201.653 203.054 0.164 0.396

Nbinom 0.537
(0.012) 260.541 523.083 524.484 0.497 0.000

Figure 4. Fitted CDFs (red) compared with empirical CDFs (black) for Dataset II.

5.1.3. Dataset III

The following data represent the survival times (in months) of individuals with
Hodgkin’s disease who were treated with nitrogen mustards and had received extensive
prior therapy (see [1]): 1, 2, 3, 4, 4, 6, 7, 9, 9, 14*, 16, 18*, 26*, 30*, 41*. Here, the censoring
times are indicated with asterisks *. Table 6 presents the ML estimates along with their
standard errors for the parameter of the DLE distribution, as well as for other competing
models. The corresponding goodness-of-fit criteria are also provided.

As shown in Table 6, the DLE distribution achieved a good overall fit to the data,
with AIC = 86.358 and a non-significant K–S test (p = 0.276). This result indicates that the
DLE distribution adequately represents the observed distribution. Although the Geometric
and DITL distributions exhibited marginally smaller AIC values, the DLE distribution
provided a competitive and more flexible fit, supporting its effectiveness as a suitable
alternative among the considered discrete models. The results presented in Figure 5 further
support the findings of Table 6.
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Table 6. ML Estimates, log-likelihood (-LL) and associated goodness-of-fit criteria for Dataset III.

Models ML
(S.E.) -LL AIC BIC K-S p-Value

DLE 0.121
(0.025) 42.179 86.358 87.066 0.257 0.276

DR 0.998
(0.000) 47.142 96.284 96.993 0.696 0.000

Pois 13.375
(0.971) 98.929 199.859 200.567 0.457 0.004

DITL 0.392
(0.174) 39.249 80.499 81.207 0.299 0.136

DP 0.287
(0.091) 41.257 84.514 85.222 0.339 0.062

DBH 6.47 × 10−9

(0.036)
53.621 109.243 109.951 0.683 0.000

Geom 0.147
(0.039) 29.041 60.082 60.789 0.349 0.051

Nbinom 0.520
(0.025) 67.114 136.228 136.936 0.395 0.019

Figure 5. Fitted CDFs (red) compared with empirical CDFs (black) for Dataset III.

5.2. Real Data Analysis for Assessing Classical and Bayesian Estimation Techniques

In this subsection, the random right-censored datasets described in the previous
subsections are analyzed to compare classical and Bayesian estimation methods. Model
performance is assessed using the AIC, BIC, and the Kolmogorov–Smirnov (K–S) test
along with its corresponding p-value, allowing a comprehensive evaluation of the
estimation approaches.

5.2.1. Dataset I

The estimators obtained using classical and Bayesian methods, along with the AIC,
BIC, and Kolmogorov–Smirnov (K–S) test with its p-value for Dataset I, are presented in
Table 7.

Table 7 shows that the parameter estimate ϕ is consistent across all methods at 0.004.
The AIC and BIC values are very close, with the lowest values obtained under the ML
and N-GELF estimators, indicating comparable performance. The results of the K-S test
confirm a good fit for all methods, with the P-GELF estimator for case II achieving the best
fit (lowest statistic 0.143 and highest p-value 0.805). Overall, both classical and Bayesian
approaches perform similarly, with P-GELF showing a slight advantage.
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Table 7. Classical and Bayesian estimators and corresponding goodness-of-fit criteria for Dataset I.

Method ϕ̂ AIC BIC K-S p-Value

ML 0.004 254.761 255.757 0.146 0.784

Case I

SELF 0.004 254.764 255.759 0.144 0.798
P-LINEX 0.004 254.764 255.759 0.144 0.798
N-LINEX 0.004 254.764 255.759 0.144 0.798
P-GELF 0.004 254.832 255.827 0.144 0.799
N-GELF 0.004 254.761 255.757 0.146 0.788

Case II

SELF 0.004 254.777 255.772 0.151 0.750
P-LINEX 0.004 254.776 255.772 0.151 0.751
N-LINEX 0.004 254.777 255.772 0.151 0.750
P-GELF 0.004 254.767 255.763 0.143 0.805
N-GELF 0.004 254.788 255.784 0.153 0.739

5.2.2. Dataset II

The classical and Bayesian estimators, together with AIC, BIC, KS statistics, and p-
values for Dataset II, are summarized in Table 8.

Table 8. Classical and Bayesian estimators and corresponding goodness-of-fit criteria for Dataset II.

Method ϕ̂ AIC BIC K-S p-Value

ML 0.069 237.817 239.219 0.254 0.042

Case I

SELF 0.069 237.819 239.220 0.255 0.040
P-LINEX 0.069 237.819 239.221 0.255 0.040
N-LINEX 0.069 237.818 239.291 0.255 0.040
P-GELF 0.068 237.862 239.264 0.263 0.031
N-GELF 0.069 237.817 239.218 0.254 0.042

Case II

SELF 0.071 237.826 239.227 0.250 0.047
P-LINEX 0.071 237.825 239.226 0.250 0.046
N-LINEX 0.071 237.827 239.229 0.250 0.047
P-GELF 0.069 237.823 239.224 0.256 0.039
N-GELF 0.071 237.833 239.234 0.249 0.049

As Table 8 shows that the parameter estimate ϕ for dataset II is stable across methods.
The AIC and BIC values are nearly identical for all estimators, with ML and N-GELF
producing the lowest values (AIC = 237.817, BIC = 239.218), indicating similar model
performance. The best fit within Dataset II is obtained under N-GELF for Case II.

5.2.3. Dataset III

For Dataset III, Table 9 presents the estimates obtained using both classical and
Bayesian methods, along with the corresponding AIC, BIC, and KS test statistics, including
their p-values.

According to Table 9, the parameter estimate ϕ for dataset III varies slightly between
0.113 and 0.127 across methods. The AIC and BIC values remain very close, with the
lowest values obtained under ML and N-GELF (AIC = 86.358, BIC = 87.066), suggesting
comparable performance. Among the Bayesian estimators, the N-GELF method in Case II
achieved the best fit.

The Geweke diagnostic test [35] was applied to evaluate the convergence of the
MCMC chains. This diagnostic compares the means of the initial and final segments of
each Markov chain; convergence is achieved when the difference between these means
is approximately zero, with Z-scores falling within ±1.96 at the 95% confidence level.



Mathematics 2025, 13, 3520 17 of 20

As reported in Table 10, the calculated Z-scores for all three chains under the gamma prior
are close to zero, indicating satisfactory convergence. Convergence was also assessed by
trace plots, autocorrelation plots (ACF), and posterior density plots for the three datasets
(Figures 6–8). The ACF indicates that the posterior samples are almost independent.
Trace plots confirm the chains behave stably across iterations. These diagnostics confirm
appropriate convergence and a sufficient burn-in period.

Table 9. Classical and Bayesian estimators and corresponding goodness-of-fit criteria for Dataset III.

Method ϕ̂ AIC BIC K-S p-Value

ML 0.121 86.358 87.066 0.257 0.276

Case I

SELF 0.120 86.361 87.069 0.262 0.256
P-LINEX 0.119 86.363 87.071 0.263 0.249
N-LINEX 0.121 86.359 87.067 0.260 0.263
P-GELF 0.113 86.462 87.170 0.286 0.172
N-GELF 0.121 86.358 87.066 0.257 0.275

Case II

SELF 0.125 86.382 87.090 0.243 0.340
P-LINEX 0.125 86.376 87.084 0.244 0.332
N-LINEX 0.126 86.388 87.096 0.241 0.349
P-GELF 0.119 86.369 87.077 0.266 0.237

N-GELF 0.127 86.399 87.107 0.238 0.363

Table 10. Geweke diagnostic Z-scores of MCMC result for datasets.

Dataset I II III

Z-score −0.7998 −0.7516 −0.847

Figure 6. MCMC diagnostic plots for Dataset I: trace, ACF, and histogram of sampled values.

Figure 7. MCMC diagnostic plots for Dataset II: trace, ACF, and histogram of sampled values.
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Figure 8. MCMC diagnostic plots for Dataset III: trace, ACF, and histogram of sampled values.

6. Conclusions
In this study, we extend the DLE distribution originally introduced by [16] to the

case of randomly right-censored data. The focus is on developing inferential procedures
and evaluating the distribution’s performance under incomplete lifetime observations.
The model parameter is estimated using classical ML and Bayesian approaches under SELF,
LINEX, and GELF loss functions, with both informative and non-informative priors. Since
closed-form posterior distributions are not available, MCMC techniques are employed
for sampling. Extensive simulation studies are performed to evaluate the performance
of classical and Bayesian methods across various parameter values and sample sizes.
The results indicate that both the ML estimator and the Bayesian estimator under GELF with
a positive weight (q = 1.5) consistently achieve the lowest RMSE. The practical utility of the
extended DLE distribution is further demonstrated using real-world physical and medical
lifetime datasets. Statistical measures, including AIC, BIC, and the Kolmogorov–Smirnov
test, confirm the superior fit of the proposed distribution compared to other discrete
alternatives. Overall, this work offers a significant extension of the DLE distribution to
censored data scenarios, thereby enhancing its flexibility and applicability in reliability
and medical analyses. Future work may extend this study by exploring other censoring
techniques and incorporating regression models.
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Appendix A. The Derivative of log-Likelihood

LL(x, ϕ, d) =
n

∑
i=1

[
di

(
− ϕxi − log(1 + ϕ3) + log

(
(1 + ϕxi + ϕ3)− e−ϕ(1 + ϕ(xi + 1)

+ ϕ3)
))

+ (1 − di)
(
− ϕxi + log(1 + ϕxi + ϕ3)− log(1 + ϕ3)

)]
.
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∂LL
∂ϕ

=
n

∑
i=1

[
di

[
− xi −

3ϕ3

1 + ϕ3 +
xi + 3ϕ3 − (e−ϕ(1 + ϕ(xi + 1) + ϕ3)− (xi + 1 + 3ϕ2))

(1 + ϕxi + ϕ3)− e−ϕ(1 + ϕ(xi + 1) + ϕ3)

]
+(1 − di)

[
− xi +

xi + 3ϕ2

1 + ϕxi + ϕ3 − 3ϕ2

(1 + ϕ3)

]]
.

∂LL
∂ϕ

=
n

∑
i=1

[
di

[
− xi −

3ϕ3

1 + ϕ3 +
xi + 3ϕ3 − (e−ϕ(1 + ϕ(xi + 1) + ϕ3)− (xi + 1 + 3ϕ2))

(1 + ϕxi + ϕ3)− e−ϕ(1 + ϕ(xi + 1) + ϕ3)

]
+(−xi +

xi + 3ϕ2

1 + ϕxi + ϕ3 − 3ϕ2

(1 + ϕ3)
)− di

[
− xi +

xi + 3ϕ2

1 + ϕxi + ϕ3 − 3ϕ2

(1 + ϕ3)

]]
.

∂LL
∂ϕ

=
n

∑
i=1

[
di

[
− xi −

3ϕ3

1 + ϕ3 +
xi + 3ϕ3 − (e−ϕ(1 + ϕ(xi + 1) + ϕ3)− (xi + 1 + 3ϕ2))

(1 + ϕxi + ϕ3)− e−ϕ(1 + ϕ(xi + 1) + ϕ3)

]
+(−xi −

3ϕ3

1 + ϕ3 )− di

[
− xi −

3ϕ3

1 + ϕ3

]
(1 − di)

[ xi + 3ϕ2

1 + ϕxi + ϕ3

]]
.

∂LL
∂ϕ

=
n

∑
i=1

[
− xi −

3ϕ3

1 + ϕ3 + di

[ xi + 3ϕ2 + e−ϕ(ϕ(xi + 1) + ϕ3 − xi − 3ϕ2)

(1 + ϕxi + ϕ3)− e−ϕ(1 + ϕ(xi + 1) + ϕ3)

]
+(1 − di)

[ xi + 3ϕ2

1 + ϕxi + ϕ3

]]
.
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