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Abstract

In this paper we consider a reaction–diffusion model with nonlocal diffusion and a nonlin-
ear reaction term analogous to a local reaction–diffusion problem with Robin boundary
conditions. Firstly, we investigate the existence of solutions in a two-dimensional spatial
domain. Then we attach a semi-implicit numerical scheme by using finite differences in
order to approximate the solution. We use the iterative Newton method to numerically
solve the resulting implicit problem. Based on theoretical results we generate an adaptive
mesh in time that ensures the stability of the corresponding numerical scheme. Numerical
experiments that illustrate the effectiveness of the theoretical results are provided.

Keywords: adaptive time-step method; integro-differential equations; phase transitions;
nonlocal diffusion; finite difference scheme; newton iterative method
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1. Introduction
We consider the following nonlocal and nonlinear reaction–diffusion problem:

p
∂

∂t
u(t, x) = pd

∫
Ω

J(x − y)
[
u(t, y)− u(t, x)

]
dy

+pd

∫
∂Ω

G(x − ys)
[
g(t, ys)− pt u(t, x)

]
dys

+pr

[
u(t, x)− u3(t, x)

]
+ ps f (t, x), (t, x) ∈ Q

u(0, x) = u0(x), x ∈ Ω,

(1)

where u(t, x) is the unknown function, t ∈ [0, T], x ∈ Ω ⊂ R2 with Ω a bounded, closed
domain of Lebesgue measure |Ω| with a C2 boundary ∂Ω, T > 0, Q = (0, T]× Ω, and the
following hold:

• p, pd , pr , ps , and pt are positive values, standing for the speed, diffusion, reaction,
source, and thermal transfer parameters, respectively;

• f (t, ·) ∈ C∞(Ω) and g(t, ·) ∈ C∞(∂Ω) are given real functions;
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• dys represents the surface element in the surface integral;
• J and G are symmetric non-negative real functions in C∞(R2) compactly supported in

the unit ball such that
∫
R2

J(z)dz = 1 and
∫
R2

G(z)dz = 1. We set

C1 = max
z∈R2

|J(z)| and C2 = max
z∈R2

|G(z)| (2)

• u0(x) ∈ C∞(Ω) is the initial condition.

We denote
C = 2|Ω|

pd

p
C1 + c̄

pd pt

p2 C2 +
pr

p
, (3)

where c̄ > 0 in (3) comes from the continuous embedding L∞(Ω) ⊂ L∞(∂Ω), which implies
that the inequality ∥w∥L∞(∂Ω) ≤ c̄∥w∥L∞(Ω) holds for every w ∈ L∞(Ω) (for details, see [1]).

Let C3 ∈ (0, ∞) be such that

sup
x∈Ω

| f (t, x)| ≤ C3 , ∀t ∈ (0, T]. (4)

The nonlocal and nonlinear reaction–diffusion problem (1) is important when model-
ing various real-world phenomena: phase transition and phase transformation, particle
systems, image processing, etc.

The integro-differential Equation (1), together with the initial condition, can be seen as
a nonlocal version of the following local reaction–diffusion equation with Robin boundary
conditions (see [1–3] and the references therein):

p
∂

∂t
u(t, x)− pd ∆u(t, x) = pr

[
u(t, x)− u3(t, x)

]
+ ps f (t, x) in Q

pd
∂

∂n u(t, x) + pt u(t, x) = g(t, x) in Σ

u(0, x) = u0(x) on Ω,

(5)

where Σ = (0, T]× ∂Ω and n = n(x) is a vector of the outward unit normal to the boundary
∂Ω. We also assume that the initial condition u0(x) verifies the compatibility condition

pd

∂

∂n
u0(x) + pt u0(x) = g(0, x) on ∂Ω.

Problem (5) is related to the Allen–Cahn equation, which was a well-established model
in Materials Science and can be used to model, for example, order–disorder transitions
such as ferromagnetism. This model has been applied to many complex moving interface
problems. The nonlinear version occurs in the phase–field transition system where the
phase function u(t, x) describes the transition between the solid and liquid phases in the
solidification process of a material occupying a region Ω (e.g., see [4–6]). Robin boundary
conditions offer greater flexibility than Dirichlet or Neumann conditions in modeling
complex physical phenomena involving boundary interactions. They are used in a variety
of scientific and engineering fields, including heat transfer (to model thermal convection or
radiation from a surface), electromagnetism (to describe the relationship between electric
and magnetic fields on a surface), fluid mechanics (to describe the interaction of a fluid
with a solid surface), and quantum physics (to model certain phenomena at the boundary
of materials). This type of boundary condition can also be interpreted in the context of
biological population dynamics as a way to model the migration and interaction of a
population with its external environment at the edge of a domain (e.g., an island, a lake,
or a specific geographic area). From a formal point of view, the Neumann and Robin
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conditions differ by the thermal/heat transfer term ptu(t, x). Moreover, this term brings
more difficulties in the proofs of the theoretical results and also in the development of the
numerical schemes. Last but not least, the thermal/heat term is a source of instability of
the numerical solutions.

The Laplace operator ∆u(t, x) is approximated by the integral term
∫
Ω

J(x− y)
[
u(t, y)−

u(t, x)
]
dy, while the surface integral term pd

∫
∂Ω

G(x − ys)
[
g(t, ys)− pt u(t, x)

]
dys is derived

from the boundary condition (5). Both positive kernels J(·) and G(·) take into account the
distribution of interactions between particles at sites x, y ∈ Ω. Details about the terms

J(x − y),
∫
Ω

J(x − y)u(t, y)dy, and −
∫
Ω

J(x − y)u(t, x)dy from (1) can be found in [2,7] and

references therein. The integral term
∫

∂Ω
G(x − ys)

[
g(t, ys)− pt u(t, x)

]
dys takes into account

the prescribed flux of individuals that enter or leave the domain according to the sign of g
(see [3]).

For theoretical results regarding the well-posedness, existence, and uniqueness of
the solutions to the nonlocal problem (1), considering different boundary conditions, we
refer to [1,3,7–13]. Numerical approximations of the corresponding solutions can be found
in [1,2,7–12,14–16].

This paper introduces an adaptive time-step size method to approximate the solution
of the nonlocal model (1). This concept of adaptivity means updating the time-step size for
each time iteration according to the current state of the system and not using a classical,
equidistant mesh in time. For example, this approach is important due to the different
time scales that arise in the evolution of phase field models (see [5,6,12]). The size of the
time-step is also adjusted taking into account the model parameters and initial data for
each time iteration. In the literature, there are various numerical methods with adaptive
time-steps that are based on different theoretical results; e.g., in [12], the authors used the
local error method to create a non-uniform mesh. Here, we shall use an adaptive time-step
method based on Banach fixed point theory, firstly developed in [10] and then improved
in [1,8,11,16]. The second section contains some results related to the existence and the
uniqueness of the solution to the nonlocal problem (1). Then, using the obtained theoretical
results, we introduce a numerical scheme with adaptive time-step size and we perform
some numerical experiments that illustrate its effectiveness. These are followed by some
conclusions and some possible further work.

2. Existence and Uniqueness of the Solution to Problem (1)
We denote X = L∞((0, T], C∞(∂Ω)). Let us note that we can find a small enough t̄ > 0,

depending on ∥u0∥L∞(Ω) and ∥g∥X , that satisfies the following conditions:


t̄ <

1
C

pd

p
C2 t̄∥g∥X +

ps

p
C3 t̄ + ∥u0∥L∞(Ω) <

2
3

√√√√ (1 − Ct̄)3

3 pr
p t̄

,
(6)

where C is given by (3) (for details, see [1,10,11]).
The solutions to the problem (1) belong to the space Y = C([0, t̄], C∞(Ω)), with the

corresponding norm∣∣∣∥u∥
∣∣∣ = max

t∈[0,t̄]
∥u(t, ·)∥L∞(Ω)

= max
t∈[0,t̄]

ess sup
x∈Ω

∣∣u(t, x)
∣∣, ∀u ∈ Y,
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as C∞(Ω) ⊂ L∞(Ω).
Following the same steps as in [1], we obtain the unique solution of problem (1) on

[0, t̄]. Namely, by integrating (1) on [0, t], with 0 < t ≤ t̄, and using the initial condition (1),
we have

u(t, x) = u0(x) +
pd

p

t∫
0

∫
Ω

J(x − y)u(s, y)dyds

−
pd

p

t∫
0

∫
Ω

J(x − y)u(s, x)dyds

+
pd

p

t∫
0

{ ∫
∂Ω

G(x − y)
[

g(s, y)− pt

p
u(s, x)

]
dys

}
ds

+
pr

p

t∫
0

[
u(s, x)− u3(s, x)

]
ds +

ps

p

t∫
0

f (s, x)ds.

(7)

For any u(t, x) ∈ Y, we define the following operator:

(Hu)(t, x) = u0(x) +
pd

p

t∫
0

∫
Ω

J(x − y)u(s, y)dyds

−
pd

p

t∫
0

∫
Ω

J(x − y)u(s, x)dyds

+
pd

p

t∫
0

{ ∫
∂Ω

G(x − y)
[

g(s, y)− pt

p
u(s, x)

]
dys

}
ds

+
pr

p

t∫
0

[
u(s, x)− u3(s, x)

]
ds +

ps

p

t∫
0

f (s, x)ds

(8)

with
(Hu)(0, x) = u0(x) ∈ C∞(Ω), x ∈ Ω. (9)

We will check that
(Hu)(t, ·) ∈ C∞(Ω), ∀ t ∈ [0, t̄], u ∈ Y.

Let us verify that (Hu)(t, x) ∈ Y, (t, x) ∈ Q, ∀ u(t, x) ∈ Y. In order to draw this conclusion,
we take the first integral term:

I1(t, x) =
pd

p

t∫
0

∫
Ω

J(x − y)u(s, y)dyds

which satisfies the inequality

∣∣I1(t, x)
∣∣ ≤ pd

p
C1 C4

∣∣Ω∣∣t̄, ∀t ∈ [0, t̄], a.p.t. x ∈ Ω,

where C4 ∈ (0,+∞) is given by the following inequality:

∥u(t, ·)∥L∞(Ω)
≤ C4 , ∀t ∈ [0, t̄],
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resulting from the fact that u(t, ·) ∈ C∞(Ω) ⊂ L∞(Ω). Indeed,∣∣I1(t, x)
∣∣ = ∣∣∣∣∣ pd

p

t∫
0

∫
Ω

J(x − y)u(s, y)dyds

∣∣∣∣∣
≤

pd

p

t∫
0

∣∣∣∣∣
∫
Ω

J(x − y)u(s, y)dy

∣∣∣∣∣ds ≤
pd

p

t∫
0

∫
Ω

∣∣∣J(x − y)
∣∣∣ ∣∣∣u(s, y)

∣∣∣dyds

≤
pd

p
C1

t∫
0

∫
Ω

∣∣∣u(s, y)
∣∣∣dyds ≤

pd

p
C1

t∫
0

∫
Ω

ess sup
y∈Ω

∣∣u(t, y)
∣∣dyds

=
pd

p
C1

t∫
0

[
ess sup

y∈Ω

∣∣u(t, y)
∣∣ ∫

Ω

dy
]
ds =

pd

p
C1

t∫
0

[
ess sup

y∈Ω

∣∣u(t, y)
∣∣∣∣Ω∣∣]ds

=
pd

p
C1

∣∣Ω∣∣ t∫
0

∥u(t, ·)∥L∞(Ω)ds ≤
pd

p
C1 C4

∣∣Ω∣∣ t∫
0

ds ≤
pd

p
C1 C4

∣∣Ω∣∣t̄.
Consequently,

ess sup
x∈Ω

|I1(t, x)| < ∞, ∀t ∈ [0, t̄], a.p.t. x ∈ Ω,

i.e., I1(t, ·) ∈ L∞(Ω), ∀t ∈ [0, t̄]. In a similar way we prove that the other integral terms of
(8) also belong to L∞(Ω), ∀t ∈ [0, t̄].

Lemma 1. If u0(x) ∈ C∞(Ω), f (t, ·) ∈ C∞(Ω), and g(t, ·) ∈ C∞(∂Ω), then the operator H,
given by (8) and (9), is well defined.

Proof. We take u(·, ·) ∈ Y and t1, t2 ∈ [0, t̄], with t1 < t2, and we obtain

∥(Hu)(t1, ·)− (Hu)(t2, ·)∥L∞(Ω)
= ess sup

x∈Ω
|(Hu)(t1, x)− (Hu)(t2, x)|

= ess sup
x∈Ω

∣∣∣∣∣ pd

p

t2∫
t1

∫
Ω

J(x − y)
[
u(s, y)−u(s, x)

]
dyds

+
pd

p

t2∫
t1

{ ∫
∂Ω

G(x − y)
[
g(s, y)− pt

p
u(s, x)

]
dys

}
ds

+
pr

p

t2∫
t1

[
u(s, x)− u3(s, x)

]
ds +

ps

p

t2∫
t1

f (s, x)ds

∣∣∣∣∣.
Then we have the inequality

∥(Hu)(t1, ·)− (Hu)(t2, ·)∥L∞(Ω)
≤ C5(t2 − t1), (10)

where

C5 = 2|Ω|
pd

p
C1

∣∣∣∥u∥
∣∣∣+ pd

p
C2∥g∥X + c̄

pd pt

p2 C2

∣∣∣∥u∥
∣∣∣+ pr

p

[∣∣∣∥u∥
∣∣∣+ ∣∣∣∥u∥

∣∣∣3]+ ps

p
C3 . (11)

So, the operator H defined by (8) and (9) is Lipschitz continuous on (0, t̄], with the Lipschitz
constant C5 given by (11). Then we have

∥(Hu)(t, ·)− u0(x)∥L∞(Ω)
≤ C5t, ∀t ∈ [0, t̄]. (12)
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From (10) and (12) we obtain that the operator H is continuous on [0, t̄], so H : Y → Y is
well defined.

Remark 1. If we take u ∈ B(0, r), where B(0, r) stands for the closed ball of Y, meaning that∣∣∣∥u∥
∣∣∣ ≤ r, we get the inequality (10) with

C5 ≤
(

2|Ω|
pd

p
C1 + c̄

pd pt

p2 C2 +
pr

p

)
r +

pd

p
C2∥g∥X +

pr

p
r3 +

ps

p
C3

or (see (3))
C5 ≤ Cr +

pd

p
C2∥g∥X +

pr

p
r3 +

ps

p
C3 = C6.

By imposing that C6 < 1, we have that H is a contraction.
The space Y = C([0, t̄], C∞(Ω)) is complete, as a subspace of C([0, t̄], L∞(Ω)), which is

complete. Consequently, we have that the operator H admits a unique fixed point, so problem (1)
has a unique solution.

Our further goal is to find r > 0 such that H
(

B(0, r)
)
⊂ B(0, r); therefore the solution

is stable. To do so, we prove the two theorems below.

Theorem 1. There exists r = r(t̄) > 0 such that

∥u0∥L∞(Ω) +

(
pr

p
r3 + Cr +

pd

p
C2∥g∥X +

ps

p
C3

)
t̄ ≤ r

and (
3

pr

p
r2 + C

)
t̄ < 1,

where t̄ > 0 satisfies (6).

Proof. We consider the function

h(x) =
pr

p
t̄x3 + (Ct̄ − 1)x +

(
pd

p
C2∥g∥X +

ps

p
C3

)
t̄ + ∥u0∥L∞(Ω),

with
h′(x) = 3

pr

p
t̄x2 + Ct̄ − 1.

We have that
pr

p
t̄ > 0, (Ct̄ − 1) < 0 (see (6)) and

(
pd

p
C2∥g∥X +

ps

p
C3

)
t̄ + ∥u0∥L∞(Ω) > 0,

and from (6) we also have

2
3
(Ct̄ − 1)

√
− (Ct̄ − 1)

3 pr
p t̄

+

(
pd

p
C2∥g∥X +

ps

p
C3

)
t̄ + ∥u0∥L∞(Ω) < 0.

Now, we may apply Proposition 2.1 from [1], where a =
pr

p
t̄ > 0, b = (Ct̄ − 1) < 0 and

c =
(

pd

p
C2∥g∥X +

ps

p
C3

)
t̄ + ∥u0∥L∞(Ω) > 0. If

2
3

b

√
− b

3a
+ c < 0,
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then there exists z ∈ (0, ∞) such that

h(z) < 0.

We note that the hypothesis of the proposition is satisfied, and the technique that gives
the z point such that the function in z is negative is described in the following. Due to the

monotonicity of h, it results that x1 =

√
1 − Ct̄
3 pr

p t̄
is the positive root of h′ and so

min
x∈(0,∞)

h(x) = h(x1) = h

(√
1 − Ct̄
3 pr

p t̄

)
< 0.

Due to the continuity of h and because h(x1) < 0 < h(0), there exist a unique z1 ∈ (0, x1)

such that h(z1) = 0 and h(z) < 0, ∀z ∈ (z1, x1) and a unique z2 ∈ (x1,+∞) such that
h(z2) = 0 and h(z) < 0, ∀z ∈ (x1, z2). So, we may find r ∈ [z1 , z2 ] such that h(r) < 0 and
h′(r) < 0, which are equivalent to the conclusions of the theorem.

Theorem 2. The operator H defined in (8) and (9) maps B(0, r) into itself, where t̄ and r are given
by Theorem 1.

Proof. For any u ∈ Y and t1, t2 ∈ [0, t̄], t1 < t2, we know (see Lemma 1)

∥(Hu(t1, ·)− (Hu)(t2, ·)∥L∞(Ω)
≤
[ pr

p

∣∣∣∥u∥
∣∣∣3

+
(

2|Ω|
pd

p
C1 + c̄

pd pt

p2 C2 +
pr

p

)∣∣∣∥u∥
∣∣∣+ pd

p
C2∥g∥X +

ps

p
C3

]
(t2 − t1).

We take u ∈ B(0, r), meaning that
∣∣∣∥u∥

∣∣∣ ≤ r, and we get that

∥(Hu)(t, ·)− (Hu)(0, ·)∥L∞(Ω)

≤
[

pr

p
r3 +

(
2|Ω|

pd

p
C1 + c̄

pd pt

p2 C2 +
pr

p

)
r +

pd

p
C2∥g∥X +

ps

p
C3 +

pd

p

]
t,

∀t, 0 ≤ t ≤ t̄. Using (3) and Theorem 1, it follows that

∥Hu(t, ·)∥L∞(Ω) ≤ ∥u0∥L∞(Ω) +

(
pr

p
r3 + Cr +

pd

p
C2∥g∥X +

ps

p
C3

)
t̄ ≤ r.

It follows that ∣∣∣∥Hu∥
∣∣∣ = max

t∈[0,t̄]
∥Hu(t, ·)∥L∞(Ω)

≤ r.

We may conclude that the fixed point of the operator H defined by (8) and (9) is the
unique solution of the problem (1) on (0, t̄].

Remark 2. To find a solution on an interval larger than (0, t̄], with t̄ satisfying (6), we consider the
same problem as (1), but with the initial condition u1(x) = u(t̄, x), x ∈ Ω. We can now find the
solution on [t̄, t̄ + t̄1], where t̄1 satisfies
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
t̄1 <

1
C

pd

p
C2 t̄1∥g∥X +

ps

p
C3 t̄1 + ∥u1∥L∞(Ω) <

2
3

√√√√ (1 − Ct̄1)3

3 pr
p t̄1

.

Following the same technique, we can obtain a solution defined on some time interval [0, T], where
T = t̄ + t̄1 + . . . t̄n, where by n we denote the number of time iterations required to obtain the
solution on [0, T].

3. Numerical Approximation
In order to approximate the solution to the nonlocal and nonlinear reaction–diffusion

problem (1), we propose a semi-implicit numerical scheme based on finite differences and
the iterative Newton method. To do so, we shall use a forward finite difference formula
for the time derivative of u with an order of accuracy of O(ht), where ht is the difference
between two successive time points where the solution is approximated. The numerical
method is a semi-implicit and not fully implicit one because not all of the terms can be
evaluated at the current moment in time. Thus, for the integral terms in Equation (1), the
evaluations from the time point before the current one will be used.

The numerical methods proposed, for example, in [1,8,10,11,16] with the aim of ap-
proximating the solutions of various related problems with different boundary conditions
are explicit and therefore may encounter stability problems. In addition, the nonlinearity of
the reaction term was also treated in the mentioned papers in an explicit manner, consid-
ering that the reaction is given only by the solution from the moment of time before the
current one. We propose to eliminate these shortcomings using a semi-implicit method,
approaching the resulting nonlinear system with the Newton iterative method.

We consider the rectangular domain Ω = [a, b] × [c, d] ⊂ R2. To approximate the
problem in Ω (a two-dimensional space), we introduce a computational grid by considering
equidistant discretization nodes for both axes corresponding to Ω, Ox and Oy. To do so,
we discretize [a, b] by the finite set

Mx = {x0, x1, . . . , xNx+1},

where

xj = x0 + jhx, j = 0, 1, . . . , Nx + 1, with hx =
b − a

Nx + 1
, x0 = a, xNx+1 = b,

and the interval [c, d] by the finite set

My =
{

y0, y1, . . . , yNy+1

}
,

where

yk = y0 + khy, k = 0, 1, . . . , Ny + 1, with hy =
d − c

Ny + 1
, y0 = c, yNy+1 = d.

With these notations, the Cartesian product

Ωx,y = Mx × My

= {(xj, yk), xj ∈ Mx, yk ∈ My, j = 0, 1, . . . , Nx + 1, k = 0, 1, . . . , Ny + 1}

represents the computational grid on Ω. By ∂Ωx,y we will denote the subset of grid points
from Ωx,y which are on the boundary ∂Ω.
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We consider [0, t̄], with 0 = t0 < t1 ≤ t̄, where t̄ satisfies the inequalities (6), and denote
by u1

j,k the approximation of the unique solution u(t, x) of (1) at each grid point (t1, xj, yk),
where (xj, yk) ∈ Ωx,y, j = 0, 1, . . . , Nx + 1, and k = 0, 1, . . . , Ny + 1. Corresponding to
the initial condition (1), we have u0

j,k = u0(xj, yk) at each grid point (t0, xj, yk), where
(xj, yk) ∈ Ωx,y for j = 0, 1, . . . , Nx + 1, and k = 0, 1, . . . , Ny + 1.

In the following, we shall use a semi-implicit numerical scheme based on finite differ-
ence approximations of Equation (1). The approximation system corresponding to (1) on
[0, t̄] is 

p
u1

j,k − u0
j,k

t1
= pd J0

j,k + pd G0
j,k + pr

[
u1

j,k − (u1
j,k)

3]+ ps f 1
j,k in Ωx,y,

u0
j,k = u0(xj, yk) on Ωx,y,

(13)

where
f 1
j,k = f (t1, xj, yk),

J0
j,k =

∫
Ω

J(xj,k − y)
[
u0(y)− u0

j,k

]
dy,

G0
j,k =

∫
∂Ω

G(xj,k − ys)
[

g(t0, ys)− ptu0
j,k

]
dys,

(14)

for j = 0, 1, . . . , Nx + 1 and k = 0, 1, . . . , Ny + 1.
We use the iterated trapezoidal rule to approximate the integral terms of J0

j,k such that
we have

J0
j,k = hx hy

{
Nx

∑
d=1

Ny

∑
l=1

J(xj,k − yd,l)
(

u0
d,l − u0

j,k

)

+
1
2

Nx

∑
d=1

[
J(xj,k − yd,0)

(
u0

d,0 − u0
j,k

)
+ J(xj,k − yd,Ny+1)

(
u0

d,Ny+1 − u0
j,k

)]

+
1
2

Ny

∑
l=1

[
J(xj,k − y0,l)

(
u0

0,l − u0
j,k

)
+ J(xj,k − yNx+1,l)

(
u0

Nx+1,l − u0
j,k

)]
+

1
4

[
J(xj,k − y0,0)

(
u0

0,0 − u0
j,k

)
+ J(xj,k − yNx+1,0)

(
u0

Nx+1,0 − u0
j,k

)
+J(xj,k − y0,Ny+1)

(
u0

0,Ny+1 − u0
j,k

)
+J(xj,k − yNx+1,Ny+1)

(
u0

Nx+1,Ny+1 − u0
j,k

)]}
,

(15)
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and

G0
j,k = hx

{
Nx

∑
d=1

[
G(xj,k − yd,0)

(
g0

d,0 − pt u
0
j,k

)
+G(xj,k − yd,Ny+1)

(
g0

d,Ny+1 − pt u
0
j,k

)]
+

1
2

[
G(xj,k − y0,0)

(
g0

0,0 − pt u
0
j,k

)
+ G(xj,k − yNx+1,0)

(
g0

Nx+1,0 − pt u
0
j,k

)
+G(xj,k − y0,Ny+1)

(
g0

0,Ny+1 − pt u
0
j,k

)
+G(xj,k − yNx+1,Ny+1)

(
g0

Nx+1,Ny+1 − pt u
0
j,k

)]}

+hy

{ Ny

∑
l=1

[
G(xj,k − y0,l)

(
g0

0,l − pt u
0
j,k

)
+G(xj,k − yNx+1,l)

(
g0

Nx+1,l − pt u
0
j,k

)
+

1
2

[
G(xj,k − y0,0)

(
g0

0,0 − pt u
0
j,k

)
+ G(xj,k − yNx+1,0)

(
g0

Nx+1,0 − pt u
0
j,k

)
+G(xj,k − y0,Ny+1)

(
g0

0,Ny+1 − pt u
0
j,k

)
+G(xj,k − yNx+1,Ny+1)

(
g0

Nx+1,Ny+1 − pt u
0
j,k

)]}
,

(16)

where

g0
d,0 = g(0, yd,0), yd,0 ∈ ∂Ωx,y,

g0
d,Ny+1 = g(0, yd,Ny+1), yd,Ny+1 ∈ ∂Ωx,y, d = 0, 1, . . . , Nx + 1;

g0
0,l = g(0, y0,l), y0,l ∈ ∂Ωx,y,

g0
Nx+1,l = g(0, yNx+1,l), yNx+1,l ∈ ∂Ωx,y, l = 0, 1, . . . , Ny + 1.

Thus, from (13) we get the following numerical approximation scheme to problem (1)
on [0, t̄]:

(p − prt1)u1
j,k + prt1(u1

j,k)
3 = pu0

j,k + pd t1 J0
j,k + pd t1G0

j,k + ps t1 f 1
j,k. (17)

We consider the column vectors

Ui =(ui
0,0, ui

0,1, . . . , ui
0,Ny+1, ui

1,0, ui
1,1, . . . , ui

1,Ny+1,

. . . , ui
Nx+1,0, ui

Nx+1,1, . . . , ui
Nx+1,Ny+1)

T , (18)

with dim = (Nx + 2)(Ny + 2) elements and

Wi =((ui
0,0)

3, (ui
0,1)

3, . . . , (ui
0,Ny+1)

3, . . . , (ui
Nx+1,0)

3, (ui
Nx+1,1)

3,

. . . , (ui
Nx+1,Ny+1)

3)dim×1, (19)

for each time level i = 0 or i = 1. We also make the following notations:

a1 = p − prt1, a2 = prt1, a3 = pd t1, a4 = ps t1.
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We can rewrite the discrete system (17) as follows:

a1U1 + a2W1 = pU0 + a3(J0 + G0) + a4 f 1, (20)

where

J0 =(J0
0,0, J0

0,1, . . . , J0
0,Ny+1, J0

1,0, J0
1,1, . . . , J0

1,Ny+1,

. . . , J0
Nx+1,0, J0

Nx+1,1, . . . , J0
Nx+1,Ny+1)dim×1

G0 =(G0
0,0, G0

0,1, . . . , G0
0,Ny+1, G0

1,0, G0
1,1, . . . , G0

1,Ny+1,

. . . , G0
Nx+1,0, G0

Nx+1,1, . . . , G0
Nx+1,Ny+1)dim×1.

In order to approximate the solution for the first time level, we shall use the iterative
Newton method. From (20) it follows that we have to solve a nonlinear equation of
the form

F(U1) = 0,

where
F(U1) = a1U1 + a2W1 − pU0 − a3(J0 + G0)− a4 f 1. (21)

Let us recall that at each Newton iteration n = 0, 1, 2, . . . , we have

U1,n+1 = U1,n − J−1
F (U1,n)F(U1,n), (22)

where

U1,0 = U0, JF(U1) = a1 + 3a2V1,

V1 = ((u1
0,0)

2, (u1
0,1)

2, . . . , (u1
0,Ny+1)

2, . . . , (u1
Nx+1,0)

2, (u1
Nx+1,1)

2,

. . . , (u1
Nx+1,Ny+1)

2)dim×1. (23)

By left multiplication of (22) by JF(U1,n), we obtain that U1,n+1 is the solution of the
linear system

JF(U1,n)U1,n+1 = JF(U1,n)U1,n − F(U1,n). (24)

At this point we can develop the numerical approximation algorithm that will solve our
problem on [0, t̄]. Let us summarize the steps required to start this algorithm:

• We need to obtain the approximation system (17) of the problem (1) that includes
the Robin-type conditions in the surface integral term—for this we will use the semi-
implicit finite difference scheme described above;

• We need to write (17) in matrix form (20);
• We need to obtain and solve the linear system (24) for each Newton iteration.

The conceptual algorithm can be described in pseudocode as follows (Algorithm 1):
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Algorithm 1: NEWTON ALGORITHM
Input:

tol, maxiter, a, b, c, d, Nx, Ny
p, pd , pr , pt , ps , f , g
hx, hy, C1, C2, C3, C

Output:
U1—the approximative solution of (1) at t̄

Initialize U0

Compute t̄ from (6)
U1,0 = U0

For n = 1 to maxiter
Compute W1,n−1, V1,n−1, F(U1,n−1), JF(U1,n−1) from (18), (19), (21), (23)
Solve the system (24) and get the solution U1,n

If ||U1,n − U1,n−1|| < tol then break
If n <= maxiter

U1 = U1,n

Else
‘No convergence’

The flow chart of the NEWTON ALGORITHM can be viewed in Figure 1.

Figure 1. Flow chart of Newton algorithm.
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The algorithm continues to iterate until the difference between two consecutive ap-
proximations is sufficiently small (tol is a prescribed tolerance) or it stops when it reaches
a specific number of iterations (maxiter is the maximum number of Newton iterations).

Using the NEWTON ALGORITHM and continuing the procedure in the manner suggested
by Remark 2, we can find the approximate solution to problem (1) on a larger interval of
time than [0, t̄].

4. Numerical Experiments
For the computational experiments we set Ω to be the rectangle [−1, 1] × [−1, 1]

(a = −1, b = 1, c = −1, d = 1). We also consider the rescaled kernels

Jε(z) =
1
ε2 J
( z

ε

)
and Gε(z) =

1
ε2 G

( z
ε

)
,

with

J
( z

ε

)
= G

( z
ε

)
=

1
2π

e−
(x2+y2)

2ε2 , z = (x, y) ∈ Ω

(e.g., see [12]). For simplicity, we take Nx = Ny = 20.

The aim of the following numerical experiments was to show that the numerical
method proposed in Section 3 provides approximative solutions to the problem (1) that are
consistent with the theory developed in Section 2 and with the results obtained in papers
such as [2,7,11] for various related problems. To make such comparisons we considered
input data similar to those in the mentioned works.

Experiment 1. We consider the initial data u0 a square lattice with uniformly random
generated values between −1 (black) and 1 (white) that can simulate a homogeneous alloy
with two constituents. Figure 2a represents such an initial condition. We also choose
g(t, x) = 0 and f (t, x) = 0, (t, x) ∈ Q to fit the theoretical background in [7].

The parameters of the mathematical model will now be set as pd = 0.1, p = 1,
pr = 1, ps = 0, and pt = 0. With a small diffusion coefficient, the numerical solution settles
in time to a heterogeneous state composed of both phases, +1 and −1 (see Figure 2b below,
where ε = 0.1 and T ≈ 105). In [7] the author proved that, for a small diffusion parameter,
the solution through u0 to the modified problem (1) (according to input data) does not
coarsen at all.

In Figure 2c we can see the evolution of t̄ during the time iterations. We can ob-
serve that the time-step size remains at the same value after a relatively small number of
time iterations.

With a large diffusion coefficient, pd = 5, and the same values pr = 1, p = 1, ps = 0,
pt = 0, we can observe in Figure 3a separation of particles into the two phases, +1 and
−1 (here, T ≈ 98). As we can see, the initial data changes sign, having large regions of
positive sign interposed with large regions of negative sign. After some time, a solution
with large regions in which u ≈ +1 or u ≈ −1 is formed. These regions are connected by
some interfaces, called transition layers.

On the other hand, we can see in Figure 4 the approximation of u(148, x, y) for a larger
time. We can conclude that the numerical solution to the nonlocal model is attracted to a
steady state (+1) for t → ∞.

All these results are consistent with those in [2,7,11], since it has been proved that, for
a large enough diffusion coefficient, the solutions to particular forms of problem (1) do
coarsen to either u ≡ −1 or u ≡ 1. The results of this experiment allow us to conclude
that the approximate solution obtained by applying the proposed numerical method is
sufficiently accurate.
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(a) Initial values U0
j,k (b) The approximation U2000

j,k

(c) The evolution of t̄

Figure 2. Numerical results for a small diffusion coefficient pd = 0.1 and p = 1, pr = 1, ps = 0, and
pt = 0.

(a) Initial values U0
j,k (b) The approximation U2000

j,k

(c) The evolution of t̄

Figure 3. Numerical results for a large diffusion coefficient pd = 5 and pr = 1, p = 1, ps = 0, and
pt = 0.
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Figure 4. The approximation U3000
j,k .

Experiment 2. We consider g(t, x) = −1, f (t, x) = 1, (t, x) ∈ Q, and pd = 0.1, p = 1,
pr = 2, ps = 1, and pt = 0.5. As we can observe in Figure 5, even with a small diffusion
coefficient, the numerical solution is attracted to a steady state (+1) (T ≈ 3.5). The points
near the boundary are an exception. Here, the solution tends to approach the value −1, and
then, as we move away from the boundary, it tends to +1. This is the effect of the Robin
boundary conditions embedded in the surface integral term.

(a) Initial values U0
j,k (b) The approximation U100

j,k

Figure 5. Numerical results for a small diffusion coefficient: pd = 0.1 and pr = 2, p = 1, ps = 1, and
pt = 0.5.

We can draw the same conclusion for a larger diffusion coefficient, pd = 0.75 or pd = 2.
We can observe that the numerical solution is attracted to +1, one of the steady states, as
time increases (except the points near the boundary) (see Figure 6).

We can also observe that starting with u0 bounded, −1 ≤ u0 ≤ 1, the obtained
numerical solution remains bounded as it evolves in time. This is consistent with the
central result of Section 2. In conclusion, adjusting the size of the time-step at each iteration
gives stability to the proposed numerical scheme.

Another interest related to our numerical experiments was to estimate the order of
convergence of Newton’s method. This method is based on the fact that, as the sequence
of iterations converges, the difference between two successive approximations becomes
a good approximation for the approximation error. We used a formula for estimating the
convergence order p based on four successive iterations U1,n−2, U1,n−1, U1,n, and U1,n+1:

pn =
log(∥U1,n+1 − U1,n∥/∥U1,n − U1,n−1∥)

log(∥U1,n − U1,n−1∥/∥U1,n−1 − U1,n−2∥) .
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For each input data set, we obtained the same thing, namely that the calculated values
for pn quickly tend towards 1, which means that the convergence order of the numerical
method is linear.

(a) The approximation U100
j,k (b) The approximation U100

j,k

Figure 6. Numerical results for pd = 0.75 and pd = 2.

5. Conclusions
The aim of this paper was to introduce a numerical method in order to approximate

the solution to the reaction–diffusion problem (1) with nonlocal diffusion and a nonlinear
reaction term. The model can be seen to be similar to the reaction–diffusion Equation (5)
with Robin boundary conditions. The boundary conditions of Robin type are somehow
incorporated in the second integral term of (1). Using the finite difference method, we
have derived a semi-implicit numerical scheme to approximate the solution of the studied
model. We have used the Newton method to solve the corresponding implicit problem. The
novelty brought by this paper is that we developed an adaptive time-step size numerical
method, which ensures the stability of the corresponding numerical scheme. We believe
that the numerical method we have proposed is superior in terms of stability and accuracy
to the explicit counterpart. The fact that it is a semi-implicit method and that the nonlinear
reaction term is treated appropriately, involving the solution at the current time level and
not the one at the previous level, makes the provided numerical approximation more
reliable. The numerical method uses an adaptive time grid, which means more than a
non-equidistant one, because the new time-step size is determined according to several
factors, as suggested by Formula (6) and Remark 2, including the initial condition, which
changes for each time interval.

As for further directions we intend to use some numerical approaches based on frac-
tional step schemes (as in [17–23]) and to make some eloquent and comparative numerical
experiments. The motivation for such a study is that Newton’s method is an iterative
method, while the fractional step method does not require iterations to advance from one
time level to another. Therefore, we expect the fractional step method to be faster, which
would definitely be a plus. We also want to extend the use of the adaptive time-step mesh
obtained on theoretical bases for the nonlocal model to the local model and then compare
the results. An important research direction that we are considering for future work is to
apply the obtained numerical schemes to real-world problems, such as those in medicine
and computer vision [24].
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