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Abstract

We establish multiple novel upper estimates for the numerical radius associated with off-
diagonal operator matrices defined on a complex Hilbert space §3. The operators considered
have a specific structure, with zero diagonal entries and anti-diagonal entries given by a
bounded linear operator C and the adjoint of another, D*. The primary contribution is a set
of inequalities that connect the square of the numerical radius to expressions involving the
norms of these constituent operators. As applications, we specialize our main results to
obtain refined inequalities for two significant cases: when D is the adjoint of C, where C
and D represent the real and imaginary components of one operator 7.

Keywords: numerical radius; off-diagonal operator matrix; bounded linear operators;
Hilbert spaces; real and imaginary parts of operators; adjoint operators

MSC: 47A12; 47A30; 47A63; 46C05; 47B47

1. Introduction

In various fields of mathematics, such as functional analysis, operator theory, and nu-
merical analysis, mathematical inequalities are of foundational importance. They serve as
indispensable instruments for analyzing the characteristics of mathematical structures and
possess extensive applications in applied fields such as physics, engineering, and computer
science. To illustrate, inequalities that concern operator norms and numerical radii are vital
for establishing bounds and estimates within operator theory. Foundational work in this
area has provided key numerical radius inequalities for various operator structures [1-3].
This field has continued to evolve with recent advances and refinements [4-6], includ-
ing important generalizations to semi-Hilbert spaces and the study of the A-numerical
radius [7-10]. Further related studies have explored properties of commuting operators
and their joint spectral radii [11,12].

Recent progress in this domain has yielded enhanced bounds and more precise esti-
mates, which has fostered significant theoretical advancements [13-17]. Researchers have
investigated a variety of refinements and generalizations of classical inequalities, which
has led to deeper insights and original results. For example, Bhunia et al. [18] examined
improvements to numerical radius inequalities for operators and operator matrices. In a
similar vein, Alahmari et al. [19] broadened these concepts to the a-numerical range in
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C*-algebras. Furthermore, Bourhim and Mabrouk [20] explored the a-numerical range on
C*-algebras, while the second author of this paper investigated inequalities pertaining to
the Euclidean operator radius and their applications [21].

The examination of operator inequalities, especially those concerning the numerical
radius, has attracted considerable interest in recent years. Spurred by their broad applicabil-
ity, mathematicians have focused on extending and refining classical results. For instance,
Kittaneh et al. [2,22,23] developed numerical radius inequalities for particular operator
matrices, while Moslehian et al. [24] broadened Euclidean operator radius inequalities.
Buzano’s inequality [25] has also been a key tool in deriving power numerical radius
inequalities, as demonstrated in recent studies [26,27]. Drawing inspiration from this body
of work, we establish several new upper bounds for the numerical radius of an off-diagonal
operator matrix. We will first recall some essential concepts and definitions.

Let $ represent a complex Hilbert space equipped with an inner product (-, -) along
with the corresponding norm || - ||. The notation LL($)) refers to the C*-algebra consisting
of every bounded linear operator acting on $). For every operator C € L($)), the adjoint
is indicated by C*, while the absolute value, expressed as the positive square root of C*C,
is denoted as |C| = (C*C)'/2. The real part and imaginary part of C are defined through
Ze(C) = 1(C+C*) and m(C) = L(C — C*), respectively.

The numerical range of C, denoted by W(C), consists of all values {(C&,¢&) : { €
9, ]|€]| = 1}. The operator norm ||C|| and numerical radius w(C) are given by the follow-
ing expressions:

€]l = sup{[(C&1,2)| : 61,82 € &, [|&1]l = [I&2ll = 1},

and
w(C) = sup{|{CZ,¢)[: ¢ € 9, [Ig]] = 1}
It is widely recognized that the numerical radius w(-) forms a norm on L($)) compa-
rable to the operator norm || - ||. In particular, the following relations hold:

1
Sliel < w(©) < el

Such estimates are optimal: equality in the lower bound occurs when C? = 0, whereas
equality in the upper bound holds precisely when C is normal.
Kittaneh subsequently refined these estimates by proving that

1 V2
SVIHCR+ICH P < w(C) < /I [CI+ [C* .

Now, examine the off-diagonal segment of a 2 x 2 operator matrix 1(; g operating

on the Hilbert space $ @ $). It has been shown that w ( lo C] ) =w ( [0 D] ), and

D 0 C 0
0 C 0 ¢C
w([p O])w([eﬁp O]),foranyTER

In 2011, Hirzallah, Kittaneh, and Shebrawi obtained the subsequent double inequality:

0 C

D 0

%max{w(c +D),w(C—-D)} < w(

D < lwe+D)+olc-DL )
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0
D*

They also demonstrated that

(o s

More recently, in 2015, Kittaneh, Moslehian, and Yamazaki sharpened the triangle

) §min{w(C),w(D)}+%min{“C—i—DH,HC—DH}. )

inequality for the numerical radius in the following manner:

’C+DH<w<[O CD<||C||+||D|‘
2 - D 0]~ 2

Motivated by these findings, this work seeks to establish multiple fresh upper estimates
0 C

D 0 ,where C,D € L(9).

We shall additionally provide comprehensive examples for particular situations, including

cases where D = C* and where C = Ze(T) and D = #m(T), for T € L(9).

for the numerical radius of the off-diagonal operator matrix

2. Main Results

We commence this section through deriving multiple upper estimates concerning the
off-diagonal operator matrix.

Theorem 1. Let C,D € IL(). Then,

(|Ze(D*C)|| + [|-7m(D*C)]]);
1\ o 1f|lel+ Dl 1 ) Byp(Ie(D*C)| + [l.om(DC)|) " ©)
01])~2 2 2 forp, q>lwith § +1 =1;

v2max{||Ze(D*C)||, || #m(D*C) ||},
where

2—p
27 ifpe(1,2)
Bp = (4)

1ifp € [2,00).

Proof. The proof relies on a well-known representation for the numerical radius, which

w 0 ¢ = 1su
Do |) 200
forallC,D € L(9).

A straightforward calculation shows that

was used in [22]:

¢'TC + e‘iTDH (5)

¢CE + e_iTDCHZ = e”chz + He—”DgHZ +2%e(e7CZ, e T DE)
= ((ICP*+ D), &) +2%¢ |2 (DCE, 8) |

< ((ICP+1DP).&) +2|e[ 2™ (D*cE, )]

7

from which we obtain the inequality

eircg + e—i'rng

2
< Z
2 Hz

(2520 efoan)] o
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forallt € Rand ¢ € $.
Furthermore, we can express the real part of the cross-term as

Re [&”(cg, Dg)] = Ze[(cos(27) + isin(27))(Ze(D*C)E, E) + i(Im(D*C)E, )]
= cos(27)(%#e(D*C)E, &) — sin(27)(Fm(D*C)E, &)

forall T € Rand ¢ € §. An application of the elementary Holder’s inequality for p,q > 1
with % + % =1, gives the following bound:

‘%’e [em(cg, D§>} ]
max{|cos(27)], [sin(27) [} (|(Ze(D*C)E, &)| + |(#m(D*C)E, &)

);

(Jeos(2T)|F + |sin(2r)|p)1/p
x([(#e(D0),2)|" + [(rm(DC)E, &)[")
forp,q>1with%+% =1

1/q

IN

(Im(D*C)E, &)}

(Jcos(27)| + [sin(27)|) max{|(Ze(D*C)E, )

7

forallt € Rand ¢ € $.

Substituting this back into inequality (6) yields
eTCE + eTDE |
2

1,(lcP+IpP°
(52)es

max{|cos(27)|, [sin(27) [} (|(%e(D*C)E, &)| + |(Fm(D*C)E, &)

);

(Icos(27)|P + |sin(27)|?)"/?
+39 x((Ze0)g &)+ [(rm(DC)E,€)|")
forp,q>1with%+% =1

1/q

(S m(D*C)E, 5)[}

(|cos(27)| + [sin(27)|) max{|(Ze(D*C)E, &)

7

forallt € Rand ¢ € $.
By taking the supremum over all unit vectors { € §), the preceding inequality becomes

2

eTC +e "D

2 )
2 2

_1]leP+1p)

-2 2

max{|cos(27)], [sin(27) |} ([|Ze(D*C) | + [|.7m(D*C)|});

(Jcos(2T) [P + [sin(27)|) /7 (| Ze(D*C)|| + ||.#m(D*C)||7) /7
2 forp,q>1with%—|—% =1,

(lcos(27)[ + [sin(27)|) max{||Ze(D*C)||, |7 m(D*C)| }-

To advance, we employ the following conventional trigonometric estimates:
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sup max{|cos(27)|, |sin(27)|} =1 )
TeR
and for p > 2:
0 < |cos(27)| + |sin(27)|P < cos?(27) + sin?(27) = 1,
yielding

sup(|cos(27)|F + [sin(27)|F) = 1.
TeR

Letp € [1,2) and t € [0, 71/2], and examine the function g,(t) = cos?(t) + sin”(t). For
t € (0,7t/2), the derivative becomes

g;,(t) = pcostsin’ L (t) — psintcosP(t) = psintcost[sinp_z(t) - Cosp_z(t)},

indicating that g}, (t) = 0 solely at t = 7r/4. Since g}, remains positive throughout (0, 7/4)
and negative across (71/4, 71/2), we obtain

sup gp(t) = gp(r1/4) = cost(rr/4) +sinf (7r/4) = 27 > 1.

tel0,71/2]
Consequently,
2—
sup (|cos(27) | + |sin(27)|p)1/p —27% for pe(L,2) (10)
TeR
and
sup([cos(27)| + [sin(27)]) = V2. (11)

TeR

Ultimately, computing the supremum over T € R and utilizing representation (5)
together with estimates (9)-(11) generates the required inequalities stated in (3). [

Remark 1. It is noteworthy that for the case p = q = 2, inequality (7) simplifies to

eiTCC + e*iTDC
2

2 2 2
1,(|C|”+|D] 1
< (5P e+ Jleena
forall T € Rand ¢ € $. Tnking the supremum over T € R and all unit vectors ¢ € §) then gives

A[25)-

This inequality is consistent with a result that was derived using a different approach by Bunia
and Paul in 2022 (see [18], Lemma 2.4).

Cl* +|DP?

1 *
5 + 5w(D*C). (12)

From an alternative viewpoint, we can also establish the following theorem:
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Theorem 2. Let C,D € L($)). Then,

‘“([g*gl)slhﬁww*—bww+bnn (13)

zH c + |D|2H

%3 |llc+ DR+ e - D|2qu“’, forg>1

Ny

icP + 1DP|| + |1 #e(*C).

Proof. It can be observed that, for any T € R and ¢ € §), the following holds:

CE + e D |

2

(cosT+1isinT)C¢ + (cos T —isinT)DE
2

2

- iHCOST(C +D)E +isint(C - D)E|?

_ }L(|cosr|2||(c +D)g|* + [sinll(C - D)e*)
_ %%’e(i sin T cos T((C* — D*)(C + D)E,¢))

_ }L(|cosr|2||(c +D)g|* + [sinll(C - D)&*)
+ %sinrcosr(ﬂm[(C* —D*)(C+D)]EE).

This leads to the following inequalities

e'TCE+ e TDE 2

5 (14)

< 3 (Icos T2l + D) + fsin e (€ - D)g])

+ {lsin@0)| (#ml(c* ~ DY) (e + D)EE)|

< 5 (leostP(€ + D) + lsin e (€ ~ D))

+ {lsin@0)[(¢* ~ D) (€ + D)2, 8)|
forallt € Rand ¢ € $.

Now, applying the basic Holder’s inequality for p,q > 1 satisfying % + % =1, we
deduce that
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[cos 7| (C + D)e|P” + [sin T |(C — D)
max{|cos 7[*, [sin7|* } (I|(C + D) + ||(€ — D)&P);

. 1/p 1/q
(leos 7 +[sin 7)) " (€ + D)l + € — D))

IN

(lcos 7 + sint[* ) max{ (¢ + D)&IP i€ — D)&* |
2max{|cos 7|?,|sin T|2}<(|C|2 + IDIZ)C, Z)

= ¢ (leos e+ sinef) " (e + PP &) + (o - D &))"

maX{<|C + D|2§/ §>' <|C o D|2€’ §>}

forallt € Rand ¢ € $.
For a unit vector ¢ € §), by applying McCarthy’s inequality for a positive operator P,
which states (P&, &)* < (PS¢, ¢) for s > 1 (see [28], Theorem 1.2), we have

(|Ic+DPg &)+ (Ic - D¢, &)? < (|IC+D[g,&) + {|C — DI, &)
= ([lc+ D +|c - D¢, &)

for ¢ € $ with ||C]| = 1.
Furthermore, we have

max{(IC + DPE, &), (IC ~ DPE, )}
=2 [(ic+DP+ic-pPled)] +5[([lc+DP ~1c - De 5|

for ¢ € $ with ||C]| = 1.
We note that for all T € R,

max{ |cos T|%, |sin T|2} <1,

lcos 7| + |sinT|*” < |cosT|* + [sinT|* =1, for p > 1,

which, by (14), gives
2((IeP +IDP)e,2);
i N ([lc+DP7+lc-D]e,8)"", 9> 1;
2 h L[([le+DP+1c-DP]g )]
+3[([lc+DP - e - DPJe.2))|

(i - pyc+ D)E )|

for ¢ € 9 satisfying ||¢|| =1and T € R.
Computing the supremum across every unit vector { € §) yields the desired
norm inequality:
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4wﬁ+mﬂ‘

eTC + eIt |2

5 L1 (15)

<

<3 |ie+ppr+ e —op

1
4

|ic? + 1DP|| + I #e(D 0)|
+ 1 lomicr e+ D]

forall T € R.
Ultimately, through computing the supremum across 7 € R and applying representa-
tion (5), we obtain the target outcome (13). O

Theorem 3. Let C,D € IL(9). Then,

1Keemll + H’ng,wH
q 1/‘7
of [ 0 €T) <] BoIecot® + [Keizen]] )
D* 0 forp,q>lwith%+%:1}
ﬁmax{H/CT,c,DH/ ’CT+§,C,D‘ }'

forall T € R, where B, is defined by (4) and

iT —iT
Keep = EC—F# = %[COS T(C+ D) +isint(C — D)]

fort e R
Proof. Itis evident that, for all v, T € R, we have

cos VK1 ¢ p +sinvk, +1,0D

= %cos v[cos T(C + D) +isint(C — D)]

+ sinv[cos(r—i— g)(C—i—D) +isin(‘t+ g)(C—D)}

cosv[cosT(C + D) +isint(C — D)]

_l’_
ARl SIS

sinv[—sint(C+ D) +icost(C —D)]

(cosvcosT —sinvsinT)(C + D)

+ -i(cosvsinT +sinvcosT)(C — D)

— N=o

= E[cos(r +v)(C+ D) +isin(t+v)(C—D)] = Kryvep-
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If we take the operator norm and apply a Holder-type inequality, we obtain
Kol = Hcos VK1 cp +sin U]CH_%,C,D H (17)
< Jcos o[ [ KCec,pll + [sinv] [ Ko g,
max{[cos v], [sinv|} [IKecnll + |[Krr g0
. 1/ 91174
<) (lcosv]? +sinv|”) P {HICT,QDHq + HIC”%'C'DH }
forp,q>1with%—0—% =1
[[cos v] + [sin o[ max{ || Ke.c.oll, | Kot g.00]|}
forallv, T € R.
Given that, from the proof of Theorem 1,
max{|cos v|, |sinv|} <1, |cosv| + [sinv| < V2
and
(Jcosv|P + |sinv|”)1/p < By,
where B is given by (4), for all v € R. Then by (17), we obtain
IKzcpll + H’Cr+g,c,p ;
711/4
Keeol?+||Kergen| |
||ICT+U,C,D| < ﬁp[” T,C,D' L T+12,C,D
forp,q > 1with 5 4+ 2 =1,
VZmax{|Kecnl, [Kesgen|
forallv,T € R.
By taking the supremum over v € R and noting that
0 ¢
sup||Keyvepl = w ,
veR o D 0
we obtain the desired result (16). O
Corollary 1. Let C,D € L(9). Then,
o0 c
18
o5 ]) 9

V2([(1+)C + (1 = )D|| + (1 —i)C + (1 +i)D|));

. . . . 1/
splllA+HC+ A =)D|"+ (A —-i)C+ A +i)D|T] 7
forp,q>1with%+%:1;

IN

Ymax{]|(1+0)C + (1~ D], (1 - i)C + (1 +)D]},
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where
1-2p

277 ifpe(1,2)
(5p =

Y2 if p € [2,00).

Proof. If we choose T = 71/4, we obtain

Kr/scp = %[(C +D)+i(C-D)] = ?[(1 +i)C+ (1—1)D]

and

%[—(C#—D) +i(C—-D)] = —Q[(l —i)C+ (1+1)D]

and by making use of (16), we arrive at (18). O

ICST”,C,D =

.

It is also possible to state the following result:

Theorem 4. Let C,D € (). Then,

(L2 5])=2

2 forp,q>1with%+%:1;

I +|Df?
2

D*C4C*D D*C—C*D
[ B

(19)

E

D*C+C*D [’+ prc_cp |91
2 2

prc+ep|| || pre—c*D
Vamax{|[esn ] | ez

where By, is defined in Theorem 1.

Proof. Let us consider 4 '
etC+e D
Kicp = %, fort € R.

We note that

e 2 _ |ite o it ‘2 _ ( it —ity\ (it —it
wepl =1eTC+e™D| = (TC+e D) (TC+e D
= (e‘iTC* + eiTD*) (eiTC + e‘iTD>

=C*C+D*D +e*"D*C+e ¥CD

_ |C|2 + |D|2 +eZiTD*C +€72iTc*D/

which implies that

|ICT,C,D

(20)

—2 2 2

21 <|C|2+ D[ N €2iTD*C+e2iTC*D>
2

fort € R.
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In addition, we have
eZiTD*C +672iTc*D
2
_ [cos(27) 4 isin(27)]D*C + [cos(2T) — isin(27)]C*D
N 2
_cos(27)(D*C + C*D) +isin(27)(D*C — C*D)
B 2
fort e R.
By taking the norm in (20), we obtain
) 1 |C‘2 + |D|2 ezi-er*C + eiZiTC*'D
- 21
_1|[eP+IDP| | 1]|eTDrC +e D
-2 2 2 2
_1)||cP+ D
2 2
1

+t3 lcos(27)(D*C 4+ C*D) + isin(27)(D*C — C*D)||

fort € R.
By Holder’s inequality for norms, it follows that

lcos(2T)(D*C + C*D) +isin(27)(D*C — C*D)||

max{|cos(27)|, |sin(27)|}[||D*C + C*D|| + [|D*C — C*D||};

(lcos(27)|P + |sin(27)|P) /P [|D*C + C*D|" + | D*C — c*D||7] /"
pg>1with  + 0 =1;

IN

{|cos(27)| + |sin(27)|} max{||D*C + C*D||, |D*C — C*D| };
[|ID*C + C*D|| + | D*C - C*D||];

By[ID*C +C*D|7 + |D*C — c*D||7) /7
pg>1with f+1=1;

IN

V2 max{||D*C + C*D|, | D*C — C*D|}

fort € R.

Consequently, from (21), we can deduce that
C]” +|Df?
2
[|ID*C + C*D|| + | D*C — C*D||];

1
K 22
\IwDH_Z

1 B, [IID*C +C*D||7 + ||D*C — c*D||7]) /1
pg>1with  +4=1;

V2max{||D*C + C*D|, | D*C — C*D||}

fort € R.
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Through computing the supremum across T € R, we attain the target outcome (19). O

Remark 2. For the specific case p = q = 2 in (19), we obtain

S

1||D*C+C*D
Al

C]> + D)

5 (22)

2 HD*CC*D
|

2] 1/2

Examine an operator C € L($)). Substituting D = C* into (3) yields the following

3. Applications to a Single Operator

upper estimates for the numerical radius of one operator:

c? + |c*[?
2

(|Ze )| + [|.7m(c?)

1
2 <7
() < 5

);

1/q
1) Bo(lle(@))" + | rm(ed)|)
2 forp,q>1with%+%:1;

vamax{|[#e(C?)]|, || 7m(c?)]}
Applying the substitution D = C* to (12) gives

2 *|2

=3 + 1“’(62)

2

which corresponds to a result stated in [18] (Lemma 2.4).
Similarly, from (13) with D = C*, we find that

W(€) < glmi(ct - ey + o))l

2|icP + e

4

+173 JlerePrie - >

i+ 1e2 || + [|#e(c?)])
Note that for D = C*, the operator K. ¢ p becomes

eiTc +e—iTC* B eirc + (eiTC)* B
2 o 2 o

Kicer = Re (eiTC )

forall T € R.
By utilizing (16), we then arrive at
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7

H%’e(e”C) |+ “%e(ei(r+%)0)

o [lle(ec)|* + | D)) ']
forp,q > 1with%+% -1,

\/Emax{ H%"e(e”c) H, H%’e(é(ﬂ—%)C) H}

forall T € R.
From (18), we can also obtain the inequality

w(C)

L(I(1+)C+ (1 =)C*| + (1 =) + A +i)C|));

Sp[[(1+0)C + (1= D)CH|7 + [|(1 = D)C + (1 +i)ex||]
forp,q>lwith%+%:1;

IN

3 max{[|(1+)C + (1= )C*|, (1 = )C + (1 +)C*||}-
Moreover, if we apply (19) with D = C*, we obtain

C|> +[C*
2

o ]+ - e

1
2 1
aJ(C)§2

B

|l e
4 forp,q>1with%+%:1;

"

amas{ e+ @ e e

3

while from (22) it follows that

w2(C) <

Lfc)® + e
2| 2

3 2 + 2

r 1/2
! ‘c2+(c*)2 2 le2— ey 2]

For every operator C € LL($)), we define the functional

L 0 Ze(C)|) 1
AC) '_w<[fm(6) 0 D T2k

Evidently, A(C) > 0. When A(C) = 0, then C = 0. Moreover, for C,D € L(9), it
follows that

¢ Re(C) + e T Im(C) H (23)
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A(C+D) = ;suﬁ " %e(C+ D) +e T Im(C + D)H
T€

_ Loup|le@e(C) + e rm(C) + T Be(D) + e m(D) H

2 TeR

< 1sup " %e(C) +e_inm(C)H
2 TeR

= sup‘ ¢"Re(D) + e " .S m(D) H

TGR

= A(C) + A(D),

and for any real scalar «,

A(aC) = ;sug " Re(aC) +e_ir,ﬂm(1xC)H
TE
= 1|zx|sup " Ze(C) +eiiTJm(C)H = |a|A(C).
TeR

Such characteristics confirm that A(+) constitutes a real norm on IL().
From the definition of A(+), it becomes apparent that

A(C) < 5(|1#e(C)] + .7 m(©)])

and

5 e %e(C) +e_iTJm(C)" <A(C) forallteR.
Consequently, this produces the relation
1 . )
3 max{ |Ze(C) £ 7m(C)||, V2||(1+i)%Ze(C) + (1 — z)ﬂm(C)H} < A(C)
for every C € L(9).
From (1) and (2), by setting C = Ze(T ) and D = #m(T ) for some T € L(8), it also

follows that

T) +Im(T)|, | %e(T) = m(T)|}

[1%2e(T) +m(T)|| + (| %e(T) = 7m(T)|]

%max{”%’e

N\H A

<SA(T) <
and that
A(T) < min{[|Ze(T) ||, |-7m(T)|} + %min{ll%(’f) +Im(T)||, ||%e(T) — SmT|[}.

By using (3) with C = Ze(T) and D = .#m(T ), we obtain

LT+ (7
Mg —=
(I1%e(.#m(T)e(T))|| + |7 m(5m(T)%e(T))|);
1) Bp(Ie( I m(T)%e(T) | + |7 m(5m(T)e(T)) )

forp,q>1w1th +1 =1

V2max{||Ze(.sm(T)%e(T))|, ||.7m(5m(T)%e(T))II},
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forall 7 € L(#), while from (12) we can derive that

|72 +ITP
A(T) <~ il +2w(ﬂm(7')%e(7')).

From (13), we also find for C = Ze(T) and D = #m(T) that

A(T) < iHJ’m[(%’e(T) = Im(T))(#e(T) + Im(T))ll

TP+ 7P

1/
D d ey (TP () — (TP g >0

|72 HT*

‘ + | Ze(Im(T)%eT)||.

For an operator 7 € IL($)) and a real number 7 € R, we may define

T Re(T) +e T om(T)
Ko =Ko dge(T), 5m(T) = > :

By inequality (16), we obtain

1o+ || Korg 7|

q
Bo (1717 + [Kerg 7
forp,q>1with%+%=l;

)

\/Emax{H/C .

forall T € R.
In particular, the following holds

A(T)
(|(1+)%e(T) + (1 = i) Im(T)| + |(1 = i)ZeT + (1 +i).5m(T)|);

Sp[ll(1+0)2e(T ) (1= i) Im(T)|? + /(1 — i) %2e(T) + (1 +i).5m(T) 7]
forp,q>1w1th +1 1;

IN

Smax{[|(1+)Ze(T)+ (1 —i)Im(T)|,||(1 —i)ZeT + (1 +i).sm(T)|},

forall 7 € L($).
Finally, by making use of (19) for C = Ze(T) and D = .#m(T ), we also obtain
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1
=3

A (T) <

+ }l 7 m(T)%e(T) + Ze(T).5m(T)||* + ||.£m(T)%e(T) = %e(T).5m(T) |

TP+ |7
2
NI m(T)%e(T) +%e(T)Im(T)|| + || Im(T)%e(T) — %e(T)Im(T)|];
By |2 m(T)%e(T) + %e(T)Im(T)|+ || I m(T)%e(T) — %e(T)ﬂm(T)Hq]l/q
forp,q>1with%+%:1;
V2max{||.7m(T)%e(T) + Ze(T) I m(T)||, |.7m(T)%e(T) — %e(T).sm(T)||},
and for thecase p = q =2,
TP +IT
2

1/2

4. Conclusions

In this paper, we have successfully established several new upper bounds for the nu-

g* on a complex Hilbert
space §). Our approach has yielded a variety of inequalities that refine and generalize
existing results in operator theory.

merical radius of off-diagonal operator matrices of the form

A primary achievement in our research involves creating estimates linking the numer-
ical radius with norms of component operators alongside their algebraic structures. Key
among our discoveries, we proved that

(2 5]

Furthermore, we explored an alternative perspective, leading to results such as

0 ¢
wqu* 0

The effectiveness of these broad inequalities became evident via concrete examples,

CcI” +|DP?

1 N N
2 +§(H%3(D Ol + ||#m(D*C)|)).

) < Zloml(er = D)+ D)l + 3 ier + 1D

such as obtaining fresh estimates for one operator C (via assigning D = C*) and for the
functional A(7T) based on real and imaginary components of operator 7 .

The results featured in this document advance the continuing progress of operator in-
equalities. We anticipate that this study could act as an important foundation for additional
exploration in this area. Subsequent studies might examine broadening these estimates to
broader n x n operator matrices, assess their consequences across various operator algebras,
or pursue possible improvements with extra conditions on operators C and D.
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