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Abstract

We develop a new mathematical framework for describing impurity diffusion in multi-
phase, stochastically inhomogeneous media with internal deterministic mass sources. The
main contribution of the paper is the structural preservation of the original multiphase
problem while reducing it to a single integro-differential diffusion equation for the en-
tire body. Using a Feynman diagram technique, we obtain a Dyson-type equation for
the averaged concentration field; its kernel (mass operator) summarizes the cumulative
effect of random phase interfaces and internal sources. This diagrammatic formulation
offers clear advantages: it systematically organizes the contributions of complex interphase
interactions and source terms, ensures convergence of the Neumann-series solution, and
facilitates extensions to more intricate source distributions. The approach allows us to
analyze the behavior of the averaged impurity concentration under various temporally or
spatially distributed internal sources and provides a foundation for further refinement of
transport models in complex multiphase systems.

Keywords: diffusion; multiphase randomly inhomogeneous medium; mass source;
non-ideal contact conditions; Neumann series; averaging over an ensemble of phase
configurations; Feynman diagram; mass operator kernel; Dyson equation

MSC: 35R60; 35K20; 60G60

1. Introduction
Originating in quantum electrodynamics, the Feynman diagram method has evolved

into a robust interdisciplinary tool for mathematical modeling. It has moved far beyond
elementary-particle physics and is now actively used in chemistry, medicine, biophysics, fi-
nancial mathematics, combinatorics, algebra, and graph theory. Due to its visual clarity and
structural organization, Feynman diagrams have become not only an important research
instrument but also a didactic aid. It stimulates the development of specialized learning
environments and visualization tools, particularly illustrating complex mathematical and
physical concepts [1].
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In theoretical physics, studies devoted to the construction, summation, and regular-
ization of diagrams remain at the forefront of research. Kozik [2] proposed a generalized
framework for the efficient summation of skeleton diagrams; Budzik et al. [3] developed
quadratic recursion relations for universal integrals; and Sberveglieri and Spada [4] formu-
lated a method for encoding information about individual diagrams in scalar field theories
with quartic interactions. New approaches to the analysis of multi-loop structures based
on the Cauchy identity expansion and tensor networks were presented in [5–7], while
numerical methods of integration and regularization for massive diagrams were developed
in [8]. The Feynman diagram technique has also proved effective for modeling micro-
scopic processes in molecular dynamics [9], nonlinear optical spectroscopy [10], coherent
microscopy [11,12], bioinformatics [13], and other areas of biophysics [14]. Its use enables
more accurate descriptions of the behavior of complex molecular systems, light–matter
interactions, and structure–function relationships in biological macromolecules. The visual
power of diagrams has likewise found application in describing RNA pseudoknots and
mechanisms of brain activity.

Diagrammatic methods have also made inroads into financial economics, where they
are employed to describe stochastic models, simulate complex market interactions, and
analyze risk. A generalization of this mathematical apparatus for use in finance is pre-
sented in [15], which highlights its value for both classical economists and specialists in
mathematical modeling. Of particular scientific interest is the fusion of the diagrammatic
approach with modern mathematical structures—specifically graph theory, combinatorics,
Hopf algebras, and cohomology and homotopy theory. For instance, planar arrays and
bi-conjugate amplitudes are considered in [16,17]; efficient algorithms for representing
multi-loop structures via adjacency matrices are given in [18,19]; and variational optimiza-
tion methods are discussed in [20,21]. Methods for evaluating Mellin–Barnes integrals
using massless diagrams are presented in [22], and applications of Hopf algebras to renor-
malization appear in [23,24]. Other studies address the solution of differential equations
arising in the analysis of Feynman integrals [25,26] and the application of operator methods
to multi-loop diagrams [27]. As another example, diagrammatic methods are well-suited
to investigating the dynamics and structure of doped semiconductors [28].

Thus, the Feynman diagram method remains a fundamental conceptual tool combin-
ing analytical power, graph-theoretic expressiveness, and a wide range of applications
across scientific disciplines. Its role in contemporary scientific discourse continues to
grow, and the emergence of new applications and theoretical generalizations is shaping an
essential trend in interdisciplinary modeling.

Broad literature addresses diffusion and transport in random or evolving hetero-
geneous media [29,30]. Recent advances include stochastic structural modeling, where
static homotopy response analysis accommodates arbitrary input distributions by min-
imizing a stochastic residual, offering a rigorous route to quantify uncertainty in com-
plex media [31,32]. In materials science, phase-field simulations of alloy solidification
explicitly couple thermal and solute diffusion with multiphase microstructure evolution,
illustrating how mesoscale morphology governs local transport pathways and effective
kinetics [33]. At the reactive end, diffusion-limited processes in dynamic heterogeneous
environments reveal how temporal variability of microstructure and intermittency of acces-
sible pathways reshape encounter rates, reaction yields, and emergent macroscopic laws
beyond classical homogenized descriptions [34]. Together, these strands emphasize that
realistic diffusion models must integrate randomness, multiphase geometry, and possibly
time-varying interfaces.
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In the work [35], an approach to the mathematical description of mass transfer in
multiphase inhomogeneous bodies using Feynman diagrams was proposed. It made it
possible to obtain an integro-differential equation for the averaged concentration field.

In this work we extend the Feynman diagram technique beyond its traditional domains
by adapting it to impurity diffusion in multiphase, stochastically inhomogeneous media
with internal deterministic sources. Mathematically, our approach preserves the original
multiphase structure and reduces the problem to a single integro-differential diffusion
equation with a random kernel. We establish absolute and uniform convergence of the
resulting Neumann-series solution and prove that its averaged form satisfies a Dyson-type
equation whose kernel acts as a mass operator summarizing the multiphase heterogeneity
and the action of internal mass sources. These results provide new mathematical insight
into how diagrammatic methods can be used to systematically organize and summarize
contributions of random interfaces in diffusion problems, and they open the way to further
applications, such as the study of coherence functions and nonlocal transport equations in
complex media. This broadening is important because many real systems generate impurity
internally—for example, dopant release from second-phase precipitates during annealing—
leading to non-trivial steady states and transport regimes that cannot be captured in
source-free models [36]. The study proceeds through the following stages:

• Formulation of the contact initial boundary-value problem for diffusion under non-
ideal contact conditions on random phase interfaces;

• Derivation of the mass-transfer equation for the stochastic concentration field of the
entire body, accounting for internal mass sources;

• Reduction in the initial boundary-value problem to an equivalent integro-differential
equation with a random kernel;

• Construction of the solution as a Neumann series and proof of its convergence for the
non-steady-state regime;

• Application of the Feynman-diagram technique to analyze this series and obtain the
Dyson equation for the averaged concentration field;

• Derivation of particular cases of the equation for the averaged field that explicitly
include internal sources;

• Investigation of the averaged concentration fields under various types of mass sources.

In the long term, the results obtained may serve as a basis for optimizing technological
processes where control of impurity distributions in the presence of internal sources is
critical, such as during the doping of multiphase materials or the controlled implantation
of substances into biomaterials.

2. Formulation of the Contact Initial Boundary-Value Problem for
Diffusion with Internal Mass Sources

Consider the diffusion of an impurity in a multiphase, randomly inhomogeneous
body composed of M + 1 solid phases that differ in density and diffusion coefficient, i.e., a
matrix and inclusions of arbitrary shape (Figure 1). Although the exact spatial arrangement
of the phases within the body is unknown, the probabilistic law of their distribution is
defined [37]. Moreover, we assume that the volume fraction of the matrix is much larger
than that of the inclusions, i.e., vj << v0 (j = 1, . . . , M). The density and the diffusion
coefficient are taken to be constant within the volume of each phase.

We assume that internal deterministic mass sources σ(r, t) act within the body
(r = (x, y, z) is the running point vector, t represents time), meaning the source inten-
sity may be time-dependent, constant, or confined to a specified subregion of the body. In
Figure 1, point sources are indicated by black dots, and the subregion in which sources act
is shaded grey. The coordinates of each source are assumed to be known.
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Figure 1. Sample element of a multiphase body with a randomly nonhomogeneous structure and
internal mass sources.

The mass concentrations of impurity cj(r, t) (cj = mj/m, where mj is the mass of the
j-th component within a unit volume, m is the total mass of substance occupying that unit
volume) in the matrix (domain Ω0) and in the inclusions (domains Ωj, j = 1, . . . , M) in the
presence of internal mass sources, are described by the diffusion equations [38,39], written
separately for each phase

ρj
∂cj(r, t)

∂t
= Dj∆cj(r, t) + σj(r, t), r ∈ Ωj, t ∈ [0, θ], θ < ∞. (1)

Here ρj is the matter density in the random subregion Ωj; Dj is the impurity kinetic
transfer coefficient in Ωj.

We assume the inclusions are entirely contained within the body, i.e., the matrix
occupies the external boundary of the body. The following initial and boundary conditions
are imposed,

c0(r, t)|r∈δΩ = c̃(t), cj(r, t)
∣∣
t=0 = ĉj(r), j = 0, . . . , M, (2)

where δΩ denotes the outer boundary of the body.
On the region interfaces Sij (i, j = 0, . . . , M), the conditions of equality of the chemical

potentials µ(r, t) and the equality of diffusive fluxes of the impurity species hold [40,41]

µ(r, t) | r∈Sji−0 = µ(r, t) | r∈Sji+0,

ρ(r)D(r)
→
∇µ(r, t)

∣∣∣∣
r∈Sji−0

= ρ(r)D(r)
→
∇µ(r, t)

∣∣∣∣
r∈Sji+0

, (3)

where the coefficients ρ(r) and D(r) are defined on open sets, namely

ρ(r) =
M

∑
j=0

{
ρj
}

r∈Ωj\S, D(r) =
M

∑
j=0

{
Dj

}
r∈Ωj\S.

Here, {. . .} denotes the domain of continuity of the function; Sji is the boundary of

i-th simply connected subdomain of the j-th phase Ωji and S =
M
∪

j=0

mj
∪

i=1
Sji is the global phase-

contact boundary, composed of the interfaces of the simply connected subdomains, with
mj the number of simply connected subdomains in phase j. Across the contact boundary,
r ∈ S, the coefficients exhibit jumps, [ρ(r)]r∈Sji

and [D(r)]r∈Sji
, respectively.
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On general thermodynamic grounds, the chemical potential depends logarithmically
on concentration [40,42]

µ(r, t) = µ0 + A ln γ(r)c(r, t), (4)

where µ0 is the chemical potential of the pure substance in the state characterized by
absolute temperature T and pressure P; A = RT/m is a coefficient involving the universal
gas constant R and the atomic mass m of the impurity particles; and γ(r) is the activity
coefficient, which for a multiphase body can be expressed as

γ(r) =
N

∑
j=0

{
γj, r ∈ Ωj

0, r /∈ Ωj
. (5)

Substituting expression (4) into (3) with (5) considered yields the non-ideal contact
conditions for the impurity concentration in the form

ajcj(r, t)
∣∣

r∈Sji−0 = aici(r, t) | r∈Sji+0, (6)

ρjDj
→
∇cj(r, t)

∣∣∣∣
r∈Sji−0

= ρi Di
→
∇ci(r, t)

∣∣∣∣
r∈Sji+0

, j, i = 0, . . . , M, (7)

where ap = Aγp (p = 0, . . . , M).
In this formulation, the random quantities are the contact interfaces—i.e., the bound-

aries of the subdomains Ωji, which lie inside the body—thereby rendering the concentration
field of the diffusing particles stochastic.

3. Mass Transfer Equation for the Entire Body
We reduce the contact diffusion problem (1), (6) and (7) to a mass-transfer equation for

the body as a whole. To this end, introduce a random function of the spatial coordinate
c(r, t), that describes the concentration throughout the entire body, namely

c(r, t) =

{
cj(r, t), r ∈ Ωj, j = 0, . . . , M
contact conditions (3), (4), r ∈ S.

.

We also introduce a random operator ηji(r), i.e., the “structure function”, defined by

ηji(r) =

{
1, when r ∈ Ωji,
0, when r /∈ Ωji,

, (8)

which satisfies the material continuity (partition-of-unity) condition

M

∑
j=0

mj

∑
i=1

ηji(r) = 1. (9)

Then the diffusion coefficient d(r), dj = ρjDj, and the density ρ(r) can be represented
via the random structure function (8) in the form

ρ(r) =
M

∑
j=0

mj

∑
i=1

ρjηji(r), d(r) =
M

∑
j=0

mj

∑
i=1

djηji(r). (10)

We take into account that
(a) The function c(r, t) and its gradient

→
∇c(r, t) have first kind (jump) discontinuities

on the contact interfaces S (conditions (6), (7));
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(b) For the body as a whole, the mass balance equation holds

ρ(r)
∂c(r, t)

∂t
= −

→
∇ ·

→
J (r, t) + σ(r, t), (11)

where
→
J (r, t) = d(r)

→
∇c(r, t) is the impurity flux and

σ(r, t) =
M

∑
j=0

{
σj(r, t), i f r ∈ Ωj

0, i f r /∈ Ωj
;

the coefficient d(r) is piecewise constant, has first-kind discontinuities at the contact inter-
faces, and is constant within each phase; therefore, the action of the nabla operator on d(r)
can be written as →

∇d(r) = [d(r)]r∈Sδ(r − rS),

where rS is the position vector of points on the interface S; [. . .]s denotes the jump of a
function across the interface S; δ(·) is the Dirac delta function.

Note that the jump is, in general, a vector quantity and takes different values for
different position vectors r ∈ S.

Equation (11) can be written in the form [43]

ρ(r) ∂ c(r,t)
∂t = {d(r)c(r, t)}+ [d(r)]S

[→
∇c(r, t)

]
S
δ(r − rS)+

+[d(r)]S[c(r, t)]S
→
∇δ(r − rS) + [d(r)]S[c(r, t)]Sδ2(r − rS) + σ(r, t).

Here, we used the fact that the concentration c(r, t) is piecewise continuous in time
together with its first time derivative. We also assume that the domains of continuity of the
kinetic transport coefficient d(r) and of the concentration function c(r, t) coincide, hence
{d(r)}{c(r, t)} = {d(r)c(r, t)}.

Using the material continuity (partition-of-unity) condition (9) and the representations (10),
the diffusion equation for the entire body can be written as

L(r, t)c(r, t) ≡
M
∑

j=0

mj

∑
i=1

ρjηji(r)
∂ c
∂t

−
M
∑

j=0

mj

∑
i=1

djηji(r)∆c(r, t)

−1
2

M
∑

j=0

mj

∑
i=1

[d(r)]Sji

[→
∇c(r, t)

]
Sji

δ(r − rSji )−
1
2

M
∑

j=0

mj

∑
i=1

[d(r)]Sji

[→
∇c(r, t)

]
Sji

→
∇δ(r − rSji )

−1
2

M
∑

j=0

mj

∑
i=1

[d(r)]Sji
[c(r, t)]Sji

δ2(r − rSji ) = σ(r, t).

(12)

Adding and subtracting in Equation (12) the deterministic operator L0(r, t) = ρ0∂/∂t− d0∆
with coefficients characteristic of the matrix, we obtain

L0(r, t)c(r, t) = Ls(r, t)c(r, t) + σ(r, t), (13)

where Ls(r, t) is written as follows

Ls(r, t) =
M
∑

j=1
(ρ0 − ρj)

mj

∑
i=1

ηji(r)
∂

∂t
−

M
∑

j=1
(d0 − dj)

mj

∑
i=1

ηji(r)∆

+
1
2

M
∑

j=0

mj

∑
i=1

[d(r)]Sji

[→
∇ . . .

]
Sji

δ
(

r − rSji

)
+

1
2

M
∑

j=0

mj

∑
i=1

[d(r)]Sji
[. . .]Sji

→
∇δ

(
r − rSji

)
+

1
2

M
∑

j=0

mj

∑
i=1

[d(r)]Sji
[. . .]Sji

δ2
(

r − rSji

)
.

(14)
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Thus, we arrive at a stochastic mass-transfer differential equation for impurity in a
multiphase medium with randomly distributed inclusions, given by (13) with the random
operator (14).

4. Integro-Differential Mass-Transfer Equation—Neumann Series
Interpreting the right-hand side of Equation (13) as source terms for mass transfer in

the randomly inhomogeneous multiphase body, we write an integro-differential equation
equivalent to the original contact boundary-value problem (1), (6) and (7) [41]

c(r, t) = chom(r, t) +
t∫

0

t

Ω
G(r, r’, t, t′)Ls(r’, t′)c(r’, t′) dr’dt′

+
t∫

0

t

Ω
G(r, r’, t, t′)σ(r’, t′) dr’dt′.

(15)

Here chom(r, t) is the solution to the following homogeneous problem

L0(r, t)chom(r, t) = σ(r, t), (16)

chom(r, t)
∣∣∣→

r ∈δΩ
= c̃(t), chom(r, t)

∣∣∣
t=0

= ĉ0(r); (17)

G(r, r’, t, t′) is the Green’s function, i.e., the solution of the corresponding deterministic
boundary-value problem with a point source, specifically

L0(r, t)G(r, r’, t, t′) = δ(t − t′)δ(r − r’), (18)

G(r, r’, t, t′)
∣∣∣
r∈δΩ

= 0, G(r, r’, t, t′)
∣∣∣
t=0

= 0;

Ω =
M
∪

j=0

mj
∪

i=1
Ωji internal region of the body.

We seek the solution of the integro-differential Equation (15) by the method of succes-
sive approximations (simple iteration) in the form of a Neumann integral series.

As the zero-order approximation c(0)(r, t) we choose the sum of the solution to the
homogeneous boundary-value problem (16), (17) and the convolution of the Green’s
function with the source. This yields the following recurrence relations

c(0)(r, t) = chom(r, t) +
t∫

0

y

Ω

G(r, r’, t, t′)σ(r’, t′) dr’dt′; (19)

c(1)(r, t) = chom(r, t) +
t∫

0

t

Ω
G(r, r’, t, t′)σ(r’, t′) dr’dt′

+
t∫

0

t

Ω
G(r, r’, t, t′)Ls(r’, t′)c(0)(r’, t′) dr’dt′;

. . .

c(k)(r, t) = chom(r, t) +
t∫

0

t

Ω
G(r, r’, t, t′)σ(r’, t′) dr’dt′

+
t∫

0

t

Ω
G(r, r’, t, t′)Ls(r’, t′)c(k−1)(r’, t′) dr’dt′

. . .

Note that since chom(r, t) is a continuously differentiable function, the application of
the operator Ls(r, t) on it can be written as
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Ls(r, t)chom(r, t) =
M
∑

j=1
(ρ0 − ρj)

mj

∑
i=1

ηji(r)
∂chom(r, t)

∂t

−
M
∑

j=1
(d0 − dj)

mj

∑
i=1

ηji(r)∆chom(r, t).

In the constructed sequence of functions c(0)(r, t), c(1)(r, t), . . ., c(k)(r, t), . . . the general
term can be written as

c(k)(r, t) = chom(r, t) +
t∫

0

t

Ω
Gσdr’dt′ +

t∫
0

t

Ω
GLschomdr’dt′

+
t∫

0

t

Ω
GLs

t′∫
0

t

Ω
Gσ dr”dt′′ r’dt′ +

t∫
0

t

Ω
GLs

t′∫
0

t

Ω
GLschom dr”dt′′ dr’dt′

+
t∫

0

t

Ω
GLs

t′∫
0

t

Ω
GLs

t′′∫
0

t

Ω
Gσ dr”’dt′′′ dr”dt′′ dr’dt′

+ . . . +
t∫

0

y

Ω

. . .
t(n)∫
0

y

Ω︸ ︷︷ ︸
n+1

GLs . . . GLs︸ ︷︷ ︸
n

Gσdr(n+1)dt(n+1) . . . dr’dt′

+

t∫
0

y

Ω

. . .
t(n−1)∫

0

y

Ω︸ ︷︷ ︸
n

GLs . . . GLs︸ ︷︷ ︸
n

chomdr(n)dt(n) . . . dr’dt′ + . . .+

+

t∫
0

y

Ω

. . .
t(k)∫
0

y

Ω︸ ︷︷ ︸
k+1

GLs . . . GLs︸ ︷︷ ︸
k

Gσdr(k+1)dt(k+1) . . . dr’dt′

+

t∫
0

y

Ω

. . .
t(k−1)∫
0

y

Ω︸ ︷︷ ︸
k

GLs . . . GLs︸ ︷︷ ︸
k

chomdr(k)dt(k) . . . dr’dt′.

(20)

Here Rk(r, t) denotes the difference between k-th and (k− 1)-th terms of the sequence, namely

Rk(r, t) =
t∫

0

y

Ω

. . .
t(k)∫
0

y

Ω︸ ︷︷ ︸
k+1

GLs . . . GLs︸ ︷︷ ︸
k

Gσdr(k+1)dt(k+1) . . . dr’dt′

+

t∫
0

y

Ω

. . .
t(k−1)∫
0

y

Ω︸ ︷︷ ︸
k

GLs . . . GLs︸ ︷︷ ︸
k

chomdr(k)dt(k) . . . dr’dt′.

We associate with this sequence the series:

c(r, t) = chom(r, t) +
t∫

0

y

Ω

G(r, r’, t, t′)σ(r’, t′) dr’dt′ +
∞

∑
k=1

Rk(r, t), (21)

which is an (integral) Neumann series.
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Proposition 1. If the diffusion coefficients dj (j = 0, . . . , M) and densities ρj (j = 0, . . . , M) are
bounded functions and ρ0 ̸= 0, d0 ̸= 0 and the body has finite volume V, then the Neumann
integral series (21) is absolutely and uniformly convergent.

Proof. The solution of the integro-differential Equation (15) is constructed by the method
of successive approximations, taking as the zero-order approximation (19) the solution of
the homogeneous initial boundary-value problem (16), (17) and introducing a parameter λ.
Then the k-th iteration takes the form

c(k)(r, t) = chom(r, t) +
t∫

0

t

Ω
G(r, r’, t, t′)σ(r’, t′) dr’dt′

+λ
t∫

0

t

Ω
G(r, r’, t, t′)

1
λ

Ls(r’, t′)c(k−1)(r’, t′) dr’dt′.
(22)

Let us denote
Q(k)

(
c(k)(r’, t′)

)
= Ls(r’, t′)c(k)(r’, t′),

and
K(r, r’, t, t′) =

1
λ

G(r, r’, t, t′). (23)

Now express the concentration field using the notations (23)

c(k)(r, t) = chom(r, t) +
t∫

0

t

Ω
G(r, r’, t, t′)σ(r’, t′) dr’dt′

+λ
t∫

0

t

Ω
K(r, r’, t, t′)Q(k−1)

(
c(k−1)(r’, t′)

)
dr’dt′

= chom(r, t) +
t∫

0

t

Ω
G(r, r’, t, t′)σ(r’, t′) dr’dt′ + λ

(
KQ(k−1)

)
(r, t), k = 1, 2, . . .

where
(

KQ(k−1)

)
(r, t) is the operator notation for the double integral over the domain

[0, t]× Ω. This leads us to

c(k)(r, t) = chom(r, t) +
t∫

0

t

Ω
G(r, r’, t, t′)σ(r’, t′) d

→
r
′
dt′

+
k
∑

p=1
λp(KpQh)(r, t), k = 1, 2, . . .,

(24)

where Qh = Lschom, which we verify by mathematical induction.
Setting k = 1 and using the zero-order approximation yields Formula (22), so the

assertion for the first iterate holds. Suppose the statement (24) is valid for k-th iterate; we
now show that the corresponding statement for the (k + 1)-th iterate also holds. Hence,

c(k+1)(r, t) = chom(r, t) +
t∫

0

t

Ω
G(r, r’, t, t′)σ(r’, t′) dr’dt′

+
k
∑

p=1
λp(KpQh)(r, t) + λk+1

(
Kk+1Qh

)
(r, t)

= c(k)(r, t) + λk+1
(

Kk+1Qh

)
(r, t).

We next show that, for bounded ρj, dj and ρ0 ̸= 0, d0 ̸= 0 all iterates
(

KkQh

)
(r, t) are

continuous and bounded in the domain [0, t]× Ω:∥∥∥KkQh

∥∥∥
C
=

∥∥∥K
(

Kk−1Qh

)∥∥∥
C
≤ U mes{[0, t]× Ω}

∥∥∥Kk−1Qh

∥∥∥
C

≤ . . . ≤ (Umes{[0, t]× Ω})k∥Qh∥C,
(25)
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where U = max
B

K(r,′ , t, t′), B = [0, t]× [0, t]× Ω × Ω, mes{[0, t]× Ω} = tV.

From estimate (25), it follows that the series (21) is dominated termwise by the numer-
ical series

∥Qh∥C

∞

∑
k=0

|λ|k(U tV)k =
∥Qh∥C

1 − |λ|U tV
,

which converges absolutely for

|λ| < 1
U tV

. (26)

Accordingly, under condition (26), the Neumann series (21) is absolutely and uniformly
convergent. Therefore, the successive approximations c(k)(r, t) in (24) converge uniformly
to the sought function c(r, t) as k → ∞ .

This completes the proof. □

The convergence of the Neumann series (21) requires that the number of inclusions
nj (j = 0, . . . , M) in phase j be specified or at least be finite. By contrast, the coefficients
aj (j = 0, . . . , M) that determine the jump of the concentration across random interphase
interfaces may take arbitrary values. Likewise, no condition on characteristic inclusion
sizes is needed.

We also note that, in the steady-state limit t → ∞ , the Neumann series diverges under
the above (relatively mild) assumptions, since the domain of convergence in the stationary
problem is substantially smaller than in the nonstationary case [44].

The first two terms of the Neumann series correspond to the concentration field
chom(r, t) in a homogeneous body with the characteristics of the base phase under the
action of internal mass sources of power σ(r, t). The next two terms represent the sum of
single-inclusion perturbations (placing one inclusion at a time). The third pair accounts for
the pairwise influence of inclusions in the presence of internal sources, and so on. Jumps
of the diffusion coefficient and the density of the body across interphase interfaces are
incorporated via the operator Ls.

For brevity, let us denote the second term in (21) by F(r, t):

F(r, t) =
t∫

0

y

Ω

G(r, r, t, t′)σ(r’, t′) dr’dt′,

Then the Neumann series (21) can be written as

c(r, t) = chom(r, t) + F(r, t) +
t∫

0

t

Ω
GLschomdr’dt′ +

t∫
0

t

Ω
GLsFdr’dt′

+
t∫

0

t

Ω
GLs

t′∫
0

t

Ω
GLschomdr”dt′′ dr’dt′ +

t∫
0

t

Ω
GLs

t′∫
0

t

Ω
GLsFdr”dt′′ dr’dt′

+ . . . +
t∫

0

y

Ω

. . .
t(k−1)∫

0

y

Ω︸ ︷︷ ︸
k

GLs . . . GLs︸ ︷︷ ︸
k

chomdr(k)dt(k) . . . dr’dt′

+

t∫
0

y

Ω

. . .
t(k−1)∫

0

y

Ω︸ ︷︷ ︸
k

GLs . . . GLs︸ ︷︷ ︸
k

Fdr(k)dt(k) . . . dr’dt′ + . . ..

(27)

Note that the first two terms of (27) are deterministic, whereas all higher-order terms
are random.
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5. Feynman Diagrams for Mass Transfer in a Stochastically
Inhomogeneous Multiphase Body

The Neumann series (21) is the expansion of the random concentration field with the
perturbations accounting for the inclusions exhibiting characteristics different from the
matrix. Before analyzing the Neumann series, we first fix a diagrammatic dictionary for
the objects entering (21); throughout, we use the standard conventions of [43], see also [31].

Let a straight-line segment whose endpoints are assigned the coordinates (r’, t′) and
(r”, t′′ ) correspond to the Green’s function G(r, r”, t′, t′′ ) [37]:

. 
),( tr ),( tr 

  ~,,, ttG  rr       . 

Operator Ls(
→
r
′
, t′) will correspond to the vertical segment with dots at its ends:

),( tr 
 ~, tLs r . 

Random concentration field function c(r, t) and the homogenous concentration under
the action of internal mass sources chom(r, t) + F(r, t) will be associated with the checkmark
symbol and the wavy line correspondingly:

,   
~),(),(hom tFtc rr  . ~),( tc r , 

A diagram vertex is any point (r’, t′), (r”, t′′ ), at which the lines representing c(r, t),
chom(r, t) + F(r, t), G(r, r’, t, t′) and Ls(r’, t′) meet. The integration is performed over the
internal vertex coordinates. The number of internal vertices equals the order of the diagram.
With this dictionary in place, each term of (27) corresponds to a unique Feynman diagram.
The first two terms on the right-hand side of (27) are represented by

),( tr 
. , 

In general, the k-th order contributions to the Neumann series for c(r, t) have the
structure (20): they contain k Green-function lines G and k internal vertices (r’, t′), . . .,
(r(k), t(k)), and they always end with the wavy line corresponding to chom(r, t) + F(r, t) [37]

),( )()( kk tr


. … 

),( )1()1(  kk tr
),( tr  ),( tr 

Accordingly, the series (27) admits the following graphical representation:
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+… . 

),( )()( kk tr
… 

),( )1()1(  kk tr
),( tr  ),( tr 

+…+. 

=  +  +  +  + 
),( tr  ),( tr  ),( tr  ),( tr  ),( tr  ),( tr 

(28)

Let ⟨·⟩ denote averaging over the ensemble of phase configurations. Averaging the
random concentration field (27), (28) then yields

⟨c(r, t)⟩ = chom(r, t) + F(r, t) +
t∫

0

t

Ω
G⟨Ls⟩chomdr’dt′ +

t∫
0

t

Ω
G⟨Ls⟩Fdr’dt′

+
t∫

0

t

Ω

t′∫
0

t

Ω
G⟨LsGLs⟩chomdr”dt′′ dr’dt′ +

t∫
0

t

Ω

t′∫
0

t

Ω
G⟨LsGLs⟩Fdr”dt′′ dr’dt′

+ . . . +
t∫

0

y

Ω

. . .
t(k−1)∫
0

y

Ω︸ ︷︷ ︸
k

G⟨Ls . . . GLs⟩︸ ︷︷ ︸
k

chomdr(k)dt(k) . . . dr’dt′

+

t∫
0

y

Ω

. . .
t(k−1)∫
0

y

Ω︸ ︷︷ ︸
k

G⟨Ls . . . GLs⟩︸ ︷︷ ︸
k

Fdr(k)dt(k) . . . dr’dt′ + . . ..

(29)

Under this framework, the first approximation ⟨c⟩(1) is a linear functional of the fluctu-
ations of the transport parameters d̃(r) = d(r)− ⟨d(r)⟩, ρ̃(r) = ρ(r)− ⟨ρ(r)⟩. Consequently,
every moment of the field ⟨c⟩(1) can be expressed linearly via the moments d̃(r) and ρ̃(r) of
the same order.

Retaining only the first four terms of the Neumann series (29), i.e., the Born approxi-
mation [45] for the averaged concentration, one obtains the following expression for the
averaged concentration field

⟨c(r, t)⟩(1) = c(0)(r, t) +
t∫

0

y

Ω

G(r, r’, t, t′) ⟨Ls(r’, t′) ⟩c(0)(r’, t′)dr’dt′. (30)

In this setting, c(0)(r, t) = chom(r, t) + F(r, t).
By definition, the (auto)correlation function ψc(r1, r2, t) and the variance of the D[c] of

the random concentration field [46] are

ψc(r1, r2, t) ≡ ⟨c(r1, t)c(r2, t)⟩ − ⟨c(r1, t)⟩⟨c(r2, t)⟩,

D[c] ≡ σ2
c (r, t) ≡

〈
|c̃(r, t)|2

〉
=

〈
[c(r, t)− ⟨c(r, t)⟩]2

〉
.

The complete statistical properties of the field are encoded in cumulant functions of
all orders. In the diagrammatic language, we associate cumulants χl(r1, r2, . . . , rl) with the
dashed lines where the order of a cumulant matches the order of the associated diagram:
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, r 

r 
 )(lr


~),...,,( )(l

l rrr  . 
… 

Since the concentration field is deterministic with respect to time, the time variable
appears in cumulant functions merely as a parameter.

In general, the moments of the operator Ls, which contains the fluctuations of d̃(r) and
ρ̃(r), can be written as [46]〈

Ls(r’, t′) . . . Ls(r(l), t(l))
〉
= χl(r’, . . . , r(l))

+
l

∑
p=1

〈
Ls(r(p), t(p))

〉〈
Ls(r’, t′) . . . Ls(r(p−1), t(p−1))Ls(r(p+1), t(p+1)) . . . Ls(r(l), t(l))

〉
+ . . ..

(31)

or, equivalently, in the following diagrammatic form:

 

 

 . 
+

r 

r 
 )(lr


…  + …  +

)1( lr
)2( lr


r 


r 
 )(lr


… 

+

r 


r 
 )(lr


… 

r 
 )4(r


+ …  +

r 


r 
 )(lr


… 

)1( lr
)2( lr


+

+

r 


r 
 )(lr


… 

r 
 )4(r

r 

r 
 )(lr

… 
r 


+  +  …  + 

r 
 )(lr

… 
)1( lr

)2( lr


+ 

  )t,()...,( (l))(l
ss LtL rr

r 

r 
 )(lr


… 

r 


r 
 )(lr


… 

r 


+ +

(32)

Observe first that expression (31), (32) expands into a sum of l! terms where the argu-
ments r’, r”, . . ., r(l) are combined in all admissible ways. Consequently, upon averaging
over the ensemble of phases, one obtains exactly l! diagrams of order l, with the l vertices
interconnected in every possible manner.

Because we integrate over the coordinates of the internal vertices r’, r”, . . . , r(l), the
analytic expression represented by any given diagram carries no explicit dependence on
those internal coordinates. For this reason, we henceforth omit internal-vertex labels from
the drawings.

We now introduce a dedicated graphical symbol for the averaged concentration field
in a non-homogeneous medium,

.   ~,tc r

and use it to depict the series (29) in compact graphical form
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, 

 

. 
8 

+
9 

+

5 
+

6 
+ +

7 
+

4 

=
1 

+ +
+

2 
+

3 

(33)

Here, terms up to and including third order (diagrams with three vertices) are shown.
For example, diagram 6 of series (33), namely

, 

has the following analytical representation:

t∫
0

t

Ω

t′∫
0

t

Ω

t′′∫
0

t

Ω
G⟨Ls⟩G⟨LsGLs⟩chomdr”’dt′′′ dr”dt′′ dr’dt′

+
t∫

0

t

Ω

t′∫
0

t

Ω

t′′∫
0

t

Ω
G⟨Ls⟩G⟨LsGLs⟩Fdr”’dt′′′ dr”dt′′ dr’dt′.

The correspondence between Feynman diagrams and analytic expressions is one-to-
one, and a physical reading of the diagrams is given in [31].

Several diagrams entering (33) contain lower-order subdiagrams; we exploit this to
streamline the analytic notation.

Representing the solution of the boundary-value problem (13), (2) by the diagram
set (33) makes it possible to rearrange the Neumann series using certain topological features
of the contributing diagrams.

In fact, the sum of (33) can be rewritten as the sum over a certain infinite subsequence
of the same series. To this end, we adopt the classification from [47] to categorize the
diagrams in (33) into weakly and strongly connected. A diagram is weakly connected if
it can be split into two separate diagrams by cutting a single line G. In (33) diagrams 3
and 5–7 are weakly connected, whereas 1, 2, 4, 8, and 9 are strongly connected. Diagrams
produced by cutting a line G may themselves be either strongly or weakly connected.
Whenever “secondary” diagrams are weakly connected, we continue the splitting. Iterating
this process yields a collection of strongly connected components. The connectivity index
of the original diagram is thus defined as the number of strongly connected components
obtained in this way. In (33), diagrams 3, 6, and 7 have connectivity index 2, diagram 5 has
index 3, and every strongly connected diagram is assigned index 1.

From the series (33), extract all strongly connected diagrams. Because every such
diagram starts with G-line and with the wavy line chom(r, t)+ F(r, t), the sum of all strongly
connected diagrams can be written as
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. ~),(.).( tc cs r (34)

In analytic form this becomes

c(s.c.)(r, t) =
t∫

0

y

Ω

G(r, r’, t, t′)Σ(r’, t′)
[
chom(r’, t′) + F(r’, t′)

]
dr’dt′, (35)

where Σ(r, t) is the mass-operator kernel

Σ(r, t) = ⟨Ls(r, t)⟩+
t∫

0

t

Ω
Gχ2dr’dt′

+
t∫

0

t′∫
0

t

Ω

t

Ω
G⟨Ls⟩Gχ2dr”dr’dt′′ dt′

+
t∫

0

t′∫
0

t

Ω

t

Ω
GGχ3dr”dr’dt′′ dt′ + . . ..

with the following graphical representation

=  ...  . +  +  + +  +  (36)

Next, let us consider all strongly connected diagrams with connectivity index 2. Each
of them has the structure

21
,  (37)

where    
1

and    
2

are arbitrary diagrams taken from the right-hand side of (36).
Since the construction of the series (29), (33) enumerates all pairwise connections of

internal vertices, the sum of all terms of the form (37) equals

, 

where     denotes the complete sum (36).
By the same reasoning, the sum of all diagrams with connectivity index 3 has the form

. 

and so on. Consequently, the averaged concentration field can be represented as the
diagramicic series
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= +  …  . +  +  + 
(38)

Let us verify that the series (38) satisfies the equation

= +    , 
(39)

which is the Dyson equation. In its analytic form (39) reads

⟨c(r, t)⟩ = chom(r, t) + F(r, t) +
t∫

0

y

Ω

G(r, r’, t, t′)Σ(r’, t′)
〈

c(r’, t′)
〉

dr’dt′. (40)

Although Σ is formally introduced as an operator, in the present context it has a clear
physical meaning. The kernel Σ(r, t′) represents the cumulative influence of random phase
interfaces on impurity transport. In diagrammatic terms, it corresponds to the sum of
all strongly connected diagrams and thus encapsulates how multiple phase-boundary
interactions in the stochastic multiphase structure renormalize the bare diffusion operator
and modify the effective transport of the averaged concentration field.

To solve Equations (39) and (40), we employ the method of successive iteration.
Substituting expression [48]. Substituting expression (39) and (40) into the right-hand side
of the same equation yields, for the averaged concentration field ⟨c(r, t)⟩ we obtain

= +  +  . 

= +   (  +  )= 

Substituting the right-hand side of (39), (40) into the expression obtained above, we get

++  +  + . =

= +  +  (  +  )= 

Repeating this substitution iteratively generates the series (38). In analytic terms,
applying the same procedure yields the expansion

⟨c(r, t)⟩ = chom(r, t) + F(r, t) +
t∫

0

t

Ω
GΣ

[
chom + F

]
dr’dt′

+
t∫

0

t′∫
0

t

Ω

t

Ω
GΣGΣ

[
chom + F

]
dr”dr’dt′′ dt′

+
t∫

0

t′∫
0

t′′∫
0

t

Ω

t

Ω

t

Ω
GΣGΣGΣ

[
chom + F

]
dr”’dr”dr’dt′′′ dt′′ dt′ + . . ..

(41)
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Viewing Σ(r, t) as given, Equations (39) and (40) is an integral equation for ⟨c(r, t)⟩,
which we can find explicit solutions for in some cases. In that event one obtains an
expression for the averaged concentration ⟨c(r, t)⟩ in terms of the mass-operator kernel
Σ(r, t); equivalently, the sum of series (29), (33) can be written through c(s.c.)(r, t) (34), (35),
which represents a particular subsequence of the same series.

In general, the operator, or, in some cases, the function, Σ(r, t) is not known precisely.
A practical route is to approximate it by the sum of the first few terms of series (38), (41).
For example, in the Bourret approximation [47] one has

),( tr      . ),( tLs  r 1 (42)

Using the form of the operator Ls(r, t) from (14), the expression for ⟨Ls(r, t)⟩ under
non-ideal interfacial (contact) conditions on the concentration can be written as

⟨Ls(r, t)⟩ =
M
∑

j=1

mj

∑
i=1

〈
ηji(r)

〉[
(ρ0 − ρj)

∂

∂t
− (d0 − dj)∆

]
+

1
2

M
∑

j=0

mj

∑
i=1

[d(r)]Sji

[→
∇ . . .

]
Sji

〈
δ
(

r − rSji

)〉
+

1
2

M
∑

j=0

mj

∑
i=1

[d(r)]Sji
[. . .]Sji

〈→
∇δ

(
r − rSji

)〉
+

1
2

M
∑

j=0

mj

∑
i=1

[d(r)]Sji
[. . .]Sji

〈
δ2
(

r − rSji

)〉
.

We denote graphically the Bourret approximation for the averaged field ⟨c(r, t)⟩ by

. 
B

tc ),(r

Alternatively, by replacing Σ(r, t) with the diagram (42) in expression (38), (41) we
obtain the following representation of ⟨c(r, t)⟩B:

=  +  +  +  +  …  . 
(43)

or, in analytic form,

⟨c(r, t)⟩B = chom(r, t) + F(r, t) +
t∫

0

t

Ω
G⟨Ls⟩

[
chom + F

]
dr’dt′

+
t∫

0

t′∫
0

t

Ω

t

Ω
G⟨Ls⟩G⟨Ls⟩

[
chom + F

]
dr”dr’dt′′ dt′ + . . ..

(44)

Thus, both analytic and diagrammatic expressions have been derived for the
concentration field averaged over the ensemble of phase configurations, within the
Bourret approximation.



Mathematics 2025, 13, 3458 18 of 36

6. Equation for the Averaged Concentration Field in a Multiphase
Randomly Inhomogeneous Medium with Internal Sources

We now derive the equation whose solution is the averaged concentration field ⟨c(r, t)⟩.
Apply the diffusion operator with base-phase characteristics L0(r, t) = ρ0

∂
∂t − d0∆ to the

Dyson Equations (39) and (40). This gives[
ρ0

∂

∂t
− d0∆

]
⟨c(r, t)⟩ =

[
ρ0

∂

∂t
− d0∆

]
chom(r, t) +

[
ρ0

∂

∂t
− d0∆

]
F(r, t)

+
t∫

0

t

Ω

[
ρ0

∂

∂t
− d0∆r

]
G(r, r’, t, t′)Σ(r’, t′)

〈
c(r’, t′)

〉
dr’dt′.

(45)

Using relations (16) and (18), Equation (45) can be rewritten as

[
ρ0

∂
∂t − d0∆

]
⟨c(r, t)⟩ = σ(r, t) +

t∫
0

t

Ω
δ(t − t′)δ(r − r’)σ(r’, t′) dr’dt′

+
t∫

0

t

Ω
δ(t′ − t)δ(r’ − r)Σ(r’, t′)

〈
c(r’, t′)

〉
dr’dt′.

and, upon integration, we obtain[
ρ0

∂

∂t
− d0∆ − Σ(r, t)

]
⟨c(r, t)⟩ = 2σ(r, t). (46)

In the Bourret approximation, using (42), the resulting equation reduces to

ρ0
∂⟨c(r, t)⟩B

∂t
− d0∆⟨c(r, t)⟩B − ⟨Ls(r, t)⟩⟨c(r, t)⟩B = 2σ(r, t). (47)

If the averaged field and its first derivatives are continuous in all spatial coordinates, then[
ρ0 −

M
∑

j=1

mj

∑
i=1

〈
ηji(r)

〉
(ρ0 − ρj)

]
∂⟨c(r, t)⟩B

∂t

−
[

d0 −
M
∑

j=1

mj

∑
i=1

〈
ηji(r)

〉
(d0 − dj)

]
∆⟨c(r, t)⟩B = 2σ(r, t).

(48)

Assume further that the phases are uniformly distributed throughout the body. Then
Equation (48) takes the form [

ρ0 −
M
∑

j=1
vj(ρ0 − ρj)

]
∂⟨c(r, t)⟩B

∂t

−
[

d0 −
M
∑

j=1
vj(d0 − dj)

]
∆⟨c(r, t)⟩B = 2σ(r, t).

(49)

In the case of a two-phase body, Equation (49) is equivalent to

[ρ0 − v1(ρ0 − ρ1)]
∂⟨c(r,t)⟩B

∂t

−[d0 − v1(d0 − d1)]∆⟨c(r, t)⟩B = 2σ(r, t),
(50)

whereas for a three-phase body we have

[ρ0 − v1(ρ0 − ρ1)− v2(ρ0 − ρ2)]
∂⟨c(r,t)⟩B

∂t

−[d0 − v1(d0 − d1)− v2(d0 − d2)]∆⟨c(r, t)⟩B = 2σ(r, t).



Mathematics 2025, 13, 3458 19 of 36

If we adopt the following approximation for the mass-operator kernel

 2  

  


t

s tddGtL
0

2),( rr  . 

+ 

(51)

Then Equation (46) becomes

[
ρ0

∂

∂t
− d0∆ − ⟨Ls(r, t)⟩

]
⟨c(r, t)⟩ −

t∫
0

y

Ω

G(r, r’, t, t′)χ2(r, r’)⟨c(r, t)⟩dr’dt′ = 2σ(r, t). (52)

Let us compare the equations for ⟨c(r, t)⟩ under the action of internal mass sources obtained
with the kernel approximations Σ1(r, t) (42) and Σ2(r, t) (51), i.e., Equations (47) and (52). Note
that, under the approximation Σ ≈ Σ2 the averaged concentration field satisfies an integro-
differential rather than a purely differential equation. Physically, this reflects nonlocality,
namely ⟨c(r, t)⟩ at a point (r, t) depends on the surrounding inhomogeneities.

7. Influence of Internal Mass Sources on the Averaged Impurity
Concentration in a Two-Phase Randomly Inhomogeneous Layer

To investigate how internal sources affect the behavior of the averaged concentration
field, we consider impurity diffusion in a two-phase, randomly inhomogeneous layer,
deduced in the Bourret approximation. The phases are assumed to be distributed uniformly
within the body.

For a layer of thickness x0 with internal sources of power σ(x, t) the diffusion process
is governed by the initial boundary value problem based on Equation (50). In one spatial
dimension this reads

[ρ0 − v1(ρ0 − ρ1)]
∂⟨c(x, t)⟩B

∂t
− [d0 − v1(d0 − d1)]

∂2⟨c(x, t)⟩B
∂x2 = 2σ(x, t), (53)

subject to a zero initial condition and prescribed constant boundary concentrations at the
top x = 0 and bottom x = x0 faces

⟨c(x, t)⟩B|t=0 = 0, ⟨c(x, t)⟩B|x=0 =
⌢
c 1 ≡ const, ⟨c(x, t)⟩B|x=x0

=
⌢
c 2 ≡ const. (54)

We now consider several types of source terms σ(x, t).

7.1. Single Point Mass Source

Let a point source of power ω act at x = x1, x1 ∈ (0, x0):

σ(x, t) = ωδ(x − x1). (55)

We seek the solution of (53), (54), (55) by reducing to homogeneous boundary condi-
tions, applying a finite sine transform in the spatial variable, and a Laplace transform in
time. The result is obtained in the form

⟨c(x, t)⟩B =
⌢
c 1

(
1 − x

x0

)
+

⌢
c 2

x
x0

+
4ω

d̂x0

∞
∑

n=1

1
y2

n
sin(ynx1) sin(ynx)

(
1 − e−d̂y2

nt/ρ̂
)

− 2
ρ̂x0

∞
∑

n=1

sin(ynx)
yn

(
⌢
c 1 − (−1)n⌢c 2

)
e−d̂y2

nt/ρ̂,
(56)
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where
d̂ = d0 − v1(d0 − d1), ρ̂ = ρ0 − v1(ρ0 − ρ1).

All numerical calculations here and below are carried out in dimensionless variables [49]
ξ = x/x0, τ = d0t/ρ0x2

0, i.e., time is normalized by matrix characteristics. The baseline
problem parameters are d̃0 = 1, d̃1 = d1/d0 = 0.1, ρ̃0 = 1, ρ̃1 = ρ1/ρ0 = 1.1, ξ0 = 1,
⌢
c 1 = 1,

⌢
c 2 = 0.05.

Representative distributions of the averaged impurity concentration in the Bourret
approximation for various internal source types are shown in Figures 2–8. The series
occurring in the formulas for ⟨c(ξ, τ⟩B/

⌢
c 1 were summed to a tolerance of 10−12.

 

Figure 2. Charts of the averaged concentration under the action of a point source for ξ1 = 0.2,
d̃1 = 0.1 (a), ξ1 = 0.8, d̃1 = 0.1 (b), ξ1 = 0.2, d̃1 = 5 (c), ξ1 = 0.8, d̃1 = 5 (d) at different moments
of dimensionless time.

Modeling software was implemented in C# using Visual Studio 2022 Community
Edition. Visualizations were rendered using Plotly.Net 5.1.0 and ScottPlot 4.1.68. All
computations ran on a 64-bit Windows 11 Pro system with an Intel Core i7-1065G7 CPU
and 16.0 GB RAM.

Figure 2 shows the distributions of the function ⟨c(ξ, τ⟩B/
⌢
c 1 under the action of a

point source of power ω = 10 evaluated at times τ = 0.001, 0.01, 0.05, 0.1, 0.5 (curves 1–5,
respectively). Figure 2a corresponds to a source located at ξ1 = x1/x0 = 0.2, Figure 2b to
point ξ1 = 0.8 for d̃1 = 0.1. Figure 2c displays the influence of a source located at ξ1 = 0.2,
and Figure 2d at ξ1 = 0.8 for d̃1 = 5. The solutions were computed from Formula (56).

Note that the action of an internal point source increases the impurity concentration
throughout the entire layer. A larger source power yields larger values of ⟨c(ξ, τ⟩B/

⌢
c 1.

A local maximum of the averaged concentration is observed at small times, and a global
maximum at large times, in the vicinity of the point source (Figure 2). In this neighborhood,
the concentration function loses smoothness. For small times, the concentration decreases
away from the upper surface of the layer; the local minimum is located closer to the source
point, but over time the concentration increases and the local minimum shifts toward the
upper boundary of the layer (curves 1, 2 in Figure 2a,c and curves 1–4 in Figure 2b,d).
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For larger times, the function ⟨c(ξ, τ⟩B/
⌢
c 1 increases from the surface ξ = 0, attaining its

maximum near the point source (curves 3–5 in Figure 2a,c, and curves 5 in Figure 2b,d),
after which the concentration decreases toward the surface ξ = ξ0.

Note also that an increase in the diffusion coefficient leads to a decrease in the concen-
tration throughout the body (Figure 2a–d). For example,

max
ξ∈[0;ξ0]

⟨c(ξ, τ)⟩B

∣∣∣∣ d̃1 = 0.1,
τ = 0.01,
ξ1 = 0.2

/ max
ξ∈[0;ξ0]

⟨c(ξ, τ)⟩B

∣∣∣∣ d̃1 = 5,
τ = 0.01,
ξ1 = 0.2

= 1.11;

max
ξ∈[0;ξ0]

⟨c(ξ, τ)⟩B

∣∣∣∣ d̃1 = 0.1,
τ = 0.1,
ξ1 = 0.2

/ max
ξ∈[0;ξ0]

⟨c(ξ, τ)⟩B

∣∣∣∣ d̃1 = 5,
τ = 0.1,
ξ1 = 0.2

= 1.27.

Furthermore, the smaller the diffusion coefficient, the later the concentration function
reaches the steady regime. In the case of d̃1 = 0.1, the steady state regime is achieved at
time τst = 0.7 (Figure 2a,b), and for d̃1 = 5 it occurs at time τst = 0.5 (Figure 2c,d).

7.2. Finite Number of Deterministic Mass Point Sources

Consider the case of M point mass sources

σ(x, t) =
M

∑
k=1

ωkδ(x − xk), (57)

where ωk is the power of k-th source.
The solution of the boundary-value problem (53), (54), (57) has the form

⟨c(x, t)⟩B =
⌢
c 1

(
1 − x

x0

)
+

⌢
c 2

x
x0

+
4

d̂x0

M
∑

k=1
ωk

∞
∑

n=1

1
y2

n
sin(ynxk) sin(ynx)

(
1 − e−d̂y2

nt/ρ̂
)

− 2
ρ̂x0

∞
∑

n=1

sin(ynx)
yn

(
⌢
c 1 − (−1)n⌢c 2

)
e−d̂y2

nt/ρ̂.

(58)

Figure 3 shows graphs of the averaged concentration of migrating particles for a finite
number of point sources acting inside the layer at times τ = 0.001, 0.01, 0.05, 0.1, 0.5 (curves 1–5).
Figure 3a illustrates the distributions of ⟨c(ξ, τ⟩B/

⌢
c 1, computed for nine sources located at

{x1, . . . , x9} = {0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9} with equal power ωk = 2, k = 1, . . . , 9.
Figure 3b–d are plotted for four sources of equal power ωk = 2 (k = 1, . . . , 4). In Figure 3b,
the sources are placed closer to the upper boundary at {x1, . . . , x4} = {0.1, 0.2, 0.3, 0.4}, in
Figure 3c they are near the center of the strip {x1, . . . , x4} ={0.35, 0.45, 0.55, 0.65}, in Figure 3d
they are in the lower part of the strip {x1, . . . , x4} = {0.6, 0.7, 0.8, 0.9}. Figure 3e–g show
graphs of the averaged concentration for four sources located at {x1, . . . , x4} = {0.1, 0.2, 0.8, 0.9}.
In Figure 3e, the sources have equal power ωk = 2 (k = 1, . . . , 4), in Figure 3f, there is a
dominant source of power ω1 = 20 at x1 = 0.1, in Figure 3g of power ω4 = 20 at x4 = 0.9.
Figure 3h shows concentration distributions for nine sources at {x1, . . . , x9} = {0.1, 0.2, 0.3,
0.4, 0.5, 0.6, 0.7, 0.8, 0.9} with one dominant source at ω9 = 20 at point x9 = 0.9, while the
other sources have equal power ωk = 2, k = 1, . . . , 8.
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Figure 3. Graphs of the averaged impurity concentration at various dimensionless times under the
action of several point sources located inside the layer (panels (a,c)) and near the body surfaces
(panels (b,d–h)).

The action of point sources in the strip increases the impurity concentration throughout
the entire body, with the largest increase in the neighborhood of the point sources. As in
the single-source case, for small times the averaged concentration exhibits local maxima in
small neighborhoods of the source locations (curves 1–3 in Figure 3a–h), and the function
⟨c(ξ, τ⟩B/

⌢
c 1 is not smooth. As time increases, these local maxima are leveled out and the

function approaches a piecewise-linear profile. In all cases considered, the global maximum
of the concentration is attained near one of the sources: near a middle source when
the sources have equal power (Figure 3a–d), or near the dominant source when present
(Figure 3f–h). Note that increasing the diffusion coefficient in the inclusions decreases
the averaged concentration throughout the body, while the qualitative behavior of the
function remains unchanged. Increasing the power of one source, or the number of sources,
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increases the concentration values throughout the body, the largest values occur over the
interval where the internal point sources act. Also note that the effect of each individual
source is pronounced at small times (curves 1–3 in Figure 3a–g). In contrast, at large times
the impurity concentration spreads over the body and the sources act as an integral whole.
In all cases, the steady regime of ⟨c(ξ, τ⟩B/

⌢
c 1 is reached at time τst = 0.5.

7.3. Constant Power Source Acting Throughout the Body

Consider the following rule for the acting source

σ(z, t) = K ≡ const, (59)

where K is the power of the source.
The solution of the boundary-value problem (53), (54), (59) has the form

⟨c(x, t)⟩B =
⌢
c 1

(
1 − x

x0

)
+

⌢
c 2

x
x0

+
4K
x0d̂

∞
∑

n=1

sin(ynx)
y3

n

(
1 − (−1)n)(1 − e−d̂y2

nt/ρ̂
)

− 2
x0ρ̂

∞
∑

n=1

sin(ynx)
yn

(
⌢
c 1 − (−1)n⌢c 2

)
e−d̂y2

nt/ρ̂.

(60)

Figure 4 presents plots of the averaged concentration under a source of constant power
acting throughout the entire body (60). Figure 4a is computed for source power. K = 5,
and Figure 4b for K = 0.9. Curves 1–5 correspond to the next values of dimensionless time
τ = 0.001, 0.01, 0.05, 0.1, 0.5.

 

Figure 4. Averaged impurity concentration at various dimensionless times under the influence of the
constant-power source acting throughout the body K = 5 (panel (a)) and K = 0.9 (panel (b)).

Note that the presence of a constant-power source acting in the whole body increases
the impurity concentration at both small and large dimensionless times. Moreover, the
larger the source power, the larger the values of ⟨c(ξ, τ⟩B/

⌢
c 1 (Figure 4a,b). For small times

or for a small mass source power (curves 1, 2 in Figure 4a and curves 1–4 in Figure 4b)
the behavior of ⟨c(ξ, τ⟩B/

⌢
c 1 is similar to that in the absence of internal sources. The

concentration function also remains smooth over the entire interval. For small times, the
concentration decreases away from the boundary ξ = 0 (curves 1–3 in Figure 4a and
curves 1–4 in Figure 4b). As diffusion proceeds, the concentration grows and ⟨c(ξ, τ⟩B/

⌢
c 1

becomes an increasing function in a neighborhood of the upper boundary (curves 4, 5 in
Figure 4a and curve 5 in Figure 4b). In addition, a constant source of substantial power
leads to the appearance of a global maximum that grows with time and shifts deeper
into the body (curves 4 and 5 in Figure 4a). Note that in the steady regime, the function
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⟨c(ξ, τ⟩B/
⌢
c 1 is convex (curve 5 in Figure 4). The time to reach the steady state of the

averaged concentration is the same for different values of K, namely τst = 0.5.

7.4. Constant Power Source Acting on an Interval

Consider the interval [x1, x2] and the following law for the source action

σ(x, t) = K(θ(x − x1)− θ(x − x2)). (61)

The solution of the boundary-value problem (53), (54), (61) has the form

⟨c(x, t)⟩B =
⌢
c 1

(
1 − x

x0

)
+

⌢
c 2

x
x0

+
4K
x0d̂

∞
∑

n=1

sin(ynx)
y3

n

×(cos(ynx1)− cos(ynx2))
(

1 − e−d̂y2
nt/ρ̂

)
− 2

x0ρ̂

∞
∑

n=1

sin(ynx)
yn

(
⌢
c 1 − (−1)n⌢c 2

)
e−d̂y2

nt/ρ̂.

(62)

Figure 5 shows distributions of the averaged concentration of the migrating impurity
substance in a two-phase body in the presence of a constant source acting on a prescribed
interval, for power K = 5 (Figure 5a) and K = 10 (Figure 5b–d). Figure 5a depicts function
⟨c(ξ, τ⟩B/

⌢
c 1 for the source action interval [x1, x2] = [0.4, 0.6], Figure 5b—for [x1, x2] = [0.1, 0.3];

Figure 5c—for [x1, x2] = [0.7, 0.9] and Figure 5d—for [x1, x2] = [0.3, 0.7]. Curves 1–5
correspond to the dimensionless times τ = 0.001, 0.01, 0.05, 0.1, 0.5.

 

 

Figure 5. Averaged impurity concentration at various dimensionless times under a constant-power
source acting on an interval located inside the body (panels (a,d)), near the upper boundary (panel (b)),
and near the lower boundary (panel (c)).

As with the source types considered above, the presence of a constant source acting
on a finite interval increases the concentration throughout the body, most strongly in the
vicinity of that interval; this growth occurs both at small and at large times (Figure 5). In
this case as well, the function ⟨c(ξ, τ⟩B/

⌢
c 1 remains smooth. For small and intermediate

times, the concentration decreases away from the boundary ξ = 0, reaches a local minimum
in the interior, and then increases to a local maximum. This maximum increases with time
and shifts toward the upper boundary of the layer (curves 2–4 in Figure 5a,c,d).
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The time for the averaged concentration to reach the steady regime is τst = 0.8 for
the source powers considered and for the various placements of the action interval. For
times close to steady state, the rate of concentration growth throughout the body drops
considerably.

7.5. Two Constant Power Sources Acting on Subintervals

Let two constant-power sources act on the subintervals [x1, x2] ∈ (0, x0) and [x3, x4] ∈ (0, x0),
x1 < x2 < x3 < x4. Consider the following

σm(x, t) = K1(θ(x − x1)− θ(x − x2)) + K2(θ(x − x3)− θ(x − x4)), (63)

where θ(t) is the Heaviside step function. The solution of the boundary-value
problem (53), (54), (63) is found as follows

⟨c(x, t)⟩B =
⌢
c 1

(
1 − x

x0

)
+

⌢
c 2

x
x0

+
4

x0d̂

∞
∑

n=1
An

sin(ynx)
y3

n

(
1 − e−d̂y2

nt/ρ̂
)

− 2
x0ρ̂

∞
∑

n=1

sin(ynx)
yn

(
⌢
c 1 − (−1)n⌢c 2

)
e−d̂y2

nt/ρ̂.
(64)

where An = K1(cos(ynx1)− cos(ynx2)) + K2(cos(ynx3)− cos(ynx4)), K1, K2 represent the
power of the sources.

Figure 6 shows the behavior of the averaged concentration in a two-phase body in
the presence of two constant mass sources acting on different prescribed intervals (64), for
large powers K1 = K2 = 10 (Figure 6a,c,d) and for small powers K1 = K2 = 2 (Figure 6b).
Figure 6a–d display the distributions of ⟨c(ξ, τ⟩B/

⌢
c 1 under sources acting on the intervals:

Figure 6a,b—[x1, x2] = [0.1, 0.3] and [x3, x4] = [0.7, 0.9], Figure 6c—[x1, x2] = [0.35, 0.45]
and [x3, x4] = [0.55, 0.65], Figure 6d—[x1, x2] = [0.5, 0.55], [x3, x4] = [0.7, 0.95]. Curves 1–5
correspond to the dimensionless times τ = 0.001, 0.01, 0.05, 0.1, 0.5.

Note that the action of two constant sources on prescribed intervals increases the concen-
tration throughout the entire body, both at small and at large times (Figure 6). The influence of
this source type is most pronounced at intermediate diffusion times τ (curves 2–4, Figure 6a).
Increasing the power of one or both sources substantially raises the averaged concentration
at intermediate and large times (Figure 6a,b); for example, increasing the powers K1, K2

by a factor of 5 leads to a 1.8-fold increase of ⟨c(ξ, τ⟩B/
⌢
c 1 at the point (ξ, τ) = (0.3, 0.5),

with a global maximum forming at ξ = 0.26 (curve 5, Figure 6a). For small times, the
mass-transfer process proceeds similarly for different source powers, and the influence of
the value K1, K2 is minor (curve 1, Figure 6a,b). When the sources act on two separated
intervals, the concentration decreases from the upper boundary of the body, increases in
the neighborhood of the first source, then decreases again and increases near the second
source, with a characteristic decline toward the lower boundary (Figure 6a,d). When the
action intervals are adjacent (Figure 6c), the behavior of the concentration field is essentially
the same as for a single constant source acting on the combined interval [x1, x4]. In all cases,
the function ⟨c(ξ, τ⟩B/

⌢
c 1 remains smooth.
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Figure 6. Averaged impurity concentration at various dimensionless times under two constant-power
sources acting on prescribed intervals [0.1, 0.3] and [0.7, 0.9] (panels (a,b)), [0.35, 0.45] and [0.55, 0.65]
(panel (c)), [0.5, 0.55] and [0.7, 0.95] (panel (d)).

7.6. Impulsive Sources Acting at Specified Times

Consider an impulsive source acting at times tk

σ(x, t) =
M

∑
k=1

ωkδ(t − tk). (65)

The solution of the boundary-value problem (53), (54), (65) is obtained as

⟨c(x, t)⟩B =
⌢
c 1

(
1 − x

x0

)
+

⌢
c 2

x
x0

+
2

ρ̂x0

∞
∑

n=1

sin(ynx)
yn

2
[
1 + (−1)n+1

] M
∑

k=1
ωkθ(t − tk)e

−
d̂y2

n(t − tk)

ρ̂ +
[
(−1)n⌢c 2 −

⌢
c 1

]
e
−

d̂y2
nt

ρ̂

.

Figure 7 shows the behavior of the averaged concentration of impurity particles
diffusing in a two-phase body in the presence of a source that acts instantaneously at
specified dimensionless times throughout the entire body. Figures 8–11 present surfaces
(panels a), formed by the variation in concentration over time (ordinate) within the body
region (abscissa), together with the corresponding contour plots of ⟨c(ξ, τ⟩B/

⌢
c 1 (panels b).

In Figures 7a and 8, we show the effect of sources of equal power ωk = 0.3 at four
instants τk (k = 1, . . . , 4). In Figure 7a–d, curves 1–5 correspond to the distributions of
the averaged concentration at times τ = 0.001 (the internal sources have not yet acted),
τ = 0.01 (the source acted at the first instant τ1 = 0.005), τ = 0.05 (the source acted at
2 times τ1 = 0.005 and τ2 = 0.03), τ = 0.1 (τ1 = 0.005, τ2 = 0.03, τ3 = 0.08), τ = 0.5
(τ1 = 0.005, τ2 = 0.03, τ3 = 0.08, τ4 = 0.4).
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Figures 7b and 9 illustrate the distributions for the same set of times τk but with a larger
source power ωk = 10, ∀k ∈ {1, . . . , 4}. Figures 7c and 10 show the graphs of ⟨c(ξ, τ⟩B/

⌢
c 1

when there is a dominant-power impulse at the first instant τ1, namely {ω1, ω2, ω3, ω4} =

{1, 0.3, 0.3, 0.3}; Figures 7d and 11 correspond to a dominant impulse at the last instant τ4,
namely {ω1, ω2, ω3, ω4} ={0.3, 0.3, 0.3, 1}.

   

Figure 7. Plots of the averaged impurity concentration at different times under an impulsive mass
source of equal small (panel (a)) and large (panel (b)) powers at all instants, and with a dominant-
power impulse at the first (panel (c)) and last (panel (d)) instants.

   

Figure 8. Three-dimensional (panel (a)) and two-dimensional (panel (b)) plots of the averaged
impurity concentration for four impulses of small power {ω1, ω2, ω3, ω4} = {0 .3, 0.3, 0.3, 0 .3} at
respective times.
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Figure 9. Three-dimensional (panel (a)) and two-dimensional (panel (b)) plots of the averaged
impurity concentration for four impulses of large power {ω1, ω2, ω3, ω4} = {10, 10, 10, 10} at
respective times.

   

Figure 10. Three-dimensional (panel (a)) and two-dimensional (panel (b)) plots of the averaged
impurity concentration for four impulses with powers {ω1, ω2, ω3, ω4} = {1, 0 .3, 0.3, 0 .3}.

   

Figure 11. Three-dimensional (panel (a)) and two-dimensional (panel (b)) plots of the averaged
impurity concentration for four impulses with powers {ω1, ω2, ω3, ω4} = {0 .3, 0.3, 0 .3, 1}.

Note that the action of a time-instantaneous (impulsive) point mass source substan-
tially increases the impurity concentration in the body after each impulse. The increase in
⟨c(ξ, τ⟩B/

⌢
c 1 grows with the source power (curves 1–4, in Figure 7a,b). For small times,
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the averaged concentration function is monotonically decreasing (curves 1, Figure 7a–d).
Subsequently, the concentration increases throughout the body (curves 2, Figure 7) and a
maximum forms in the upper half of the layer (curves 3, 4, Figure 7). Thereafter, the values
decrease until the steady regime is reached (curves 5, Figure 7a–c). If a dominant-power
point source acts at the first instant τ1 then the values of the averaged concentration in-
crease by up to a factor of two compared with equal-power impulses (curves 3, Figure 7a,c).
For example,

max
ξ∈[0, ξ0]

⟨c(ξ, τ⟩B

∣∣∣∣ τ = 0.05
ω1 = 1.0

/
max

ξ∈[0, ξ0]
⟨c(ξ, τ⟩B

∣∣∣∣ τ = 0.05
ω1 = 0.3

= 1.88.

If the dominant-power source acts at the last instant τ4., then at time τ = 0.5 we have

max
ξ∈[0, ξ0]

⟨c(ξ, τ⟩B

∣∣∣∣ τ = 0.5
ω1 = 0.3
ω4 = 1

: max
ξ∈[0, ξ0]

⟨c(ξ, τ⟩B

∣∣∣∣ τ = 0.5
ω1 = 1.0
ω4 = 0.3

: max
ξ∈[0, ξ0]

⟨c(ξ, τ⟩B

∣∣∣∣ τ = 0.5
ω1 = 0.3
ω4 = 0.3

= 1.635 : 1.024 : 1.013

Also, observe that the growth of ⟨c(ξ, τ⟩B
/⌢

c 1 in neighborhoods of the impulse times is
step-like (Figures 8–11). The function maximum is attained exactly at the instant an impulse
acts. The magnitudes of the local and global maxima over time depend on the source powers
and on the concentration level prior to their action (Figures 9 and 11). The subsequent decay
to lower concentration levels is gradual. If the interval between successive impulses is
sufficiently large, then ⟨c(ξ, τ⟩B

/⌢
c 1 may decrease to the level corresponding to the absence

of sources (Figures 10 and 11). Compared with the other source types, the time to reach the
steady regime is longer in this case.

7.7. Constant Power Sources Acting over Time Interval

Let a constant-power source act over the time interval [t1, t2]

σ(x, t) = K(θ(t − t1)− θ(t − t2)). (66)

The solution of the boundary-value problem (53), (54), (66) has the form

⟨c(x, t)⟩B =
⌢
c 1

(
1 − x

x0

)
+

⌢
c 2

x
x0

+
2
x0

∞
∑

n=1

sin(ynx)
yn

 1
ρ̂

(
(−1)n⌢c 2 −

⌢
c 1

)
e
−

d̂y2
nt

ρ̂

+
2K
d̂y2

n
[1 + (−1)n+1]

θ(t − t1)

1 − e
−

d̂y2
n(t − t1)

ρ̂

− θ(t − t2)

1 − e
−

d̂y2
n(t − t2)

ρ̂



.

(67)

Figures 12–14 illustrate the behavior of the averaged concentration of impurity par-
ticles diffusing in a two-phase layer in the presence of a source that acts over a pre-
scribed time interval throughout the entire body. Here, the source power is K = 50.
In Figures 12a and 13, we show the effect on ⟨c(ξ, τ⟩B

/⌢
c 1 of such a source acting on

the time interval [τ1, τ2] = [0.015, 0.045], in Figures 12b and 14—on the longer interval
[τ1, τ2] = [0.015, 0.18]. Curves 1–5 in Figure 12 correspond to the dimensionless times
τ = 0.001, 0.01, 0.05, 0.1, 0.5. Figures 13 and 14 present surface plots formed
by the variation in concentration in time (ordinate) along the body (abscissa) in the
Oxy < c > space.



Mathematics 2025, 13, 3458 30 of 36

Figure 12. Plots of the averaged concentration at various dimensionless times under a source acting
throughout the body, over a short time interval [τ1, τ2] = [0.015, 0.045] (panel (a)) and a long time
interval [τ1, τ2] = [0.015, 0.18] (panel (b)).

   

Figure 13. Three-dimensional (panel (a)) and two-dimensional (panel (b)) plots of the aver-
aged impurity concentration under a constant power source acting over the short time interval
[τ1, τ2] = [0.015, 0.045].

 

Figure 14. Three-dimensional (panel (a)) and two-dimensional (panel (b)) plots of the aver-
aged impurity concentration under a constant power source acting over a long time interval
[τ1, τ2] = [0.015, 0.18].

A marked increase in impurity concentration is observed throughout the entire
time interval during which the internal constant source acts, and even after its action
ceases (Figure 12). At the beginning of the interval [τ1, τ2], the concentration values are
small (curves 1 and 2 in Figure 12). The concentration function then increases substan-
tially and this growth continues as long as the source is active (curve 3, Figure 12a and
curves 3, 4, Figure 12b). In this case, function ⟨c(ξ, τ⟩B

/⌢
c 1 attains its maximum at the

final instant of the Interval τ2 (curve 3 in Figure 12a and curve 4 in Figure 12b). For exam-
ple, the maximum of the averaged concentration for a constant power source acting on
[τ1, τ2] = [0.015, 0.18] is reached at time τmax = 0.1798 at point ξmax = 0.4855 and equals

max
τ ∈ [0, 1.25τ2]

ξ ∈ [0, ξ0]

⟨c(ξ, τ⟩
/

c1 = 10.8595 (Figure 13). Note that the values of the function are
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larger the longer the source acts over a finite time interval. For instance, doubling the
interval length leads to a twofold increase of ⟨c(ξ, τ⟩B/

⌢
c 1 at the point (ξ, τ) = (0.4, 0.05),

while increasing the interval by a factor of 5.5 raises the concentration by a factor of
1.37 at the same point. The twofold increase observed when extending the interval from
[τ1, τ2] = [0.015, 0.03] to [τ1, τ2] = [0.015, 0.045] is due to the observation time τ = 0.05 be-
ing distant from the source action in the first case, and coming immediately after the source
ceases in the second case. Also note that, once the source is turned off, the concentration
begins to decrease until the steady regime is reached at time τ = 0.4 (curve 5, Figure 12a).

We also note that a source acting over time intervals causes a rapid (though not
instantaneous) increase in concentration in time. Likewise, after the source action ends, the
subsequent decrease is also rapid, but slower than the preceding growth.

7.8. Comparative Analysis of the Averaged Concentration Distributions with and Without Internal
Mass Sources

We investigate the influence of sources on the behavior of the averaged concentration
by comparing it with the distribution of the function ⟨c(ξ, τ⟩B

/⌢
c 1 in the absence of internal

sources. In the latter case, the solution is described by formula [35]

⟨c(x, t)⟩B =
⌢
c 1

(
1 − x

x0

)
+

⌢
c 2

x
x0

−

− 2
ρ̂x0

∞
∑

n=1

sin(ynx)
yn

(
⌢
c 1 − (−1)n⌢c 2

)
e
−

d̂y2
nt
ρ̂ .

(68)

Figure 15 illustrates the distributions of ⟨c(ξ, τ⟩B
/⌢

c 1 at the dimensionless times
τ = 0.05, 0.1, 0.3 (curves 1–3, respectively) for various types of sources (curves a, solid lines)
and in their absence (curves b, dashed lines). Specifically, Figure 15a is plotted for a point
source of power ω = 10, located at ξ1 = 0.2. Figure 10b corresponds to nine point sources
of equal power ω = 2, located at points with coordinates ξi = 0.1i (i = 1, . . . , 9). Figure 15c
shows ⟨c(ξ, τ⟩B

/⌢
c 1, when a source of power ω = 5 acts over the spatial interval [0.4, 0.6].

Figure 15d is plotted for a source acting over the time interval [0.015, 0.045] with the power
ω = 50. The computations were performed using Formulas (56), (58), (62), (67) and (68).

   

 

Figure 15. Distributions of the averaged concentration with and without sources acting within the
body for a single point source (Panel (a)), a set of point sources (Panel (b)), a source acting on a spatial
interval (Panel (c)), and a source acting on a temporal interval (Panel (d)).
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Note that the presence of internal mass sources not only substantially increases the
averaged concentration within the body, but also changes the qualitative behavior of the
function ⟨c(ξ, τ⟩B/

⌢
c 1 (Figure 15a–d).

7.9. Averaged Hydrogen-Concentration Field in the Composite Cu-Fe Structure

Consider the problem of hydrogen migration in a Cu − Fe composite taking copper as
the matrix (base) phase. The hydrogen diffusion coefficients were taken as follows [50,51]:
in copper dCu = 4.34 × 10−10 m2/s, in iron dFe = 1.8 × 10−11 m2/s, the densities are
ρCu = 8.39 × 103 kg/m3 for copper, and ρFe = 7.8 × 103 kg/m3 for iron. Hence, we obtain
d̂1 = dFe/dCu = 0.041 and ρ̂1 = ρFe/ρCu = 0.93.

Figure 16 illustrates the behavior of the averaged hydrogen concentration field at
various dimensionless times for vFe = 0.05 (Figure 16a) and vFe = 0.15 (Figure 16b) in the
Cu − Fe composite under a point source of power ω = 10 located at ξ1 = 0.2. Curves 1–5
correspond to the dimensionless times τ = 0.001, 0.01, 0.05, 0.1, 0.5.

Figure 16. Distributions of the averaged concentration of H in Cu − Fe structure at different times for
vFe = 0.05 (Panel (a)) and vFe = 0.3 (Panel (b)) for the point mass source of power ω = 10 acting at
ξ1 = 0.2.

Note that the larger the copper volume fraction, the more rapidly the averaged hy-
drogen concentration approaches a steady regime (Figure 16). The presence of a H point
source results in a local maximum at the source location (curves 1, Figure 8a,b), which then
becomes a global maximum (curves 2–5, Figure 16a,b).

Figure 17 shows the behavior of the ensemble-averaged hydrogen concentration field
at various dimensionless times for vFe = 0.05 (Figure 17a) and vFe = 0.3 (Figure 17b) in
the Cu − Fe composite under a domain-wide constant-power source with ω = 50 acting
over the time interval [τ1, τ2] = [0.015, 0.18]. Curves 1–5 correspond to dimensionless times
τ = 0.001, 0.01, 0.05, 0.1, 0.5.

Figure 17. Distributions of the averaged concentration of H in Cu − Fe structure at different times for
vFe = 0.05 (Panel (a)) and vFe = 0.3 (Panel (b)) for the constant mass source of power ω = 50 acting
over [τ1, τ2] = [0.015, 0.18] period.
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As time increases, the hydrogen concentration in the Cu − Fe composite grows sub-
stantially throughout the body (curves 1–3, Figure 17), and a maximum ⟨cH(ξ, τ⟩B/

⌢
c 1,

forms. It then increases in magnitude and shifts towards the center of the body as τ

increases (curves 4 and 5 in Figure 17).
The obtained results provide a theoretical framework for modelling and optimisation

of diffusion-driven processes in complex media. Although detailed engineering aspects
are beyond the scope of this paper, the presented approach can be used as a mathematical
basis for studying transport phenomena in multiphase materials or biological tissues where
random inhomogeneities play a key role.

8. Conclusions
In this work, we have developed and analyzed a mathematical model for impurity

diffusion in randomly inhomogeneous multiphase media with deterministic internal mass
sources. Using a diagrammatic–operator technique based on Feynman diagrams, we de-
rived the Dyson equation for the averaged concentration field and established convergence
of the associated Neumann series. This provides a rigorous theoretical framework for
studying transport in complex composite systems and a basis for further extensions.

Thus, we have investigated the concentration of an impurity migrating in a multiphase,
stochastically inhomogeneous body under deterministic internal mass sources. Based on
mass-balance equations for each phase, with non-ideal contact conditions on random
interphase interfaces, we formulated a contact initial boundary-value problem for the
entire body.

The original problem is shown to be equivalent to an integro-differential equation
with a random kernel. In this equation, the internal mass sources contribute an additional
integral term. Its solution was obtained by successive approximations as a Neumann series,
and its absolute and uniform convergence was proven. The random concentration field
was then averaged over the ensemble of phase configurations.

To analyze the structure of the averaged series, we employed the Feynman-diagram technique:

• A classification was proposed and the diagrams were grouped into strongly and
weakly connected classes;

• The mass-operator kernel was obtained as the sum of all strongly connected diagrams,
enabling the derivation of the Dyson equation for the averaged concentration field;

• It was shown that the averaged Neumann series solves the Dyson equation.

Throughout the mathematical modeling of impurity diffusion in a multiphase, ran-
domly inhomogeneous body, the contributions due to internal mass sources are retained at
every stage. For uniformly distributed phases, mass-transfer equations were obtained for
an N-phase body, in particular for two- and three-phase layers. In the Bourret approxima-
tion, boundary-value problems were solved for various source types—spatially distributed:
a single point source, a collection of point sources, and a source acting on one or two
intervals; and temporally distributed: impulsive at discrete times and of constant power
acting over a prescribed time interval. The present study considers deterministic internal
sources, which is a principal feature of the model. The extension to stochastic sources in
randomly inhomogeneous media is planned as a separate investigation.

It was shown that for the impulsive point source, the averaged concentration exhibits
a step-like increase near the impulse times; local maxima occur at the instants of source
action, and the global maximum occurs at the time of the dominant-power impulse.

The proposed approach to modeling mass transport in randomly inhomogeneous
bodies offers opportunities for analyzing the correlation characteristics of stochastic fields
and for constructing a nonlocal equation for the associated coherence function; it is also
amenable to extensions to irregular impulsive sources or sources arising from sorption
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processes and chemical reactions. In future work, we should also investigate the ensemble-
averaged impurity concentration field under sources that operate at specific instants or
over certain time intervals and are point-like in space.

Thus, incorporating internal mass sources into the mathematical model of a stochasti-
cally inhomogeneous medium substantially broadens the applicability of the diagrammatic–
operator method and provides a foundation for further refinement of transport models in
complex and composite stochastic systems.
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