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Abstract

Current treatments for hepatocellular carcinoma (HCC) include partial hepatectomy (PH),
where two-thirds of the liver is removed. However, when some cancer remains after
PH, competition for resources and survival occurs between healthy and cancerous cells.
Recent studies suggest that hyperactivation of yes-associated protein (YAP) could be a
non-invasive treatment option for HCC. In this study, we propose two simple ordinary
differential equation models of resource competition in HCC livers after PH, one capturing
the natural dynamics of resource competition between healthy and cancer cells and the
other incorporating YAP hyperactivation therapy. We perform full qualitative and quanti-
tative analyses of these models and validate them on experimental data. Our numerical
simulations reveal that treatment schedules must be prescribed based on a patient’s tumor
aggression. We also found that a high dose of treatment is necessary to completely clear
a tumor in all patients, leading us to suggest prescribing YAP hyperactivation therapy in
lower doses with other treatments for HCC for the best patient outcomes.

Keywords: primary liver cancer; hepatocellular carcinoma (HCC); cellular dynamics;
yes-associated protein (YAP)

MSC: 92-10

1. Introduction
Primary liver cancers are the third-leading cause of cancer-related deaths world-

wide [1]. Hepatocellular carcinoma (HCC) makes up nearly 90% of liver cancer cases [2]
and is projected to be the second deadliest cancer in American men by 2030 [3]. Risk factors
for HCC depend on the region/country of origin of the patient [4] but tend to include
chronic Hepatitis B or Hepatitis C infection, cirrhosis, and non-alcoholic fatty liver disease.
Other risk factors include alcohol and aflatoxin B1 (AFB1) consumption [4–6]. Treatment
options for localized and recurrent liver cancer include partial hepatectomy (PH), radiation
and ablation, liver transplantation, and immunotherapy [6,7]. Increasingly, there has been
a push for cellular [8–11] and genetic [7,12–14] therapies.

Partial hepatectomy (PH) is a well-studied treatment for liver cancers [15–18], where
up to 70% of the liver is cut and removed from an organism. After PH, hepatocytes prolifer-
ate to restore the liver to a state where it can fulfill its required metabolic functions [19–21].
Although liver regeneration is highly regulated after liver resection [21], underlying liver
disease and pressure on hepatocytes to proliferate could lead to abnormal tissue growth
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and tumor development [20,22–24]. Chiche et al. [25] found that more than 40% of non-
cirrhotic HCC patients who underwent PH experienced recurrence within 30 months of
treatment, and Zhu et al. [26] found that PH induced hepatocellular carcinoma in zebrafish.

Recently, Moya et al. found that tumor cells grow faster if surrounding liver cells
do not have YAP (yes-associated protein) [12]. Hyperactivation of YAP in surrounding
liver cells caused tumors to shrink to up to an eighth of the tumor size with average YAP
activation, leading Moya et al. to suggest YAP activation as a treatment strategy for liver
cancer [12]. Due to heterogeneity between tumor cells [8], boosting surrounding tissues
may aid the immune system in the fight against tumors of various types [9].

Previous competition models in cancer address the dynamics between tumor cells and
the healthy cells around them. However, these models often focus on other types of cancer
or lack specificity, diluting their value for the problem at hand. For example, Abernathy
et al. [27] construct a competition model for breast cancer, Ch-Chaoui and Mokni [28]
model competition between the immune system and tumor, and Gatenby [29] creates a
competition model for a generic cancer. Some previous mathematical models specific to
HCC account for these dynamics but are more complex, involve many strict assumptions,
and do not incorporate gene therapies. Manda and Chirove [30] considered the dynamics
between healthy liver cells and HCC under the assumption that the Hepatitis B virus and
immune cells contributed to these dynamics. Comparatively, Shen et al. and Shafiekhani
et al. focus on immune–cancer interactions [31,32]. Shen et al. [31] incorporated Ter cells,
TGF-β (a cell growth protein), and serum artemin (a molecule that aids in the growth of
neurons), while Shafiekhani et al. [32] included PD-1, PD-L1, and radiation therapy. These
studies by Manda and Chirove [30], Shen et al. [31], and Shafiekhani et al. [32] overly rely
on specific assumptions and scenarios not relevant to the usage of YAP hyperaction as a
therapy for HCC. Others choose to complicate the dynamics of competition between healthy
and cancerous liver cells by using partial differential equation (PDE) models: Gatenby and
Gawlinski [33], Hillen et al. [34], and Peng et al. [35] consider cancer invading hepatocytes
via PDEs with diffusion terms, and Cho and Levy [36] build on these models to also
include chemotherapy and target drug therapy. Although these models incorporate spatial
heterogeneity, they cannot be interpreted in the context of administering gene therapy. Due
to the novelty of YAP hyperactivation and other forms of gene therapy, there is a lack of
existing literature incorporating it as a treatment option in mathematical models of HCC.

In this study, we account for YAP activation as an intervention strategy in the context
of healthy liver cells and HCC dynamics. We aim to answer the following question: can
YAP hyperactivation clear a tumor; if so, what is the minimal treatment profile needed to
improve patient outcomes? We propose two simple mathematical models: the first captures
the dynamics between healthy and cancerous liver cells, while the second is extended to
incorporate these dynamics when YAP is hyperactivated. We describe the new models
in Section 2 of this paper. In Section 3, we present the qualitative analysis, parameter
estimation, and numerical results for the two models. Lastly, we draw conclusions on our
findings and suggests areas of future work in Section 4.

2. Materials and Methods
In this section, we list the biological assumptions and hypotheses underlying our

model, develop our model of healthy and cancer cell interaction in the liver, and describe
the parameter estimation problems.

2.1. Biological Assumptions

To model the dynamics of the interactions between healthy and cancerous hepatocytes,
we use the following set of simplifying assumptions:
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• There is a homogeneous mixture of “healthy” (normal) and cancer hepatocytes.
• Hepatocytes start reproducing after hepatectomy or liver damage to reconstruct the

liver [20,21,37].
• Healthy and cancerous cells compete for resources and can cause apoptosis in each

other [9,23,38–41].
• Healthy cells have an activated yes-associated protein (YAP) gene, which helps restrict

the growth of cancer cells [42]; only hyperactivation of this gene can result in healthy
cells clearing cancerous cells [12].

• In the absence of cancer, normal liver cells will grow logistically to the original size of
the liver [38].

• The absence of healthy cells corresponds to a dead organism. We assume a marginal
number of healthy cells are always present.

• Cancer cells grow logistically to their carrying capacity as the healthy liver cell popu-
lation approaches zero.

• We take the “healthy” cell compartment to consist primarily of hepatocytes [19–21,37]
and, to a lesser extent, Kupffer, stellate, and sinusoidal endothelial cells [37,43] since
hepatocytes are the drivers of liver regeneration followed by the other types of healthy
liver cells.

• No external carcinogenic factors are present; thus, healthy cells cannot produce mutant
cancerous cells [44].

• Cancer cells cannot produce healthy cells since reverse mutation is extremely rare [45].
• YAP gene treatment reinforces healthy cells to fight more efficiently against cancer

cells [12].

2.2. Mathematical Model

Incorporating the assumptions in Section 2.1, we construct a simple model that de-
scribes the dynamics between healthy and cancerous liver cells:

dL
dt

= λL

(
1− L + γCC

KL

)
L, L(0) = L0

dC
dt

= λC

(
1− γLL + C

KC

)
C, C(0) = C0.

(1)

The state variables, L and C, represent “healthy” and cancerous liver cells, respectively.
The healthy compartment consists primarily of hepatocytes and, to a lesser extent, Kupffer,
stellate, and sinusoidal endothelial cells [46–48], while the cancerous compartment consists
only of cancerous cells [49]. Both compartments of cells grow logistically at rates λL

(week−1) and λC (week−1), respectively. Healthy cells restrict the growth of cancer at rate
γL (dimensionless) but are themselves limited by cancer cells at rate γC (dimensionless).
Moya et al. [12] found that tumor cells compete with liver cells such that the population
with the higher fitness wins out. In fact, they noted that survival of either population was
not absolute but instead relative to the fitness of the other population. Thus, γL and γC

correspond to the relative fitness of liver cells and cancer cells. This is called the influence
of one population on the other. In the case where there is no tumor present (i.e., C = 0), the
healthy population will grow to its carrying capacity, KL (mm3). Similarly, if there were
no healthy cells present, the cancer population would grow to its carrying capacity, KC

(mm3). Note, however, that the liver is a vital organ and no vertebrates can survive without
it, meaning this scenario is equivalent to physical death.

We also impose the conditions

KL < KC and γL < 1 < γC (2)
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to account for the increased carrying capacity of the cancerous cells and the increased
influence of cancerous cells on the normal liver cell population’s ability to survive. Ac-
cording to [12,50], liver cells are less fit and use fewer resources than cancer cells. This
implies that a liver cell is less competitive than a cancer cell, and therefore cancer cells
compete more with each other than with liver cells. As such, we must impose γL < 1.
Comparatively, cancer cells are more fit and aggressive in their acquisition of resources
than healthy liver cells [12,51,52]. It follows that liver cells compete more with cancer cells
than with themselves. So, γC > 1. We take γC to be a patient-specific quantification of a
cancer’s “aggressiveness,” where a larger value of γC corresponds to a more aggressive
and resource-hungry tumor.

Note that hyperactivation of the YAP increases the healthy liver cells’ ability to fight
cancer cells [12]. In other words, YAP hyperactivation allows healthy cells to be more
efficient in their effort to restrict tumor growth and can even boost their ability to destroy
cancerous cells. As such, we modify the second equation in Model (1) by subtracting the
product of efficacy of YAP hyperactivation from the cancer cell population. We define ν > 0
(week−1) as the efficacy of YAP hyperactivation and the cancer equation becomes

dC
dt

= λC

(
1− γLL + C

KC

)
C− νC.

Some algebraic manipulation (detailed in Appendix B) lends us the equation

dC
dt

= λC(1− µ)

(
1− γLL + C

KC(1− µ)

)
C,

where µ = ν
λC

(dimensionless) as the effect of YAP gene treatment. Thus, we obtain our
model with treatment:

dL
dt

= λL

(
1− L + γCC

KL

)
L, L(0) = L0

dC
dt

= λC(1− µ)

(
1− γLL + C

KC(1− µ)

)
C, C(0) = C0,

(3)

In this model, the effect of the treatment is clear: treatment reduces the growth rate and
carrying capacity of cancer cells. This provides the healthy cell population a compet-
itive advantage against the cancer cell population. These effects reflect the results of
Moya et al. [12], in which YAP hyperactivation impeded the ability of the cancer cells to
proliferate and reduced the maximum size of the tumor that they made up. For Model (3)
(and by setting µ = 0, Model (1)), we present a summary of the qualitative analysis in
Section 3.1 and provide a full qualitative analysis in Appendix A.

2.3. Parameter Estimation

To simulate Model (3), we need to estimate the parameters listed in Table 1. In this
section, we detail the methods to achieve this. We found some parameters, namely the
carrying capacities KL and KC, from an existing literature search, while we estimate others
through fitting our model to experimental data from two key experiments. However, due
to the novelty of YAP hyperactivation therapy, the available literature and data do not
reflect the dynamics of healthy and cancerous liver cell populations in the presence of
YAP activation. So, we do not directly estimate the value of ν. Similarly, there is a lack of
available literature and data measuring both healthy and cancerous liver cell populations
over time after PH; thus, we also do not estimate γC. Rather, in Section 3.3 we present
numerical simulations using various values for both ν and γC, representing differing patient
and treatment profiles.
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Table 1. Model parameters with their descriptions and units.

Variables Description Units

L Healthy liver cells mm3

C Cancer cells mm3

t Time weeks

Parameters Description Units

λL Healthy cell proliferation rate week−1

λC Cancer proliferation rate week−1

γL Influence of healthy liver cells on cancer cells dimensionless
γC Influence of cancer cells on healthy liver cells dimensionless
ν Drug efficacy week−1

KL Carrying capacity of healthy cells mm3

KC Carrying capacity of cancer cells mm3

From the literature, we first estimate the values of KL and KC. We take a representative
mouse liver to be 1500 mm3 [53]. Then, to find an estimate for KC, we examine data
from Anton et al. [54]. The representative mouse in their experiment suggests that, in an
idealized environment, HCC tumors in mice can grow to around 7500 mm3. Although
this tumor volume is 5 times as big as the volume of a normal mouse liver, we take it as
the “carrying capacity” for the cancerous cell population in our model, noting that if the
cancerous population approaches this size, the host mouse is almost certainly dead.

We estimate the rest of the parameters in Model (3) directly from data taken from
independent experiments conducted by Koniaris et al. [18] and Anton et al. [54]. The
Koniaris et al. [18] dataset provides dimensionless measurements of liver regrowth in
mice after two-thirds PH. Instead of units of volume, the measurements are in “fraction of
starting liver mass.” We assume that there is no cancer present in the livers of any of the
mice in the experiment before or after PH (as there is no indication made by the authors
otherwise) and equate a “full liver” to be 1500 mm3 [53]. After converting the data to these
units, we can estimate a value for λL. Note that, since there is no cancer present in the
Koniaris et al. [18] experimental data, we take C = 0 and Model (3) reduces down to

dL
dt

= λL

(
1− L

KL

)
L, L(0) = L0. (4)

Next, the Anton et al. [54] dataset provides measures of tumor growth in 10 mice
at various intervals, for up to 35 days after tumor engraftment. We focus on their repre-
sentative mouse (M1), which has clear data points at Days 3, 17, 21, 24, 28, and 31 after
engraftment. We also assume the mice are inoculated with 3.3 mm3 of tumor on Day 0, as
is performed in [54]. Since this experiment spans a relatively short period of time, tumor
growth appears to follow an exponential curve. Further, due to the short time course of
the experiment, measured tumor sizes are small relative to KC, the cancer cell carrying
capacity. Mathematically, this means C ≈ 0 during the time period we simulate our model
in the context of this data. Thus, we consider Model (5), a reduced version of our proposed
Model (3), when fitting to the Anton et al. [54] dataset:

dL
dt

= λL

(
1− L + γCC

KL

)
L, L(0) = L0

dC
dt

= (λC − µ)

(
1− γLL

KC(1− µ)

)
C, C(0) = C0.

(5)

The difference between Models (3) and (5) is that there is no quadratic cancer limiting
term in the dC/dt equation in Model (5). We neglect this term during the data-fitting
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process since we are taking C ≈ 0 due to the relatively small tumor volumes. There is still,
however, a mass–action interaction term between the liver and cancer populations due to
the influence of the liver on the growing tumor. This model is used only for fitting to the
Anton et al. [54] dataset. When fitting to this dataset, we take the initial liver population
to be at its carrying capacity. We also impose that, at the 3-week time point, a mouse with
the YAP genes “knocked out” in healthy cells will have a tumor that is double the size of
a mouse with wild-type liver cells [12]. This means that at t = 3 weeks, the cancer cell
population in a simulation with γL ̸= 0 will be half as large as the cancer cell population in
a simulation with γL = 0. To impose this condition, we first solve Model (5) with γL = 0.
Since γL = 0, we only consider

dC
dt

= λC(1− µ)

(
1− γLL

KL

)
C, C(0) = C0,

and find that C1(t) = C0e(λC−µ)t solves the equation. We also solve the model with

γL ̸= 0 and L = KL to get C2(t) = C0e(λC−µ)(1−γL
KL
KC

)t. We then impose the condition
C1(t) = 1

2 C2(t) and through some algebraic manipulation, we find γL = KC ln 2
3KL(λC−µ)

when
fitting to the Anton et al. [54] dataset. Since KC and KL are known (listed in Table 2) and
µ = 0 when using the Anton et al. [54] dataset, we are left with the condition γL = 5 ln 2

3λC
.

To find parameter estimates, we solve two nearly identical minimization problems in
succession. First, when dealing with the Koniaris et al. [18] dataset, we solve the follow-
ing problem:

min
λL∈[0,144]

J(L, λL) :=
α

2

Nj

∑
j=1

(L(tj)− Lj)
2 +

β

2
∥λL∥2

2, subject to Model (4). (6)

Solving Problem (6), we obtain an estimate for λL and use it to find estimates for the rest of
the parameters in Table 1 (excluding KL, KC, ν, and γL). We then solve

min
θ∈Tad

K(C, θ) :=
α

2

Nk

∑
i=k

(C(tk)− Ck)
2 +

β

2
∥θ∥2

2, subject to Model (5). (7)

In Problems (6) and (7), we minimize the sum of squared errors with regularization on
parameters, as similarly constructed, analyzed, and solved in [55–58]. The functionals J and
K consists of a data-fitting term with weight α > 0 and a regularization term with weight
β > 0, where ∥ · ∥2 represents the standard Euclidean norm of vectors in Rn. The magnitude
of the ratio between α and β determines whether emphasis is placed on minimizing the
sum of squared errors or on the regularization term.

For Problem (6), we minimize the sum of squared errors between the healthy liver
mass and Koniaris et al. [18] data at times tj. We also include a regularization term on λL.
Since we are only estimating λL in this case, we only minimize over the range of feasible
values for λL. Similarly, for Problem (7), we minimize the sum of squared errors between
the cancer cell population and Anton et al. [54] data at times tk. Here, Nj and Nk denote the
number of data points in each dataset, respectively, and θ is the vector of parameters we
are estimating. These parameters belong to Tad, an admissible set of parameters, where

Tad = {θ ∈ Rn : θl
k ≤ θk ≤ θr

k},

and [θl
k, θr

k] denotes the feasible range of each parameter θk. Feasible ranges for each
parameter are presented in Table 2. We take the ranges for the healthy cell and cancer
proliferation rate to be 0–144 (week−1) since hepatocytes can undergo the phases of mitosis
in 70 min [59]. Although improbable, the upper bound of 144 (week−1) represents a
hepatocyte going through subsequent cycles of mitosis with no quiescent period in between.
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Instead, we expect estimates for both λL and λC to be much closer to the lower bound of
the feasible range. For γL, we take the feasible range to be 0–1 (dimensionless). Recalling
the formulation of Model (3), we impose the condition that γL is bounded above by 1,
as healthy liver cells are less aggressive in their nutrient uptake and their influence on
cancer cells than vice versa [50]. Since there have not been many studies with experimental
data on this phenomenon, we take the lower bound of the range to be 0 to account for the
possibility of γL attaining a very small value.

Table 2. Feasible ranges and units for Model (3) parameters to be estimated.

Parameters Description Value [Source] Units

λL Healthy cell proliferation rate 0–144 [59] 1/week
λC Cancer proliferation rate 0–144 [59] 1/week
KL Healthy liver volume 1500 [53] mm3

KC Tumor carrying capacity 7500 [54] mm3

γL Influence of healthy liver cells on cancer cells’ access to resources 0–1 [50] dimensionless

To numerically solve Problems (6) and (7), we use the fmincon and MultiStart func-
tions in MATLAB® r2024b. MATLAB’s fmincon finds a local minimum of a given func-
tional depending on the initial guess of θ. We used the MultiStart solver to repeatedly run
fmincon while varying initial guesses of θ and chose the set of parameters that minimized
each respective functional the most.

When obtaining parameter estimates, we determine the “goodness of fit” between
our model using estimated parameters and given data with the discrete relative l2 error
percentage (EP) as follows:

EP =

√√√√∑Nt
i=1(Y(t

i)− Xi)2

∑Nt
i=1(Xi)2

× 100, (8)

where Y(ti) is the liver or cancer population at time ti (depending on which parameters we
are estimating) and Xi is the given data at time ti. Relative error is a standard measure of
error in many scientific computing applications [60] and EP has been used previously in
measuring “goodness of fit” for other similar data-fitting problems [55,57,61]. A lower EP
corresponds a better fit.

3. Results
3.1. Qualitative Results

In this section we present a summary of the stability analysis results for Model (3).
Stability analysis helps us to determine if there are steady solutions and under what
conditions. We are interested in the conditions under which a coexistence equilibrium
exists and how these conditions change when treatment is added. We also explore how the
steady states for the cancer population change when treatment is added. These conditions
and population changes us tell if YAP treatment can achieve certain results.

To calculate the steady states for Model (1), our model without treatment, we set both
dL/dt and dC/dt equal to zero and solve for L and C. Since the healthy and cancerous
populations cannot be negative or complex, we obtain conditions for these equilibria for
which these requirements are met. We find a total of four unique steady states. The
stability of each steady state indicates whether solutions approach or move away from
the equilibrium in question. We find the stability of each steady state by computing the
eigenvalues of the Jacobian matrix for Model (1) when L and C are at the steady state. If all
the eigenvalues have a negative real part, then the equilibrium is locally stable. Otherwise,
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the equilibrium is unstable. If a change in parameter magnitude changes the stability
of an equilibrium, then we also obtain stability conditions. A summary of the existence
and stability conditions for all four steady states are found in Table 3. Additional details
regarding these computations are found in Appendix A.

Table 3. Equilibrium values for Model (1) with existence and stability conditions.

(L∗, C∗) Existence Stability
E0 (0, 0) always unstable
EL (KL, 0) always stable iff KC

KL
< γL

EC (0, KC) always stable iff KL
KC

< γC

COE (KL−γCKC
1−γLγC

, γC > KL
KC

, γL > KC
KL

stable iff γLγC < 1

KC−γLKL
1−γLγC

)
or

γC < KL
KC

, γL < KC
KL

Similarly, we investigate the steady states for Model (3) and identify four equilibria
using the same process as previously outlined. Their existence and stability conditions
are summarized in Table 4. We observe that these conditions are very similar to those in
Table 3. With some algebraic manipulation, these conditions can also be viewed in terms
of µ, the efficacy of the drug, which is an important parameter when considering YAP
hyperactivation therapy. The condition for stability of the EL equilibrium is KC(1−µ)

KL
< γL.

Solving for µ gives us µ > (1− γLKL
KC

) = Lcrit. Similarly, the condition for stability of

the EC equilibrium is KL
KC(1−µ)

< γC. Solving again for µ puts the inequality in the form

µ < (1− KL
γCKC

) = Ccrit. These conditions also show up in the existence condition for the
coexistence equilibrium. This fixed point exists when Ccrit < µ < Lcrit or Lcrit < µ < Ccrit

but is only stable when the latter is true. Further details about the computation of these
equilibria and their stability are in Appendix A.

Table 4. Equilibrium values for Model (3) with existence and stability conditions.

(L∗, C∗) Existence Stability
E0 (0, 0) always unstable

EL (KL, 0) always stable iff
KC(1−µ)

KL
< γL

EC (0, KC(1− µ)) always stable iff
KL

KC(1−µ)
< γC

COE (KL−γCKC(1−µ)
1−γLγC

, γC > KL
KC(1−µ)

, γL > KC(1−µ)
KL

stable iff γLγC < 1
KC(1−µ)−γLKL

1−γLγC
) or γC < KL

KC(1−µ)
, γL < KC(1−µ)

KL

Remark 1. Although we performed a full mathematical analysis of Model (3), we imposed the
biological constraints γL < 1 < γC and KL < KC. Then in the absence of treatment (when µ = 0),
the coexistence equilibrium (COE) cannot exist and only the boundary cancer (EC) equilibrium
is stable.

To visualize the behavior of our system in the absence of treatment (i.e., in Model (1)),
we construct phase portraits in Figure 1. Phase portraits describe the behavior of solutions
in different cases of parameters and initial conditions. Based on the existence and stability
conditions of the equilibria in Table 3, we create a phase portrait for each possible collection
of stable/unstable equilibrium points (differentiating between collections of equilibria
when an equilibrium point changes stability). We find four possible states, each of which
has a corresponding subfigure in Figure 1.
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Figure 1. Depiction of the phase space of Model (1) for different values of γL and γC. Note that the
number of equilibria and their respective stability change as we alter γL and γC. In each subfigure,
a filled black dot indicates a stable equilibrium and a hollow black circle indicates an unstable
equilibrium. The dashed red lines denote the L nullclines and the dashed blue ones the C nullclines.
In all of the subfigures, the liver cells are on the horizontal axis and the cancer cells on the vertical. The
figure was generated in MATLAB®, with parameter values KL = 1, KC = 2, µ = 0, and λL = λC = 1.
We set the values of γL and γC to either 0.45 or 5 (depending on the case we are interested in). (a) A
view of the phase space where γL = 5 and γC = 0.45. Note that the liver-only equilibrium is the
only stable steady state. (b) A view of the phase space where γL = 0.45 and γC = 5. Note that
the cancer-only equilibrium is the only stable equilibrium. (c) A view of the phase space where
γL = γC = 0.45. Note that the coexistence equilibrium is the only stable steady state. (d) A view of
the phase space where γL = γC = 5. Note that the liver-only and cancer-only equilibria are stable
while the trivial and coexistence equilibria are unstable.

In Figure 1, we notice that the number and stability of solutions are dependent on
the relative values of γL and γC. In Figure 1a, we see that the “liver-win” scenario is
locally asymptotically stable when the influence of liver cells is large and that of cancer
cells is small (i.e., γL > 1 and γC < 1). Similarly, Figure 1b shows us that the “cancer-win”
scenario is locally asymptotically stable when cancer cell influence is high and liver cell
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influence is low (γL < 1 and γC > 1). However, if the influence of both is low (γL, γC < 1),
we see that a coexistence scenario is both possible and stable in Figure 1c. This suggests
that the interaction between the liver cell and cancer cell populations is limited and their
growth/death is mostly independent of the size of the other population. Finally, Figure 1d
shows us that our coexistence scenario is no longer stable when liver cell and cancer cell
influence are high (γL, γC > 1). Instead, both the “liver-win” and “cancer-win” scenarios
are locally stable. This tells us that slight changes in initial conditions could result in
drastically different outcomes.

To observe the changes in stability once treatment is applied, we create phase portraits
when µ > 0. Figure 2 uses Model (3), the equilibrium points (with their existence and
stability conditions) from Table 4, and the same parameter values as Figure 1 to construct a
phase portrait when µ = 0.8.

In Figure 2, we observe how the phase plane changes when we introduce treatment.
Figure 2a changes the least between Figure 1 and Figure 2. The liver-only equilibrium
is globally stable in both scenarios. This makes sense because healthy cells should pre-
vail when their influence is greater, regardless of the presence of treatment. However,
Figure 2b,c have a dramatic change in stability. In Figure 2b, the cancer cells have higher
influence than the healthy cells. Without treatment, this would mean that the cancer cells
would always win. Yet when treatment is added, the unstable coexistence equilibrium is
introduced and both the liver-only and cancer-only equilibria become locally stable. This
implies that treatment “balances the playing field” for healthy cells so that they can prevail
under the right initial conditions. Comparatively, we lose an equilibrium in Figure 2c.
Figure 2c shows us the behavior of solutions when the influence of both populations is
small. While the coexistence equilibrium is stable without treatment, the coexistence equi-
librium disappears and the liver-only equilibrium becomes stable once we apply treatment.
This means that treatment boosts the influence of healthy cells so that they can eradicate
the otherwise lingering cancer when this cancer is weak. Lastly, we notice a subtle shift in
Figure 2d. Figure 2d shows us when both healthy and cancerous cells are aggressive. Both
with and without treatment, the liver-only and cancer-only equilibria are stable while the
coexistence equilibrium is unstable. However, we notice a larger basin of attraction for the
liver-only equilibrium after treatment is added. This implies that a patient is more likely to
be cancer-free with treatment than without treatment.

Due to inherent inaccuracies in data, we want to observe how variations in parameter
values can change the stability of our solutions. Particularly, we use a bifurcation diagram to
visualize the change in the outcome from Model (3) as we change the amount of treatment.
So, we construct the following bifurcation diagram for Model (3) to observe how the
stability of our solutions changes as µ increases.

In Figure 3, we see that the stability of our equilibria changes as µ increases. When in-
fluence of both liver cells and cancer cells is high (Figure 3a,b; γLγC > 1) or low (Figure 3c,d;
γLγC < 1), we see that the cancer-wins scenario is stable for small µ values and the liver-
wins scenario is stable for large µ. While a coexistence scenario is stable when influence is
low for both populations, this is not the case when the influence of both populations is high.
In a patient that exists in the scenarios presented in Figure 3c,d, treatment administration at
a level between Ccrit and Lcrit makes the tumor benign. Clinicians have effective procedures
for clearing benign tumors, but such procedures go beyond the scope of this paper. There-
fore, this level represents the minimal treatment for a patient of that profile. Similarly, for a
patient with a more aggressive tumor (i.e., a larger value of γC), this “minimal treatment”
could result in clearing the tumor or succumbing to it. We explore this further through
numerical simulations described in Section 3.3.
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Figure 2. Depiction of the phase space of Model (3) for different values of γL and γC at µ = 0.8. Note
that we choose the same values of γL and γC as in Figure 1: γL = 0.45, 5 and γC = 0.45, 5. This gives
us four subfigures, each of which corresponds to a scenario in Figure 1 after treatment is applied. In
each subfigure, a filled black dot indicates a stable equilibrium and a hollow black circle indicates
an unstable equilibrium. The dashed red lines denote the L nullclines and the dashed blue ones the
C nullclines. In all of the subfigures, the liver cells are on the horizontal axis and the cancer cells
on the vertical. The figure was generated in MATLAB®, with parameter values KL = 1, KC = 2,
and λL = λC = 1. We set the values of γL and γC to either 0.45 or 5 (depending on the case we are
interested in). (a) A view of the phase space where γL = 5 and γC = 0.45. Note that the liver-only
equilibrium is the only stable steady state. This is no difference from Figure 1a. (b) A view of the
phase space where γL = 0.45 and γC = 5. Note that the liver-only and cancer-only equilibria are
stable while the trivial and coexistence equilibria are unstable. This is different from Figure 1b, where
the cancer-only scenario was globally stable. (c) A view of the phase space where γL = γC = 0.45.
Note that the liver-only equilibrium is globally stable. This is different from Figure 1c, where the
coexistence equilibrium was globally stable. (d) A view of the phase space where γL = γC = 5. Note
that the liver-only and cancer-only equilibria are stable while the trivial and coexistence equilibria
are unstable. This is the same as in Figure 1d, although we notice a larger field of attraction for the
liver-only equilibrium.



Mathematics 2025, 13, 3479 12 of 25

0 L
crit

C
crit

1
0

K
L

K
C

E
0

E
C

E
L

COE

(a)

0 L
crit

C
crit

1
0

K
L

K
C

E
0

E
L

E
C

COE

(b)

0 C
crit

L
crit

1
0

K
L

K
C

E
0

E
C

COE

E
L

(c)

0 C
crit

L
crit

1
0

K
L

K
C

E
0

E
C

COE

E
L

(d)

Figure 3. Depiction of bifurcation diagrams of Model (3) as the efficacy of the YAP gene treatment
(µ) is varied. Note that in (a,b), γL = 0.5 and γC = 3 so γLγC > 1, and in (c,d) γLγC < 1 since
γL = 0.2 and γC = 2. The rest of the parameters were fixed across all cases. For each subfigure,
solid lines indicate a stable equilibrium and dashed lines indicate an unstable equilibrium. The
E0 equilibrium is present and unstable in all four subfigures and is denoted by dashed black lines
(although it appears hidden as it coincides with the x-axis of each subfigure and is simultaneously
covered by other equilibria). Purple lines represent the coexistence equilibrium. Dashed and solid
red lines denote the cancer boundary equilibrium (EC) and dashed and solid blue lines denote the
liver boundary equilibrium (EL).

3.2. Data Fitting

To perform simulations using our model, we need numeric values for model pa-
rameters. In this subsection, we present parameter values estimated using the methods
detailed in Section 2.3. When numerically solving both Problems (6) and (7), we take α, the
tracking weight, to be 100 and β, the regularization weight, to be 1. This places emphasis
on minimizing the sum of squared errors between our model outputs and the data. We
used data from Koniaris et al. [18] to fit λL, since this experiment measured the regrowth of
mouse livers after two-thirds partial hepatectomy and found λL to be about 2.17 (week−1),
with an approximate relative l2 error percentage of 12.5%. Then, using this value, we
solved Problem (7) to estimate the λC and γL using data from Anton et al. [54]. This set of
parameters resulted in an approximate relative l2 error percentage of 10.4% between the
simulated cancer curve and normalized data from Anton et al. [54]. Table 5 contains “best
fit” parameter values estimated through literature review and data-fitting for Model (3).
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Multiple experiments with the MultiStart algorithm in MATLAB® while varying initial
guesses repeatedly found this set of parameters to minimize the functionals in Problems (6)
and (7).

Table 5. Model (3) parameter values estimated from literature and data-fitting with units.

Parameters Description Value Units

λL Healthy cell proliferation rate 2.17 1/week
λC Cancer proliferation rate 1.81 1/week
KL Healthy liver volume 1500 mm3

KC Tumor carrying capacity 7500 mm3

γL Influence of healthy liver cells on cancer cells’ access to resources 0.640 dimensionless

In Figure 4, we present the solution curves of Model (4) and Model (5) using the “best
fit” parameter from Table 5 against the data used to find them. Figure 4a depicts the healthy
cell population over time using the value of λL found from solving Problem (6). The filled
red dots with error bars are the data points from the Koniaris et al. [18] experiment. In
Figure 4b, we present the tumor volume using the parameters in Table 5 against the Anton
et al. [54] data. When solving Problem 7, recall that we use Model (5) as the constraint
rather than Model (3) and that Model (5) is a reduced version of Model (3) where C ≈ 0.
We also take γC = 0 during the parameter estimation process, as we cannot estimate this
parameter from the available literature or data. This set of parameters resulted in a relative
l2 error percentage of 10.4% between the simulated tumor volume and experimental data.
Most of this error comes from the data point at Day 3, since our model could not replicate
the very fast growth at the start of the experiment. However, our model and parameter set
does well to track the rest of the experimental data.

3.3. Numerical Results

In this subsection, a set of numerical simulations is presented to support the theoretical
results presented in Section 3.1 and to show the applicability of Model (3) after validating it
in Section 3.2. We use the parameters estimated from the literature and through data-fitting
(listed in Table 1) and vary the values of γC and ν to represent various patient and treatment
profiles. Simulations using larger values of γC represent patients with more aggressive
tumors, while those with smaller values represent less aggressive tumors. Mathematically,
we take γC > 1

γL
to represent more aggressive tumors and γC ≤ 1

γL
to represent less

aggressive tumors. Similarly, larger values of ν correspond to patients receiving larger
doses of treatment. Conversely, ν = 0 represents no treatment. We also numerically find
the minimal amount of treatment physicians should prescribe for patients with aggressive
tumors. Through our numerical simulations, we aim to provide physicians with insight
into the usage of YAP hyperactivation therapy to treat HCC.

Recalling the formulation of Model (3), we impose the condition γC > 1 > γL.
Through our model validation, we found γL = 0.640, but we were not able to estimate
the value of γC from any available data or recent literature. Combining our results from
Tables 3 and 5, we note that, without treatment, the EL equilibrium is always unstable,
the EC equilibrium is stable if and only if γC > 0.2, and the coexistence only exists in the
scenario where γC < 0.2 but will be stable if it does. However, due to the constraint we
imposed on Model (3), we can only achieve a state where the cancer population reaches its
carrying capacity and the healthy liver cells die out. Note that we intentionally break the
constraint for some of our simulations without treatment in Figure 5.



Mathematics 2025, 13, 3479 14 of 25

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

Time (weeks)

0

0.2

0.4

0.6

0.8

1

1.2

F
ra

c
ti
o

n
 o

f 
O

ri
g

in
a

l 
L

iv
e

r

Simulated

Observed

(a)

0 0.5 1 1.5 2 2.5 3 3.5 4

Time (weeks)

0

500

1000

1500

2000

2500

3000

3500

4000

V
o
lu

m
e
 (

m
m

3
)

Simulated

Observed

(b)

Figure 4. Liver and cancer population curves using the “best fit” parameters from Table 5. In each
subfigure, the horizontal axis represents time (weeks) and the vertical liver volume (mm3). Note the
difference in scale on the vertical axis between each subfigure. Filled red dots represent experimental
data and solid curves represent simulated population curves. In (a), data is taken from Koniaris
et al. [18] in mice after two-thirds partial hepatectomy. Error bars represent the range of values
Koniaris et al. [18] measured from 10 mice studied in their experiment. In (b), data of tumor volume
from a representative mouse over time is taken from Anton et al. [54]. The dark blue curve in
(a) represents the healthy liver population and the red curve in (b) the cancerous population. When
fitting to the Anton et al. [54] dataset, we assume the initial liver population is at its carrying capacity
and ignore the quadratic limiting term in the dC/dt equation. We also impose that, at the 3-week
time point, a mouse with the YAP genes “knocked out” in healthy cells will have a tumor that is
double the size of a mouse with wild-type liver cells [12].

In Figure 5, we present simulations of various patient profiles after partial hepatectomy
with various values of γC (namely γC = 0.1,γL, 1.25, and 5). The choices of γC, although
arbitrary, are plausible when considering that tumors use more resources and are more
aggressive in their acquisition of resources than normal hepatocytes. While the cases where
γC = 0.1 and γC = γL do not satisfy the condition we placed on our model (γC > 1 > γL),
the importance of the condition itself is evident when comparing the simulation using
γC = 0.1 with simulations using larger values of γC. Using this set of parameter values, we
only expect to see a “coexistence” scenario between the healthy and cancerous populations
when γC = 0.1. In all simulations, we set ν = 0 since we want to investigate the competition
between healthy and cancerous hepatocytes in the absence of treatment first. For our initial
conditions, we take L0 = 500 mm3 and C0 = 50 mm3 to represent a patient who has
undergone partial hepatectomy (PH) where nearly two-thirds of their liver was removed
but a relatively small tumor still remains.

From Figure 5, we find that the value of γC has a major impact on the outcome of
the “patient.” In all simulations, the cancer outgrows the tumor and reaches its carrying
capacity or a size comparable to it, while the healthy population always dies out when
γC > 1. Only in the case where γC = 0.1 does the liver population stabilize at 800 mm3,
though the tumor size stabilizes at around 7000 mm3. The magnitude of γC also has a
noticeable affect on how quickly the healthy population declines to 0. As γC increases,
we notice that the healthy population’s volume peaks earlier in the experimental window
and at a smaller value. For example, when γC = 1.25, the healthy liver volume peaks
at 1050 mm3 about 1.5 weeks after PH, but when γC = 5, this volume peaks at about
700 mm3 only 0.725 weeks (about 5 days) after PH. This indicates that for a patient with
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a more aggressive tumor, YAP hyperactivation therapy must be started soon after they
undergo PH.
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Figure 5. Liver (a) and tumor (b) populations using the parameter values in Table 5 while varying γC.
In both subfigures, line styles correspond to different values of γC: solid lines represent simulations
using γC = 0.1, dashed lines γC = γL, dotted-dashed lines γC = 1.25, and dotted lines γC = 5. The
initial healthy liver volume was 500 mm3 and the initial tumor volume was 50 mm3 and λL = 2.17,
λC = 1.81, KL = 1500, KC = 7500, and γL = 0.640. Note the difference in scale between the y-axes on
each subfigure.

In Model (3), we also incorporate treatment, where YAP is hyperactivated to boost
hepatocytes and other healthy cells’ ability to compete against cancerous cells. In the
model, µ represents a dimensionless measure of drug effect; for our simulations, we take
µ = 0.1, 0.6, 0.85, and 0.975 to represent the effect of low to high drug dosages. For the
rest of the parameters, we use the values listed in Table 5 found from the literature and
data-fitting. Since γC could not be found, we take γC = 1.5 and γC = 5 to represent patients
with varying levels of tumor aggression, and for initial conditions, we take L0 = 500 mm3

and C0 = 50 mm3 to represent a patient who has undergone two-thirds PH and has a small
tumor remaining after the procedure. With these parameters, we have Lcrit = 0.872 and
Ccrit = 0.867 when γC = 1.5 or Ccrit = 0.96 when γC = 5. From our results in Section 3.1
and Table 4, if γC = 5, we know the scenario where the healthy liver cells outcompete
and defeat the cancerous cells is stable if µ > Ccrit and the opposite scenario (where the
cancerous cells win) is stable if µ < Lcrit. Similarly, if γC = 1.5, we expect the healthy liver
cells to win when µ > Lcrit and the cancer cells to win when µ < Ccrit. We can achieve
the coexistence scenario when Ccrit < µ < Lcrit for patients with less aggressive tumors
(in our case, γC = 1.5). For patients in this scenario (where the tumor is relatively less
aggressive in its recruitment and consumption of resources from the environment), we can
attempt to administer “minimal treatment” corresponding to 0.867 < µ < 0.872 and allow
the patient’s immune system to fight off a smaller, weaker tumor. In patients with more
aggressive tumors (γC = 5), we expect the coexistence scenario when Lcrit < µ < Ccrit, but
we cannot physically achieve coexistence between cancerous and healthy cells. We explore
this phenomenon further in Figure 8.

In Figure 6, we see that the treatment has a bigger effect on the outcome of the cancer cell
population than the healthy cells. In Figure 6a, we find that higher drug dosage, even when
not enough to clear the tumor, flattens the decay of the healthy cell population. For example,
when µ = 0.85, the healthy cell population peaks around 1350 mm3 and takes more than
20 weeks to decay to 0, while when µ = 0.6, the healthy population peaks around 1150 mm3
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and decays within 5 weeks after its peak. This further reinforces the fact that patients, under
this parameter configuration, need a high dose of drug to guarantee clearing a tumor. In
Figure 6b, even in scenarios where the cancer population outcompetes the healthy cells, the
end state of the cancer cell decreases as drug effect increases. This is evident from Table 4,
where the end state of the cancer population in the cancer-win equilibrium is KC(1− µ).
As mentioned earlier, the tumor is only cleared in the simulation with a “very high” drug
effect (µ = 0.975) since this is the only simulation presented where µ > Lcrit. In Figure 6c,d,
we investigate a patient with a more aggressive tumor (γC = 5) while using treatment
to the same effect (µ = 0.1, 0.6, 0.85, and 0.975). While the end behavior does not change
much between the simulations with a less aggressive tumor and a more aggressive tumor,
in simulations with a more aggressive tumor, the healthy cell populations peak at a smaller
volume and decay to 0 earlier in the experiment, as noted in Figure 5.

0 5 10 15 20 25

Time (weeks)

0

500

1000

1500

V
o
lu

m
e
 (

m
m

3
)

(a)

0 5 10 15 20 25

Time (weeks)

0

1000

2000

3000

4000

5000

6000

7000

8000

V
o
lu

m
e
 (

m
m

3
)

(b)

0 5 10 15 20 25

Time (weeks)

0

500

1000

1500

V
o
lu

m
e
 (

m
m

3
)

(c)

0 5 10 15 20 25

Time (weeks)

0

1000

2000

3000

4000

5000

6000

7000

8000

V
o
lu

m
e
 (

m
m

3
)

(d)

Figure 6. Liver and cancer population curves using parameters from Table 5 while varying µ between
0 and 1. For each subplot, the solid line represents no drug dosage (µ = 0.1), dashed lines a medium
dose (µ = 0.6), dotted-dashed lines a high dose (µ = 0.85), and dotted lines a very high dose
(µ = 0.975). Blue curves represent the healthy portion of the liver and red curves represent the
cancerous portion of the liver. In (a,b), γC = 1.5, representing a tumor that is not very aggressive,
while in (c,d), γC = 5, representing a much more aggressive tumor. In all subfigures, the initial
healthy liver volume is 500 mm3 and the initial tumor volume is 50 mm3. This represents a patient
who has undergone two-thirds PH but still has a small amount of cancerous cells left in their liver
after the procedure and before YAP hyperactivation. In each subfigure, the horizontal axis represents
time in weeks and the vertical liver volume.
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In Figure 7, we investigate the outcome of administering treatment between Lcrit and
Ccrit in a patient with a “low-aggresion” tumor and in one who has a very aggressive tumor.
We choose µ = 0.875 in both scenarios and use parameters from Table 5. We also take
L0 = 500 mm3 and C0 = 50 mm3 to visualize a patient who has just undergone two-thirds
PH, as in the other simulations presented in this section. In Figure 7a, the model predicts a
scenario where the healthy part of the liver can outcompete the cancerous part with the
help of treatment at this level. The treatment level (µ = 0.875) is near the lower end of the
range between Lcrit = 0.872 and Ccrit = 0.960, meaning the treatment can potentially clear
a tumor with low aggression. However, in Figure 7b, using the same parameter set, but
taking γC = 2.5 to represent a more aggressive tumor, we notice that the tumor still wins
even with treatment.
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Figure 7. Liver and cancer population curves using parameters from Table 5 while taking µ = 0.875.
Blue curves represent the healthy portion of the liver and red curves represent the cancerous portion
of the liver. In (a), γC = 1.5, representing a tumor that is not very aggressive, while in (b), γC = 2.5,
representing a more aggressive tumor. In both subfigures, the initial healthy liver volume is 500 mm3

and the initial tumor volume is 50 mm3. This represents a patient who has undergone two-thirds
PH but still has a small amount of cancerous cells left in their liver after the procedure and before
YAP hyperactivation. In each subfigure, the horizontal axis represents time in weeks and the vertical
liver volume.

We explore this phenomenon further in Figure 8. Here, we take γC = 5, repre-
senting a patient with an even more aggressive tumor. As described in Section 3.1 and
Figures 2 and 3, the coexistence scenario mathematically exists under our parameter set
when Lcrit = 0.872 < µ < 0.960 = Ccrit but is not stable, meaning it cannot be plausi-
bly achieved. However, in this parameter range, we have bistability, meaning either the
“cancer-wins” or the “healthy-win” scenario can occur depending on the state of the liver
when the YAP hyperactivation therapy is started. In Figure 8, we simulate the outcomes
of our model using the parameters listed in Table 5, taking γC = 5, while varying initial
conditions of the model and varying µ between Lcrit and Ccrit. For the initial conditions,
we take a patient who has just undergone two-thirds PH, meaning L0 + C0 = 1

3 ; on the
y-axis, we plot the fraction of the initial liver volume after PH that is tumor. Figure 8
represents the effects of administering minimal treatment for a patient with an aggressive
tumor. In the plot, red represents a scenario where the cancer population wins, while the
blue patch represents a scenario where the healthy liver cells outcompete and defeat the
cancerous cells with the help of YAP hyperactivation. Using the parameters we found
from validating our model, we conclude that a patient with an aggressive tumor may be
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treated with doses of a drug that has an effect of about 0.872 units, but only if the tumor
volume after two-thirds PH is miniscule. Increasing the drug effect, µ, results in being
able to administer treatment in patients with a larger portion of their liver being cancerous
after PH.

Figure 8. Plot indicating the outcome of various amount of treatment for patients with different
amounts of tumor left after one-third partial hepatectomy (PH). Red indicates a “cancer-win” scenario
and blue a “liver-win” scenario. The parameters are taken from Table 5 with γC = 5 and µ varying
between Lcrit and Ccrit. This represents the minimal amount of treatment necessary for a patient to
recover given our estimated parameters. Note that in this range of µ, a scenario where there is both
tumor and some “healthy” liver mathematically exists but is physically unachievable (see Table 4).
Thus, we only have two scenarios where there is either only cancer or only “healthy” liver.

4. Discussion
A simple two-dimensional model was developed to model the dynamics of competi-

tion between normal hepatocytes and cancerous liver cells after partial hepatectomy. The
model was then modified to incorporate the effect of YAP hyperactivation, a novel gene
therapy that boosts the ability of non-cancerous hepatocytes to fight against and restrict the
growth of a liver tumor. These models were then analyzed for their dynamical properties
and validated against experimental data. Finally, a set of numerical simulations were
presented where we applied the model to various patient and treatment scenarios and
found that γC is a critical parameter in predicting patient outcome. This study shows
the following:

• Given the constraint imposed on Model (3), where γL < 1 < γC, the tumor is heavily
favored to outcompete the healthy cells for resources and reach its carrying capacity,
while nullifying the healthy cells in the absence of treatment.

• Literature review and data-fitting confirmed that the effect of the healthy liver cells on
a tumor (γL) without YAP hyperactivation is relatively small compared to the effect of
a tumor on the liver (γC).

• Although the number of steady states between Models (1) and (3) remain the same
with and without treatment, the behavior of various equilibria change to favor the
healthy liver cell population when treatment is incorporated.
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• The minimal treatment profile needed to alter the end-behavior of the healthy and
cancerous cell populations depends on the aggressiveness of the cancer and the size of
the tumor. For non-aggressive tumors, a “medium” effect of treatment (µ between Ccrit

and Lcrit) is sufficient to make the tumor controllable. The exact values for this range
depend on the patient. However, this same effectiveness of treatment is only useful
to fight against aggressive tumors if the size of the tumor at the onset of treatment is
small. Otherwise, a “high” effect of treatment is needed.

• From the estimated parameter set presented in Table 5, a high effect of treatment
(µ > 0.9) is needed to fully eradicate cancer cells from the liver. However, if the patient
has a tumor with a “normal” level of aggression (i.e., 1 < γC ≤ 1

γL
), physicians may

prescribe a slightly lower dose of the drug and prescribe adjuvant therapies to fight
off a smaller, weaker tumor.

• Even in scenarios where the drug alone is not enough to save a patient, in a patient
with a less aggressive tumor, the healthy liver cell population will take longer to decay
to 0 than in a patient with an aggressive tumor (i.e., a large value of γC), as presented
in the numerical results and in Figure 6.

• The numerical value of γC is an important indicator of a patient’s outcome and should
be considered when prescribing YAP hyperactivation therapy; if γC > 1

γL
≈ 1.563, the

patient is considered to have an aggressive tumor. In Figure 8, we show that patients
with an aggressive tumor can be treated with “minimal” YAP hyperactivation after
PH if only a small percentage of the liver after resection is cancerous.

Although we could complicate Model (3) to incorporate immune cells [28], various
treatment regimes, or spatial heterogeneity, the model still effectively captures the dynamics
of competition between healthy liver and cancer cells while being simple to analyze and
implement. We provided insight into the usage of a novel, non-invasive therapy for primary
liver cancers by incorporating this type of treatment into the model. We also found that
the aggressiveness of the tumor, a patient-specific parameter, is crucial to quantifying the
prognosis of patients and in determining the potential YAP hyperactivation treatment plan.
A potential extension of this work is to explore more strategies to tailor YAP hyperactivation
therapy to various types of patients using biomarkers such as age, gender, and race. Other
future areas of interest include combining YAP activation with other treatment strategies,
optimizing patient-specific treatment schedules, and exploring potential tumor resistance
to sub-optimal treatment administration.
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Appendix A. Equilibrium and Stability Analysis
Appendix A.1. Model (3) Linearization

The linearized version of Model (3) is given by the Jacobian matrix below:

J(L∗, C∗) =

−
λLL∗

KL
+ λL

(
1− L∗ + γCC∗

KL

)
−λLγC

KL
L∗

−λCγL
KC

C∗ λC(1− µ)

(
1− γLL∗ + C

KC(1− µ)

)
− λCC∗

KC

.

Appendix A.2. Extinction Scenario

The extinction scenario (E0) occurs always and has Jacobian

J(0, 0) =

[
λL 0
0 λC(1− µ)

]
.

The eigenvalues of this matrix are λ1 = λL and λ2 = λC(1 − µ). Clearly, λ1, λ2 > 0,
meaning the E0 equilibrium is unstable always.

Appendix A.3. Liver-Win Scenario

The liver-win scenario (EL) always occurs and has the associated Jacobian

J(L∗, C∗) =

−λL −λLγC

0 λC

(
1− γLKL

KC
− µ

).

This matrix has eigenvalues λ1 = −λL and λ2 = λC

(
1− γLKL

KC
− µ

)
. This equilibrium is

stable if
γLKL

KC
+ µ > 1 and a saddle point when

γLKL
KC

+ µ < 1.

Appendix A.4. Cancer-Win Scenario

The cancer-win scenario (EC) occurs always and has the associated Jacobian

J(L∗, C∗) =

λL

(
1− γCKC(1− µ)

KL

)
0

−λCγL(1− µ) −λC(1− µ)

.
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This matrix has eigenvalues λ1 = λL

(
1− γCKC(1− µ)

KL

)
and λ2 = −λC(1− µ). This

equilibrium is stable when
KC

γCKL
+ µ < 1 and is a saddle point when

KC
γCKL

+ µ > 1.

Appendix A.5. Coexistence Scenario

The coexistence scenario (COE) occurs only when γC > KL
KC(1−µ)

and γL > KC(1−µ)
KL

or

γC < KL
KC(1−µ)

and γL < KC(1−µ)
KL

. Note that γC > KL
KC(1−µ)

and γL > KC(1−µ)
KL

imply a > 1

and γC < KL
KC(1−µ)

and γL < KC(1−µ)
KL

imply a < 1. The COE has Jacobian

J(L∗, C∗) =

 −λL

(
KL − γCKC(1− µ)

KL(1− γLγC)

)
−λLγC(KL − γCKC(1− µ))

KL(1− γLγC)

−λCγL(KC(1− µ)− γLKL)

KC(1− γLγC)
−λC

(
KC(1− µ)− γLKL

KC(1− γLγC)

)


=

 −
λL
KL

L∗ −λLγC
KL

C∗

−λCγL
KC

L∗ −λC
KC

C∗


=

[
−ρLL∗ −γCρLC∗

−γLρCL∗ −ρCC∗

]
,

where ρL =
λL
KL

and ρC =
λC
KC

. This matrix has eigenvalues

λ1 =
1
2

[
−(ρLL∗ + ρCC∗)−

√
(ρLL∗ + ρCC∗)2 − 4ρLρC(1− γLγC)L∗C∗

]
,

λ2 =
1
2

[
−(ρLL∗ + ρCC∗) +

√
(ρLL∗ + ρCC∗)2 − 4ρLρC(1− γLγC)L∗C∗

]
.

Since L∗, C∗ > 0, λ1 < 0 always. Next, λ2 < 0 if

ρLL∗ + ρCC∗ >
√
(ρLL∗ + ρCC∗)2 − 4ρLρC(1− γLγC)L∗C∗

←→ (ρLL∗ + ρCC∗)2 > (ρLL∗ + ρCC∗)2 − 4ρLρC(1− γLγC)L∗C∗

←→ 0 > −4ρLρC(1− γLγC)L∗C∗

←→ 0 < 1− γLγC

⇒ γLγC < 1.

So, when the COE exists, it is stable if γLγC < 1 and an unstable saddle point otherwise.

Appendix A.6. Global Stability

The Poincaré–Bendixson Theorem states that, for a two-dimensional system of ODEs,
all of its solutions must grow without bound, approach a closed orbit, or asymptotically
approach an equilibrium in the long term. By process of elimination, we will show that all
solutions of Model (3) approach an equilibrium.

To show that solutions are bounded, we will construct a “bounding box” (or trapping
region) D such that all solutions must enter D and cannot exit. Note that for dL

dt < 0,

λC

(
1− L+γCC

KL

)
L < 0. This implies that either L < 0 or 1− L+γCC

KL
< 0. To construct a

bounding box, we first choose L = −ϵ for some ϵ > 0 as one of the walls of our region.
Rearranging the inequality 1− L+γCC

KL
< 0 gives dL

dt < 0 if KL < L + γCC. Since both γC

and C are non-negative, we only need KL < L for dL
dt < 0. We thus choose L = KL + ϵ
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as the second wall of our bounding box. By the same process, we find C = −ϵ and
C = KC(1− µ) + ϵ as the final two walls of our bounding box. Thus, every solution to
Model (3) enters and cannot leave

D = {(L, C)| − ϵ ≤ L ≤ KL + ϵ,−ϵ ≤ C ≤ KC(1− µ) + ϵ}.

Next, rewrite Model (3) as

dL
dt

= f (L, C)L

dC
dt

= g(L, C)C,

where f (L, C) =
(

1− L+γCC
KL

)
and g(L, C) =

(
1− γL L+C

KC

)
. Then, it follows that

∂ f
∂L

= − 1
KL

< 0,

∂g
∂C

= − 1
Kc

< 0,

and
∂ f
∂L

+
∂g
∂C

< 0

for all (L, C) ∈ D. Thus, by Bendixson-Dulac theorem [62], there exist no periodic orbits
in D. Finally, since solutions to Model (3) cannot grow unbounded nor exhibit periodic
behavior, by the Poincaré–Bendixson Theorem, all solutions to Model (3) must approach
an equilibrium.

Appendix B. Model Formulation with YAP Therapy
Model (1) captures the dynamics of healthy and cancer cell interaction without YAP

hyperactivation treatment. To incorporate treatment, we consider the
dC
dt

equation in
Model (1):

dC
dt

= λC

(
1− γLL + C

KC

)
,

and subtract a term proportional to the cancer cell population at time t. Then, we have

dC
dt

= λC

(
1− γLL + C

KC

)
− νC

= λCC− λCγLLC
KC

− λCC2

KC
− νC

= λC

(
1− ν

λC

)
C− λC

(
γLL
KC

+
C

KC

)
C

= λC

(
1− ν

λC
− γLL + C

KC

)
C

= λC

(
1− ν

λC

)1− γLL + C
KC

· 1

1− ν

λC

C

= λC(1− µ)

(
1− γLL + C

KC(1− µ)

)
C,
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where µ =
ν

λC
. This equation is then used in Model (3).
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