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Abstract

A continuum model for describing pseudo-turbulent flows of a dispersed phase is devel-
oped using a statistical approach based on the kinetic equation for the probability density
of particle velocity and temperature. The introduction of the probability density function
enables a statistical description of the particle ensemble through equations for the first
and second moments, replacing the dynamic description of individual particles derived
from Langevin-type equations of motion and heat transfer. The lack of detailed dynamic
information on individual particle behavior is compensated by a richer statistical char-
acterization of the motion and heat transfer within the particle continuum. A numerical
simulation of the unsteady flow of a gas–particle suspension generated by the interaction of
a shock wave with a particle cloud is performed using an interpenetrating continua model
and equations for the first and second moments of both gas and particles. Numerical meth-
ods for solving the two-phase gas dynamics equations—formulated using a two-velocity
and two-temperature model—are discussed. Each phase is governed by conservation
equations for mass, momentum, and energy, written in a conservative hyperbolic form.
These equations are solved using a high-order Godunov-type numerical method, with
time discretization performed by a third-order Runge–Kutta scheme. The study analyzes
the influence of two-dimensional effects on the formation of shock-wave flow structures
and explores the spatial and temporal evolution of particle concentration and other flow
parameters. The results enable an estimation of shock wave attenuation by a granular
backfill. The extended pressure relaxation region is observed behind the cloud of particles.

Keywords: gas–particle flow; numerical simulation; shock wave; particle; fraction; cloud
of particles; interaction

MSC: 35Q; 65M

1. Introduction
Problems such as the formation of particle clouds, dust lifting behind passing shock

waves, and particle ignition in high-speed, high-temperature flows are of great practical
importance [1–3]. The characteristic features of shock-wave phenomena (large dynamic
loads, high flow velocities, complex wave structures, abrupt temporal and spatial varia-
tions in flow parameters, and a wide range of characteristic scales) make experimental
investigation particularly challenging. The required facilities and equipment are complex
and costly to design and operate. Moreover, the data obtained from such experiments
are often incomplete and must be complemented by theoretical analysis and numerical
modeling. Advances in computational technologies now make it possible to simulate and
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visualize detailed two- and three-dimensional flow structures, revealing both local features
and global characteristics of these processes [4].

Pseudo-turbulent flow (also called pseudo-turbulence or particle-induced turbulence)
refers to velocity fluctuations and apparent turbulent-like motion that arise not from fluid
instability, but from the disturbances generated by the motion of solid particles within an
otherwise laminar or weakly turbulent flow.

When a shock wave propagates along a particle layer, vortex structures are gener-
ated—similar to those that appear during the interaction of oblique shock waves with
thermal or liquid layers [5]. The instability of the layer surface develops, resulting in the
formation of vortical structures that lift material from the layer and promote gas mixing.
Mathematical aspects of modeling such two-phase flows, including the formulation of the
Cauchy problem for the governing equations, are discussed in [6–8].

A two-dimensional flow behind a passing shock wave in a region containing irregu-
larly distributed stationary cylinders was numerically simulated in [9,10]. This configura-
tion qualitatively corresponds to the dense dust sheet investigated experimentally in [11].
The dispersed-phase volume fraction was 15%, which precludes the use of a point-particle
model typically applied to dilute particle clouds where particle–particle interactions are
negligible [12]. Cross-sectional averaging of the obtained results allowed comparison with
a one-dimensional model, revealing that while the latter adequately reproduces the overall
steady-flow behavior, it fails to capture the significant unsteady effects within and behind
the particle cloud.

When the incident shock wave reaches the leading edge of the particle cloud and
begins to penetrate it, a reflected wave forms and propagates opposite to the incident shock,
while a transmitted shock wave continues in the same direction. Within the cloud, a fan of
rarefaction waves develops behind the transmitted shock. As the transmitted wave exits
the cloud, a second rarefaction fan forms inside it, and a contact discontinuity emerges from
the cloud along with the transmitted wave, separating it from the rarefaction region [9,10].
Over time, a steady pressure gradient is established within the cloud.

Two-dimensional simulations based on a Lagrangian description of the dispersed
phase were performed in [13,14], examining the interaction of a shock wave with particle
clouds of various initial shapes. The initial particle concentration in the cloud was assumed
to be 0.04%. A continuum description of both the gas and dispersed phases was employed
in [15,16] for two-dimensional simulations and in [17,18] for three-dimensional modeling.
In [19], three-dimensional calculations were conducted for different Mach numbers of the
incident shock wave (ranging from 2.2 to 3), particle volume concentrations (0.05–0.1), and
particle diameters (50–100 µm). The results indicate that Reynolds stresses play a key role
in the momentum balance at the cloud boundary and significantly influence the intensity
of the reflected shock wave. The magnitude of the Reynolds stresses depends strongly on
particle concentration and only weakly on particle size.

In the experimental study [20], the characteristics of the transmitted and reflected shock
waves generated by the passage of an incident shock wave through a layer of solid particles
in a shock tube were investigated. The Mach number of the incident wave, the backfill
thickness (L), the backfill permeability (S), and the particle diameter (D) were varied. The
measurement results were analyzed as dependencies of the intensities of the transmitted
and reflected shock waves on the dimensionless parameter θ = 1.75(1 − S)L/(SD) which
characterizes the permeability of the particle layer, for different Mach numbers of the
incident shock wave.

In one-dimensional simulations, a region of constant pressure is absent in the reflected
wave, owing to the influence of disturbances reflected from downstream obstacles [21].
The calculations show a sharp pressure drop at the right boundary of the particle cloud,
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which is clearly observed in two-dimensional simulations but is much less pronounced
in the one-dimensional case. This two-dimensional effect is attributed to the contribution
of Reynolds stresses within the particle cloud and in its turbulent wake. To account for
this phenomenon, [10] introduced an additional term into the right-hand side of the one-
dimensional system of equations. The study [22] demonstrated that, for the same incident
shock-wave intensity (Mach number 1.5), a system of spheres attenuates the shock wave
more effectively than an array of equally spaced cylinders of comparable diameter.

When modeling particle motion in a rarefied dispersed medium—characterized by
a low volume concentration of the dispersed phase—attention is primarily focused on
the interaction between particles and the turbulent vortices of the carrier flow, since par-
ticle–particle interactions are negligible. As the concentration and size of the particles
increase, however, interparticle interactions begin to make a significant contribution to the
transfer of momentum and energy within the dispersed phase. The chaotic particle motion
arising from these interactions is referred to as pseudo-turbulence, to distinguish it from
turbulence induced by the carrier flow itself.

Pseudo-turbulent fluctuations originate from two main mechanisms: hydrodynamic
interactions between particles (mediated by random exchanges of momentum and energy
with the fluctuating velocity and pressure fields of the surrounding medium) and direct
particle collisions. With increasing particle concentration and size, the contribution of
collisional momentum and energy exchange becomes dominant over hydrodynamic inter-
actions. In highly concentrated dispersed media, interparticle collisions play a decisive role
in shaping the statistical properties of the system [23].

The processes of particle interaction with turbulent vortices and interparticle collisions
can be treated as statistically independent only for inertial particles, whose dynamic
relaxation time is much longer than the characteristic time of interaction with turbulent
vortices. In this case, the relative motion of particles is uncorrelated and resembles the
chaotic motion of molecules. For low-inertia particles, however, the mutual influence of
particle–turbulence and particle–particle interactions must be taken into account.

Fluctuations in the dispersed phase are defined as deviations from the mean velocity
and should not be confused with turbulent fluctuations. The temporal and spatial char-
acteristics of pseudo-turbulence in the dispersed phase differ significantly from those of
conventional turbulence [24,25].

The statistical approach based on the kinetic equation for the probability densities
of particle velocity, temperature, and other relevant characteristics provides the most
consistent framework for constructing continuum models of pseudo-turbulent flows in
dispersed media, where fluctuations arise from the random configuration of particles. The
introduction of a probability density function (PDF) enables a statistical description of
the particle ensemble, replacing the dynamic description of individual particles based on
Langevin-type equations of motion and heat transfer.

The model proposed in [26–29] and further developed in [30,31] for the numerical
simulation of unsteady gas flows with inert particles is employed in this study. The intro-
duction of the probability density function enables a statistical description of the particle
system, replacing the dynamic description of individual particles based on Langevin-type
stochastic equations. The continuity, momentum, and energy equations for both the gas and
dispersed phases are hyperbolic and are solved using a high-order Godunov-type numeri-
cal method. The flow structure and the spatiotemporal evolution of flow parameters during
the interaction of a supersonic flow with a particle layer are computed, and the results are
compared with data obtained from a one-dimensional formulation of the problem.
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2. Mathematical Model
The equations governing the motion and heat transfer of the dispersed phase are

derived from the Liouville equation for the probability density function of particle distri-
butions in position, velocity, and temperature. To close the resulting system of equations,
third-order correlation moments of particle velocity and temperature are neglected. In the
formulation of the governing equations, the indices g and p denote the gas and particle
phases, respectively.

2.1. Discrete Model

The equations governing the motion and heat transfer of a test particle are stochastic
Langevin-type equations that depend on the random velocity vg and temperature Tg

fields of the carrier flow. The carrier-gas velocity and temperature are evaluated at points
along the particle trajectory. The equations describing the motion and heat transfer of an
individual particle take the following form [2]

dxp

dt
= vp; (1)

mp
dvp

dt
= f p; (2)

cm
p mp

dTp

dt
= qp. (3)

Here, t is time, xp is radius vector of the particle center of mass, vp is particle velocity,
Tp is particle temperature, f p is force acting on the particle, qp is convective heat flow
between the gas and the particle, mp is particle mass, cm

p is specific heat capacity of the
particle material.

The drag force is expressed as

f p =
1
2

CDρg
∣∣vg − vp

∣∣(vg − vp)Sm,

where ρ is density, Sm is area of of the midsection of the particle. The drag coefficient is
represented as

CD = CD0 fD,

where CD0 = 24/Rep is the drag coefficient corresponding to Stokes law, fD is a function
taking into account the correction for the particle inertia and compressibility. The correction
function is represented as [2]

fD =
(

1 + 0.15Re0.687
p

)[
1 + exp

(
− 0.427

M4.63
p

− 3
Re0.88

p

)]
.

Reynolds and Mach numbers are calculated from the relative velocity of gas and particles

Rep =
2ρgrp

∣∣vg − vp
∣∣

µ
, Mp =

∣∣vg − vp
∣∣

c
,

where rp is particle radius, µ is dynamic viscosity, c is local speed of sound. For a spherical
particle of radius rp, Sm = πr2

p and mp = 4πr3
pρp/3. Equation (2) is represented as

dvp

dt
=

fD
τv

(vg − vp). (4)
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Here, τv = ρpd2
p/(18µ) is the dynamic relaxation time.

Expressing the heat-transfer coefficient in terms of the Nusselt number, h = Nupλp/dp,
the convective heat flux between the gas and a particle can be written as [2]

qp = Nupλ(Tg − Tp)
Sp

dp
,

where Sp is the particle surface area, λ is the thermal conductivity of the gas. The Nusselt
number is represented in a form taking into account the correction for the particle inertia

Nup = 2 + 0.459Re0.55
p Pr0.33,

where Pr is Prandtl number (for air Pr = 0.72). Equation (3) is represented as

dTp

dt
=

1
τϑ

(Tg − Tp). (5)

Here, τϑ = cpρpdp/(3λNup) is the thermal relaxation time, τϑ = (3Prβ/Nup)τv, where
β = cm

p /cp is the ratio of the specific heat of the dispersed phase to the specific heat of the
gas at constant pressure.

In dimensionless variables, the dynamic and thermal relaxation times are replaced by
Stokes numbers

Stkv =
2ρpr2

pU
9µL

, Stkϑ =
2cpρprpU
3λNupL

,

where L and U are characteristic scales of length and velocity. The characteristic length
and velocity for the study considered are the length of particle cloud and velocity on inlet
boundary of computational domain.

2.2. Continuum Model

The statistical approach based on the kinetic equation for the probability density func-
tion (PDF) of particle velocities, temperatures, and other relevant characteristics provides
the most consistent framework for constructing continuum models of pseudo-turbulent
flows in dispersed media. The introduction of a PDF enables a statistical description of
a particle ensemble, replacing the dynamic description of individual particles based on
Langevin-type equations of motion and heat transfer [30]. While statistical modeling in-
herently loses some information about the behavior of individual particles, this loss is
compensated by a richer characterization of the statistical patterns of motion and heat
transfer within the dispersed phase as a whole.

To derive the equations governing the motion and heat transfer of a particle contin-
uum, the approach proposed in [32] for simulating large eddies in turbulent gas–particle
flows is employed, along with its generalization developed in [28,29] for direct numerical
modeling of two-phase flows. Within this continuum framework, the continuity equation,
the momentum equation, and the temperature evolution equation of the dispersed phase
are obtained from the Lagrangian equations of motion and heat transfer for an individual
particle, as expressed in Equations (1), (4) and (5). It is assumed that fD = 1 and Nup = 2
for simplicity.

The use of the Stokes drag model and heat conduction only energy exchange does not,
by itself, require neglecting gas–particle velocity slip. In fact, the presence of slip velocity is
an inherent part of the drag formulation. The Stokes drag law is valid only for low particle
Reynolds numbers, where the slip velocity is small enough that inertial and non-linear
drag effects can be neglected. No additional unsteady or compressibility effects (e.g., Basset
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history term, pressure gradient forces, or shock-induced drag enhancement) are considered.
In the energy equation, only heat conduction between the gas and particles is included,
neglecting convective and radiative contributions, which are secondary for small particles
and short interaction times. Therefore, while the model includes velocity slip, it assumes
that this slip remains within the creeping-flow regime, where Stokes drag and conductive
heat transfer provide an adequate description of interphase coupling. This simplification is
appropriate for dilute particle clouds with small particles and moderate shock strengths
but may require correction for larger particles or stronger shocks.

To transition from the dynamic, stochastic Langevin-type Equations (Lagrangian
description) to a statistical description of the particle system in terms of spatial, velocity, and
temperature distributions (Eulerian description), a dynamic probability density function is
introduced in the phase space of particle coordinates, velocities, and temperatures

wi(xp, vp, ϑp, t) = δ
[

xp − xpi(t)
]
δ
[
vp − vpi(t)

]
δ
[
ϑp − ϑpi(t)

]
,

where vp, ϑp are the velocity and temperature of the dispersed phase, which are the
realization of a random field of velocity and temperature at point xp at time t, vpi, ϑpi are
parameters that play the role of independent variables.

At time t, the state of a system of N particles is determined by specifying the values of
the coordinates xp1, . . . , xpN , the velocities vp1, . . . , vpN , and the temperatures ϑp1, . . . , ϑpN

of all particles. The set of coordinates, velocities and temperatures of an individual particle
is denoted by zpi = (xpi, vpi, ϑpi), where i = 1, . . . , N, and the set of coordinates, velocities
and temperatures of all particles in the system is denoted by Z = (zp1, . . . , zpN).

Assuming the particles are statistically independent, a single-point dynamic probabil-
ity density function is defined

w(xp, vp, ϑp, t) =
Vp

VΣ

N

∑
i=1

wi(xp, vp, ϑp, t),

where Vp is particle volume, VΣ is system volume. Local functions of dynamic variables
depending on the position of the point zp = zp(xp, vp, ϑp) in phase space are expressed
through the microscopic phase density in the space of coordinates, velocities, and tempera-
tures of particles, which satisfies the normalization condition∫

w(xp, vp, ϑp, τ)dxpdvpdϑp = 1.

It is assumed that zp = (xp, vp, ϑp) and zpi = (xpi, vpi, ϑpi). Therefore,

w(x, t) =
N

∑
i=1

δ
[
zp − zpi(t)

]
.

The evolution of the distribution function of the macroscopic states of the system
results from the temporal changes in the positions zp1, . . . , zpN , which characterize the state
of the system at different times. By differentiating the dynamic probability density in phase
space with respect to time, applying the Lagrangian equations of motion and heat transfer
for a test particle, and summing over i = 1, . . . , N, the stochastic Liouville equation can be
written as [32,33]

∂W
∂t

+
∂

∂xi
(viW)− ∂

∂vi

(
vi − ui

τv
W
)
− ∂

∂ϑ

(
ϑ − T

τϑ
W
)
= 0, (6)
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where xi, vi and ϑ are the coordinate, velocity, and temperature of the particle. Summation
is assumed over the repeating indices.

The averaging operator (spatial filtering operator) is defined by the relation

f (x) =
∫

f (ξ)H∆(x − ξ)dξ,

where f is the mean value of f , H∆ is the filter (kernel function). The kernel is non-negative
and satisfies the normalization condition. The filter width ∆ is chosen small enough and
such that for the gas phase the relation ṽg = vg is satisfied. The gas variables are not affected
by subgrid fluctuations; therefore, ũiW = uiW̃ and T̃W = TW̃. With a non-negative kernel
(top-hat filter, Gaussian filter), the function W satisfies the requirements imposed on the
probability density function [34,35].

Let Z denote the set of coordinates, velocities, and temperatures of all particles in
the system, and Z be the set of spatial coordinates, velocities, and temperatures in the
phase space. Along with the probability density function of the states of the particle system
δ[Z − Z(t)], the average probability density function of the states of the system W(Z , t) is
introduced. It follows from the definition of the averaging operation that

ṽpiw = vW, ϑ̃piw = ϑW.

By averaging the Liouville equation over an ensemble of random realizations of the velocity
and temperature fields, a statistical description of the particle system is obtained. Applying
the averaging operator to Equation (6) yields the filtered Liouville equation:

∂W
∂t

+
∂

∂xi

(
viW

)
− ∂

∂vi

(
vi − ui

τv
W
)
− ∂

∂ϑ

(
ϑ − T

τϑ
W
)
= 0. (7)

The stochastic Liouville equation, due to its linearity, has the same form for the functions
W(Z , t) and W(Z , t). The average particle number density α̃, the average velocity ṽi and
the average temperature ϑ̃ of the dispersed phase are found from the relations

α̃(x, t) =
∫

W(x, v, ϑ, t)dvdϑ;

ṽi(x, t) =
1
α̃

∫
viW(x, v, ϑ, t)dvdϑ;

ϑ̃(x, t) =
1
α̃

∫
ϑW(x, v, ϑ, t)dvdϑ.

Equation (7) provides a basis for deriving the equations for the first- and second-order
moments of the dispersed phase. The transport equations for the single-point moments
of the fluctuating characteristics of the dispersed phase are obtained by multiplying the
kinetic equation by a weight function and integrating over the phase subspace of velocities.

The first-order moments represent the mean values of the gas-dynamic parameters of
the flow, which depend on spatial and temporal position. The corresponding equations for
the first-order moments take the following form:

∂α̃

∂t
+

∂α̃ṽi
∂xi

= 0; (8)

∂α̃ṽi
∂t

+
∂α̃ṽjvi

∂xj
=

1
τv

α̃(ui − ṽi); (9)

∂α̃ϑ̃

∂t
+

∂α̃ϑ̃vi
∂xi

=
1
τϑ

α̃(T − ϑ̃). (10)
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Single-point second-order correlation moments characterize the kinetic energy of
pseudo-turbulence as well as the transport of momentum and heat within the dispersed
phase. Two-point second-order moments describe the turbulence spectrum and the scale of
large turbulent eddies, providing information on the correlation of fluctuations of various
quantities at spatial and temporal points separated by finite distances. The transport
equations for the second-order moments take the following form:

∂α̃ṽivj

∂t
+

∂α̃ṽivjvk

∂xk
=

1
τv

α̃(ui ṽj + ṽiuj − 2ṽivj); (11)

∂α̃ϑ̃vi
∂t

+
∂α̃ϑ̃vivk

∂xk
=

1
τv

α̃(ϑ̃ui − ϑ̃vj) +
1
τϑ

α̃(Tṽi − ϑ̃vj). (12)

2.3. Model Closure

The components of the subgrid stress tensor and the subgrid heat flux vector are
given by:

σij = ṽivj − ṽi ṽj, qi = ϑ̃vi − ϑ̃ṽi.

The averaging procedure for the parameters of the dispersed phase introduces new
terms that require modeling. To close Equations (11) and (12), it is assumed that the
contributions of third-order correlation moments are negligibly small [32]∫

(v − ṽi)(v − ṽj)(v − ṽk)W(x, v, ϑ, t)dvdϑ = 0;∫
(ϑ − ϑ̃)(v − ṽi)(v − ṽk)W(x, v, ϑ, t)dvdϑ = 0.

By applying the approaches proposed in [29,32] for evaluating integrals, the equations for
the third-order moments are replaced with algebraic relations

ṽivjvk = ṽjvk ṽi + ṽivjṽk + ṽivk ṽj − 2ṽi ṽjṽk; (13)

ϑ̃vivk = ϑ̃vk ṽi + ϑ̃vi ṽk + ṽivkϑ̃ − 2ṽi ṽkϑ̃. (14)

Relations (13) and (14) provide a closed formulation of the problem.
The motion and heat transfer of the dispersed phase are described by Equations (8)–(10)

for the variables α̃, ṽi and ϑ̃, as well as by Equations (11) and (12) for the second-order
moments ṽivj and ϑ̃vi.

Neglecting inertial effects (τv = τϑ = 0), the velocity and temperature of the dispersed
phase coincide with the corresponding gas parameters (ṽi = ui, ϑ̃ = T). In this limit, only
the transport equation for the particle number density (8) needs to be solved, while the
momentum and energy transport Equations (9)–(12) are no longer required.

Partial consideration of inertial effects can be achieved within the equilibrium model,
in which the local velocity of the dispersed phase is expressed as the sum of the local gas
velocity and the gas acceleration. The particle’s dynamic and thermal relaxation times are
used as expansion parameters. By assuming ṽivj = ṽi ṽj and using Equations (8) and (9),
the local acceleration of the dispersed phase is taken to be equal to the local acceleration of
the gas. While the equilibrium model captures certain inertial effects, such as preferential
acceleration, it is primarily suitable for describing the motion of relatively small particles.

A full account of inertial effects is achieved by solving the transport Equations (8)–(11),
while assuming that the contributions of the correlation moments described in Equa-
tions (12) and (13) are negligibly small. In practice, this corresponds to ṽivj = ṽi ṽj and
ϑ̃vj = ϑ̃ṽj. Under these assumptions, the mathematical model is equivalent to the one
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proposed in [36], which describes gas–particle flows with a negligibly small particle volume
fraction and a sufficiently large density ratio between the dispersed and gas phases. For a
gas–particle flow with monodisperse particles, the model equations coincide with those
formulated in [37,38].

Although this approach accounts for inertial effects, neglecting the second-order
correlation moments of the dispersed phase prevents the capture of several important
phenomena, such as the trajectory-crossing effect, which play a significant role in flows of
gas suspensions containing highly inertial particles.

3. Two-Dimensional Model
The equations governing the two-dimensional flow of an inviscid compressible gas

containing particles are considered. Viscous forces are accounted for only in the interaction
between the gas and particles. In the formulation, the indices g and p refer to the gas and
particle phases, respectively.

3.1. Equations of Gas

The governing equation for the unsteady flow of an inviscid compressible gas, written
in conservative form, is given by [2]

∂Qg

∂t
+

∂Fg

∂x
+

∂Gg

∂y
= Sg. (15)

The equation of state of an ideal gas is written as

p = ρRT.

Equation (15) is complemented by a relation for computing the specific total energy:

E =
p

γ − 1
+

1
2

ρ
(

u2
1 + u2

2

)
.

The vector of conservative variables Qg and the vectors of flows Fg and Gg have the form

Qg =


ρ

ρu1

ρu2

E

, Fg =


ρu1

ρu1u1 + p
ρu1u2

(E + p)u1

, Gg =


ρu2

ρu1u2

ρu2u2 + p
(E + p)u2

.

Here, t is time, x and y are spatial coordinates, u1 and u2 are components of the velocity
in the direction of the x and y axes, ρ is density, p is pressure, T is temperature, E is
specific total energy, R is gas constant, γ is ratio of specific heat capacities. In dimensionless
variables it is assumed that R = 1/γ and µ = 1/Re.

Equation (15) is written in linearized form

∂Qg

∂t
+ Ag

∂Qg

∂x
+ Bg

∂Qg

∂y
= Sg, (16)

where Ag = ∂Fg/∂Qg and Bg = ∂Gg/∂Qg are Jacobians. In physical variables, Jacobians
have the form
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Ag =


0 1 0 0

1
2 [(γ − 3)u2

1 + (γ − 1)u2
2] (3 − γ)u1 −(γ − 1)u2 γ − 1

−u1u2 u2 u1 0
−γu1E + (γ − 1)u1(u2

1 + u2
2) γE − 1

2 (γ − 1)(3u2
1 + u2

2) −(γ − 1)u1u2 γu1

,

Bg =


0 0 1 0

−u1u2 u2 u1 0
1
2 [(γ − 1)u2

1 + (γ − 3)u2
2] −(γ − 1)u1 (3 − γ)u2 γ − 1

−γu2E + (γ − 1)u2(u2
1 + u2

2) −(γ − 1)u1u2 γE − 1
2 (γ − 1)(u2

1 + 3u2
2) γu2

.

The Jacobian Ag is represented as Ag = RgΛgLg, where Λg is a diagonal matrix, on
the main diagonal of which are the eigenvalues of the Jacobian, Lg and Rg are matrices
consisting of the left and right eigenvectors of the Jacobian, and Lg = R−1

g . The Jacobian
has four real eigenvalues

λ1 = u1 − c, λ2 = u1, λ3 = u1, λ4 = u1 + c.

The right eigenvectors of the Jacobian are of the form

r1 =


1

u1 − c
u2

H − u1c

, r2 =


1
u1

u2
1
2 (u

2
1 + u2

2)

, r3 =


0
0
1
u2

, r4 =


1

u1 + c
u2

H + u1c

.

The Jacobian Bg is represented as Bg = RgΛgLg, where Λg is a diagonal matrix, on
the main diagonal of which are the eigenvalues of the Jacobian, Lg and Rg are matrices
consisting of the left and right eigenvectors of the Jacobian, and Lg = R−1

g . The Jacobian
has four real eigenvalues

λ1 = u2 − c, λ2 = u2, λ3 = u2, λ4 = u2 + c.

The right eigenvectors of the Jacobian are of the form

r1 =


1
u1

u2 − c
H − u2c

, r2 =


1
u1

u2
1
2 (u

2
1 + u2

2)

, r3 =


0
1
0
u1

, r4 =


1
u1

u2 + c
H + u2c

.

The source term in Equation (15), representing the interphase exchange of momentum
and heat, is given by:

Sg =


0

mpα̃(ṽ1 − u1)/τv

mpα̃(ṽ2 − u2)/τv

βmpα̃(ϑ̃ − T)/τϑ + mpα̃(σ11 + ṽ1ṽ1 − u1ṽ1)/τϑ + mpα̃(σ22 + ṽ2ṽ2 − u2ṽ2)/τϑ

.
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3.2. Equations of Particles

The governing equation for the motion and heat transfer of the dispersed phase,
written in conservative form, is given by:

∂Qp

∂t
+

∂F p

∂x
+

∂Gp

∂y
= Sp. (17)

The vector of conservative variables Qp has the form

Qp =



α̃

α̃ṽ1

α̃ṽ2

α̃ϑ̃

α̃(σ11 + ṽ1ṽ1)

α̃(σ12 + ṽ1ṽ2)

α̃(σ22 + ṽ2ṽ2)

α̃(q1 + ṽ1ϑ̃)

α̃(q2 + ṽ2ϑ̃)


.

The subgrid stress tensor and subgrid heat flux vector of the dispersed phase are determined
from the following relations:

σij = ṽivj − ṽi ṽj, qi = ϑ̃vi − ϑ̃ṽi.

The flow vectors F p and Gp are expressed through the components of the vector of conser-
vative variables Qp = {Qi}, where i = 1, . . . , 9, and have the form

F p =



Q2

Q5

Q6

Q8

−Q1[(2Q3
2)/Q3

1 − (3Q2Q5)/Q2
1]

Q1[(2Q2Q6)/Q2
1 + (Q3Q5)/Q2

1 − (2Q2
2Q3)/Q3

1]

Q1[(Q2Q7)/Q2
1 + (2Q3Q6)/Q2

1 − (2Q2
2Q3)/Q3

1]

Q1[(Q4Q5)/Q2
1 + (2Q2Q8)/Q2

1 − (2Q2
2Q4)/Q3

1]

Q1[(Q4Q6)/Q2
1 + (Q2Q9)/Q2

1 + (Q3Q8)/Q2
1 − (2Q2Q3Q4)/Q3

1]


,

Gp =



Q3

Q6

Q7

Q9

Q1[(2Q2Q6)/Q2
1 + (Q3Q5)/Q2

1 − (2Q2
2Q3)/Q3

1]

Q1[(Q2Q7)/Q2
1 + (2Q3Q6)/Q2

1 − (2Q2Q2
3)/Q3

1]

−Q1[(2Q3
3)/Q3

1 − (3Q3Q7)/Q2
1]

Q1[(Q4Q6)/Q2
1 + (Q2Q9)/Q2

1 + (Q3Q8)/Q2
1 − (2Q2Q3Q4)/Q3

1]

Q1[(Q4Q7)/Q2
1 + (2Q3Q9)/Q2

1 − (2Q2
3Q4)/Q3

1]


.
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The source term Sp, taking into account the interphase exchange of momentum and heat,
has the form

Sp =



0
α̃(u1 − ṽ1)/τv

α̃(u2 − ṽ2)/τv

α̃(T − ϑ̃)/τϑ

−2α̃(σ11 + ṽ1ṽ1 − u1ṽ1)/τv

−α̃(2σ12 − u1ṽ2 − u2ṽ1 + 2ṽ1ṽ2)/τv

−2α̃(σ22 + ṽ2ṽ2 − u2ṽ2)/τv

−α̃(q1 − Tṽ1 + ϑ̃ṽ1 + ϑ̃ṽ2)/τϑ − α̃(q1 − u1ϑ̃ + ϑ̃ṽ1 + ϑ̃ṽ2)/τv

−α̃(q2 − Tṽ2 + ϑ̃ṽ1 + ϑ̃ṽ2)/τϑ − α̃(q2 − u2ϑ̃ + ϑ̃ṽ1 + ϑ̃ṽ2)/τv


.

Equation (17) describing the motion and heat transfer of the dispersed phase is hyper-
bolic. In quasi-linear form, Equation (17) takes the form

∂Qp

∂t
+ Ap

∂Qp

∂x
+ Bp

∂Qp

∂y
= Sp, (18)

where Ap = ∂F p/∂Qp and Bp = ∂Gp/∂Qp are Jacobians. The Jacobians have the form

Ap =



0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0

ṽ2
1 − 3σ11ṽ1 3σ11 − 3ṽ2

1 0 0 3ṽ1 0 0 0 0
ṽ2ṽ2

1 − 2σ12ṽ1 − σ11ṽ2 2σ12 − 2ṽ1ṽ2 σ11 − ṽ2
1 0 ṽ2 2ṽ1 0 0 0

ṽ1ṽ2
2 − 2σ12ṽ2 − σ22ṽ1 σ22 − ṽ2

2 2σ12 − 2ṽ1ṽ2 0 0 2ṽ2 ṽ1 0 0
ϑ̃ṽ2

1 − 2q1ṽ1 − σ11ϑ̃ 2q1 − 2ϑ̃ṽ1 0 σ11 − ṽ2
1 ϑ̃ 0 0 2ṽ1 0

ϑ̃ṽ1ṽ2 − q1ṽ2 − σ12ϑ̃ − q2ṽ1 q2 − ϑ̃ṽ2 q1 − ϑ̃ṽ1 σ12 − ṽ1ṽ2 0 ϑ̃ 0 ṽ2 ṽ1


,

Bp =



0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1

ṽ2ṽ2
1 − 2σ12ṽ1 − σ11ṽ2 2σ12 − 2ṽ1ṽ2 σ11 − ṽ2

1 0 ṽ2 2ṽ1 0 0 0
ṽ1ṽ2

2 − 2σ12ṽ2 − σ22ṽ1 σ22 − ṽ2
2 2σ12 − 2ṽ1ṽ2 0 0 2ṽ2 ṽ1 0 0

ṽ3
2 − 3σ22ṽ2 0 3σ22 − 3ṽ2

2 0 0 0 3ṽ2 0 0
ϑ̃ṽ1ṽ2 − q1ṽ2 − σ12ϑ̃ − q2ṽ1 q2 − ϑ̃ṽ2 q1 − ϑ̃ṽ1 σ12 − ṽ1ṽ2 0 ϑ̃ 0 ṽ2 ṽ1

ϑ̃ṽ2
2 − 2q2ṽ2 − σ22ϑ̃ 0 2q2 − 2ϑ̃ṽ2 σ22 − ṽ2

2 0 0 ϑ̃ 0 2ṽ2


.

The Jacobian Ap is represented as Ap = RpΛpLp, where Λp is a diagonal matrix, on
the main diagonal of which are the Jacobian eigenvalues, Lp and Rp are matrices consisting
of the left and right eigenvectors of the Jacobian, and Lp = R−1

p . The Jacobian has nine
real eigenvalues

λ1 = ṽ1 − (3σ11)
1/2, λ2 = ṽ1 + (3σ11)

1/2, λ3 = ṽ1, λ4 = ṽ1, λ5 = ṽ1,

λ6 = ṽ1 + σ1/2
11 , λ7 = ṽ1 + σ1/2

11 , λ8 = ṽ1 − σ1/2
11 , λ9 = ṽ1 − σ1/2

11 .
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The right eigenvectors of the Jacobian are of the form

r1 =



σ11

σ11ṽ1 − (3σ3
11)

1/2

σ11ṽ2 − σ12(3σ11)
1/2

σ11ϑ̃ − q1(3σ11)
1/2

1
3 σ11(31/2ṽ1 − 3σ1/2

11 )2

− 1
3 σ1/2

11 [3σ12 − ṽ2(3σ11)
1/2](31/2ṽ1 − 3σ1/2

11 )

σ11σ22 + σ11ṽ2
2 + 2σ2

12 − 2ṽ2σ12(3σ11)
1/2

− 1
3 σ1/2

11 [3q1 − ϑ̃(3σ11)
1/2](31/2ṽ1 − 3σ1/2

11 )

2q1σ12 + q2σ11 + σ11ϑ̃ṽ2 − q1ṽ2(3σ11)
1/2 − (3σ11)

1/2σ12ϑ̃


,

r2 =



σ11

σ11ṽ1 + (3σ3
11)

1/2

σ11ṽ2 + σ12(3σ11)
1/2

σ11ϑ̃ + q1(3σ11)
1/2

1
3 σ11(31/2ṽ1 + 3σ1/2

11 )2

1
3 σ1/2

11 [3σ12 + ṽ2(3σ11)
1/2](31/2ṽ1 + 3σ1/2

11 )

σ11σ22 + σ11ṽ2
2 + 2σ2

12 + 2ṽ2σ12(3σ11)
1/2

1
3 σ1/2

11 [3q1 + ϑ̃(3σ11)
1/2](31/2ṽ1 + 3σ1/2

11 )

2q1σ12 + q2σ11 + σ11ϑ̃ṽ2 + q1ṽ2(3σ11)
1/2 + (3σ11)

1/2σ12ϑ̃


,

r3 =



0
0
0
0
0
0
1
0
0


, r4 =



1
ṽ1

ṽ2

ϑ̃

ṽ2
1

ṽ1ṽ2

0
ϑ̃ṽ1

0


, r5 =



0
0
0
0
0
0
0
0
1


,

r6 =



0
0

σ11ṽ2 + σ1/2
11 σ12

−σ11ϑ̃ − q1σ1/2
11

0
σ1/2

11 (σ12 + σ1/2
11 ṽ2)(ṽ1 + σ1/2

11 )

2(σ12 + σ1/2
11 ṽ2)

2

−σ1/2
11 (q1 + σ1/2

11 ϑ̃)(ṽ1 + σ1/2
11 )

0


, r7 =



0
0

σ1/2
11
0
0

σ11 + ṽ1σ1/2
11

2σ12 + 2ṽ2σ1/2
11

0
q1 + ϑ̃σ1/2

11


,
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r8 =



0
0

σ1/2
11 σ12 − σ11ṽ2

σ11ϑ̃ − q1σ1/2
11

0
σ1/2

11 (ṽ1 − σ1/2
11 )(σ12 − σ1/2

11 ṽ2)

−2(σ12 − σ1/2
11 ṽ2)

2

−σ1/2
11 (ṽ1 − σ1/2

11 )(q1 − σ1/2
11 ϑ̃)

0


, r9 =



0
0

σ1/2
11
0
0

σ1/2
11 ṽ1 − σ11

2σ11ṽ2 − 2σ12

0
σ1/2

11 ϑ̃ − q1


.

The Jacobian Bp is represented as Bp = RpΛpLp, where Λp is a diagonal matrix, on
the main diagonal of which are the eigenvalues of the Jacobian, Lp and Rp are matrices
consisting of the left and right eigenvectors of the Jacobian, and Lp = R−1

p . The Jacobian
has nine real eigenvalues

λ1 = ṽ2 − (3σ22)
1/2, λ2 = ṽ2 + (3σ22)

1/2, λ3 = ṽ2, λ4 = ṽ2, λ5 = ṽ2,

λ6 = ṽ2 + σ1/2
22 , λ7 = ṽ2 + σ1/2

22 , λ8 = ṽ2 − σ1/2
22 , λ9 = ṽ2 − σ1/2

22 .

The right eigenvectors of the Jacobian are of the form

r1 =



σ22

σ22ṽ1 − σ12(3σ22)
1/2

σ22ṽ2 − (3σ3
22)

1/2

σ22ϑ̃ − q2(3σ22)
1/2

σ11σ22 + σ22ṽ2
1 + 2σ2

12 − 2ṽ1σ12(3σ22)
1/2

− 1
3 σ1/2

22 [3σ12 − ṽ1(3σ22)
1/2](31/2ṽ2 − 3σ1/2

22 )
1
3 σ22(31/2ṽ2 − 3σ1/2

22 )2

2q2σ12 + q1σ22 + σ22ϑ̃ṽ1 − q2ṽ1(3σ22)
1/2 − σ12ϑ̃(3σ22)

1/2

− 1
3 σ1/2

22 [3q2 − ϑ̃(3σ22)
1/2](31/2ṽ2 − 3σ1/2

22 )


,

r2 =



σ22

σ22ṽ1 + σ12(3σ22)
1/2

σ22ṽ2 + (3σ3
22)

1/2

σ22ϑ̃ + q2(3σ22)
1/2

σ11σ22 + σ22ṽ2
1 + 2σ2

12 + 2ṽ1σ12(3σ22)
1/2

1
3 σ1/2

22 [3σ12 + ṽ1(3σ22)
1/2](31/2ṽ2 + 3σ1/2

22 )
1
3 σ22(31/2ṽ2 + 3σ1/2

22 )2

2q2σ12 + q1σ22 + σ22ϑ̃ṽ1 + q2ṽ1(3σ22)
1/2 + σ12ϑ̃(3σ22)

1/2

1
3 σ1/2

22 [3q2 + ϑ̃(3σ22)
1/2](31/2ṽ2 + 3σ1/2

22 )


,

r3 =



0
0
0
0
1
0
0
0
0


, r4 =



0
0
0
0
0
0
0
1
0


, r5 =



1
ṽ1

ṽ2

ϑ̃

0
ṽ1ṽ2

ṽ2
2

0
ϑ̃ṽ2


,
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r6 =



0
σ1/2

22
0
0

2σ12 + 2ṽ1σ1/2
22

σ22 + ṽ2σ1/2
22

0
q2 + ϑ̃σ1/2

22
0


, r7 =



0
σ22ṽ1 + σ1/2

22 σ12

0
−σ22ϑ̃ − q2σ1/2

22
2(σ12 + σ1/2

22 ṽ1)
2

σ1/2
22 (σ12 + σ1/2

22 ṽ1)(ṽ2 + σ1/2
22 )

0
0

−σ1/2
22 (q2 + σ1/2

22 ϑ̃)(ṽ2 + σ1/2
22 )


,

r8 =



0
σ1/2

22
0
0

2σ1/2
22 ṽ1 − 2σ12

σ22ṽ2 − σ22

0
σ1/2

22 ϑ̃ − q2

0


, r9 =



0
σ1/2

22 σ12 − σ22ṽ1

0
σ22ϑ̃ − q2σ1/2

22
−2(σ12 − σ1/2

22 ṽ1)
2

σ1/2
22 (ṽ2 − σ1/2

22 )(σ12 − σ1/2
22 ṽ1)

0
0

−σ1/2
22 (ṽ2 − σ1/2

22 )(q2 − σ1/2
22 ϑ̃)


.

The Jacobian eigenvalues of the dispersed phase depend on the velocity components
(v1 and v2) and the subgrid stress tensor components (σ11 and σ22). At certain points in
time, the matrices formed from the Jacobian eigenvectors may become singular. This occurs,
for example, when ṽ1 = 0 or ṽ2 = 0 or σ11 = 0 or σ22 = 0. The subgrid stresses of the
dispersed phase σ11 and σ22 vanish in a uniform flow when the particle velocity differs only
slightly from that of the gas. To prevent singularities in regions of the flow where particles
are absent, the subgrid stresses of the dispersed phase are assigned a small positive value,
ε = 10−3.

4. Numerical Method
The finite volume method is employed to discretize the governing equations, with the

Godunov method used to compute fluxes across the faces of the control volumes [39]. Tem-
poral discretization is performed using a third-order Runge–Kutta method. A dimensional
splitting approach is applied to extend the computational procedure to two dimensions.
On each face of a control volume, the Riemann problem for the decay of an arbitrary
discontinuity is solved.

4.1. Numerical Schemes

The presence of strong discontinuities and regions with steep gradients in flow pa-
rameters (shock waves, contact discontinuities) necessitates the use of numerical methods
capable of accurately capturing both qualitative and quantitative features of the flow [4].

High-order numerical methods for computational fluid dynamics (CFD) problems
with discontinuous solutions build upon the classical first-order method developed for the
decay of an arbitrary discontinuity [40]. Higher-order accuracy is achieved through poly-
nomial reconstructions of gas-dynamic variables and the application of limiter functions,
as in TVD schemes. In ENO schemes, an interpolation polynomial is used to compute
variables at cell faces, with the polynomial chosen from several candidates based on local
smoothness. The order of the scheme depends on the number of candidate polynomials
considered. WENO schemes extend this approach by taking a weighted combination of all
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possible polynomials for each cell, rather than selecting a single one as in ENO schemes.
In practice, ENO- and WENO-based schemes provide non-oscillatory solutions near dis-
continuities at arbitrary orders of approximation. Various modifications of TVD, ENO,
and WENO schemes, often combined with Runge–Kutta methods for time integration, are
widely employed in practical simulations [4].

A review of numerical methods for modeling shock-wave and detonation processes in
gas–dispersed mixtures is presented in [41].

For simulating supersonic flows of pure gas, Godunov-type schemes [29,42–46] and
schemes based on the separation of discontinuities [47,48] are widely employed. In tur-
bulent flows, the parabolic components of the equations are often solved using implicit
methods [44,49]. In several studies, Godunov schemes have also been successfully ap-
plied to the discrete phase [44,45,50], with the gas and particle equations formulated in
conservative form and the pressure proportional to the volume fraction of each phase.
Calculations of both phases using general finite-difference methods have been carried out
in [51] (large-particle method), [52] (finite element method), and [53] (McCormack scheme).

Flux-corrected transport (FCT) schemes have been applied to simulate both gas
flow [52–54] and particle motion [43,46]. TVD-type schemes, which employ monotonizing
operators, are used for the gas phase in [55,56], and monotonizing corrections are also
implemented in [45,50].

For gas–suspension dynamics at low dispersed-phase concentrations, the governing
equations for particle motion do not include pressure. As a result, applying TVD schemes
to the solid-phase equations is limited by the degeneracy of the Jacobian eigenvector
space, since the particle equations are not strictly hyperbolic. Specifically, for the discrete-
phase part of the Jacobian, the eigenvalue λ = up has multiplicity three, yielding two
eigenvectors and one associated vector. The particle equations, however, resemble a vortex
transport equation and, thus, numerical methods developed for the vortex equation—such
as the McCormack scheme and the upstream-difference scheme proposed by Gentry [57]
(Gentry–Martin–Daly)—are used for their solution.

The numerical methods developed for supersonic gas flows are not always directly
applicable to the discrete phase at low particle volume concentrations, where the particle
volume is neglected, due to the degeneracy of the equations governing particle evolution.
This degeneracy arises from the absence of a term corresponding to the total pressure of the
mixture in the discrete-phase equations. The large-particle method is applied in [47], while
the McCormack scheme is used to compute the particle subsystem in [43,46,55,56]. In [58],
the Gentry–Martin–Daly scheme, a flow-upwind difference scheme [57], is employed to
calculate both the dynamics and thermal history of particles.

The contact discontinuity of the dispersed phase is treated in [59] as a thin layer
across which gas parameters vary continuously, with all necessary derivatives well-defined.
Thin-layer equations are derived to relate the medium parameters on either side of the
contact discontinuity, and a solution approach for these equations is proposed.

To improve computational efficiency, moving or adaptive grids are employed to
enhance the resolution of shock waves [44,52], and parallel computing techniques are
applied [41,50]. Methods for adapting TVD schemes to simulate finely dispersed gas
suspensions (within the single-velocity, two-temperature model) and ultra-dispersed gas
suspensions are presented in [41]. The compressible-phase equations are solved using an
explicit finite-difference TVD scheme, which provides high accuracy in resolving strong
discontinuities on a standard stencil, eliminates spurious oscillations behind shock fronts
typical of dispersive schemes, and ensures stability when the Courant–Friedrichs–Lewy
(CFL) condition is satisfied. The use of TVD schemes is also justified for flows with sharp
variations in flow parameters.
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Finite-difference WENO schemes of third- and fifth-order accuracy (including the
WENO-Z scheme) are employed in [60,61] for modeling compressible gas flows with
particles, using a mixed Eulerian–Lagrangian approach. Spatial discretization is performed
on a uniform mesh, while time integration uses a third-order Runge–Kutta method. In [29],
results obtained with different difference schemes (Godunov and WENO) are compared
with data computed using Eulerian and Lagrangian descriptions of the dispersed phase for
one-dimensional simulations of shock-wave interactions with a particle cloud. Accounting
for the volume occupied by particles ensures hyperbolicity of the equations governing
the dynamics and heat transfer of the dispersed phase, enabling the application of the
Godunov method to discretize both the gas and particle equations.

For gas suspensions containing small reacting particles, the scales of phase-velocity
relaxation are neglected, and a single-velocity, two-temperature approximation of heteroge-
neous media mechanics is adopted [62]. A modified TVD scheme, based on the method
proposed in [63] for a non-ideal gas, is used to solve the equations. This scheme has been
successfully applied to simulate detonation flows in gas suspensions of aluminum particles,
as well as coal dust [41,58]. The governing equations for the mixture as a whole are solved
in Eulerian variables, while the equations describing thermal and chemical relaxation are
integrated in Lagrangian variables. Schemes based on the exact solution of the Riemann
problem for multi-component media, which ensure monotonicity and positivity of phase
mass concentrations, are proposed in [64,65]. These schemes prevent oscillations in the
pressure distribution at contact boundaries and are capable of accurately capturing strong
discontinuous fronts.

In ultra-dispersed mixtures, the lengths of the velocity- and thermal-relaxation zones
are several orders of magnitude smaller than the characteristic scales of the problem and
the scales over which the dispersed-phase mass concentration changes. To model processes
at the macroscale, the gas–particle mixture is assumed to be in equilibrium in velocity and
temperature, while remaining non-equilibrium in chemical composition.

Numerical modeling of detonation processes in two-phase mixtures requires extensive
simulations. TVD schemes, which are widely used, improve the accuracy of the numerical
solution at shock fronts but involve a large number of logical operations. One way to
increase computational efficiency, in addition to using adaptive grids, is the application of
multiprocessor computing systems.

To simplify the numerical implementation of two-phase flow calculations, an approach
is employed that allows the equations for the gas and dispersed phases to be formulated
with a similar hyperbolic structure.

4.2. Finite Volume Method

A uniform mesh consisting of N × N cells is considered. Cell centers are located at the
points xi = i∆x and yj = j∆y, where i, j = 0, 1, . . . , N. The vector of conservative variables
averaged over the cell [xi−1/2, xi+1/2]× [yi−1/2, yi+1/2] is determined by the relation

Qi,j =
1

∆xi∆yj

xi+1/2∫
xi−1/2

yj+1/2∫
yj−1/2

Qdxdy,

where ∆x = xi+1/2 − xi−1/2 and ∆y = yj+1/2 − yj−1/2. In discrete form, the Equation (15)
is written as follows:

— in x direction

Q∗
i,j = Qn

i,j −
∆t
∆x

(
Fn

i+1/2,j − Fn
i−1/2,j

)
+ ∆tSx; (19)
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— in y direction

Qn+1
i,j = Q∗

i,j −
∆t
∆y

(
Gn

i,j+1/2 − Gn
i,j−1/2

)
+ ∆tSy; (20)

The integration step over time is selected based on the condition

∆t = CFL
min{∆x, ∆y}

max{|λgi|, |λpi|}
,

where CFL ⩽ 1/2.

Using flux vector splitting, the Jacobian is represented as A = R(Λ+ +Λ−)R−1, where
Λ+ and Λ− are diagonal matrices with positive and negative eigenvalues on the main
diagonal. The fluxes are found from the relations

F i−1/2,j = A+Qi−1,j + A−Qi,j;

Gi,j−1/2 = B+Qi,j−1 + B−Qi,j.

The components of the matrices A+, A− and B+, B− are found using Roe-averaged values.
The source term in the Equation (15) is represented in the split form Sg = Sgx + Sgy.

The source terms in the x and y directions are of the form

— in x direction

Sgx =


0

mpα̃(ṽ1 − u1)/τv

0
βmpα̃(ϑ̃ − T)/τϑ + mpα̃(σ11 + ṽ2

1 − u1ṽ1)/τϑ

;

— in y direction

Sgy =


0
0

mpα̃(ṽ2 − u2)/τv

mpα̃(σ22 + ṽ2
2 − u2ṽ2)/τϑ

.

The source term in Equation (17) is also represented in split form Sp = Spx + Spy. The
source terms in the directions of the x and y axes have the form

— in x direction

Spx =



0
α̃(u1 − ṽ1)/τv

0
α̃(T − ϑ̃)/τϑ

−2α̃(σ11 + ṽ2
1 − u1ṽ1)/τv

−α̃(σ12 − u2ṽ1 + ṽ1ṽ2)/τv

0
−α̃(q1 − Tṽ1 + ϑ̃ṽ1 + ϑ̃ṽ2)/τϑ − α̃(q1 − u1ϑ̃ + ϑ̃ṽ1 + ϑ̃ṽ2)/τv

0


;
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— in y direction

Spy =



0
0

α̃(u2 − ṽ2)/τv

0
0

−α̃(σ12 − u1ṽ2 + ṽ1ṽ2)/τv

−2α̃(σ22 + ṽ2
2 − u2ṽ2)/τv

0
−α̃(q2 − Tṽ2 + ϑ̃ṽ1 + ϑ̃ṽ2)/τϑ − α̃(q2 − u2ϑ̃ + ϑ̃ṽ1 + ϑ̃ṽ2)/τv


.

For the gas phase, Roe averaging is given by the following relations

ûi−1/2 =
ρ1/2

i−1ui−1 + ρ1/2
i ui

ρ1/2
i−1 + ρ1/2

i

;

v̂i−1/2 =
ρ1/2

i−1vi−1 + ρ1/2
i vi

ρ1/2
i−1 + ρ1/2

i

;

Ĥi−1/2 =
ρ1/2

i−1Hi−1 + ρ1/2
i Hi

ρ1/2
i−1 + ρ1/2

i

=
(Ei−1 + pi−1)/ρ1/2

i−1 + (Ei + pi)/ρ1/2
i

ρ1/2
i−1 + ρ1/2

i

.

The local speed of sound is found from the relation

ĉ =
{
(γ − 1)

[
Ĥ − 1

2

(
û2 + v̂2

)]}1/2
,

where H is total enthalpy.
For the dispersed phase, averaging is given by the following relations

q̂i−1/2 =
1
2
(qi−1 + qi),

where q is flow variable (q = α̃, ṽi, ϑ̃, ṽivj, ϑ̃vi).
The longitudinal dimension of the computational domain is several times—often an

order of magnitude—larger than the transverse dimension. To parallelize the calculations,
the domain is decomposed linearly along the x-coordinate, with each subdomain assigned
to a separate processor. The array size is constrained by the number of points handled
by each processor. Calculations at each time step are performed simultaneously on all
processors, with data exchanged between processors at every time step [4].

At the inlet boundary, a prescribed incident shock wave is imposed using the
Rankine–Hugoniot relations for a given Mach number. The post-shock pressure, den-
sity and velocity are set to constant values corresponding to the shock conditions, while
pre-shock conditions represent the undisturbed gas phase. The right boundary is treated as
a non-reflecting (open) boundary, implemented using a characteristic-based formulation
that allows outgoing waves to exit the computational domain without artificial reflec-
tion. The upper and lower boundaries are set as symmetry boundaries, assuming the
shock-particle interaction zone is laterally uniform over the region of interest.

The domain is initially filled with a uniform gas at rest, with a specified distribution of
solid particles characterized by volume fraction, particle diameter, and material density. The
shock wave is initialized at a prescribed distance upstream of the particle cloud interface.
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5. Results and Discussion
The interaction of a shock wave with Mach number 3 with a rectangular particle

cloud is considered (Figure 1). The computational domain is a rectangle of length L and
height H in the Cartesian coordinate system (x, y), filled with air initially at rest under
normal conditions. At the left boundary, inflow conditions for air (γ = 1.4) are specified,
corresponding to the post-shock parameters for a shock wave of the given Mach number
(M = 3). No-flow (wall) boundary conditions are applied at all other boundaries. During
the simulation, the transmitted and reflected waves do not reach the domain boundaries.
The volume concentration of the dispersed phase is calculated as α = πND2/(4LH), where
N is the number of particles in a square cloud of area L × H, and D is the particle diameter.

0 x
 M

1

P
a
rt
ic
le
s

0.175 0.352

−0.05

0.05

0.2

−0.2
xs

Figure 1. Interaction of a shock wave with a rectangular particle cloud. Arrow shows direction of
incoming flow.

At the initial moment, the shock wave front is located at xs = 0.0175 in the rectangular
domain [0, 1]× [−0.2, 0.2]. Behind the shock wave, the gas is at rest (u1 = u2 = 0), with
density and pressure set to ρ = 1 and p = 1. Particles with density ρp = 1000 kg/m3

and diameter dp = 5.86 × 10−3 m are uniformly distributed in the region [0.175, 0.352]×
[−0.05, 0.05]. The cloud consists of 4 × 104 particles, corresponding to a particle number
concentration of α̃ = 2.26 × 106 m−3. The Stokes number is set to Stk = 1, and the ratio
of the specific heat capacities of the gas and particles is β = 0.4. The Prandtl number is
assigned the value Pr = 0.72. At t = 0, the particles are assumed to be at rest (ṽ1 = ṽ2 =

0), with temperature equal to the gas temperature (ϑ̃ = Tg). The correlation moments
associated with the dispersed phase are initially set to zero (σij = 0, qi = 0).

If an incident shock with Mach number M = 3, the post-shock flow velocity is not
zero in the laboratory frame when the upstream gas is initially at rest. In numerical studies
or shock–particle interaction models, the reference frame is changed to simplify the setup.
In the shock-fixed frame, the shock is stationary, and the post-shock gas appears stationary
(u2 = 0) because the coordinate system moves with the shock front.

The calculations are performed on a grid of 1500 × 500 nodes up to time t f = 0.12, by
which point the shock wave has passed through the region occupied by the particles. The
particle cloud itself is resolved on a grid block of 200 × 200 nodes.

A mesh refinement study has been conducted for the two-dimensional simulations.
The results show that the pressure peak and shock-front position vary by less than 3%
between the two finest meshes, confirming that the solution is mesh-independent within
this tolerance.

For a fixed intensity of the incident shock wave, the key parameters of the problem
are the permeability S of the particle system, its length L, and the particle diameter D. The
permeability of the backfill, S, is defined as the ratio of the area occupied by the gas within
the backfill volume to the total backfill area S = 1 − NπD2/(4LH), where N is the number
of particles and H is the cloud height. This definition is consistent with that given in [9].
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The distribution of the carrier flow characteristics at time t = 0.1 is shown in Figure 2.
The gas velocity in the y-direction remains relatively small. Near the left boundary of
the particle cloud, a sharp jump in the flow parameters is observed, characterized by an
increase in density, pressure, and temperature, accompanied by a decrease in velocity and
Mach number.
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Figure 2. Distributions of density (a), pressure (b), velocity (c), and temperature (d) at y = 0 at time
t = 0.1 (solid lines). Dashed lines show the distributions of flow characteristics corresponding to the
one-dimensional calculation.

Qualitative agreement between the one-dimensional and two-dimensional formula-
tions does not in itself demonstrate the physical accuracy of the results. The purpose in
comparing the two formulations was to verify the numerical consistency of the solution
approaches and to assess the influence of dimensionality under identical modeling assump-
tions (e.g., uniform particle volume fraction, inviscid carrier phase, and equilibrium drag
formulation). While detailed experimental data for the specific configuration considered
are not currently available, the results computed were compared with published data on
shock attenuation and pressure decay in particle-laden flows. The observed trends and
magnitudes of pressure reduction are consistent with experimental studies [23], supporting
the physical plausibility of the numerical predictions [31].

Comparison of the pressure distributions obtained in the one-dimensional and two-
dimensional formulations (Figure 2, solid and dashed lines) shows that the overall shock-
wave flow pattern is similar in both cases. However, in the two-dimensional calculation,
the reflected shock wave is more intense than in the one-dimensional case, and the pressure
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maximum (corresponding to the front of the reflected shock wave) is located closer to
the left boundary of the particle cloud. Additionally, the pressure decrease in the one-
dimensional case occurs more rapidly than in the two-dimensional calculation. Near the
right boundary of the cloud, a flow expansion region is observed, which is less pronounced
in the one-dimensional case. The reflected shock wave is relatively weak, resulting in a
region of slightly elevated pressure behind the right boundary of the cloud.

The level lines of the carrier flow characteristics are shown in Figures 3 and 4. At
the point where the shock wave contacts the particle cloud, a sharp jump in density is
observed. The head shock wave front symmetrically envelops the region occupied by the
particles. Behind the particle cloud, a Mach reflection of the shock wave occurs from the
axis of symmetry, accompanied by a recirculation region similar to that observed in flows
around blunt bodies.
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Figure 3. Contours of the density (a) and pressure (b) of gas at time t = 0.1.
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Figure 4. Contours of the velocity (a) and temperature (b) of gas at time t = 0.1.
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The velocity and temperature distributions of the dispersed phase are shown in
Figure 5. Both velocity and temperature exhibit a monotonic decrease from the left to the
right boundary of the cloud. The pressure and density distributions follow a similar pattern
to the velocity profile. Near the left boundary of the cloud, the flow characteristics change
rapidly, followed by a more gradual, nearly linear decrease within the region occupied by
the particles.
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Figure 5. Distributions of velocity (a) and temperature (b) of the dispersed phase at y = 0 at time
t = 0.1.

The concentration levels and velocity lines of the dispersed phase are shown in
Figure 6. The interaction of the shock wave with the particle cloud sets the particles in
motion, causing the left boundary of the cloud to become diffuse. The velocity of the
dispersed phase at the edges of the cloud is higher than that of the particles near the center
of its left boundary. Behind the cloud, a recirculation region forms, where the particles
remain essentially stationary and do not interact with the gas flow. The left boundary of
the cloud moves from left to right and becomes blurred along both directions of the y-axis.
At the right boundary, only the particles near the cloud edges acquire a non-zero velocity
directed inward and toward the exit boundary.
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Figure 6. Contours of concentration (a) and velocity (b) of the dispersed phase at time t = 0.1.
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The nearly uniform dispersed-phase concentration within the particle cloud results
from the short duration of the shock–particle interaction relative to the characteristic time for
particle redistribution. Large particle inertia prevents rapid rearrangement. The particles
possess much greater density than the carrier gas (often by 3–4 orders of magnitude). As
a result, their response time is large compared to the gas flow time scale across the cloud.
Consequently, during the short shock-passage period, particles do not have sufficient time
to accelerate or separate significantly from one another.

Small interphase velocity slip in dense configurations. In regions of high particle
concentration (volume fraction near unity), strong drag coupling between neighbouring
particles and the gas phase suppresses large local velocity gradients. This coupling main-
tains a nearly homogeneous particle distribution, especially in the early stages following
shock impact. Negligible volumetric expansion of the solid phase. Unlike the gas, the solid
phase is effectively incompressible under the considered conditions, so the particle volume
fraction remains almost constant, even though the gas phase undergoes sharp compression
and relaxation.

The dispersed-phase concentration remains essentially constant and close to its initial
value because the shock interaction time is too short for significant particle rearrangement,
the particles are strongly inertia-dominated, and the model treats the particulate phase as a
continuous field without resolving sub-grid-scale clustering.

The results obtained from two-dimensional calculations, averaged over the transverse
direction, and from the one-dimensional model are qualitatively similar. In the two-
dimensional case, the cross-section-averaged pressure from the right edge of the cloud up
to the contact discontinuity is lower than in the one-dimensional calculation. The positions
of the fronts of the reflected and transmitted shock waves obtained from both models are
in good agreement. However, the one-dimensional model does not capture the fluctuations
in flow parameters observed in the two-dimensional calculations.

When the backfill density (or equivalently, when the permeability decreases), the
resistance to gas motion within the particle layer increases, altering both the reflected
and transmitted shock characteristics. For denser backfills, the impedance contrast at the
front interface is larger, leading to a stronger reflected shock and a higher reflected-wave
velocity. At the same time, the transmitted wave entering the backfill experiences stronger
attenuation due to enhanced drag and energy dissipation, resulting in a weaker transmitted
front and a more smeared pressure profile.

The reduced permeability intensifies gas–particle momentum coupling, which sup-
presses large-scale flow divergence and, therefore, makes multidimensional effects less
pronounced in the reflected-wave region. Conversely, behind the transmitted shock, the
turbulent wake becomes more developed as interphase interactions generate unsteady
vortices and local fluctuations in particle concentration.

The smooth pressure rise to the mean post-interaction level, following the initial jump,
originates from multiple reflections and difractions of the leading shock by individual
particles, as well as from multidimensional flow effects that cannot be captured by one-
dimensional formulations [30]. After the transmitted wave passes through the backfill,
the flow parameters approach a quasi-stationary state with oscillations caused by vortex
shedding and recirculation in the particle wake region.

Parametric calculations reveal that increasing the backfill length or decreasing par-
ticle diameter (which both effectively reduce permeability) enhances the reflected shock
amplitude, the transmitted wave correspondingly weakens and broadens due to stronger
cumulative drag and energy dissipation, variation of the channel width has little influence
on the reflected wave but leads to a decrease in transmitted-wave intensity, attributed to
enhanced lateral flow separation behind the backfill.
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Spatial distributions of the dimensionless pressure along the direction of shock propa-
gation for various particle parameters is shown in Figures 7 and 8. The coordinate denotes
the normalized longitudinal position, where x = 0 corresponds to the front interface of
the particle cloud (backfill). Negative values represent the region of the reflected wave
ahead of the backfill, while positive values correspond to the transmitted wave and the
flow region behind it. The dimensionless pressure ratio is defined as p/p0, where p0 is the
undisturbed gas pressure ahead of the incident shock. The plots illustrate that increasing
backfill density (or decreasing permeability) intensifies the reflected shock and attenuates
the transmitted wave, while larger particle diameters weaken reflection and promote a
stronger transmitted front.
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Figure 7. Distributions of the dimensionless pressure along the direction of shock propagation for
various particle backfills: 106 (line 1), 4 × 106 (line 2), 8 × 106 (line 3).
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Figure 8. Distributions of the dimensionless pressure along the direction of shock propagation for
various particle diameters: 50 µm (line 1), 100 µm (line 2), 200 µm (line 3).
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The solid particles absorb part of the shock energy through drag and unsteady forces,
leading to the formation of a weakened transmitted wave and an expanding relaxation
zone downstream of the cloud. The pressure rise ahead of the cloud and the secondary
compression behind it are interpreted as the result of wave reflection at the gas–particle
interface and recompression due to particle inertia. This effect is consistent with the
impedance mismatch between the particle-laden region and the pure gas. A higher particle
loading increases the effective resistance to gas motion, resulting in a stronger reflected
wave and a greater reduction in transmitted shock strength, a trend consistent with available
experimental and numerical studies [23,31]. The extended pressure relaxation region
observed behind the cloud is attributed to particle–gas non-equilibrium, as particles lag
behind the gas phase due to finite relaxation time. This produces spatial gradients of
pressure and velocity that gradually equilibrate farther downstream.

6. Conclusions
A mathematical model describing unsteady gas flows with inert particles, arising

from the interaction of a shock wave with a particle cloud, is constructed within the
framework of the interpenetrating continuum model. The gas and dispersed phases are
represented by sets of equations expressing the conservation of mass, momentum, and
energy, with interphase interactions accounted for via source terms on the right-hand sides.
The governing equations for both phases are hyperbolic and can be written in conservative
form, enabling the use of high-order Godunov-type methods for numerical solution. Time
discretization is performed using the third-order Runge–Kutta method.

A numerical simulation is performed for the interaction of a supersonic flow with
a rectangular particle cloud, initially at rest. The shock-wave structure of the flow, as
well as the spatial and temporal distributions of particle concentration and other flow
parameters, are analyzed. The results of the two-dimensional calculations show good
agreement with those obtained from the one-dimensional model. Although the positions
of the reflected and transmitted shock wave fronts are similar in both models, the one-
dimensional model does not capture the fluctuations in flow parameters observed in the
two-dimensional calculations.

The results enable an estimation of shock wave attenuation by a granular backfill.
The calculations indicate that the intensity of the reflected wave increases with increasing
backfill length, decreasing particle diameter, and decreasing backfill permeability.
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