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Abstract

We establish multiple novel upper estimates for the numerical radius associated with off-
diagonal operator matrices defined on a complex Hilbert space H. The operators considered
have a specific structure, with zero diagonal entries and anti-diagonal entries given by a
bounded linear operator C and the adjoint of another, D⋆. The primary contribution is a set
of inequalities that connect the square of the numerical radius to expressions involving the
norms of these constituent operators. As applications, we specialize our main results to
obtain refined inequalities for two significant cases: when D is the adjoint of C, where C
and D represent the real and imaginary components of one operator T .

Keywords: numerical radius; off-diagonal operator matrix; bounded linear operators;
Hilbert spaces; real and imaginary parts of operators; adjoint operators
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1. Introduction
In various fields of mathematics, such as functional analysis, operator theory, and nu-

merical analysis, mathematical inequalities are of foundational importance. They serve as
indispensable instruments for analyzing the characteristics of mathematical structures and
possess extensive applications in applied fields such as physics, engineering, and computer
science. To illustrate, inequalities that concern operator norms and numerical radii are vital
for establishing bounds and estimates within operator theory. Foundational work in this
area has provided key numerical radius inequalities for various operator structures [1–3].
This field has continued to evolve with recent advances and refinements [4–6], includ-
ing important generalizations to semi-Hilbert spaces and the study of the A-numerical
radius [7–10]. Further related studies have explored properties of commuting operators
and their joint spectral radii [11,12].

Recent progress in this domain has yielded enhanced bounds and more precise esti-
mates, which has fostered significant theoretical advancements [13–17]. Researchers have
investigated a variety of refinements and generalizations of classical inequalities, which
has led to deeper insights and original results. For example, Bhunia et al. [18] examined
improvements to numerical radius inequalities for operators and operator matrices. In a
similar vein, Alahmari et al. [19] broadened these concepts to the a-numerical range in
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C∗-algebras. Furthermore, Bourhim and Mabrouk [20] explored the a-numerical range on
C∗-algebras, while the second author of this paper investigated inequalities pertaining to
the Euclidean operator radius and their applications [21].

The examination of operator inequalities, especially those concerning the numerical
radius, has attracted considerable interest in recent years. Spurred by their broad applicabil-
ity, mathematicians have focused on extending and refining classical results. For instance,
Kittaneh et al. [2,22,23] developed numerical radius inequalities for particular operator
matrices, while Moslehian et al. [24] broadened Euclidean operator radius inequalities.
Buzano’s inequality [25] has also been a key tool in deriving power numerical radius
inequalities, as demonstrated in recent studies [26,27]. Drawing inspiration from this body
of work, we establish several new upper bounds for the numerical radius of an off-diagonal
operator matrix. We will first recall some essential concepts and definitions.

Let H represent a complex Hilbert space equipped with an inner product ⟨·, ·⟩ along
with the corresponding norm ∥ · ∥. The notation L(H) refers to the C∗-algebra consisting
of every bounded linear operator acting on H. For every operator C ∈ L(H), the adjoint
is indicated by C⋆, while the absolute value, expressed as the positive square root of C⋆C,
is denoted as |C| = (C⋆C)1/2. The real part and imaginary part of C are defined through
Re(C) = 1

2 (C + C⋆) and I m(C) = 1
2i (C − C⋆), respectively.

The numerical range of C, denoted by W(C), consists of all values {⟨Cξ, ξ⟩ : ξ ∈
H, ∥ξ∥ = 1}. The operator norm ∥C∥ and numerical radius ω(C) are given by the follow-
ing expressions:

∥C∥ = sup{|⟨Cξ1, ξ2⟩| : ξ1, ξ2 ∈ H, ∥ξ1∥ = ∥ξ2∥ = 1},

and
ω(C) = sup{|⟨Cξ, ξ⟩| : ξ ∈ H, ∥ξ∥ = 1}.

It is widely recognized that the numerical radius ω(·) forms a norm on L(H) compa-
rable to the operator norm ∥ · ∥. In particular, the following relations hold:

1
2
∥C∥ ≤ ω(C) ≤ ∥C∥.

Such estimates are optimal: equality in the lower bound occurs when C2 = 0, whereas
equality in the upper bound holds precisely when C is normal.

Kittaneh subsequently refined these estimates by proving that

1
2

√
∥ |C|2 + |C⋆|2∥ ≤ ω(C) ≤

√
2

2

√
∥ |C|2 + |C⋆|2∥.

Now, examine the off-diagonal segment of a 2 × 2 operator matrix

[
0 C
D 0

]
operating

on the Hilbert space H⊕ H. It has been shown that ω

([
0 C
D 0

])
= ω

([
0 D
C 0

])
, and

ω

([
0 C
D 0

])
= ω

([
0 C

eiτD 0

])
, for any τ ∈ R.

In 2011, Hirzallah, Kittaneh, and Shebrawi obtained the subsequent double inequality:

1
2

max{ω(C +D), ω(C −D)} ≤ ω

([
0 C
D 0

])
≤ 1

2
[ω(C +D) + ω(C −D)]. (1)



Mathematics 2025, 13, 3459 3 of 18

They also demonstrated that

ω

([
0 C
D 0

])
≤ min{ω(C), ω(D)}+ 1

2
min{∥C +D∥, ∥C −D∥}. (2)

More recently, in 2015, Kittaneh, Moslehian, and Yamazaki sharpened the triangle
inequality for the numerical radius in the following manner:∥∥∥∥C +D

2

∥∥∥∥ ≤ ω

([
0 C
D⋆ 0

])
≤ ∥C∥+ ∥D∥

2
.

Motivated by these findings, this work seeks to establish multiple fresh upper estimates

for the numerical radius of the off-diagonal operator matrix

[
0 C
D⋆ 0

]
, where C,D ∈ L(H).

We shall additionally provide comprehensive examples for particular situations, including
cases where D = C⋆ and where C = Re(T ) and D = I m(T ), for T ∈ L(H).

2. Main Results
We commence this section through deriving multiple upper estimates concerning the

off-diagonal operator matrix.

Theorem 1. Let C,D ∈ L(H). Then,

ω2

([
0 C
D⋆ 0

])
≤ 1

2

∥∥∥∥∥ |C|2 + |D|2

2

∥∥∥∥∥+ 1
2
×



(∥Re(D⋆C)∥+ ∥I m(D⋆C)∥);

βp
(
∥Re(D⋆C)∥q + ∥I m(D⋆C)∥q)1/q

for p, q > 1 with 1
p + 1

q = 1;

√
2 max{∥Re(D⋆C)∥, ∥I m(D⋆C)∥},

(3)

where

βp :=


2

2−p
2p if p ∈ (1, 2)

1 if p ∈ [2, ∞).

(4)

Proof. The proof relies on a well-known representation for the numerical radius, which
was used in [22]:

ω

([
0 C
D⋆ 0

])
=

1
2

sup
τ∈R

∥∥∥eiτC + e−iτD
∥∥∥ (5)

for all C,D ∈ L(H).
A straightforward calculation shows that∥∥∥eiτCξ + e−iτDξ

∥∥∥2
=
∥∥∥eiτCξ

∥∥∥2
+
∥∥∥e−iτDξ

∥∥∥2
+ 2Re

〈
eiτCξ, e−iτDξ

〉
=
〈(

|C|2 + |D|2
)

ξ, ξ
〉
+ 2Re

[
e2iτ〈D⋆Cξ, ξ

〉]
≤
〈(

|C|2 + |D|2
)

ξ, ξ
〉
+ 2
∣∣∣Re

[
e2iτ〈D⋆Cξ, ξ

〉]∣∣∣,
from which we obtain the inequality

∥∥∥∥ eiτCξ + e−iτDξ

2

∥∥∥∥2

≤ 1
2

[〈( |C|2 + |D|2

2

)
ξ, ξ
〉
+
∣∣∣Re

[
e2iτ〈D⋆Cξ, ξ

〉]∣∣∣] (6)
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for all τ ∈ R and ξ ∈ H.
Furthermore, we can express the real part of the cross-term as

Re
[
e2iτ〈Cξ,Dξ

〉]
= Re

[
(cos(2τ) + i sin(2τ))

〈
Re(D⋆C)ξ, ξ

〉
+ i
〈
I m(D⋆C)ξ, ξ

〉]
= cos(2τ)

〈
Re(D⋆C)ξ, ξ

〉
− sin(2τ)

〈
I m(D⋆C)ξ, ξ

〉
for all τ ∈ R and ξ ∈ H. An application of the elementary Hölder’s inequality for p, q > 1
with 1

p + 1
q = 1, gives the following bound:∣∣∣Re
[
e2iτ〈Cξ,Dξ

〉]∣∣∣

≤



max{|cos(2τ)|, |sin(2τ)|}
(∣∣〈Re(D⋆C)ξ, ξ

〉∣∣+ ∣∣〈I m(D⋆C)ξ, ξ
〉∣∣);

(
|cos(2τ)|p + |sin(2τ)|p

)1/p

×
(∣∣〈Re(D⋆C)ξ, ξ

〉∣∣q + ∣∣〈I m(D⋆C)ξ, ξ
〉∣∣q)1/q

for p, q > 1 with 1
p + 1

q = 1;

(|cos(2τ)|+ |sin(2τ)|)max
{∣∣〈Re(D⋆C)ξ, ξ

〉∣∣, ∣∣〈I m(D⋆C)ξ, ξ
〉∣∣}

for all τ ∈ R and ξ ∈ H.
Substituting this back into inequality (6) yields

∥∥∥∥ eiτCξ + e−iτDξ

2

∥∥∥∥2

(7)

≤ 1
2
〈( |C|2 + |D|2

2

)
ξ, ξ
〉

+
1
2



max{|cos(2τ)|, |sin(2τ)|}
(∣∣〈Re(D⋆C)ξ, ξ

〉∣∣+ ∣∣〈I m(D⋆C)ξ, ξ
〉∣∣);

(
|cos(2τ)|p + |sin(2τ)|p

)1/p

×
(∣∣〈Re(D⋆C)ξ, ξ

〉∣∣q + ∣∣〈I m(D⋆C)ξ, ξ
〉∣∣q)1/q

for p, q > 1 with 1
p + 1

q = 1;

(|cos(2τ)|+ |sin(2τ)|)max
{∣∣〈Re(D⋆C)ξ, ξ

〉∣∣, ∣∣〈I m(D⋆C)ξ, ξ
〉∣∣}

for all τ ∈ R and ξ ∈ H.
By taking the supremum over all unit vectors ξ ∈ H, the preceding inequality becomes

∥∥∥∥ eiτC + e−iτD
2

∥∥∥∥2

(8)

≤ 1
2

∥∥∥∥∥ |C|2 + |D|2

2

∥∥∥∥∥

+
1
2



max{|cos(2τ)|, |sin(2τ)|}(∥Re(D⋆C)∥+ ∥I m(D⋆C)∥);

(
|cos(2τ)|p + |sin(2τ)|p

)1/p(∥Re(D⋆C)∥q + ∥I m(D⋆C)∥q)1/q

for p, q > 1 with 1
p + 1

q = 1;

(|cos(2τ)|+ |sin(2τ)|)max{∥Re(D⋆C)∥, ∥I m(D⋆C)∥}.

To advance, we employ the following conventional trigonometric estimates:
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sup
τ∈R

max{|cos(2τ)|, |sin(2τ)|} = 1 (9)

and for p ≥ 2:

0 ≤ |cos(2τ)|p + |sin(2τ)|p ≤ cos2(2τ) + sin2(2τ) = 1,

yielding
sup
τ∈R

(
|cos(2τ)|p + |sin(2τ)|p

)
= 1.

Let p ∈ [1, 2) and t ∈ [0, π/2], and examine the function gp(t) = cosp(t) + sinp(t). For
t ∈ (0, π/2), the derivative becomes

g′p(t) = p cos t sinp−1(t)− p sin t cosp−1(t) = p sin t cos t
[
sinp−2(t)− cosp−2(t)

]
,

indicating that g′p(t) = 0 solely at t = π/4. Since g′p remains positive throughout (0, π/4)
and negative across (π/4, π/2), we obtain

sup
t∈[0,π/2]

gp(t) = gp(π/4) = cosp(π/4) + sinp(π/4) = 2
2−p

2 > 1.

Consequently,

sup
τ∈R

(
|cos(2τ)|p + |sin(2τ)|p

)1/p
= 2

2−p
2p for p ∈ (1, 2) (10)

and
sup
τ∈R

(|cos(2τ)|+ |sin(2τ)|) =
√

2. (11)

Ultimately, computing the supremum over τ ∈ R and utilizing representation (5)
together with estimates (9)–(11) generates the required inequalities stated in (3).

Remark 1. It is noteworthy that for the case p = q = 2, inequality (7) simplifies to

∥∥∥∥ eiτCξ + e−iτDξ

2

∥∥∥∥2

≤ 1
2
〈( |C|2 + |D|2

2

)
ξ, ξ
〉
+

1
2

∣∣〈(D⋆C)ξ, ξ
〉∣∣

for all τ ∈ R and ξ ∈ H. Taking the supremum over τ ∈ R and all unit vectors ξ ∈ H then gives

ω2

([
0 C
D⋆ 0

])
≤ 1

2

∥∥∥∥∥ |C|2 + |D|2

2

∥∥∥∥∥+ 1
2

ω(D⋆C). (12)

This inequality is consistent with a result that was derived using a different approach by Bunia
and Paul in 2022 (see [18], Lemma 2.4).

From an alternative viewpoint, we can also establish the following theorem:
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Theorem 2. Let C,D ∈ L(H). Then,

ω2

([
0 C
D⋆ 0

])
≤ 1

4
∥I m[(C⋆ −D⋆)(C +D)]∥ (13)

+
1
4
×



2
∥∥∥|C|2 + |D|2

∥∥∥
∥∥∥|C +D|2q + |C − D|2q

∥∥∥1/q
, for q > 1

∥∥∥|C|2 + |D|2
∥∥∥+ ∥Re(D⋆C)∥.

Proof. It can be observed that, for any τ ∈ R and ξ ∈ H, the following holds:

∥∥∥∥ eiτCξ + e−iτDξ

2

∥∥∥∥2

=

∥∥∥∥ (cos τ + i sin τ)Cξ + (cos τ − i sin τ)Dξ

2

∥∥∥∥2

=
1
4
∥cos τ(C +D)ξ + i sin τ(C −D)ξ∥2

=
1
4

(
|cos τ|2∥(C +D)ξ∥2 + |sin τ|2∥(C −D)ξ∥2

)
− 1

2
Re
(
i sin τ cos τ

〈
(C⋆ −D⋆)(C +D)ξ, ξ

〉)
=

1
4

(
|cos τ|2∥(C +D)ξ∥2 + |sin τ|2∥(C −D)ξ∥2

)
+

1
2

sin τ cos τ
〈
I m[(C⋆ −D⋆)(C +D)]ξ, ξ

〉
.

This leads to the following inequalities

∥∥∥∥ eiτCξ + e−iτDξ

2

∥∥∥∥2

(14)

≤ 1
4

(
|cos τ|2∥(C +D)ξ∥2 + |sin τ|2∥(C −D)ξ∥2

)
+

1
4
|sin(2τ)|

∣∣〈I m[(C⋆ −D⋆)(C +D)]ξ, ξ
〉∣∣

≤ 1
4

(
|cos τ|2∥(C +D)ξ∥2 + |sin τ|2∥(C −D)ξ∥2

)
+

1
4
|sin(2τ)|

∣∣〈(C⋆ −D⋆)(C +D)ξ, ξ
〉∣∣

for all τ ∈ R and ξ ∈ H.
Now, applying the basic Hölder’s inequality for p, q > 1 satisfying 1

p + 1
q = 1, we

deduce that
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|cos τ|2∥(C +D)ξ∥2 + |sin τ|2∥(C −D)ξ∥2

≤



max
{
|cos τ|2, |sin τ|2

}(
∥(C +D)ξ∥2 + ∥(C −D)ξ∥2

)
;

(
|cos τ|2p + |sin τ|2p

)1/p(
∥(C +D)ξ∥2q + ∥(C −D)ξ∥2q

)1/q
;

(
|cos τ|2 + |sin τ|2

)
max

{
∥(C +D)ξ∥2, ∥(C −D)ξ∥2

}

=



2 max
{
|cos τ|2, |sin τ|2

}〈(
|C|2 + |D|2

)
ξ, ξ
〉
;

(
|cos τ|2p + |sin τ|2p

)1/p(〈
|C +D|2ξ, ξ

〉q
+
〈
|C − D|2ξ, ξ

〉q
)1/q

;

max
{〈

|C +D|2ξ, ξ
〉
,
〈
|C − D|2ξ, ξ

〉}
for all τ ∈ R and ξ ∈ H.

For a unit vector ξ ∈ H, by applying McCarthy’s inequality for a positive operator P,
which states ⟨Pξ, ξ⟩s ≤ ⟨Psξ, ξ⟩ for s ≥ 1 (see [28], Theorem 1.2), we have〈

|C +D|2ξ, ξ
〉q

+
〈
|C − D|2ξ, ξ

〉q ≤
〈
|C +D|2qξ, ξ

〉
+
〈
|C − D|2qξ, ξ

〉
=
〈[
|C +D|2q + |C − D|2q

]
ξ, ξ
〉

for ξ ∈ H with ∥ξ∥ = 1.
Furthermore, we have

max
{〈

|C +D|2ξ, ξ
〉
,
〈
|C − D|2ξ, ξ

〉}
=

1
2

[〈[
|C +D|2 + |C − D|2

]
ξ, ξ
〉]

+
1
2

∣∣∣〈[|C +D|2 − |C −D|2
]
ξ, ξ
〉∣∣∣

for ξ ∈ H with ∥ξ∥ = 1.
We note that for all τ ∈ R,

max
{
|cos τ|2, |sin τ|2

}
≤ 1,

|cos τ|2p + |sin τ|2p ≤ |cos τ|2 + |sin τ|2 = 1, for p > 1,

which, by (14), gives

∥∥∥∥ eiτCξ + e−iτDξ

2

∥∥∥∥2

≤ 1
4
×



2
〈(

|C|2 + |D|2
)

ξ, ξ
〉
;

〈[
|C +D|2q + |C − D|2q

]
ξ, ξ
〉1/q, q > 1;

1
2

[〈[
|C +D|2 + |C − D|2

]
ξ, ξ
〉]

+ 1
2

∣∣∣〈[|C +D|2 − |C −D|2
]
ξ, ξ
〉∣∣∣

+
1
4

∣∣〈I m[(C⋆ −D⋆)(C +D)]ξ, ξ
〉∣∣

for ξ ∈ H satisfying ∥ξ∥ = 1 and τ ∈ R.
Computing the supremum across every unit vector ξ ∈ H yields the desired

norm inequality:
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∥∥∥∥ eiτC + e−iτD
2

∥∥∥∥2

≤ 1
4
×



2
∥∥∥|C|2 + |D|2

∥∥∥
∥∥∥|C +D|2q + |C − D|2q

∥∥∥1/q
, q > 1

∥∥∥|C|2 + |D|2
∥∥∥+ ∥Re(D⋆C)∥

(15)

+
1
4
∥I m[(C⋆ −D⋆)(C +D)]∥

for all τ ∈ R.
Ultimately, through computing the supremum across τ ∈ R and applying representa-

tion (5), we obtain the target outcome (13).

Theorem 3. Let C,D ∈ L(H). Then,

ω

([
0 C
D⋆ 0

])
≤



∥Kτ,C,D∥+
∥∥∥Kτ+ π

2 ,C,D

∥∥∥
βp

[
∥Kτ,C,D∥q +

∥∥∥Kτ+ π
2 ,C,D

∥∥∥q]1/q

for p, q > 1 with 1
p + 1

q = 1;

√
2 max

{
∥Kτ,C,D∥,

∥∥∥Kτ+ π
2 ,C,D

∥∥∥},

(16)

for all τ ∈ R, where βp is defined by (4) and

Kτ,C,D :=
eiτC + e−iτD

2
=

1
2
[cos τ(C +D) + i sin τ(C −D)]

for τ ∈ R.

Proof. It is evident that, for all υ, τ ∈ R, we have

cos υKτ,C,D + sin υKτ+ π
2 ,C,D

=
1
2

cos υ[cos τ(C +D) + i sin τ(C −D)]

+
1
2

sin υ
[
cos
(

τ +
π

2

)
(C +D) + i sin

(
τ +

π

2

)
(C −D)

]
=

1
2

cos υ[cos τ(C +D) + i sin τ(C −D)]

+
1
2

sin υ[− sin τ(C +D) + i cos τ(C −D)]

=
1
2
(cos υ cos τ − sin υ sin τ)(C +D)

+
1
2

i(cos υ sin τ + sin υ cos τ)(C −D)

=
1
2
[cos(τ + υ)(C +D) + i sin(τ + υ)(C −D)] = Kτ+υ,C,D .
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If we take the operator norm and apply a Hölder-type inequality, we obtain

∥Kτ+υ,C,D∥ =
∥∥∥cos υKτ,C,D + sin υKτ+ π

2 ,C,D

∥∥∥ (17)

≤ |cos υ|∥Kτ,C,D∥+ |sin υ|
∥∥∥Kτ+ π

2 ,C,D

∥∥∥

≤



max{|cos υ|, |sin υ|}
[
∥Kτ,C,D∥+

∥∥∥Kτ+ π
2 ,C,D

∥∥∥];
(
|cos υ|p + |sin υ|p

)1/p
[
∥Kτ,C,D∥q +

∥∥∥Kτ+ π
2 ,C,D

∥∥∥q]1/q

for p, q > 1 with 1
p + 1

q = 1;

[|cos υ|+ |sin υ|]max
{
∥Kτ,C,D∥,

∥∥∥Kτ+ π
2 ,C,D

∥∥∥},

for all υ, τ ∈ R.
Given that, from the proof of Theorem 1,

max{|cos υ|, |sin υ|} ≤ 1, |cos υ|+ |sin υ| ≤
√

2

and (
|cos υ|p + |sin υ|p

)1/p ≤ βp,

where βp is given by (4), for all υ ∈ R. Then by (17), we obtain

∥Kτ+υ,C,D∥ ≤



∥Kτ,C,D∥+
∥∥∥Kτ+ π

2 ,C,D

∥∥∥;

βp

[
∥Kτ,C,D∥q +

∥∥∥Kτ+ π
2 ,C,D

∥∥∥q]1/q

for p, q > 1 with 1
p + 1

q = 1;

√
2 max

{
∥Kτ,C,D∥,

∥∥∥Kτ+ π
2 ,C,D

∥∥∥},

for all υ, τ ∈ R.
By taking the supremum over υ ∈ R and noting that

sup
υ∈R

∥Kτ+υ,C,D∥ = ω

([
0 C
D⋆ 0

])
,

we obtain the desired result (16).

Corollary 1. Let C,D ∈ L(H). Then,

ω

([
0 C
D⋆ 0

])
(18)

≤



√
2

4 (∥(1 + i)C + (1 − i)D∥+ ∥(1 − i)C + (1 + i)D∥);

δp
[
∥(1 + i)C + (1 − i)D∥q + ∥(1 − i)C + (1 + i)D∥q]1/q

for p, q > 1 with 1
p + 1

q = 1;

1
2 max{∥(1 + i)C + (1 − i)D∥, ∥(1 − i)C + (1 + i)D∥},
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where

δp :=


2

1−2p
p if p ∈ (1, 2)

√
2

4 if p ∈ [2, ∞).

Proof. If we choose τ = π/4, we obtain

Kπ/4,C,D =

√
2

4
[(C +D) + i(C −D)] =

√
2

4
[(1 + i)C + (1 − i)D]

and

K 3π
4 ,C,D =

√
2

4
[−(C +D) + i(C −D)] = −

√
2

4
[(1 − i)C + (1 + i)D]

and by making use of (16), we arrive at (18).

It is also possible to state the following result:

Theorem 4. Let C,D ∈ L(H). Then,

ω2

([
0 C
D⋆ 0

])
≤ 1

2

∥∥∥∥∥ |C|2 + |D|2

2

∥∥∥∥∥ (19)

+
1
2
×



[∥∥∥D⋆C+C⋆D
2

∥∥∥+ ∥∥∥D⋆C−C⋆D
2

∥∥∥];
βp

[∥∥∥D⋆C+C⋆D
2

∥∥∥q
+
∥∥∥D⋆C−C⋆D

2

∥∥∥q]1/q

for p, q > 1 with 1
p + 1

q = 1;

√
2 max

{∥∥∥D⋆C+C⋆D
2

∥∥∥,
∥∥∥D⋆C−C⋆D

2

∥∥∥},

where βp is defined in Theorem 1.

Proof. Let us consider

Kτ,C,D :=
eiτC + e−iτD

2
, for τ ∈ R.

We note that

4|Kτ,C,D |2 =
∣∣∣eiτC + e−iτD

∣∣∣2 =
(

eiτC + e−iτD
)⋆(

eiτC + e−iτD
)

=
(

e−iτC⋆ + eiτD⋆
)(

eiτC + e−iτD
)

= C⋆C +D⋆D + e2iτD⋆C + e−2iτC⋆D

= |C|2 + |D|2 + e2iτD⋆C + e−2iτC⋆D,

which implies that

|Kτ,C,D |2 =
1
2

(
|C|2 + |D|2

2
+

e2iτD⋆C + e−2iτC⋆D
2

)
(20)

for τ ∈ R.
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In addition, we have

e2iτD⋆C + e−2iτC⋆D
2

=
[cos(2τ) + i sin(2τ)]D⋆C + [cos(2τ)− i sin(2τ)]C⋆D

2

=
cos(2τ)(D⋆C + C⋆D) + i sin(2τ)(D⋆C − C⋆D)

2

for τ ∈ R.
By taking the norm in (20), we obtain

∥Kτ,C,D∥2 =
1
2

∥∥∥∥∥ |C|2 + |D|2

2
+

e2iτD⋆C + e−2iτC⋆D
2

∥∥∥∥∥ (21)

≤ 1
2

∥∥∥∥∥ |C|2 + |D|2

2

∥∥∥∥∥+ 1
2

∥∥∥∥ e2iτD⋆C + e−2iτC⋆D
2

∥∥∥∥
=

1
2

∥∥∥∥∥ |C|2 + |D|2

2

∥∥∥∥∥
+

1
4
∥cos(2τ)(D⋆C + C⋆D) + i sin(2τ)(D⋆C − C⋆D)∥

for τ ∈ R.
By Hölder’s inequality for norms, it follows that

∥cos(2τ)(D⋆C + C⋆D) + i sin(2τ)(D⋆C − C⋆D)∥

≤



max{|cos(2τ)|, |sin(2τ)|}[∥D⋆C + C⋆D∥+ ∥D⋆C − C⋆D∥];

(
|cos(2τ)|p + |sin(2τ)|p

)1/p[∥D⋆C + C⋆D∥q + ∥D⋆C − C⋆D∥q]1/q

p, q > 1 with 1
p + 1

q = 1;

{|cos(2τ)|+ |sin(2τ)|}max{∥D⋆C + C⋆D∥, ∥D⋆C − C⋆D∥};

≤



[∥D⋆C + C⋆D∥+ ∥D⋆C − C⋆D∥];

βp
[
∥D⋆C + C⋆D∥q + ∥D⋆C − C⋆D∥q]1/q

p, q > 1 with 1
p + 1

q = 1;

√
2 max{∥D⋆C + C⋆D∥, ∥D⋆C − C⋆D∥}

for τ ∈ R.
Consequently, from (21), we can deduce that

∥Kτ,C,D∥2 ≤ 1
2

∥∥∥∥∥ |C|2 + |D|2

2

∥∥∥∥∥

+
1
4
×



[∥D⋆C + C⋆D∥+ ∥D⋆C − C⋆D∥];

βp
[
∥D⋆C + C⋆D∥q + ∥D⋆C − C⋆D∥q]1/q

p, q > 1 with 1
p + 1

q = 1;

√
2 max{∥D⋆C + C⋆D∥, ∥D⋆C − C⋆D∥}

for τ ∈ R.
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Through computing the supremum across τ ∈ R, we attain the target outcome (19).

Remark 2. For the specific case p = q = 2 in (19), we obtain

ω2

([
0 C
D⋆ 0

])
≤ 1

2

∥∥∥∥∥ |C|2 + |D|2

2

∥∥∥∥∥ (22)

+
1
2

[∥∥∥∥D⋆C + C⋆D
2

∥∥∥∥2
+

∥∥∥∥D⋆C − C⋆D
2

∥∥∥∥2
]1/2

.

3. Applications to a Single Operator
Examine an operator C ∈ L(H). Substituting D = C⋆ into (3) yields the following

upper estimates for the numerical radius of one operator:

ω2(C) ≤ 1
2

∥∥∥∥∥ |C|2 + |C⋆|2

2

∥∥∥∥∥

+
1
2
×



(∥∥Re
(
C2)∥∥+ ∥∥I m

(
C2)∥∥);

βp

(∥∥Re
(
C2)∥∥q

+
∥∥I m

(
C2)∥∥q

)1/q

for p, q > 1 with 1
p + 1

q = 1;

√
2 max

{∥∥Re
(
C2)∥∥,

∥∥I m
(
C2)∥∥}.

Applying the substitution D = C⋆ to (12) gives

ω2(C) ≤ 1
2

∥∥∥∥∥ |C|2 + |C⋆|2

2

∥∥∥∥∥+ 1
2

ω
(
C2
)

,

which corresponds to a result stated in [18] (Lemma 2.4).
Similarly, from (13) with D = C⋆, we find that

ω2(C) ≤ 1
4
∥I m[(C⋆ − C)(C⋆ + C)]∥

+
1
4
×



2
∥∥∥|C|2 + |C⋆|2

∥∥∥;

∥∥∥|C + C⋆|2q + |C − C⋆|2q
∥∥∥1/q

, q > 1;

∥∥∥|C|2 + |C⋆|2
∥∥∥+ ∥∥Re

(
C2)∥∥.

Note that for D = C⋆, the operator Kτ,C,D becomes

Kτ,C,C⋆ :=
eiτC + e−iτC⋆

2
=

eiτC +
(
eiτC

)⋆
2

= Re
(

eiτC
)

for all τ ∈ R.
By utilizing (16), we then arrive at



Mathematics 2025, 13, 3459 13 of 18

ω(C) ≤



∥∥Re
(
eiτC

)∥∥+ ∥∥∥Re
(

ei(τ+ π
2 )C

)∥∥∥;

βp

[∥∥Re
(
eiτC

)∥∥q
+
∥∥∥Re

(
ei(τ+ π

2 )C
)∥∥∥q]1/q

for p, q > 1 with 1
p + 1

q = 1;

√
2 max

{∥∥Re
(
eiτC

)∥∥,
∥∥∥Re

(
ei(τ+ π

2 )C
)∥∥∥}

for all τ ∈ R.
From (18), we can also obtain the inequality

ω(C)

≤



√
2

4 (∥(1 + i)C + (1 − i)C⋆∥+ ∥(1 − i)C + (1 + i)C⋆∥);

δp
[
∥(1 + i)C + (1 − i)C⋆∥q + ∥(1 − i)C + (1 + i)C⋆∥q]1/q

for p, q > 1 with 1
p + 1

q = 1;

1
2 max{∥(1 + i)C + (1 − i)C⋆∥, ∥(1 − i)C + (1 + i)C⋆∥}.

Moreover, if we apply (19) with D = C⋆, we obtain

ω2(C) ≤ 1
2

∥∥∥∥∥ |C|2 + |C⋆|2

2

∥∥∥∥∥

+
1
4
×



[∥∥∥C2 + (C⋆)2
∥∥∥+ ∥∥∥C2 − (C⋆)2

∥∥∥];
βp

[∥∥∥C2 + (C⋆)2
∥∥∥q

+
∥∥∥C2 − (C⋆)2

∥∥∥q]1/q

for p, q > 1 with 1
p + 1

q = 1;

√
2 max

{∥∥∥C2 + (C⋆)2
∥∥∥,
∥∥∥C2 − (C⋆)2

∥∥∥},

while from (22) it follows that

ω2(C) ≤ 1
2

∥∥∥∥∥ |C|2 + |C⋆|2

2

∥∥∥∥∥
+

1
2

∥∥∥∥∥C2 + (C⋆)2

2

∥∥∥∥∥
2

+

∥∥∥∥∥C2 − (C⋆)2

2

∥∥∥∥∥
2
1/2

.

For every operator C ∈ L(H), we define the functional

∆(C) := ω

([
0 Re(C)

I m(C) 0

])
=

1
2

sup
τ∈R

∥∥∥eiτRe(C) + e−iτI m(C)
∥∥∥. (23)

Evidently, ∆(C) ≥ 0. When ∆(C) = 0, then C = 0. Moreover, for C,D ∈ L(H), it
follows that
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∆(C +D) =
1
2

sup
τ∈R

∥∥∥eiτRe(C +D) + e−iτI m(C +D)
∥∥∥

=
1
2

sup
τ∈R

∥∥∥eiτRe(C) + e−iτI m(C) + eiτRe(D) + e−iτI m(D)
∥∥∥

≤ 1
2

sup
τ∈R

∥∥∥eiτRe(C) + e−iτI m(C)
∥∥∥

+
1
2

sup
τ∈R

∥∥∥eiτRe(D) + e−iτI m(D)
∥∥∥

= ∆(C) + ∆(D),

and for any real scalar α,

∆(αC) = 1
2

sup
τ∈R

∥∥∥eiτRe(αC) + e−iτI m(αC)
∥∥∥

=
1
2
|α| sup

τ∈R

∥∥∥eiτRe(C) + e−iτI m(C)
∥∥∥ = |α|∆(C).

Such characteristics confirm that ∆(·) constitutes a real norm on L(H).
From the definition of ∆(·), it becomes apparent that

∆(C) ≤ 1
2
(∥Re(C)∥+ ∥I m(C)∥)

and
1
2

∥∥∥eiτRe(C) + e−iτI m(C)
∥∥∥ ≤ ∆(C) for all τ ∈ R.

Consequently, this produces the relation

1
2

max
{
∥Re(C)±I m(C)∥,

√
2∥(1 + i)Re(C) + (1 − i)I m(C)∥

}
≤ ∆(C)

for every C ∈ L(H).
From (1) and (2), by setting C = Re(T ) and D = I m(T ) for some T ∈ L(H), it also

follows that

1
2

max{∥Re(T ) +I m(T )∥, ∥Re(T )−I m(T )∥}

≤ ∆(T ) ≤ 1
2
[∥Re(T ) +I m(T )∥+ ∥Re(T )−I m(T )∥]

and that

∆(T ) ≤ min{∥Re(T )∥, ∥I m(T )∥}+ 1
2

min{∥Re(T ) +I m(T )∥, ∥Re(T )−I mT ∥}.

By using (3) with C = Re(T ) and D = I m(T ), we obtain

∆2(T ) ≤ 1
4

∥∥∥∥∥ |T |2 + |T ⋆|2

2

∥∥∥∥∥

+
1
2
×



(∥Re(I m(T )Re(T ))∥+ ∥I m(I m(T )Re(T ))∥);

βp
(
∥Re(I m(T )Re(T ))∥q + ∥I m(I m(T )Re(T ))∥q)1/q

for p, q > 1 with 1
p + 1

q = 1;

√
2 max{∥Re(I m(T )Re(T ))∥, ∥I m(I m(T )Re(T ))∥},
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for all T ∈ L(H), while from (12) we can derive that

∆2(T ) ≤ 1
4

∥∥∥∥∥ |T |2 + |T ⋆|2

2

∥∥∥∥∥+ 1
2

ω(I m(T )Re(T )).

From (13), we also find for C = Re(T ) and D = I m(T ) that

∆2(T ) ≤ 1
4
∥I m[(Re(T )−I m(T ))(Re(T ) +I m(T ))]∥

+
1
4
×



∥∥∥|T |2 + |T ⋆|2
∥∥∥

∥∥∥|Re(T ) +I m(T )|2q + |Re(T )−I m(T )|2q
∥∥∥1/q

, q > 1

∥∥∥∥ |T |2+|T ⋆ |2
2

∥∥∥∥+ ∥Re(I m(T )ReT )∥.

For an operator T ∈ L(H) and a real number τ ∈ R, we may define

Kτ,T := Kτ,Re(T ),I m(T ) =
eiτRe(T ) + e−iτI m(T )

2
.

By inequality (16), we obtain

∆(T ) ≤



∥Kτ,T ∥+
∥∥∥Kτ+ π

2 ,T

∥∥∥
βp

[
∥Kτ,T ∥q +

∥∥∥Kτ+ π
2 ,T

∥∥∥q]1/q

for p, q > 1 with 1
p + 1

q = 1;

√
2 max

{
∥Kτ,T ∥,

∥∥∥Kτ+ π
2 ,T

∥∥∥},

for all τ ∈ R.
In particular, the following holds

∆(T )

≤



√
2

4 (∥(1 + i)Re(T ) + (1 − i)I m(T )∥+ ∥(1 − i)ReT + (1 + i)I m(T )∥);

δp
[
∥(1 + i)Re(T ) + (1 − i)I m(T )∥q + ∥(1 − i)Re(T ) + (1 + i)I m(T )∥q]1/q

for p, q > 1 with 1
p + 1

q = 1;

1
2 max{∥(1 + i)Re(T ) + (1 − i)I m(T )∥, ∥(1 − i)ReT + (1 + i)I m(T )∥},

for all T ∈ L(H).
Finally, by making use of (19) for C = Re(T ) and D = I m(T ), we also obtain
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∆2(T ) ≤ 1
4

∥∥∥∥∥ |T |2 + |T ⋆|2

2

∥∥∥∥∥

+
1
4
×



[∥I m(T )Re(T ) +Re(T )I m(T )∥+ ∥I m(T )Re(T )−Re(T )I m(T )∥];

βp
[
∥I m(T )Re(T ) +Re(T )I m(T )∥q + ∥I m(T )Re(T )−Re(T )I m(T )∥q]1/q

for p, q > 1 with 1
p + 1

q = 1;

√
2 max{∥I m(T )Re(T ) +Re(T )I m(T )∥, ∥I m(T )Re(T )−Re(T )I m(T )∥},

and for the case p = q = 2,

∆2(T ) ≤ 1
4

∥∥∥∥∥ |T |2 + |T ⋆|2

2

∥∥∥∥∥
+

1
4

[
∥I m(T )Re(T ) +Re(T )I m(T )∥2 + ∥I m(T )Re(T )−Re(T )I m(T )∥2

]1/2
.

4. Conclusions
In this paper, we have successfully established several new upper bounds for the nu-

merical radius of off-diagonal operator matrices of the form

[
0 C
D⋆ 0

]
on a complex Hilbert

space H. Our approach has yielded a variety of inequalities that refine and generalize
existing results in operator theory.

A primary achievement in our research involves creating estimates linking the numer-
ical radius with norms of component operators alongside their algebraic structures. Key
among our discoveries, we proved that

ω2

([
0 C
D⋆ 0

])
≤ 1

2

∥∥∥∥∥ |C|2 + |D|2

2

∥∥∥∥∥+ 1
2
(∥Re(D⋆C)∥+ ∥I m(D⋆C)∥).

Furthermore, we explored an alternative perspective, leading to results such as

ω2

([
0 C
D⋆ 0

])
≤ 1

4
∥I m[(C⋆ −D⋆)(C +D)]∥+ 1

2

∥∥∥|C|2 + |D|2
∥∥∥.

The effectiveness of these broad inequalities became evident via concrete examples,
such as obtaining fresh estimates for one operator C (via assigning D = C⋆) and for the
functional ∆(T ) based on real and imaginary components of operator T .

The results featured in this document advance the continuing progress of operator in-
equalities. We anticipate that this study could act as an important foundation for additional
exploration in this area. Subsequent studies might examine broadening these estimates to
broader n× n operator matrices, assess their consequences across various operator algebras,
or pursue possible improvements with extra conditions on operators C and D.
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16. Sababheh, M.; Djordjević, D.S.; Moradi, H.R. Numerical Radius and Norm Bounds via the Moore-Penrose Inverse. Complex Anal.

Oper. Theory 2024, 18, 117. [CrossRef]
17. Nayak, R.K. Weighted numerical radius inequalities for operator and operator matrices. Acta Sci. Math. 2024, 90, 193–206.

[CrossRef]
18. Bhunia, P.; Paul, K. Some improvements of numerical radius inequalities of operators and operator matrices. Linear Multilinear

Algebra 2022, 70, 1995–2013. [CrossRef]
19. Alahmari, A.; Mabrouk, M.; Zamani, A. Further results on the a-numerical range in C∗-algebras. Banach J. Math. Anal. 2022, 16, 25.

[CrossRef]
20. Bourhim, A.; Mabrouk, M. a-numerical range on C∗-algebras. Positivity 2021, 25, 1489–1510. [CrossRef]
21. Dragomir, S.S. Some inequalities for the Euclidean operator radius of two operators in Hilbert spaces. Linear Algebra Appl. 2006,

419, 256–264. [CrossRef]
22. Kittaneh, F.; Moslehian, M.S.; Yamazaki, T. Cartesian decomposition and numerical radius inequalities. Linear Algebra Appl. 2015,

471, 46–53. [CrossRef]
23. Kittaneh, F. Numerical radius inequality and an estimate for the numerical radius of the Frobenius companion matrix. Studia

Math. 2003, 158, 11–17. [CrossRef]
24. Moslehian, M.S.; Sattari, M.; Shebrawi, K. Extensions of Euclidean operator radius inequalities. Math. Scand. 2017, 120, 129–144.

[CrossRef]
25. Buzano, M.L. Generalizzatione della disuguaglianza di Cauchy-Schwarz. Rend. Semin. Mat. 1974, 31, 405–409.

http://doi.org/10.5556/j.tkjm.39.2008.40
http://dx.doi.org/10.4064/sm168-1-5
http://dx.doi.org/10.1007/s00020-011-1893-0
http://dx.doi.org/10.7153/mia-2020-23-76
http://dx.doi.org/10.1007/s00013-021-01641-w
http://dx.doi.org/10.1016/j.laa.2021.08.014
http://dx.doi.org/10.1080/03081087.2019.1593925
http://dx.doi.org/10.1007/s41980-022-00727-7
http://dx.doi.org/10.15672/hujms.730574
http://dx.doi.org/10.1016/j.laa.2018.08.017
http://dx.doi.org/10.1007/s11785-020-01013-2
http://dx.doi.org/10.1007/s00025-021-01478-3
http://dx.doi.org/10.1016/j.bulsci.2021.102959
http://dx.doi.org/10.1007/s00025-023-02059-2
http://dx.doi.org/10.1007/s11785-024-01560-y
http://dx.doi.org/10.1007/s44146-023-00103-9
http://dx.doi.org/10.1080/03081087.2020.1781037
http://dx.doi.org/10.1007/s43037-022-00181-x
http://dx.doi.org/10.1007/s11117-021-00825-6
http://dx.doi.org/10.1016/j.laa.2006.04.017
http://dx.doi.org/10.1016/j.laa.2014.12.016
http://dx.doi.org/10.4064/sm158-1-2
http://dx.doi.org/10.7146/math.scand.a-25509


Mathematics 2025, 13, 3459 18 of 18

26. Mabrouk, M.; Zamani, A. An extension of the a-numerical radius on C∗-algebras. Banach J. Math. Anal. 2023, 17, 42. [CrossRef]
27. Sababheh, M.; Conde, C.; Moradi, H.R. A Convex-Block Approach to Numerical Radius Inequalities. Funct. Anal. Its Appl. 2023,

57, 26–30. [CrossRef]
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