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Abstract

This study investigates the thermoelastic frictional contact and wear behavior during recip-
rocating sliding of a conductive cylindrical punch on a functionally graded piezoelectric
material (FGPM)-coated half-plane. The thermo-electro-elastic properties of the coating
vary continuously along the thickness direction according to arbitrary gradient functions,
with thermal parameters being temperature-dependence. A theoretical framework for the
coupled thermo-electro-elastic frictional contact problem is developed and solved using the
finite element method. A sequential coupling approach is employed to integrate thermoe-
lastic frictional contact with piezoelectric effects. Furthermore, wear on the coating surface
is modeled using an improved Archard formulation, accounting for its impact on thermal
sliding frictional contact characteristics. Numerical simulations examine the influence of
wear, cycle number, friction coefficient, gradient index and gradient form on the coupled
thermo-electro-elastic response of the FGPM coating structure. The numerical results
demonstrate the gradient index and gradient form can effectively mitigate thermo-electrical
contact-induced damage and reduce friction and wear in piezoelectric materials.

Keywords: functionally graded piezoelectric materials; finite element method; coated
half-plane; thermal sliding friction; piezoelectric; wear

MSC: 74A40; 74S05; 74R99

1. Introduction
Piezoelectric materials are widely employed in engineering structures and advanced

technologies due to their excellent mechanical properties and inherent mechano-electrical
coupling effects, attracting significant research attention from material scientists, mechani-
cians and engineers. As applications of piezoelectric materials expand, key components
such as piezoelectric motors, actuators and friction dampers [1–4] often operate under
extreme conditions involving combined thermal, electrical and mechanical loads. Most
of these applications involve thermo-electro-electrical contact process. The introduction
of frictional heat, along with the external thermal, mechanical, and electrical loads, can
induce severe thermoelastic contact damage and surface wear, ultimately leading to failure
of piezoelectric components and structures. Hence, there is a pressing need to develop
effective methods for mitigating thermos-electro-elastic contact damage and wear in piezo-
electric materials.
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Functionally Graded Materials (FGMs) are characterized by material properties that
vary gradually with spatial position. Building on this concept, functionally graded piezo-
electric materials (FGPMs) have been developed as a novel class of smart composite that
integrate the advantages of both piezoelectricity and gradient functionality. Recent studies
on the contact mechanics of FGPMs have demonstrated that using FGPMs as coatings
materials can significantly enhance the surface resistance to contact-induced and electrically
induced damage a performance unattainable with homogeneous piezoelectric materials.

Scholars have made significant progress in the theoretical, numerical and experimental
analysis of contact and thermal contact problems involving FGPMs [5–17]. For instance,
Ke et al. [5,6] employed an exponential model to simulate parameter variations and in-
vestigated two-dimensional frictionless/sliding frictional contact of functionally graded
piezoelectric half-planes under various punch actions. Using Fourier integral transforms,
Singh et al. [8] analyzed the sliding contact behavior of FGPMs. Kargarnovin et al. [9] also
adopted an exponential model to study the two-dimensional thermal contact reponse of
FGPMs under thermo-electro-mechanical loads. Vasiliev et al. [10] derived fundamental
solutions for a transversely isotropic FGPM-coated half-space subjected to point forces and
charges. Ma et al. [11–13] examined two-dimensional frictionless, sliding frictional contact
and frictional thermal contact between a graded magneto-electro-elastic coated half-plane
and a rigid conductive and magnetically permeable punch. Liu et al. [14,16] explored
the axisymmetric frictionless contact of an FGPM-coated half-space under conductive or
insulated cylindrical and spherical punches, and later extended the study to finite fric-
tional contact under an insulated spherical punch [15]. Çömez et al. [7] investigated both
continuous and discontinuous planar contact between a functionally graded piezoelectric
layer and a homogeneous piezoelectric half-plane, analyzing the influence of layer length,
mechanical and electrical loads, and gradient inhomogeneity on contact stress and electric
displacement. Finally, Zhou et al. [17] studied thermal frictional sliding contact in an
FGPM-coated half-plane under a rigid conductive cylindrical punch, incorporating heat
conduction effects.

Material wear is an inevitable consequence of friction, and its occurrence exacerbates
material deformation, significantly altering stress and temperature distributions, thereby
posing a considerable challenge to engineering safety. Systematic experimental studies
on the friction and wear properties of piezoelectric ceramic remains limited, owing to
their specialized working environments and complex operating conditions. Nonetheless,
some relevant research has been conducted: for examples, Shu et al. [18,19] performed
both experimental and finite element simulation to investigate the friction and wear be-
haviors of piezoelectric materials. Current discussion on wear mechanisms focuses on
conventional elastic materials [20–22]. Given that friction and wear experiments are often
time-consuming and costly, numerical simulation techniques have been widely adopted
for studying material wear. Building on foundational work by Holm [23] and Burwell
et al. [24], Archard [25] developed a finite element calculation model for adhesive wear
based on his namesake equation. Zhou et al. [26] applied a modified Archard model to
investigate the thermo-elastoplastic sliding contact and wear of FGM-coated homogeneous
half-planes under rigid cylindrical punches. Yue and Wahab [27] utilized ABAQUS to
analyze fretting wear in cylindrical punch-homogeneous half-plane contacts, incorporating
the effect of variable friction coefficients. Similarly, Zhan and Huang [28] established a
finite element contact model between an elastic cylindrical punch and a half-plane to study
the friction and wear behaviors of a rotating punch. Collectively, these studies have sub-
stantially advanced our understanding of wear mechanisms and behaviors across diverse
contact scenarios.
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It is noteworthy that most existing studies have focused on the frictional contact
behavior of FGPMs or the friction and wear properties of homogeneous piezoelectric
materials, while largely overlooking the specific wear mechanism of FGPMs themselves. To
bridge this gap, this study employs the finite element software ABAQUS2020 to investigate
the thermal sliding friction and wear characteristics of FGPMs with arbitrarily graded
material properties. Specifically, the work examines the thermoelastic sliding contact and
wear performance of FGPM coating with continuously varying material parameters under
a rigid conductive cylindrical punch. Special emphasis is placed on analyzed the effects
of wear depth, cycle number, gradient index and gradient form on the thermo-electro-
elastic frictional contact response. The study aims to elucidate the underlying interaction
mechanisms during thermoelastic sliding friction and wear of FGPMs, and the findings
are expected to provide theoretical insights for the optimizing the design of piezoelectric
coating components in high-temperature environments and mitigating friction and wear.

2. Fundamental Solutions to an FGPM-Coated Half-Plane
Consider the thermoelastic sliding frictional contact problem of the FGPM-coated

half-plane as shown in Figure 1, where a rigid conductive cylindrical punch undergoes
reciprocating frictional sliding along a single axis parallel to the surface of the coating with
thickness h under the action of a normal load P. The radius of the punch is R, and the sliding
displacement is λ = A0sin(2πµt), where A0 is the amplitude of the reciprocating motion
and µ is the frequency. It is assumed that the thermo-electro-elastic parameters of the
coating material vary arbitrarily along the thickness direction, and the thermal parameters
of the material are also temperature-dependent. Due to the reciprocating frictional sliding
of the punch over the coating surface, frictional heat is generated at the contact surface,
leading to temperature variations in the FGPM structure. The heat flux density Q(x) can
be expressed as:

Q(x) = f Vp(x) (1)

where p(x) denotes the contact pressure, f represents the friction coefficient, and V is the
friction velocity. In addition, wear on the coating surface during the sliding friction process
is also taken into account. Since wear on the material surface leads to changes in the contact
area, which in turn results in variations in both contact pressure and temperature, the
thermo-electro-wear coupling effect should be considered.

Figure 1. Schematic diagram of reciprocating cyclic frictional sliding of a rigid conductive cylindrical
punch on a functionally graded piezoelectric coated half-plane.
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2.1. Temperature Field

It is assumed that the rigid cylindrical punch is a thermally insulated electrical con-
ductor, such that all the heat flux generated by friction between the punch and the FGPM
coating is transferred into the interior of the FGPM coating structure. The heat conduction
equation can be expressed as:

∂

∂x

(
k1i

∂Ωi
∂x

)
+

∂

∂z

(
k3i

∂Ωi
∂z

)
= 0. (2)

where the subscript i = 1, 2 denotes the FGPM coating and the homogeneous piezoelectric
half-plane, respectively; Ωi represents the temperature field; k11 = k11(z, T), k31 = k31(z, T),
k12 = k12(T) and k32 = k32(T) stand for the thermal conductivity coefficients of the FGPM
coating and homogeneous piezoelectric half-plane, respectively.

The thermal boundary conditions are as follows:

∂

∂z
(k31Ω1) = f VP, a ≤ x ≤ b, z = 0, (3a)

∂

∂z
(k31Ω1) =

∂

∂z
(k32Ω2), Ω1 = Ω2, z = −h, (3b)

Given that the thermal conductivity is a function of z and exhibits temperature depen-
dence, an analytical solution to Equation (3) is almost impossible to obtain.

2.2. Thermo-Electro-Elastic Field

Under the plane strain condition, the linear constitutive equations of the transversely
isotropic FGPM coating and the homogeneous piezoelectric half-plane can be expressed
as follows:

σxxi = c11i(z)
∂uxi
∂x

+ c13i(z)
∂uzi
∂z

+ e31i(z)
∂φi
∂z

− λ11i(z)Ωi, (4a)

σzzi = c13i(z)
∂uxi
∂x

+ c33i(z)
∂uzi
∂z

+ e33i(z)
∂φi
∂z

− λ33i(z)Ωi, (4b)

σxzi = c44i(z)
(

∂uzi
∂x

+
∂uxi
∂z

)
+ e15i(z)

∂φi
∂x

, (5)

Dxi = e15i(z)
(

∂uzi
∂x

+
∂uxi
∂z

)
− ε11i(z)

∂φi
∂x

, (6)

Dzi = e31i(z)
∂uxi
∂x

+ e33i(z)
∂uzi
∂z

− ε33i(z)
∂φi
∂z

− α3i(z)Ωi. (7)

where σxxi, σzzi, σxzi, Dxi, Dzi are the stress components and electric displacement com-
ponents of the FGPM coating and homogeneous piezoelectric half-plane, respectively;
uxi, uzi, φi are the displacement components and electric potential, respectively; ckl , ekl , εkl

denote the elastic constants, piezoelectric constants, and dielectric constants, respectively;
λkl and αki are the thermal expansion coefficients and pyroelectric coefficients.

Neglecting body forces and body charges, the equilibrium equations and Maxwell’s
equations for the FGPM coating and the homogeneous piezoelectric half-plane can be
expressed as:

∂σxxi
∂x

+
∂σxzi

∂z
= 0, (8)

∂σxzi
∂x

+
∂σzzi

∂z
= 0, (9)

∂Dxi
∂x

+
∂Dzi
∂z

= 0. (10)
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Substituting the constitutive equations into the above system of equations yields
the following:

c11i
∂2uxi
∂x2 + c44i

∂2uxi
∂z2 + (c13i + c44i)

∂2uzi
∂x∂z + (e31i + e15i)

∂2 φi
∂x∂z

+ ∂c44i
∂z

(
∂uzi
∂x + ∂ux

∂z

)
+ ∂e15i

∂z
∂φi
∂x = λ11i

∂Ωi
∂x ,

(11)

c33i
∂2uzi
∂z2 + c44i

∂2uzi
∂x2 + c13i

∂2uxi
∂x2 + (c13i + c44i)

∂2uxi
∂x∂z + ∂c13i

∂z
∂uxi
∂x

+ ∂c33i
∂z

∂uzi
∂z + e15i

∂2 φi
∂x2 + e33i

∂2 φi
∂z2 + ∂e33i

∂z
∂φi
∂z = ∂λ33i

∂z Ωi + λ33i
∂Ωi
∂z ,

(12)

(e15i + e31i)
∂2uxi
∂x∂z + e15i

∂2uzi
∂x2 + e33i

∂2uzi
∂z2 + ∂e33i

∂z
∂uzi
∂z

−ε11i
∂2 φ1
∂x2 − ε33i

∂2 φi
∂z2 − ∂ε33i

∂z
∂φi
∂z = ∂α3i

∂z Ωi + α3i
∂Ωi
∂z .

(13)

Due to the arbitrary functional variation of material parameters in the FGPM coating
and the difficulty in obtaining an analytical solution for the temperature field, deriving
analytical solutions for the above Equations (11)–(13) is difficult or even impossible. This
makes the current analysis of thermo-electro-electrical coupled frictional contact problems
highly challenging. In view of this, the finite element method is employed to investigate the
thermoelastic sliding friction and wear problem of FGPM-coated half-plane with arbitrarily
varying material properties.

3. Finite Element Model
A finite element model for thermoelastic sliding friction and wear was developed

using ABAQUS 2020 to simulate the contact between a rigid conductive cylindrical punch
and an FGPM-coated homogeneous piezoelectric half-plane. The radius of the cylindrical
punch is R = 0.08 m. The homogeneous piezoelectric half-plane, with dimensions of
400 mm × 100 mm, is treated as a half-plane due to its significantly larger size compared to
the contact area. The FGPM coating thickness is h = 1 mm.

3.1. The Thermo-Electro-Elastic Contact Model

The master–slave algorithm is adopted for contact discretization, where the master
and slave surfaces are selected according to two common criteria: (1) the surface with
higher stiffness serves as the master surface; and (2) the surface with a coarser mesh is
designated as the master surface. Accordingly, the rigid punch surface is assigned as the
master surface, while the coating surface is defined as the slave surface. Within the contact
properties, the proportion of frictional heat allocated to the slave surface is set to 100%,
implying that all heat is transferred to the half-plane. The normal contact behavior of the
contact interface is defined as “hard contact”, and the tangential behavior is modeled using
the penalty method based on Coulomb’s friction law.

A combination of user-defined subroutines (UMAT, UXEXPAN, and UMATHT) is
employed to model the arbitrary gradient variation of the thermo-electro-elastic parameters
of the FGPM coating, accounting for the temperature dependence of its thermal parameters.
The transient thermal–mechanical coupling method is adopted to solve the thermoelastic
frictional contact problem.

Given the negligible influence of the inverse piezoelectric effect and the indepen-
dence of piezoelectric module from the thermal–mechanical coupling process, a sequential
coupling strategy is adopted. After completing the thermal–mechanical analysis, the
worn model is imported, and the element types are switched from planar temperature-
displacement coupled elements (CPE4T and CPE3T) to bilinear plane stress piezoelectric
elements (CPS4E and CPS3E) to perform the piezoelectric analysis.
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3.2. Mesh Generation and Independence Study

We adopted 3-node/4-node planar temperature-displacement coupled elements
(CPE3T/CPE4T) and 3-node/4-node bilinear plane stress piezoelectric elements (CPS4E
and CPS3E) as primary element types. This choice balances computational accuracy and
efficiency. The core idea was to employ a gradient meshing strategy, where regions with
high stress/strain gradients (contact surfaces) were discretized with a finer mesh, while
other regions with relatively uniform stress distribution were meshed with a coarser mesh
to reduce the total number of elements and computational cost.

The computational domain was discretized in HyperMesh, in which the mesh den-
sity was regulated by defining “seeds”—predefined node distribution points along the
edges and surfaces of the model. These seeds govern the local element size and spatial
distribution, enabling targeted refinement in critical regions. A mesh sensitivity study was
performed by progressively reducing the local seed size from 1 mm to 0.005 mm (Figure 2).
The results showed that the maximum von Mises stress converged when the seed size
reached 0.01 mm, with variations of less than 2%. Consequently, a local seed size of 0.01 mm
was selected for local refinements for all subsequent simulations to balance accuracy and
computational cost. Therefore, a based seed size of 3 mm was applied to the entire model,
and a much finer local seed size of 0.01 mm was applied in regions of high-stress concentra-
tion (the contact area). In this case, the friction contact model is discretized with a total of
26,545 elements—26,351 CPE4T and 97 CPE3T elements. The finite element model is shown
in Figure 3. Figure 3b,c present a local refined, magnified views of the contact area.

1 0.2 0.1 0.05 0.02 0.01 0.005
80

120

160

200

M
is

es
(M

Pa
)

seed size

Figure 2. Variation of Mises stress with the mesh density (seed size) of the contact area.

During mesh generation, a global seed size of 3 mm and a finer local size of 0.01 mm
in regions of high stress concentration (the contact area) were adopted. To verify that this
significant variation in seed size would not compromise the simulation results, additional
post-processing analyses were conducted on the transition zone between the coarse and fine
meshes. Figure 4 presents the von Mises stress distribution of the post-analyzed transition
zone. It is shown that the stress distribution exhibits stability and continuity, with no
unphysical abrupt jumps or oscillations observed. This confirms that the simulation results
remain unaffected by the mesh density variation.
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(a) 

  
(b) (c) 

Figure 3. Finite element mesh division of frictional contact between punch and FGPM coating
structure (a) and local enlarged views of contact area (b,c).

 

Figure 4. Von Mises stress distribution of the post-analyzed transition zone.

3.3. The Wear Modeling

Since the punch is assumed to be rigid with no self-wear, all wear quantification
focuses exclusively on the surface of coating material. This approach avoids the complexity
of calculating “two-body wear”, ensuring that the quantified results directly reflect the
coating’s intrinsic performance. In the finite element calculation, a modified Archard wear
model was employed to characterize the surface geometric evolution induced by mate-
rial wear, based on the contact characteristics of the “rigid punch- piezoelectric coating
structure”. The Archard wear model was implemented via the well-established UMESH-
MOTION subroutine. When coupled with the Arbitrary Lagrange–Euler (ALE) adaptive
meshing technique, this approach enables the mesh to remain independent of the model’s
motion while preserving its original topology.

The Archard wear model correlates wear severity with contact pressure and relative
slip. Given that the pressure varies with the sliding position, the integral form of the model
was applied. The wear depth at time t is expressed as follows:

d(x, y, t) = φ(y)
∫ t

t=0
p(x, t)dδ(x, t). (14)

where p(x, t) denotes the contact pressure at time t, dδ(x, t) represents the slip increment,
and φ(y) is the wear coefficient with a value range of 3.5 × 10−5 mm3(Nm)−1 [18,29].
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In the finite element software ABAQUS, the Archard wear formula is implemented
via the user-defined subroutine UMESHMOTION. The wear accumulation rule is defined
as follows: the total sliding process is divided into multiple incremental steps; at each step,
the wear induced in that step is calculated based on the instantaneous contact pressure and
sliding distance, and the mesh geometry of the piezoelectric layer (e.g., nodal coordinate
offsets in the worn region) is updated in real time. This approach enables the simulation of
the gradual surface material loss of the piezoelectric coating during sliding process.

4. Model Validation
To verify the model accuracy, the piezoelectric effect was neglected, and the ther-

moelastic sliding frictional contact between the conductive cylindrical punch and the
FGM-coated half-plane was simulated using ABAQUS 2020. In the model, the coating’s
upper layer consists of zirconia (ZrO2), while the lower layer (i.e., the half-plane) is com-
posed of 6061-T6 aluminum alloy. A comparison between the finite element results and the
theoretical solutions from Zhou et al. [26] is shown in Figure 5. It can be observed that the
finite element results exhibit good agreement with the theoretical solutions.
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360
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480
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T
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K
)
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 Zhou's result

 FEM's result
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 FEM's result
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−0.6 −0.3 0.0 0.3 0.6
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x(mm)

 Zhou's result

 FEM's result

 
(c) 

Figure 5. Comparison between the finite element results and those by Zhou et al. [26] on (a) surface
temperature; (b) surface contact pressure; (c) in-plane stress.

Neglecting frictional and wear effects, the frictionless contact problem between the
conductive cylindrical punch and the FGPM coating structure was analyzed. The thermo-
electro-elastic properties of the FGPM coating vary exponentially along the thickness
direction, with the lower layer consisting of PZT-4. A comparison between the finite
element results and the theoretical solutions from Ke et al. [5] is presented in Figure 6,
demonstrating good agreement between the two sets of results.
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Figure 6. Comparison between the finite element results and the results by Ke et al. [5] on
(a) surface contact pressure; (b) surface electric charge distribution under a flat punch; (c) surface
contact pressure and (d) surface electric charge distribution under a cylindrical punch.

5. Numerical Results and Discussion
In this section, thermoelastic sliding friction and wear of a specified FGPM coating

structure is developed using ABAQUS 2020. The homogeneous piezoelectric half-plane
is PZT-4 ceramic, whose material properties are detailed in Tables 1 and 2. Note that
two key thermophysical parameters—specific heat capacity and thermal conductivity—
exhibit temperature dependence. At the interface (z = −h), the material properties of the
piezoelectric half-plane and the FGPM layer are continuous and identical. The FGPM
coating thickness is h = 1 mm. A normal load P = 100 N is applied to the nodes of the punch,
which reciprocates in the x-direction with an amplitude A0 = 0.15 mm and a frequency
f = 40 Hz. The bottom of the homogeneous piezoelectric half-plane is fixed. The initial
temperature is T = T0 = 300 K. The friction coefficient is f = 0.3.

Table 1. Elastic modulus, piezoelectric constant and dielectric constant of PZT-4 [5].

c11
(GPa)

c13
(GPa)

c33
(GPa)

c44
(GPa)

e31
(C/m2)

e33
(C/m2)

e15
(C/m2) ε11 (C/Vm) ε33 (C/Vm)

139 74.3 115 25.6 −5.2 15.1 12.7 64.61 × 10−10 56.2 × 10−10

Given that the thermo-electro-elastic material parameters of the FGPM coating can
vary arbitrarily with depth, we assume an exponential along the coating thickness direction,
as expressed in Equation (15):

{ckl2(z), ekl2(z), εkl2(z), λ112(z), λ332(z), c2(z, T), k12(z, T), k32(z, T), α32(z)} =

{ckl1, ekl1, εkl1, λ111, λ331, c1(T), k11(T), k31(T), α31}eβz, 0 < z ≤ h,
(15)



Mathematics 2025, 13, 3414 10 of 19

where ckl , ekl , εkl , λ, c, k are the elastic constants, piezoelectric constants, dielectric con-
stants, thermal expansion coefficients, specific heat capacity, and thermal conductivi-
ties, respectively.

Table 2. Thermal material parameters of PZT-4 [30–32].

Material Properties Numeric Value Unit

specific heat capacity c(T) = −9 × 10−5T2 + 0.1604T + 125.29 J/(K·mol)
thermal conductivity coefficient k11(T) = k31(T) = −8 × 10−7T2 + 0.0012T + 0.8448 W/(m·K)
coefficient of thermal expansion λ111 = λ331 = 8.34 × 10−6 1/K
pyroelectric coefficient α31 = 400 µC/m2K
density ρ = 7.6 g/cm3

5.1. The Effect of Wear

Figure 7 illustrates the influence of wear and cycle number on the thermal sliding
frictional contact surface characteristics of the FGPM coating structure. As shown in
figures, significant changes occur in the surface contact pressure p(x) (Figure 7a), surface
temperature T (Figure 7b), surface charge q(x) (Figure 7c), and surface electric displacement
DZ(x) (Figure 7d) when wear takes place. With increasing cycles, the distribution curves
gradually become progressively smoother within the contact area. Additionally, the contact
area expands gradually, whereas the maximum values of both contact stress and surface
temperature decrease.
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Figure 7. The effect of wear on contact stress (a), contact surface temperature (b), surface charge
distribution (c) and surface electric displacement (d) with βh = −0.5, f = 0.3.

The influence of wear and number of cycles on the in-plane stress and in-plane electric
displacement of the FGPM coating structure is shown in Figure 8. Figure 8a illustrates that
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as wear occurs, both the distribution of in-plane stress σxx and the contact area change;
with the increase in the number of cycles n, the maximum tensile stress at the trailing end
of the contact area and the maximum compressive stress within the contact area gradually
decrease. As shown in Figure 8b, the in-plane electric displacement DX(x) displays a
singular at the edge of the contact area, with its maximum value decreasing as the number
of cycles n increase. These numerical results demonstrate that wear has a significant impact
on the thermo-electro-elastic coupled frictional contact characteristics.
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Figure 8. The effect of wear on in-plane stress (a) and in-plane electric displacement (b) with
βh = −0.5, f = 0.3.

The wear depth was directly quantified by comparing the coating’s surface topography
before and after the sliding simulation. Since this study adopts an elastic model, the nodal
coordinates of the coating surface were extracted at both the start and end of the analysis.
The wear depth at any given node was then calculated as the vector difference in its
out-of-plane displacement. This coordinate subtraction method provides a direct and
unambiguous measure of the total material loss induced by wear. Figure 9 illustrates the
effects of sliding cycles, gradient index and friction coefficient on wear depth. As shown
in Figure 9a, both the depth and width of the wear increase significantly with the number
of sliding cycles, indicating a clear cumulative wear effect. Figure 9b illustrates the effect
of the gradient index: an increase in the gradient index leads to greater wear depth but
a smaller worn area. This phenomenon is primarily attributed to the enhanced surface
hardness associated with a higher gradient index, which concentrates contact stress more
intensely in the central region and thereby exacerbating localized wear. In addition, the
depth and width of the wear gradually decrease with the increase in the friction coefficient
(Figure 9c).

5.2. The Effect of Gradient Index

Figure 10 illustrates the influence of the coating material gradient index n on the
thermal sliding frictional contact surface characteristics of the FGPM coating structure. As
shown in Figure 10a, due to the occurrence of wear, the contact area gradually decreases
with an increase in the gradient index n, while the surface contact pressure p(x) within
the contact area exhibits fluctuations. Meanwhile, the maximum value of the surface
contact pressure increases as n increases, resulting in a corresponding gradual increase
in the maximum temperature T within the contact area (Figure 10b). Figure 10c shows
that the surface charge q(x) exhibits singularity at both ends of the contact area, with its
maximum value decreasing as the gradient index n increases. Furthermore, the surface
electric displacement DZ(x) (Figure 10d) also changes with the increase in n and fluctuates
at the edge of the contact area.
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Figure 9. The influence of cycle number on wear with βh = −0.5, f = 0.3 (a), influence of gradient
index on wear with d = 300, f = 0.3 (b), influence of friction coefficient on wear with d = 300,
βh = −0.5 (c).
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Figure 10. The effect of gradient index on contact stress (a), contact surface temperature (b), surface
charge distribution (c) and surface electric displacement (d) with d = 100, f = 0.3.
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Figure 11 presents the influence of the coating material gradient index n on the in-
plane stress σxx and in-plane electric displacement DX(x) of the FGPM coating structure.
As shown in Figure 11a, the gradient index n has a significant impact on the in-plane
stress. With the increase in the gradient index n, the maximum tensile stress at the trailing
end of the contact area gradually decreases, while the maximum in-plane compressive
stress within the area gradually increases. Figure 11b illustrates that the in-plane electric
displacement exhibits singularity at the edge of the contact area, and its maximum value
gradually decreases as n increases. The presence of such in-plane tensile stress, coupled with
the singularity in electric displacement, can trigger crack initiation and electrical contact
damage. These numerical results demonstrate that the thermo-electrical coupled frictional
contact damage in piezoelectric materials can be effectively mitigated by appropriately
adjusting the gradient index of the FGPM coating.
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Figure 11. The effect of gradient index on in-plane stress (a) and in-plane electric displacement
(b) with d = 100, f = 0.3.

5.3. The Effect of the Coefficient of Friction

Figure 12 illustrates the influence of the friction coefficient on the thermal sliding
frictional contact surface characteristics of the FGPM coating structure. As shown in the
figure, the friction coefficient has a significant impact on the contact pressure, tempera-
ture, charge distribution, and electric displacement on the frictional contact surface. The
maximum value of the surface contact pressure p(x) (Figure 12a) increases gradually with
the friction coefficient, leading to a corresponding increase in the maximum value of the
surface temperature T (Figure 12b) within the contact area. This behavior is primarily
attributed to the fact that frictional heat is proportional to both contact pressure and the
friction coefficient. In contrast, the friction coefficient has only a minor effect on the surface
charge q(x) (Figure 12c) and surface electric displacement DZ(x) (Figure 12d) at both ends
of the contact area.

Figure 13 presents the influence of the friction coefficient on the in-plane stress and
in-plane electric displacement of the FGPM coating structure. As shown in the figure, the
friction coefficient exerts a considerable influence on both the in-plane stress σxx (Figure 13a)
and in-plane electric displacement DX(x) (Figure 13b). With increasing friction coefficient,
the maximum tensile stress and the maximum electric displacement at the trailing end of
the contact area increase, while the maximum compressive stress within the contact area
also gradually increases. These numerical results demonstrate that reducing the friction
coefficient can effectively decrease the maximum tensile stress and electric displacement at
the trailing end of the contact area, thereby alleviating the thermo-electrical coupled sliding
frictional contact damage of piezoelectric materials.
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Figure 12. The effect of coefficient of friction on contact stress (a), contact surface temperature (b),
surface charge distribution (c) and surface electric displacement (d) with d = 300, βh = −0.5.
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Figure 13. The effect of coefficient of friction on in-plane stress (a) and in-plane electric displacement
(b) with d = 300, βh = −0.5.

5.4. The Effect of Gradient Variation Form

To investigate the influence of different gradient variation forms of the coating on the
thermal sliding frictional contact behavior of the FGPM coating structure, in addition to the
thermo-electro-elastic parameters of the coating material varying exponentially as shown
in Equation (15), we also consider three other gradient variation forms. Specifically, the
thermo-electro-elastic parameters of the coating material vary along the coating thickness
direction in the forms of the following power function, sine function, and cosine function
as follows:
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
ckl2(z), ekl2(z), εkl2(z)
λ112(z), λ332(z), c2(z, T),
k12(z, T), k32(z, T), α32(z)

 =


ckl1, ekl1, εkl1,
λ111, λ331, c1(T),
k11(T), k31(T), α31


( z

h
+ 1

)n
, 0 < z ≤ h, (16)


ckl2(z), ekl2(z), εkl2(z)
λ112(z), λ332(z), c2(z, T),
k12(z, T), k32(z, T), α32(z)

 =


ckl1, ekl1, εkl1,
λ111, λ331, c1(T),
k11(T), k31(T), α31

(sin(
π(h − z)

2h
)m + (1 − m)), 0 < z ≤ h, (17)


ckl2(z), ekl2(z), εkl2(z)
λ112(z), λ332(z), c2(z, T),
k12(z, T), k32(z, T), α32(z)

 =


ckl1, ekl1, εkl1,
λ111, λ331, c1(T),
k11(T), k31(T), α31

1 − η − cos(π(z+h)
h )(3 + η)

4
, 0 < z ≤ h, (18)

where βh = −1, n = −1.5, m = 0.64, η = −1.72.
Figures 14 and 15 illustrate the influence of coating material gradient forms on the

thermal sliding frictional contact surface characteristics of functionally graded piezoelectric
material (FGPM) coating structures. As shown in Figure 14, different gradient forms of the
coating material lead to variations in contact pressure, temperature, charge, and electric
displacement on the sliding contact surface—particularly in surface contact pressure and
surface temperature. For instance, the contact stress can be reduced by 6.1%, and the
maximum surface temperature can be decreased by 7.06%. Among these gradient forms,
the exponential law function form results in the smallest maximum surface temperature,
as clearly demonstrated by maximum surface temperature data under different numbers
of cycles in Table 3. Figure 15 indicates that the gradient form of the coating material also
significantly affects the in-plane stress, with the sine function form exhibiting the smallest
maximum tensile stress; corresponding numerical data are provided in Table 4. These
numerical results demonstrate that optimizing the gradient variation form of the coating
material can effectively reduce surface contact pressure and surface temperature, as well as
controlling the maximum surface tensile stress, which is highly valuable for the design of
high-performance piezoelectric material coatings.

Table 3. Maximum surface temperatures corresponding to different gradient forms and
cycle numbers.

Cycle COS SIN Exponential Law Power Law

100 672.434 707.571 651.273 663.74
200 641.618 671.137 621.838 635.898
300 608.805 639.028 592.605 612.588

Table 4. Maximum in-plane stress values corresponding to different gradient forms and
cycle numbers.

Cycle COS SIN Exponential Law Power Law

100 14.188 2.458 15.864 17.159
200 15.055 2.467 16.937 17.227
300 14.946 2.483 16.239 17.417
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Figure 14. The effect of gradient form on contact stress (a), contact surface temperature (b), surface
charge distribution (c) and surface electric displacement (d) with d = 300, βh = −1, f = 0.3.
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Figure 15. The effect of gradient form on in-plane stress (a) and in-plane electric displacement
(b) with d = 300, βh = −1, n = −1.5, f = 0.3.

6. Conclusions
Based on the finite element method, this study investigates the thermoelastic sliding

frictional contact and wear problems of FGPM-coated half-plane with arbitrarily varying
thermo-electro-elastic parameters along the thickness direction under the action of a con-
ductive cylindrical punch. Arbitrary gradient variation forms of the coating material are
implemented using user-defined subroutines UMAT, UXEXPAN, and UMATHT. The effects
of wear, number of cycles, coating material gradient index, friction coefficient, and coating
gradient variation forms on the thermoelastic sliding frictional contact characteristics of the
FGPM coating structure are systematically analyzed. The main conclusions of this work
are summarized as follows:
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1. When a rigid conductive cylindrical punch undergoes reciprocating sliding friction
on the surface of the FGPM coating structure, significant changes occur in the contact
pressure, temperature, electric potential, electric displacement, in-plane stress, and in-plane
electric displacement on the frictional contact surface as wear takes place. Moreover, with
increasing number of cycles from no wear to 500 cycles, contact area gradually expands,
potentially increasing by about 43% and the maximum contact pressure decreases by
about 52.6%, resulting in a corresponding reduction in the maximum surface temperature.
Simultaneously, the maximum tensile stress and maximum electric displacement at the
edge of the contact area also diminish with continued cycling.

2. As the coating material gradient index increases from −1 to 1, the maximum contact
pressure and maximum temperature within the contact area gradually increase. In contrast,
the maximum tensile stress and electric displacement at the edge of the contact area exhibit
a decreasing trend. The presence of such in-plane tensile stress combined with electric
displacement singularity, where the tensile stress may turn into compressive stress with the
increase in the gradient index, and the electrical displacement correspondingly decreases
by 26%. Such in-plane tensile stress accompanied by singular electrical displacement
can trigger crack initiation and electrical contact damage. By appropriately adjusting the
coating material gradient index, it is possible to reduce both tensile stress and electric
displacement, thereby effectively mitigating the thermal sliding frictional contact damage
and electrical contact degradation in piezoelectric materials.

3. Different gradient variation forms of the FGPM coating material lead to distinct
thermal sliding frictional contact characteristics, particularly in surface contact pressure,
surface temperature, and in-plane tensile stress. For instance, the contact stress can be
reduced by 6.1%, and the maximum surface temperature can be decreased by 7.06%. There-
fore, optimizing the gradient variation form of the FGPM coating material can effectively
reduce surface contact pressure and surface temperature, while also controlling the maxi-
mum surface tensile stress—offering valuable insights for the design of high-performance
piezoelectric material coatings.
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