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Abstract

Research on surfaces generated by curves plays a central role in linking differential ge-
ometry with physical applications, especially following Hasimoto’s transformation and
the development of Hasimoto-inspired surface models. In this work, we introduce a new
class of such surfaces, referred to as RM Hasimoto surfaces, constructed by employing
the rotation-minimizing (RM) Darboux frame along both timelike and spacelike curves
in Minkowski 3-space E3. In contrast to the classical Hasimoto surfaces defined via the
Frenet or standard Darboux frames, the RM approach eliminates torsional difficulties and
reduces redundant rotational effects. This leads to more straightforward expressions for
the first and second fundamental forms, as well as for the Gaussian and mean curvatures,
and facilitates a clear classification of key parameter curves. Furthermore, we establish the
associated evolution equations, analyze the resulting geometric invariants, and present
explicit examples based on timelike and spacelike generating curves. The findings show
that adopting the RM Darboux frame provides greater transparency in Lorentzian surface
geometry, yielding sharper characterizations and offering new perspectives on relativistic
vortex filaments, magnetic field structures, and soliton behavior. Thus, the RM framework
opens a promising direction for both theoretical studies and practical applications of surface
geometry in Minkowski space.

Keywords: Minkowski geometry; Hasimoto surface; vortex filament equation; RM Darboux
frame

MSC: 53A05; 53A5; 70B99; 37K25

1. Introduction

The study of surfaces generated by curves provides a fundamental connection between
differential geometry and the modeling of filamentary structures in physics. A central
theme in this area is the interplay between vortex filament dynamics and integrable systems.
The motion of vortex filaments is governed by the vortex filament equation (VFE), also
known as the localized induction approximation (LIA), which prescribes the evolution of a
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space curve «(s, t) in terms of its curvature x and torsion 7. In Euclidean three-space, this

evolution is expressed as
o

ot

where s denotes the arc-length parameter, a5 = da/9s is the unit tangent vector, and g is

= 05 X Kss, (1)

the curvature vector [1,2]. This model captures the dynamics of slender vortex structures
such as vortex rings and filamentary flows in ideal fluids.

A major breakthrough was achieved by Hasimoto, who introduced a transformation
that encodes the curve’s curvature and torsion into a single complex function. Specifically,
by setting

P(s,t) =x(s,t) exp (i /S (0, t),da), (2)

he proved that ¢ (s, t) satisfies the cubic nonlinear Schrodinger equation (NLS):

i+ Pss + 5| 9[*p = 0. 3)

This correspondence established a direct link between vortex filament motion and soliton
theory, revealing that filament dynamics exhibit soliton-like behavior [3].

The significance of Hasimoto’s transformation extends well beyond fluid dynamics,
connecting diverse physical systems governed by similar nonlinear structures. In plasma
physics, the dynamics of vortex filaments under the localized induction approximation
naturally correspond to solutions of the NLS equation, enabling soliton-based interpreta-
tions of magnetic flux tubes and filament stability. This correspondence also manifests in
superconductivity, where quantized vortex lines within superconducting materials follow
analogous geometric evolutions, and Hasimoto surfaces provide an effective geometric
framework for exploring vortex antivortex interactions and quantum turbulence [4]. A com-
parable unifying picture emerges in nonlinear optics, where the propagation of light in
fibers and waveguides is likewise modeled by the NLS equation. Here, representing op-
tical beam trajectories through Hasimoto-type surfaces offers geometric insight into how
curvature and torsion influence soliton formation and pulse stability. Together, these exam-
ples underscore a central theme: the geometry of Hasimoto surfaces serves as a universal
language for describing the interplay between curvature driven dynamics and soliton
phenomena across multiple areas of modern physics.

Applications extend further to nonlinear optics. In optical fibers and waveguides,
light propagation is modeled by the NLS equation, with soliton solutions capturing the
stability of localized pulses. In optical fibers and waveguides, light propagation is gov-
erned by the nonlinear Schrédinger equation, where soliton solutions describe the stable
transmission of localized pulses. Modeling these systems through Hasimoto-type surfaces
provides geometric insight into how curvature and torsion affect soliton formation and
beam evolution.

Traditionally, these surfaces are constructed using the Frenet or classical Darboux
frame of the generating curve, leading to a detailed classification of curvature properties,
fundamental forms, and characteristic curves [5-8]. More recently, Hasimoto-type surfaces
have been generalized to Lorentzian geometry, where the behavior depends strongly on
whether the generating curve is timelike or spacelike [9-11]. Parallel developments have
introduced the rotation-minimizing (RM) Darboux frame into Minkowski space, producing
new results on ruled and tubular surfaces [12-17]. The RM Darboux frame is particularly
advantageous, as it avoids torsional terms, remains valid for all non-lightlike curves, and
minimizes unnecessary rotation of the normal plane. In Minkowski 3-space E3, this leads
to streamlined formulas for the fundamental forms, Gaussian and mean curvatures, and
clearer classifications of geodesics, asymptotic curves, and principal directions.
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From a geometric perspective, Hasimoto surfaces provide powerful tools for visu-
alizing and analyzing vortex filament flows. Yet, the choice of moving frame along the
generating curve significantly influences both the complexity and the interpretability of the
resulting surface geometry. Frenet and Darboux frames involve torsion, which can obscure
the geometric structure by introducing additional rotational effects.

In this paper, we advance the subject by formulating RM Hasimoto surfaces using
the RM Darboux frame along timelike and spacelike curves in Minkowski E3. We derive
explicit expressions for the fundamental forms, compute Gaussian and mean curvatures,
and classify the associated special parameter curves. In addition, we establish the evolution
laws of RM Hasimoto surfaces under the binormal (localized induction) flow and explore
the corresponding conservation properties. Our contributions can be summarized as
follows: (i) the formulation of RM Hasimoto surfaces for timelike and spacelike base
curves; (ii) simplified curvature invariants and classification of principal surface curves;
(iii) derivation of evolution equations and associated conservation laws; (iv) worked
examples illustrating the advantages of the RM formulation compared with Frenet-based
constructions. The remainder of this paper is organized as follows: Section 2 reviews
Minkowski 3-space, the causal character of curves, and the RM Darboux frame. Section 3
introduces the RM Hasimoto surfaces and their fundamental forms and develops the
curvature formulas and the classification of special curves. Section 4 evaluates the RM
Hasimoto surfaces via RM Darboux frame of their generating curves. Finally, an example
and related simulations are presented.

2. Geometric Preliminaries of Curves and Surfaces in Minkowski 3-Space

The Minkowski 3-space, denoted by E3, is the vector space R endowed with the
Lorentzian metric of signature (1,2), defined by

(x,y) = —x1y1 + X2y2 + X3Y3,

for x = (x1,x2,x3) and y = (y1,¥2,¥3) in R3. A vector v € E? is timelike if it represents
motion slower than light ((v, v) < 0), spacelike if it represents spatial directions or faster-
than-light separation ((v,v) > 0), and lightlike (null) if it corresponds to motion at the
speed of light ((v, v) = 0). This causal distinction underlies much of the curve and surface
theory in Lorentzian geometry [18,19].

Leta : I C R — ES be a regular curve parametrized by arc length s. Its tangent vector is

T(s) =a/(s), (T(s), T(s)) =er € {-1,0,1}.

When the curve is non-null (e # 0), curvature and torsion are defined analogously to the
Euclidean case. The Frenet-Serret frame T, N, B then satisfies

T'(s) = k(s)N(s), N'(s) = —erx(s)T(s) + t(s)B(s), B'(s) = —enT(s)N(s), 4)

where k and T are the curvature and torsion, respectively, and ey = (N, N). These equations
adapt differently to timelike and spacelike cases [19-21].

For a regular surface M C E? given locally by X(u,v), the tangent vectors Xy, Xo
define the induced metric with coefficients

E= <XHIXl[>I F= <Xurxv>/ G= <erxv>-

Christoffel symbols of the second kind Fifj ; 1,7,k = 1,2 are defined as follows (for further
details see [19,21]):
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Fll = ﬂ(GEu —ZFFu +FE~U),
1
[l =T} = ﬁ(GE” —FGu),
1
I, = oA (—FGo+2GF, = GGy),
1
3 = ﬂ(—FEu +2EF, —EF,),
1
12, =13 = o5 (EGu = FEy),
1
I3, = 55 (EGu —2FFy + FGy),
where A = E G — F2. The unit normal vector is chosen as
Xy X Xy
n= oo/
[1Xu X Xo|
where the cross product is interpreted in Lorentzian geometry.
If a curve «(s) lies on M, the associated Darboux frame is
{T,g,n}, T=4d(s), g=nxT,
where ¢ is tangent to M and orthogonal to T. The frame derivatives satisfy
T = keg + kun,
g = —erkT 4 T4n, 5)

n' = —erk, T — 1,8,

where kg, k,, and Tg denote the geodesic curvature, normal curvature, and geodesic torsion,
respectively [12,21].
The RM Darboux frame T, U, V is obtained from g, n via a Lorentz boost with rapid-

ity o(s):
U(s) = cosh¢(s) g(s) + sinh¢(s) n(s), V(s) = sinh¢(s) g(s) + cosh ¢(s) n(s)
Invert these relations to express g, 1 in the {U, V'} basis:

g=cosh¢ U —sinh¢ V,
n = —sinh¢ U+ cosh¢ V.

Substituting into T’ = k¢g + k,n yields
T'=mU+xV, & =kgcoshd —k,sinh¢, i, = —kgsinh¢ + k, cosh¢

where k7 and x; are the natural curvatures relative to the RM frame.
To enforce the RM condition (no rotation of the U, V-plane around T), compute U':

U’ = ¢'(sinh¢ g+ cosh¢n) + cosh¢p ¢’ + sinh ¢ n’
= (—er(kgcoshp —k,sinh¢)) T+ (¢' + 1) V.

The RM condition requires the V-component to vanish, giving
'(s) = —15(s) -

With this choice, the RM Darboux frame equations become [17]:
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T = U +x,V,
u/ = _STKlT/ (6)
V' = —erxoT.

The second fundamental form of M is

e = <qu/ n>/ f = <Xuvzn>r g = <XU'U/n>-
From these, the Gaussian curvature K and mean curvature H follow as

K- eg — f? g LEg—2Ff+Ge
~ EG—F% 2 EG-F?

These invariants govern both the intrinsic and extrinsic geometry of surfaces in Minkowski
space, and are central to the study of minimal, maximal, and constant mean curvature
surfaces [20,21].

3. RM Hasimoto Surfaces in Minkowski 3-Space

In the context of surfaces generated by curves in Minkowski 3-space E$, Hasimoto-type
constructions provide a natural bridge between curve geometry and nonlinear evolution
equations. Classical Hasimoto surfaces are formulated with respect to the Frenet frame of a
space curve, capturing the evolution of vortex filaments. In what follows, we extend this
construction by employing the rotation-minimizing (RM) Darboux frame, which leads to a
broader family of surfaces that we refer to as RM Hasimoto surfaces.

Let a(s) be a unit-speed regular curve on a surface M C E3, and let {T(s), U(s), V(s)}
denote its RM Darboux frame, where T is the tangent vector and {U, V} form an or-
thonormal system of rotation-minimizing normals. We define the associated RM Hasimoto
surface by

H(s, t) = a(s) + t1(s,t) U(s) + ta(s, t) V(s), )

where t1,t, : R> — R are smooth profile functions depending on (s, ).
Special cases include the following:

* (s, t) =t,ta(s,t) = 0: a ruled surface in the U-direction;
* (s, t) =0, fa(s,t) = t: a ruled surface in the V-direction.

In the general situation, the choice of (t1,t;) determines the surface evolution. A
particularly convenient parametrization is given in terms of hyperbolic coordinates:

t1(s, t) = r(s) cosh(wt), ta(s, t) = r(s) sinh(wt),

where r(s) is a radius function and w € R is a constant. This form reflects the hyperbolic
structure of the RM frame when (U, U) = +1and (V,V) = —1.

Theorem 1. Let a(s) be a non-null curve in E3 with RM Darboux frame {T,U,V} and RM
curvatures (i1, k7). Then, the map

H(s,t) = a(s) +r(s) (cosh(wt) U(s) + sinh(wt) V(s)) 8)

defines a regular RM Hasimoto surface whenever r(s) # 0 and the triple (1'(s), 1,x2) does not
vanish simultaneously.

Proof. Consider the parametrization

H(s,t) = a(s) +r(s) (cosh(wt) U(s) + sinh(wt) V(s)),
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where {T, U, V} is the RM Darboux frame of «(s) and (1, k) are its RM curvatures. Using
Equation (6) and differentiating #(s, t) we have

Hs = %—t{ = [1—err(s) (k1 cosh(wt) + xp sinh(wt))] T + #'(s) ( cosh(wt) U + sinh(wt) V),
My — %’t‘ — wr(s) (sinh(wf) U + cosh(wr) V).
)
Introduce
A(s,t) =1 —r(s) (x1 cosh(wt) + x sinh(wt)), B(s) =7(s),
together with
u(t) = cosh(wt) U + sinh(wt) V, v(t) = sinh(wt) U + cosh(wt) V.

Then

Hs =AT+ Bu, Hi = wrv. (10)

The parametrization is regular if and only if
A =EG—F? = (Hg, Hs) (Hs, Hi) — (Hs, Hi)2 £ 0,

i.e.,, Hs and H; are linearly independent.
Suppose to the contrary that Hs = AH; for some A € R. Taking the inner product
with T gives A = 0. Thus,
Hs = Bu, Hi = wrv.

This implies that u is proportional to v, i.e. u = pv for some y € R. Expanding in the {U, V'}
basis,
cosh(wt) U + sinh(wt) V = p( sinh(wt) U + cosh(wt) V).

This system forces y?> = 1, which would require cosh(wt) = £ sinh(wt). Since this is
impossible for real ¢, the vectors u and v are independent. Thus, linear dependence can
occur only if B = 0 and r = 0 simultaneously, or if #; = 0. Both cases contradict the
assumptions r(s) # 0 and (', xq,%2) # (0,0,0)). Therefore, A # 0, and H (s, t) defines a
regular RM Hasimoto surface. [J

Now we compute the derivatives:

oH oH

He=2g =7

From these, the coefficients of the first fundamental form are obtained as
E=(H,Hs) = A2+ (F(5))7,
F=(HsHi) =0, (11)
G = (Hi, Hi) = —w?r(s)%

The unit normal vector field of the surface can be written as

Hex Hy  1'(s)T — A(cosh(wt) U + sinh(wt) V)
[ Hs x Hel] S(s,t) ’

N = (12)

where we use the shorthand
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S(s, t) =/ A2 + (r’(s))z.

Next, the coefficients of the second fundamental form are

e= (Hes, N) = S(slt) (Asr’ — Ar" — S(s,t)?(x1 cosh(wt) + K2 sinh(wt))),
f=Hst, N) = % ( — 7' (i1 sinh(wt) + & cosh(wt)) + A Cosh(Zwt)>, (13)
—w?rA cosh(2wt)

g = (M, N} = S(s,t)

Theorem 2. Let H(s,t) denote the RM Hasimoto surface introduced in (8). Its Gaussian and
mean curvatures are expressed in terms of the fundamental forms (11) and (13), depending on the
RM curvatures (k1,kp) of the generating curve w(s) and the profile function r(s). Explicitly,

Ky = wrls { w?rA cosh(2wt) (Asf’/ — Ar'" — S(s, 1)? (1 cosh(wt) + 13 sinh(wt)))

1
+ (A cosh(2wt) — 1’ (i sinh(wt) + K cosh(wt)))z}, (14)

1

H= o1 {AS2 cosh(2wt) + r(ASr’ — Ar" = S(s,t)?(x1 cosh(wt) + K2 sinh(wt))) }

Remarks

e The hyperbolic functions cosh(-) and sinh(+) arise naturally due to the Lorentzian struc-
ture of the RM Darboux frame when U and V generate a subspace of mixed signature.

*  Special cases include r(s) = const or w = 1, which correspond to cylindrical or tubular
RM Hasimoto surfaces.

If the generating curve a(s) is a helix in E3, the surface 7 provides a Lorentzian analog
of a Hasimoto vortex surface.

*  For orthogonal coordinates (F = 0), the Christoffel symbols reduce to

LR S T S € S S €
W=op "1™ oG” "27 2" 272G

Theorem 3. The RM Hasimoto surface H defined by (8) through the RM Darboux frame of (6) in
Minkowski 3-space B3 is, in general, neither flat nor minimal.

Corollary 1. For the RM Hasimoto surface H as in (8), the s-coordinate curves are geodesics if
and only if

AAs+7" =0 and  A(ky sinh(wt) 4 ko cosh(wt)) = 0.

Proof. For an s-curve with velocity vector (1,0), the geodesic equations reduce to

E E;
r}lzﬁ:o, r%lz_E:o,

so Es = E; = 0. Since E = A% + ('), we have E; = 2(AA; +7'r""), hence Es = 0 gives
AA; +1't" = 0. On the other hand, E; = 2AA; with A; = —wr(x sinh(wt) + k3 cosh(wt)),
so E; = 0 yields A(x sinh(wt) + xp cosh(wt)) = 0. O

Corollary 2. For H as above, the t-coordinate curves are geodesics exactly when

rv' =0.



Mathematics 2025, 13, 3420 8 of 16
Proof. For the t-curves, the geodesic equations read
Gs Gt
Ih=—2=0, TI3,=-—2==0.
22 > 2~ 55
Since G = —w?r? depends only on s, we obtain Gy = 0, and G; = —2¢w?rr'. Thus, Gs=0

gives rr’ = 0. Excluding the trivial case r = 0, this condition reduces tor’ = 0. O
Corollary 3. For H, the s-curves are asymptotic precisely when

Agr’ — Ar" — S(s,t)? (k1 cosh(wt) + k3 sinh(wt)) = 0.

e
Proof. The normal curvature in the s-direction is T Since F = 0, asymptoticity is equiva-
lent to e = 0. Using (13) gives the stated condition. [

Corollary 4. For H, the t-curves are asymptotic if and only if
1 —r(s) (1 cosh(wt) + xz sinh(wt)) = 0.

8

Proof. The normal curvature in the t-direction is <. Thus, t-curves are asymptotic when

g = 0. Substituting from (13) leads to the stated equation. [
Corollary 5. For H, both s- and t-coordinate curves are principal directions exactly when
A cosh(2wt) = 7'(s) (k1 sinh(wt) + K, cosh(wt)).

Proof. For orthogonal coordinates (F = 0), the condition for the coordinate directions to be
principal is f = 0. From (13), f = 0 gives the displayed relation. O

4. Evolution of RM Hasimoto Surfaces via the RM Darboux Frame
of Their Generating Curves

In this section, we analyze three distinct families of RM Hasimoto surfaces that arise
from the vectors of the RM Darboux frame of a spacelike RM curve. Our goal is to examine
their differential geometric characteristics and evolutionary behavior. To achieve this, we
present the following results.

Theorem 4. Let HT = HT(s,t) be the RM Hasimoto surface generated by the RM tangent
vector of a spacelike RM curve whose RM binormal is timelike. Then, the surface H' is hyperbolic
everywhere, i.e., locally saddle-shaped.

Proof. The RM tangent-based RM Hasimoto surface is given by
HT(s,t) = T(s,t), (15)

where {T,U, V} is the RM Darboux frame in Minkowski 3-space, satisfying the struc-
tural relations

T, =al + bV,
Us = —aT + ¢V, (16)
Ve =—bT —clU,

with a = x1, b = x2, and ¢ as the RM torsion-like scalar. Time evolutions are described by
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Tt = PU + l]V,
ut = 7PT + TV, (17)
Vi=—T —rl,

for certain scalars p, g, 7. We adopt the causal convention
(T, T) = +1, (u,uy = +1, (V,V) = -1
Differentiating (15) gives
Hs =al + bV, Hi=pU+4qV.

Thus, the coefficients of the first fundamental form are
ET = <H5,Hs> = a2 - bz,
Fr = (Hs, He) = ap — bg, (18)
Gr = (M, Hi) = p* — -

The unnormalized normal vector reads

Np =Hs x Hy = (ag—bp)(U x V),

which is parallel to T. Up to orientation, we may thus take N7 = T as the unit normal.
Differentiation and projection on N yield

er = <HSS/ N> - _(az + bz)/
fr = (Hs,N) = —(ap +bq), (19)
gr = (Hu, N) = —(p* + %).

Consequently, the Gaussian and mean curvatures are

aq + bp
Kyr=-1,  Hyr=-2—. (20)

Thus, HT has a constant negative Gaussian curvature, making it hyperbolic everywhere,
while its mean curvature depends on the invariants a, b, p, q of the generating curve. [

Theorem 5. Let HY = HY (s, t) be the RM Hasimoto surface generated by the RM normal vector
of a spacelike RM curve whose RM binormal is timelike. Then HY is pseudospherical, having
constant negative Gaussian curvature, and is minimal at all reqular points.

Proof. The RM normal-based Hasimoto surface is
HY (s, t) = U(s, t). (21)
Differentiating (21) gives
HY = —aT+cv, HY=—pT+rV. (22)

With the orthogonality and causal convention, the first fundamental form is

Ey=a®>—c?

Fy=ap—cr, (23)

Gy = p2 — 12,
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The normal vector becomes
Ny =HEXHE = (—aT +cV) x (=pT+rV) = (ar — cp)(T x V).
Since T x V = —U, we obtain
Ny = (ar — cp)U,
so Ny = £U (regularity requires ar — cp # 0). Further differentiations lead to
u_ 2_ 2
Hes = (—as —be)T+ (—a” — c)U + (—ab+¢5)V,
HY = (—ps —br) T+ (—ap — cr)U + (—pb +15)V,
Hit = (—pr =T+ (=p* = )U+ (—pg+n)V.
Projecting onto Ny = U gives
ey = —(a® +c2),
fu=—(ap+cr), (24)
gu=—(p*+r%).
From (23) and (24),
eugu — f& = (ar —cp)?, EuGy — F3 = —(ar —cp)?,
and
euGu — 2fuFu + guEu = 0.
Therefore, at regular points (ar — cp # 0), the curvatures are

Thus, #Y is a pseudospherical minimal surface, with constant Gaussian curvature —1 and
vanishing mean curvature. [

Theorem 6. Let H" = HV (s, t) denote the RM Hasimoto surface determined by the RM binormal
vector of a spacelike RM curve whose binormal is timelike. Then H" is of spherical type, possessing
constant positive Gaussian curvature.

Proof. The construction is based on
HY (s, t) = V(s,1). (26)
Differentiating gives
HY =Vi=—-bT—cU, H} =Vi=—qT—rU. (27)

Using the orthogonality of the RM Darboux frame together with the causal convention, the
coefficients of the first fundamental form are

Ey = (MY, HY) =v* + &,
Fy = <7—[;/, Hf) =bq+cr, (28)
Gy = (H}, M) = ¢* + 1%

The corresponding normal vector is



Mathematics 2025, 13, 3420

11 of 16

Ny =HY x ") = (=bT — cl) x (—gT — rU)
= (br—cq)T x U.

Since T x U =V, it follows that
Ny = (br—cq) V.

Thus, whenever br — ¢q # 0, the unit normal can be chosen as Ny = £V.
Next, differentiating (27) once more and projecting onto the chosen normal gives

HY = (=bs+ac) T+ (—ab—cs) U+ (—=b*> —2)V,

HY = (—qs+ar) T+ (—ag —r) U+ (—bg —cr) V,

Hi = (=g +pr) T+ (—pg—r) U+ (—4* = ") V.
Thus, the coefficients of the second fundamental form are

ey = (HY,N) = b* + 2,
fv = (HY,N) =bg+cr, (29)
gv = (M}, N) =q*+1%

Comparing (28) and (29), one observes
evgy — fi = (0 +¢*)(g* +1%) — (bg + cr)* = EyGy — Fy,
and

eyGy — 2fyFy + gvEy = (V% + ¢2)(§* +1%) — 2(bq + cr)® + (§* + 1) (b* + )
=2((0* + ) (g* + 1) — (bg +cr)?)
=2(EyGy — F2).

Thus, the numerator and denominator of the curvature expressions coincide. Consequently,
at regular points (br — cq # 0), the curvatures of H" are

Kyv =1, Hyv =1, (30)
and if the opposite orientation Ny = —V is selected, the mean curvature changes the sign
to H = —1 while K remains unchanged. Therefore, the RM binormal Hasimoto surface is

spherical type, characterized by constant positive Gaussian curvature and mean curvature
+1 depending on orientation. []

Example 1. Let us consider the spacelike curve (see Figure 1)

a(s) = (@ sinhs, @coshs, $s>
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2

Figure 1. The spacelike curve a(s), s € [-2,2].

The associated Frenet frame vectors together with the curvature « and the torsion T
along «(s) are computed as

? coshs sinh s —4 cosh's
T(s) = @sinhs , N(s) = | coshs [, B(s) = g sinhs

K= @, T(s) = gcosh (2s).
Thus, the RM Darboux curvatures follow as
fcosh<\f ), = ?sinh(gs).

Accordingly, the RM U(s) and V(s) coordinate components are

smhscosh(gs) ‘?coshssinh(gs)
U(s) = coshscosh(g ) — gsinhssinh(ﬁs) ,
2 sinn ()
sinhssinh(%s) Coshscosh(gs)
V(s) = \2[ sinhscosh(gs) + 3 cosh s sinh (gs)

‘zfcosh(‘[ s) — ‘zﬁsmh (2s) smh(gs)

Choosing r(s) = 0.5 and w = 1, the Hasimoto surface generated by the Frenet frame can be
parameterized as

QO(s,t) = a(s) +r(s)(cosht N(s) + sinh t B(s)).
After substituting the explicit expressions, this becomes (see Figure 2)

sinh s (\@ + cosh t) — g coshssinh t
1
Q(s,t) = 5 coshs(ﬁ—i— cosh t) + 4 sinh s sinh ¢
V7s + @ sinh t
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In parallel, the RM Hasimoto surface expressed in terms of the RM Darboux frame itself
can be written as (see Figure 3)

V/3sinhs + sinhscosh(gs t) + /7 cosh s sinh \[s — t)
H(s, t) = % /3 coshss —|—coshscosh(§s t) \/7 sinh s sinh \[s - t)
V75 — 4 sinh(lgs — t) - \/2_71 sinh f sinh (2s) smh(%s)

20

Figure 2. The curvr a(s) and the Hasimoto surface Q)(s, t),s € [-2,2] and t € [-2,2].

Figure 3. The curvr a(s) and the RM Hasimoto surface H (s, t),s € [-2,2] and t € [-2,2].
The tangent vectors of H are expressed as

H(s,t) = [1 — 3 cosh(gs - t)] T(s),
Hi(s, t) = L[sinh t U(s) + cosht V(s)].
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The metric coefficients of the surface are obtained as
2
Ey(s,t) = [1 - @cosh(@s — t)} ,
Fy (S, t) =0,
1
B =—-.
GH (S/ ) 4
The unit normal vector is written in the RM Darboux basis as
Ny = coshtU(s) —sinht V(s).
Now the second fundamental form coefficients
ey (s, t) = \/73 Cosh(gs + t) [1 - ‘/T§ cosh(@s — t)} ,
fu(s,t) =0,
1
eu(s, t) = 3 cosh (2t).

The Gaussian curvature K3; and mean curvature Hy; can be expressed as (see Figures 4 and 5)

/3 cosh (2t) cosh(@s + t)
1-— \/Tg cosh(gs — t) '
cosh(45+t)
2[1 - écosh(gs — t)] .

Ky (s t) = -

Hy (s, t) = — cosh (2f) +

20

10

-10

-20

-30

Figure 4. Gaussian curvature Ky (s, t).
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20

10
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Figure 5. Mean curvature Hy (s, t).

5. Conclusions

In this work, we have developed a new class of Hasimoto-inspired surfaces, termed
RM Hasimoto surfaces, by employing the rotation-minimizing Darboux frame along time-
like and spacelike curves in Minkowski 3-space. This formulation avoids the torsional
difficulties present in Frenet- or Darboux-based constructions, leading to simplified expres-
sions for the fundamental forms, Gaussian and mean curvatures, and a clearer classification
of key parameter curves. Beyond their static geometry, we derived the evolution laws of
these surfaces under the localized induction flow and identified associated conservation
structures, thereby reinforcing their connection to physical models such as vortex filaments,
soliton dynamics, and Lorentzian field configurations. Worked examples further illustrate
the efficiency of the RM approach, confirming its ability to sharpen geometric character-
izations and broaden the applicability of Hasimoto-type surfaces. Altogether, the RM
framework provides both theoretical clarity and practical versatility, opening new avenues
for research in Lorentzian differential geometry and its physical applications.
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