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Abstract

Mean Shift is a flexible, non-parametric clustering algorithm that identifies dense regions
in data through gradient ascent on a kernel density estimate. Its ability to detect arbitrarily
shaped clusters without requiring prior knowledge of the number of clusters makes it widely
applicable across diverse domains. However, its quadratic computational complexity restricts
its use on large or high-dimensional datasets. Numerous acceleration techniques, collectively
referred to as Fast Mean Shift strategies, have been developed to address this limitation while
preserving clustering quality. This paper presents a systematic theoretical analysis of these
strategies, focusing on their computational impact, pairwise combinability, and mapping
onto distinct stages of the Mean Shift pipeline. Acceleration methods are categorized into
seed reduction, neighborhood search acceleration, adaptive bandwidth selection, kernel ap-
proximation, and parallelization, with their algorithmic roles examined in detail. A pairwise
compatibility matrix is proposed to characterize synergistic and conflicting interactions among
strategies. Building on this analysis, we introduce a decision framework for selecting suitable
acceleration strategies based on dataset characteristics and computational constraints. This
framework, together with the taxonomy, combinability analysis, and scenario-based recom-
mendations, establishes a rigorous foundation for understanding and systematically applying
Fast Mean Shift methods.

Keywords: Mean Shift clustering; Fast Mean Shift; acceleration strategies; optimization
techniques; kernel density estimation; theoretical analysis; algorithmic complexity;
decision framework; high-dimensional data; neighborhood search; adaptive bandwidth
selection; parallelization

MSC: 62H30; 62G07; 68W40; 90C59

1. Introduction
Mean Shift [1] is a powerful, non-parametric clustering method which is widely

appreciated for its flexibility in identifying modes or dense regions of a data distribution
in complex and multimodal feature spaces [2]. At its core, Mean Shift is conceived as a
deterministic, iterative procedure that treats the data points as an empirical probability
density function and iteratively shifts each data point towards the densest area in its vicinity
until it reaches a mode [3]—a point where the local density is maximized. This process can
be visualized as hill climbing on a density surface, where each data point moves uphill
until it reaches a peak, or a mode. All data points that converge to the same mode are
then considered part of the same cluster. This methodology fundamentally reframes the
objective of clustering. Rather than approaching clustering task as a problem of finding an
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optimal partitioning of the data according to some global cost function, Mean Shift treats it
as a deterministic problem of discovering the topological features of the feature space itself,
e.g., seeking to reveal the structure that is inherently present in the data’s density landscape.

A principal advantage of Mean Shift approach is its non-parametric and deterministic
nature. Unlike many other popular clustering techniques such as k-means [4,5], Mean Shift
does not require prior knowledge of the number of clusters, making it a valuable tool for
discovering the natural underlying structure within a dataset. Its ability to identify clusters
of arbitrary shapes and its robustness to outliers further enhance its utility. It is not limited
to finding spherical clusters and can identify complex and elongated structures in the data.
Outliers, being in low-density regions, are less likely to form their own significant clusters
and have a minimal impact on the final clustering result.

The Mean Shift clustering method is widely used in image processing tasks such as
segmentation and object tracking [6–10], as well as in pattern recognition [1,3,11,12]. The
algorithm has also been applied to high-dimensional texture classification [2] and in the
analysis and visualization of complex datasets [13,14]. In data science, it plays a role in
feature space analysis [12], density estimation [15], and data sharpening [15]. Biomedical
domains benefit from Mean Shift in applications such as disease prediction from metage-
nomic data [14] and brain tumor detection in MRI images [8]. It has also been incorporated
into speaker and biometric verification systems through score normalization [16–18], and in
image retrieval via feature normalization [19]. These developments, alongside theoretical
advancements [1,3], have made Mean Shift as a versatile and evolving tool in modern data
analysis and machine learning.

2. Standard Mean Shift Algorithm
The pseudocode presented in Algorithm 1 outlines the standard Mean Shift clustering

procedure, as commonly implemented in the literature. It consists of three primary stages:
mode seeking, mode consolidation, and cluster assignment. The process begins by creating
a working copy Y of the original dataset X = {x1, x2, . . . , xn}, where each point represents
a data instance that serves as a seed for mode discovery during the Mean Shift clustering
process. An example dataset is illustrated in Figure 1a.
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(a) Example dataset in a 2D feature space.
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(b) Converging paths of points toward modes.

Figure 1. Illustration of the Mean Shift clustering process. Subfigure (a) shows the initial distribution
of data points, while subfigure (b) visualizes how each point follows a unique convergence trajectory
toward a mode. The trajectory of each individual point during the iterative shifting process is shown
in a distinct color, illustrating how points move along different paths toward their respective local
density maxima.
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Algorithm 1: Standard Mean Shift Clustering Algorithm

Data: A set of data points X = {x1, x2, . . . , xn}, a kernel function K, a bandwidth
h, a convergence threshold ϵ > 0, and a merging threshold ϵmerge ≪ h.

Result: A set of cluster labels for each point in X.

1: Let Y = X be a copy of the data points to be shifted.
/* Iterate through each point to find its corresponding mode. */

2: for each point yi ∈ Y do
/* Repeat mean shift updates until converged. */

3: repeat
/* Calculate the mean shift vector. */

4: m(yi)←
∑n

j=1 xjK

(
∥yi−xj∥

2

h2

)

∑n
j=1 K

(
∥yi−xj∥2

h2

) − yi ;

/* Update the point’s position. */

5: yi ← yi + m(yi) ;
6: until ∥m(yi)∥ < ϵ;
7: end

/* Post-process to assign clusters. */

8: Let the set of converged points (modes) be M = {y1, y2, . . . , yn}.
9: Group modes in M that are closer than the merging threshold ϵmerge to form a set

of unique cluster centers C = {c1, c2, . . . , ck}.
/* Assign each original data point to a cluster. */

10: for each original point xi ∈ X do
/* Assign xi to the cluster center closest to its mode yi */

11: Cluster(xi)← arg mincj∈C ∥yi − cj∥.
12: end

The algorithm employs kernel density estimation (KDE) [1,15,20] to construct a contin-
uous approximation of the underlying data distribution. The estimated probability density
function (PDF) at any location x is given by

f̂h(x) =
1

nhd

n

∑
j=1

K

(
∥x− xj∥2

h2

)
, (1)

where K(·) is a radially symmetric kernel function, h > 0 is the bandwidth, and d is
the dimensionality of the feature space. KDE enables gradient-based optimization by
smoothing the discrete distribution of data points, allowing for meaningful definitions of
local maxima (modes). Mean Shift interprets clustering as a gradient ascent procedure on
this estimated density surface [3,12]. Figure 2a shows the kernel density surface generated
by Mean Shift using a standard bandwidth, based on the example dataset in Figure 1a. The
algorithm iteratively performs gradient ascent on this surface to locate local maxima, which
correspond to cluster modes. These modes are depicted as black points in Figure 1b.

For each point yi ∈ Y, the algorithm iteratively computes the Mean Shift vector:

m(yi) =
∑n

j=1 xjK
(
∥yi−xj∥2

h2

)
∑n

j=1 K
(
∥yi−xj∥2

h2

) − yi, (2)

which indicates the direction of maximum increase in the estimated density. The update
rule is simply
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yi ← yi + m(yi), (3)

and the iteration continues until convergence is reached, defined by

∥m(yi)∥ < ϵ, (4)

where ϵ is a small positive threshold. At this point, yi is considered to have reached a mode.
Mean Shift is guaranteed to converge because it performs a gradient ascent on a smooth,
bounded kernel density estimate, ensuring each update increases the density until reaching
a stationary point.
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(a) Standard bandwidth, h = 1.0.
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(b) Reduced bandwidth, h = 0.5.
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(c) Minimal bandwidth, h = 0.2.

Figure 2. Effect of varying bandwidth values on the shape of the kernel density surface for different
bandwidth choices. Red indicates the maximal possible density, dark blue corresponds to the minimal
possible density, and intermediate colors represent intermediate density values.

After all points in Y have converged, the algorithm performs mode consolidation by
merging nearby modes. Specifically, any pair of converged points yi and yj satisfying

∥yi − yj∥ < ϵmerge (5)

are merged into a single representative cluster center. This reduces redundancy and ensures
that only distinct, well-separated modes are retained [2].

In the final cluster assignment stage, each original data point xi ∈ X is assigned to the
cluster corresponding to the mode yi it converged to:

Cluster(xi) = arg min
cj∈C
∥yi − cj∥, (6)

where C = {c1, c2, . . . , ck} is the set of unique cluster centers obtained after mode merging.
This formulation highlights the deterministic, gradient-ascent nature of the algorithm

and its reliance on kernel density estimation to uncover the topological structure of the
data [1–3,12].

In practice, a common choice for the kernel function is the Gaussian kernel:

K(u) = exp(−u/2), (7)

where u = ∥x− xj∥2/h2. This kernel provides smooth, distance-weighted contributions
from neighboring points, emphasizing closer ones. The bandwidth h governs the scale of
smoothing and has a significant influence on clustering resolution. While the kernel shape
is generally less critical, an appropriately chosen bandwidth is essential for meaningful
results. The effect of varying bandwidth values on the shape of the kernel density surface
is illustrated in Figure 2, using the example dataset shown in Figure 1a. With a standard
bandwidth (Figure 2a), the surface is smooth and captures the overall structure of the
data, resulting in clearly defined and well-separated modes. As the bandwidth is reduced
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(Figure 2b), the surface becomes more detailed, but also more sensitive to local variations,
potentially introducing spurious modes. When the bandwidth is minimal (Figure 2c), the
surface becomes overly fragmented, forming sharp peaks around individual points and
leading to excessive, noisy clustering.

Mean Shift is widely regarded as a nonparametric clustering algorithm because it does
not require the user to predefine the number of clusters, and it derives cluster structure
directly from the data distribution through mode-seeking. Unlike parametric methods such
as k-means or Gaussian Mixture Models (GMMs), which assume a fixed number of clusters
or specific parametric forms, Mean Shift adapts to the underlying data density without
making strong model assumptions. However, in practical implementations, the algorithm
still depends on several important parameters that influence its behavior and outcomes.
These include the choice of kernel function K, the bandwidth parameter h that controls the
kernel scale, the convergence threshold ϵ used to stop iterative updates, and the merging
threshold ϵmerge for consolidating similar modes. While these parameters do not define
the number of clusters directly, they significantly affect the resolution and stability of the
clustering result. Thus, although Mean Shift is nonparametric in theory, careful tuning of
these parameters is essential in practice for effective and interpretable clustering.

2.1. Convergence Threshold

The convergence threshold ϵ > 0 determines when the Mean Shift updates are con-
sidered to have stabilized for a given point. A suitable value should be small enough to
ensure that the algorithm accurately locates local density maxima, but not so small as to
cause unnecessary computation or sensitivity to noise. In practice, ϵ is often chosen relative
to the bandwidth h, such as ϵ = 10−3h or ϵ = 10−4h, depending on the scale and precision
requirements of the data. Smaller values yield higher accuracy but increase the number of
iterations; larger values may speed up convergence but risk premature stopping. Adaptive
selection strategies based on data scale or dynamic step size control can also be employed
for improved efficiency.

Comparing Mean Shift to DBSCAN [21], which is another popular density-based
clustering algorithm, both methods can identify clusters of arbitrary shapes and are robust
to outliers. The primary difference lies in how they handle density. DBSCAN explicitly
identifies and labels noise points, whereas Mean Shift manages noise implicitly through its
bandwidth parameter. Additionally, DBSCAN requires two parameters (epsilon and mini-
mum points), while Mean Shift primarily depends on a single parameter, the bandwidth.

2.2. Preliminary Data Normalization

Preliminary data normalization is not strictly obligatory for standard Mean Shift clus-
tering when a fixed bandwidth parameter h is used, as the algorithm can operate directly
on the original data. However, it is strongly recommended in most practical applications,
particularly when the dataset contains features with different units or varying scales. With-
out normalization, Euclidean distance computations may be dominated by features with
larger variances, potentially distorting the kernel density estimation and leading to biased
clustering results. A common approach is to apply standardization, where each feature is
transformed to have zero mean and unit variance, x′ij = (xij − µj)/σj, with µj and σj denot-
ing the mean and standard deviation of feature j. Alternatively, min–max normalization
can be used to rescale features to the [0, 1] interval, x′ij = (xij −minj)/(maxj−minj). Such
normalization makes the bandwidth parameter h more interpretable and consistent across
features, simplifying parameter tuning and improving the stability and reliability of the
clustering process.
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2.3. Computational Complexity of the Standard Mean Shift Algorithm

We analyze the computational complexity of the standard Mean Shift algorithm under
the uniform-cost model when each arithmetic operation and memory access requires
constant time. According to (2), in each iteration, for every point yi, the standard Mean
Shift algorithm computes the kernel-weighted mean shift vector m(yi), which involves
evaluating n kernel values and n distance computations in Rd. Computing the squared
Euclidean distance [22] between two d-dimensional vectors requires O(d) operations,
and evaluating the kernel adds only constant overhead. Therefore, the cost of updating
one point yi is

Tpoint(n, d) = O(nd). (8)

Since all n points are updated independently within each iteration, the total per-
iteration computational cost is

Tseq(n, d) = n · Tpoint(n, d) = O(n2d). (9)

This quadratic scaling with respect to n arises from the exhaustive pairwise computa-
tions required to evaluate the kernel density estimate exactly. The memory complexity of
the standard algorithm is O(nd), as it stores the dataset and intermediate results for all n
points. This analysis is consistent with classical theoretical results [1,3,12], which describe
Mean Shift as an exact gradient ascent on a kernel density estimate, inherently involving
all pairwise interactions at each iteration.

To mitigate these computational challenges, various acceleration strategies have been
developed. These include approximate methods and spatial data structures that restrict
computations to local neighborhoods within the bandwidth h, as well as parallelization and
convergence acceleration techniques that reduce runtime without compromising clustering
accuracy. The following sections examine these strategies in detail and analyze their
theoretical impact on the efficiency of Mean Shift clustering.

3. Analysis of Optimization Strategies for Fast Mean Shift Clustering
The computational complexity of the standard Mean Shift algorithm presents sig-

nificant challenges for practical applications, particularly with large-scale and high-
dimensional datasets. To address these limitations, several optimization strategies have
been proposed in the literature, collectively known as Fast Mean Shift methods. The
primary goal of Fast Mean Shift methods is to reduce computational complexity and en-
hance scalability without sacrificing clustering accuracy significantly. In the following
sections, we will analyze the core ideas behind these optimization strategies, focusing
on their algorithmic principles. Research on Fast Mean Shift has progressed along four
main axes: (i) spatial indexing and kernel approximation, (ii) adaptive bandwidth and
convergence acceleration, (iii) neighborhood pruning and early stopping, and (iv) parallel
implementations and hybrids.

3.1. Parallel Mean Shift Clustering

The computational cost of the standard Mean Shift algorithm was derived in
Section 2.3, where Equation (9) showed that the total per-iteration complexity scales as
Tseq(n, d) = n · Tpoint(n, d) = O(n2d) due to the exhaustive pairwise computations re-
quired to evaluate the kernel density estimate. This quadratic growth makes the algorithm
computationally expensive for large-scale and high-dimensional datasets, motivating the
use of parallelization strategies to improve scalability.
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Parallel processing addresses this bottleneck by distributing the workload across multi-
ple processing units [23]. The Mean Shift algorithm is inherently parallelizable because the
mode-seeking trajectory of each data point is independent of all others [6]. This property
makes it particularly suitable for acceleration on modern multi-core CPUs (Central Process-
ing Units) and many-core GPUs (Graphics Processing Units), especially when applied to
large datasets [24]. In the parallel setting, the n independent update operations are parti-
tioned across p processing units. Assuming balanced workload distribution and negligible
synchronization overhead, each processor updates roughly n/p points per iteration, with
each update still incurring O(nd) work, as in the sequential case. Consequently, the total
per-iteration cost becomes

O
(

n
p
· nd

)
= O

(
n2d

p

)
.

Under standard parallel computation models, this yields a near-linear speedup in
p, substantially improving scalability on modern architectures and reducing wall-clock
time while leaving the overall amount of computation unchanged. In practice, deviations
from this ideal behavior may arise due to communication overhead, memory bandwidth
saturation, or load imbalance [25].

Algorithm 2 presents a parallelized version of the Mean Shift clustering algorithm, in
which the mode-seeking and cluster assignment steps are executed concurrently across
data points to improve scalability on modern parallel hardware.

Algorithm 2: Parallel Mean Shift Clustering
Data: Same as Algorithm 1
Result: Same as Algorithm 1

/* Omitted unchanged steps */

/* Parallelized mode seeking step. */

1: for each point yi ∈ Y (in parallel) do /* parallel execution */

2: repeat

3: m(yi)←
∑n

j=1 xjK

(
∥yi−xj∥

2

h2

)

∑n
j=1 K

(
∥yi−xj∥2

h2

) − yi ;

4: yi ← yi + m(yi) ;
5: until ∥m(yi)∥ < ϵ;
6: end

/* Omitted unchanged steps */

/* Parallelized final assignment step. */

7: for each original point xi ∈ X (in parallel) do /* parallel execution */

8: Cluster(xi)← arg mincj∈C ∥yi − cj∥ ;

9: end

/* Remaining steps are identical to Algorithm 1. */

In CPU-based parallel implementations, the dataset is divided across multiple threads,
each independently performing Mean Shift updates on a subset of data points. Thread-safe
data structures are employed to handle mode consolidation and cluster label assignment.
Performance can be further improved using efficient memory access patterns and cache-
aware optimizations [23,26].
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GPUs are also highly effective for accelerating Mean Shift due to their massively
parallel architecture [6,23]. GPU-based implementations [27] exploit this architecture to
compute kernel evaluations and update steps concurrently for thousands of points [24,28].

While parallelism significantly improves scalability, it also introduces several im-
plementation challenges. In particular, some data points may require more iterations
to converge than others, leading to load imbalance. Therefore, effective load balancing
strategies are essential to maintain overall computational efficiency.

3.2. Seed Point Sampling

A fundamental characteristic of the standard Mean Shift algorithm is that each data
point in the dataset X = {x1, . . . , xn} acts as an initial seed for mode seeking. While this
exhaustive seeding strategy ensures that all modes are detected with high fidelity [12], it
also significantly contributes to the overall computational burden: n seed points are shifted
over T iterations, each incurring neighborhood queries and kernel evaluations, resulting in
the quadratic O(n2dT) complexity analyzed in Section 2.3. For large datasets, especially
when many points are located in dense regions and converge to the same modes, this
approach leads to redundant computations [6,29].

Seed point sampling addresses this inefficiency by selecting a reduced subset S ⊂ X
of representative seed points, with |S| = s ≪ n, from which the Mean Shift trajectories
are initiated [30–33]. Since the purpose of seeding is to identify the set of modes, rather
than to individually trace every data point’s trajectory, it is often sufficient to launch
gradient ascent from a carefully chosen subset that adequately covers the data distribution.
After the mode locations have been determined using the sampled seeds, the remaining
points can be assigned to clusters via a single nearest-mode lookup, dramatically reducing
computational cost.

Seed point sampling alters the standard Mean Shift pipeline in two key ways:

1. Seed selection. Instead of initializing a trajectory at every data point, a reduced set
S = {s1, . . . , ss} with s≪ n is chosen using a suitable sampling strategy.

2. Cluster assignment. After modes are found from the sampled seeds, the remaining data
points are assigned to the nearest mode in the final set of cluster centers C, typically
using efficient spatial indexing.

All other steps of the algorithm (i.e., mean shift updates on seeds, mode merging)
remain unchanged.

This procedure preserves the structure of the Mean Shift algorithm but greatly reduces
the number of gradient ascent trajectories that need to be computed. The final cluster
assignments are obtained via a single nearest-mode search, typically using efficient spatial
data structures such as k-d trees or ball trees to achieve O(log k) query time.

3.2.1. Sampling Strategies

Several strategies have been proposed for selecting the seed subset S:

1. Uniform random sampling. Randomly selecting a small subset of points can drastically
reduce computational cost while maintaining accuracy, even with very few seeds per
frame [31].

2. Iterative re-sampling. The active point set can be dynamically updated during itera-
tions, simplifying the dataset while preserving convergence accuracy and accelerating
clustering [30].

3. Structured or slice-based sampling. Seeds can be placed only in candidate regions
(e.g., line segments) using slice sampling, focusing computation where it is most
needed [32].
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4. Task-guided sparse sampling. In application-specific settings, computational cost can be
controlled by applying mean shift only to a sparse subset of points guided by auxiliary
information (e.g., audio cues) [33].

5. Density-aware sampling. Seeds may be drawn with probabilities proportional to local
density, or selected using farthest-point or k-means++ seeding, to improve mode
coverage while minimizing redundancy [12].

3.2.2. Computational Impact of Seed Point Sampling

Let s = |S| be the number of selected seeds. The cost of the mode-seeking stage is
reduced from O(n2dT) to O(sndT), because only the s seeds undergo iterative updates,
while each update still involves n reference points for kernel evaluation. When s≪ n, this
yields a substantial reduction in total runtime. The subsequent mode consolidation step
operates on s converged points, costing O(s2d), which is negligible when s is small. Finally,
the cluster assignment step for all n points requires O(n log k) time if spatial indexing is
used for nearest-mode lookup, with k ≤ s.

Empirical studies confirm these improvements. Leung and Gong [31] achieved real-
time tracking with drastic sampling reductions. Huimin et al. [30] reported marked ac-
celeration from iterative re-sampling. Nieto et al. [32] demonstrated that slice-based seed
placement improved both accuracy and speed for line detection. Kılıç et al. [33] showed
similar benefits in tracking by sparsifying particle sets.

3.2.3. Practical Considerations for Seed Point Sampling

The choice of s and the sampling strategy must balance efficiency and clustering
accuracy. If s is too small or poorly distributed, some modes may be missed, leading to
under-segmentation. Stratified, task-aware, or density-aware sampling mitigates this risk,
especially in heterogeneous datasets. A practical heuristic is to select s = max{c log n, αn}
for small constants c and α (e.g., α = 0.05), ensuring that all major modes are likely to be
sampled with high probability.

3.3. Early Stopping Criteria

Rather than updating every point to full convergence, it is possible to introduce density
thresholding or early stopping criteria [6,27] for Mean Shift, terminating the update process
when the local density or point trajectory stabilizes sufficiently. This strategy reduces
unnecessary iterations for points that have effectively reached their target modes, improving
computational efficiency without materially affecting clustering results. Zhao et al. [6]
further demonstrate that combining early stopping with GPU acceleration yields substantial
runtime improvements while maintaining clustering quality on large-scale datasets.

3.3.1. Density-Based Early Stopping

One simple criterion relies on monitoring the estimated kernel density at each point
during the Mean Shift iterations. Recall that Mean Shift performs gradient ascent on the
estimated kernel density surface f̂h(x). Once a point has reached a region where the relative
increase in density between successive iterations falls below a specified tolerance δ, the
update process can be stopped:

f̂h(y
(t+1)
i )− f̂h(y

(t)
i )

f̂h(y
(t)
i )

< δ, (10)

where y(t)i denotes the position of point yi at iteration t. Typical choices for δ range from 10−3

to 10−5, depending on the desired trade-off between speed and precision. This criterion
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prevents spending iterations on marginal density improvements that have negligible effect
on final mode assignment.

3.3.2. Trajectory-Based Early Stopping

Another approach exploits the observation that, in later iterations, point trajectories
become nearly stationary and move along short, repetitive paths toward their final modes.
If the displacement between successive iterations falls below a threshold for several con-
secutive steps, the trajectory can be truncated early [6,23]. Specifically, early stopping is
triggered when

∥y(t+1)
i − y(t)i ∥ < ϵstop, (11)

for s consecutive iterations, where ϵstop is typically set to a fraction of the bandwidth h
(e.g., 10−2h to 10−3h). The parameter s provides robustness against transient plateaus or
oscillations. This criterion is particularly effective in dense regions, where points converge
rapidly to modes and additional iterations yield diminishing returns.

3.3.3. Computational Benefits of Early Stopping

Early stopping criteria reduce the number of Mean Shift iterations required per point
by preventing redundant updates once local convergence is effectively achieved. If T
denotes the number of iterations required by the standard algorithm and Tearly the number
with early stopping, then, typically, Tearly ≪ T for points in dense regions, which constitute
the majority in many practical datasets. As a result, the total runtime can be reduced sub-
stantially, especially when combined with neighborhood pruning or approximate neighbor
search methods.

Let nt denote the number of active (non-stopped) points at iteration t. In the standard
algorithm, nt = n for all t, whereas with early stopping, nt decreases monotonically as
points terminate their updates at different times. Let Tmax denote the maximum number of
iterations performed by any point under early stopping. The total computational work is
then proportional to ∑Tmax

t=1 nt, which can be significantly smaller than the nT operations
required by the standard algorithm. This effect can be summarized by replacing the
standard O(T n2d) runtime with

O(Teff n2d),

where Teff ≪ T represents the effective number of iterations aggregated over all points.
Empirical studies [6,27] show that early stopping can reduce runtime by 20–60% on

large image segmentation and high-dimensional clustering tasks, with negligible impact
on clustering accuracy. Moreover, multilevel early stopping strategies further enhance
computational efficiency by combining different stopping thresholds across iterations. This
approach is particularly effective in GPU-accelerated frameworks [6], where early-stopped
points no longer consume processing cycles, thereby improving resource utilization and
enabling dynamic workload balancing for additional speedups in practice.

3.3.4. Practical Considerations of Early Stopping

Early stopping parameters should be chosen carefully to balance speed and accuracy.
A very large ϵstop or δ may cause points to stop prematurely, potentially merging distinct
nearby modes. Conversely, overly strict thresholds may offer little benefit. A recommended
strategy is to set ϵstop to approximately 1% of the kernel bandwidth h and δ to 10−4, then
adjust based on pilot runs. Combining trajectory-based and density-based criteria often
yields the most robust and efficient performance in practice.
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3.4. Blurring Mean Shift

The Blurring Mean Shift (BMS) algorithm [3,34] is a variant of the standard Mean
Shift procedure in which the entire dataset is updated at each iteration, progressively
“blurring” the data distribution toward its modes. BMS has been widely studied and
extended in various contexts, including image segmentation [35], manifold denoising [36],
and clustering of structured data [37]. In contrast to the classical Mean Shift algorithm,
where only a set of query points Y is shifted while the original dataset X remains fixed, the
BMS algorithm applies the mean shift update directly to all points in X at each iteration.
This leads to a collective evolution of the data cloud, gradually collapsing toward the set of
modes and often accelerating convergence.

Formally, starting from the original dataset X(0) = {x(0)1 , x(0)2 , . . . , x(0)n }, the BMS algo-
rithm applies the Mean Shift update to each point in X(t) to obtain the next iteration X(t+1):

x(t+1)
i =

∑n
j=1 x(t)j K

(
∥x(t)i −x(t)j ∥

2

h2

)

∑n
j=1 K

(
∥x(t)i −x(t)j ∥2

h2

) . (12)

Equivalently, this can be written as a gradient ascent on the kernel density estimate
where the support points themselves are moved toward higher density regions. All data
points, thus, participate in both defining and evolving the density landscape at each
iteration. Over successive iterations, the distribution of points X(t) becomes progressively
sharper around the modes, resembling a blurring process that concentrates mass at the
maxima of the kernel density estimate.

3.4.1. Convergence Properties of BMS

Unlike the standard Mean Shift, where convergence is established pointwise along
gradient ascent trajectories, BMS updates the entire dataset simultaneously and exhibits
global convergence in the sense that all points eventually collapse into a finite set of distinct
modes [3,34]. Rigorous convergence and consistency results for BMS were later established
in [38], providing a solid theoretical foundation for its asymptotic behavior. Moreover,
the BMS update is contractive for commonly used kernels such as the Gaussian, ensuring
that the sequence {X(t)} converges monotonically in terms of density increase. The global
evolution of the dataset toward modes accelerates the blurring process, often reducing the
required number of iterations. Its ability to sharpen and concentrate the data distribution
has also been exploited as a preprocessing step for downstream tasks such as classification
and feature extraction.

3.4.2. Computational Impact of BMS

The per-iteration computational complexity of BMS remains on the same O(n2d)
order as that of the standard Mean Shift algorithm. In its naive Mean Shift implementation,
each point interacts with all others during the update step, resulting in a per-iteration
complexity of O(n2d), where n is the number of data points and d is the dimensionality of
the feature space. However, unlike classical Mean Shift, BMS updates the entire dataset at
each iteration, which induces a progressive sharpening of the underlying density landscape.
This accelerated evolution toward well-defined modes often leads to a substantially reduced
number of iterations required for convergence, as empirically and analytically observed
in [34]. Additionally, BMS, like classical Mean Shift, is well suited for combination with
other acceleration strategies: parallelization, neighborhood pruning and ANN, and early
stopping [29].
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3.5. Data Sharpening

Data sharpening is a preprocessing technique designed to accelerate Mean Shift by
simplifying the underlying density landscape before clustering. Originally introduced by
Choi and Hall [39] for kernel density estimation and later extended to interval-censored
data by Becker et al. [15], it can be interpreted as a brief gradient ascent step that moves
data points toward nearby density modes, effectively pre-concentrating the dataset and
providing a better initialization for mode-seeking.

In standard Mean Shift, points located far from modes may require many small updates
to ascend the density gradient, especially when a small bandwidth is used. Data sharpening
mitigates this by applying one or two preliminary Blurring Mean Shift–like updates with a
smaller bandwidth, shifting points toward high-density regions. This concentrates mass
around local maxima, smooths the density landscape, and leads to faster convergence and
clearer cluster boundaries during subsequent clustering. After sharpening, many points
require only a few iterations to converge, making this strategy particularly effective in
parallel or distributed settings.

Formally, given a dataset X = {x1, x2, . . . , xn} ⊂ Rd, each point is updated according to

xsharp
i = xi + λ ·

∑n
j=1(xj − xi)K

(
∥xi−xj∥2

h2
s

)
∑n

j=1 K
(
∥xi−xj∥2

h2
s

) , (13)

where λ ∈ (0, 1] is the sharpening factor controlling the step size, and hs < h is a secondary
sharpening bandwidth chosen smaller than the clustering bandwidth h. A smaller hs

localizes the update, moving points toward nearby high-density regions without merging
distinct modes.

This transformation can be applied iteratively. Letting y(·) denote the sharpening
operator in (13), the sharpened points after k iterations are

x[k]i = y[k](xi) = y
(
y(. . . y(xi) . . . )

)
,

where, typically, k = 1 or 2 iterations are sufficient to achieve meaningful bias reduction;
additional iterations provide diminishing returns.

3.5.1. Computational Benefits of Data Sharpening

The main computational benefit of data sharpening is the reduction in the number of
Mean Shift iterations required for convergence. Suppose the standard Mean Shift algorithm
requires T iterations on average for a point to reach its mode. After S sharpening iterations
(S≪ T), many points are already near their target modes, and the subsequent clustering
phase requires only T′ ≪ T iterations. Although sharpening incurs an extra cost of S
Blurring Mean Shift updates, this is typically negligible for S ∈ {1, 2} and is offset by the
reduced clustering effort. The total cost after sharpening is

S · O(n2d) +O(T′n2d),

with T′ ≪ T, resulting in a net runtime reduction, particularly for large datasets where the
original iteration count dominates the computation.

3.5.2. Practical Considerations for Data Sharpening

The sharpening bandwidth hs is usually set to a fraction of the clustering bandwidth,
e.g., hs = 0.3h–0.7h, ensuring that points move toward local peaks without collapsing
distinct clusters. The sharpening factor λ is typically set to 1, but can be reduced for
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more conservative updates. Empirically, one or two sharpening iterations with these
parameter choices strike a good balance between computational efficiency and clustering
stability [34,39].

3.6. Tree-Based Pruned Neighborhood Search

A main source of computational cost in the standard Mean Shift algorithm is due to
the repeated evaluation of pairwise distances required for kernel density estimation [2].
At each iteration, the algorithm must identify the neighbors of every data point in order
to compute the kernel-weighted mean. This requires O(n) distance evaluations per point,
leading to a total of O(n2d) operations per iteration for n data points in d dimensions. This
quadratic scaling becomes prohibitive as n grows, motivating the use of more efficient
neighborhood retrieval methods.

Instead of considering all n data points for the Mean Shift vector computation, a
tree-based pruned neighborhood search restricts interactions to a local ball of radius r
(chosen proportional to the bandwidth, e.g., r = ch with a small constant c):

N (yi) = { xj ∈ X : ∥yi − xj∥ < r },

which yields the updated Mean Shift vector

m(yi) =
∑xj∈N (yi)

xj K
(
∥yi−xj∥2

h2

)
∑xj∈N (yi)

K
(
∥yi−xj∥2

h2

) − yi.

3.6.1. Spatial Indexing and Pruning

Efficient spatial data structures such as k-d trees [40] or ball trees [41] support fast fixed-
radius range queries via hierarchical pruning. In preprocessing, the dataset is organized
into a balanced hierarchy: k-d trees recursively split along coordinate axes to create axis-
aligned bounding boxes, while ball trees use hyperspherical regions defined by centers
and radii. This organization enables branch-and-bound pruning of large groups of points
whose bounding regions are provably outside the query ball.

3.6.2. Computational Benefits of Pruned Neighborhood Search

At query time, instead of scanning all n points, the algorithm descends the tree from
the root and prunes any node whose region lies completely outside the radius r. Only
intersecting nodes are explored, and the neighbor setN (yi) is assembled from the surviving
leaves. The expected cost of a single fixed-radius query in low to moderate dimensions is

O
(

log n + |N (yi)|
)
,

with an O(d) factor for distance/bound computations in d dimensions. Let k̄ := E[ |N (yi)| ]
denote the expected number of neighbors within radius r (typically bounded if r = O(h)
and the data are not pathologically clustered). Then one Mean Shift iteration over all n
queries costs

O
(
n (log n + k̄) d

)
,

replacing the quadratic O(n2d) cost of the standard algorithm. Building the tree once over
the (fixed) reference set X costs O(n log n d) time and O(n) memory, and the same tree
can be reused across iterations because Mean Shift queries move (yi changes) while the
reference set X does not. Consequently, the total runtime is

O
(
n log n d

)
+ O

(
T n(log n + k̄) d

)
,
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where T is the number of Mean Shift iterations. When k̄ = O(1), this simplifies to
O(T n log n d) per run.

3.6.3. Practical Aspects of Pruned Mean Shift

The above average-case bounds rely on low to moderate intrinsic dimensionality
and reasonably balanced trees; in very high dimensions, pruning becomes less effective
(the “curse of dimensionality”), and query time can approach O(n) in the worst case.
For additional speedups, Xiao and Liu [42] introduce a Gaussian k-d tree that adapts the
partitioning to local density and allows approximate neighborhood aggregation. This
trades a small, controllable approximation for further acceleration, achieving interactive
performance on datasets with tens of millions of points while maintaining clustering
accuracy in practice.

3.7. Approximate Nearest Neighbors

While tree-based pruned neighborhood search provides an exact and efficient solu-
tion in low to moderate dimensions, further speedups can be obtained by relaxing the
requirement of exact neighbor retrieval and employing approximation methods for nearest
neighbor search.

Approximate Nearest Neighbor (ANN) algorithms address the bottleneck of O(n2d)
quadratic neighborhood search by replacing exact neighborhood search with a fast ap-
proximate procedure. Rather than exhaustively computing all pairwise distances, ANN
methods rely on hashing or hierarchical data structures to quickly identify a subset of likely
neighbors for each query point [43]. Among these methods, locality-sensitive hashing (LSH)
is particularly effective in high-dimensional settings, where traditional exact methods often
degrade due to the “curse of dimensionality” [2]. The key idea of LSH is to hash data points
into multiple hash tables using carefully designed hash functions such that nearby points
in the original space are mapped to the same buckets with high probability [44,45].

The LSH-based acceleration of Mean Shift involves two main algorithmic components.
First, the data are preprocessed by constructing a Euclidean LSH index (Algorithm 3). Each
data point is projected onto k randomly generated directions for each of the L hash tables,
and the resulting projections are quantized into discrete buckets of width w. Concatenating
these bucket indices defines the hash key for each point, and all points sharing the same
key within a table are stored together. This one-time preprocessing step builds an index
structure that enables sublinear-time retrieval of candidate neighbors during clustering.

Second, at each Mean Shift iteration, the neighborhood search for each point is replaced
by a query to the LSH index (Algorithm 4). For a given point yi, hash keys are computed
using the same random projections and offsets as in the construction phase, and the algorithm
retrieves all points from the corresponding buckets across all L tables. These candidates are
then filtered by exact distance computations within the bandwidth radius h to produce the
refined candidate setNi. The Mean Shift update is subsequently computed based on this set.

Formally, given a query point yi, its approximate neighborhood Ñ (yi) is constructed
by aggregating all points that share at least one hash bucket with yi across the L hash tables:

Ñ (yi) =
{

xj ∈ X
∣∣ LSH(xj) collides with LSH(yi) in at least one table

}
.

The Mean Shift update can then be performed using this approximate neighborhood
instead of the full dataset:

m(yi) =
∑xj∈Ñ (yi)

xj K
(
∥yi−xj∥2

h2

)
∑xj∈Ñ (yi)

K
(
∥yi−xj∥2

h2

) − yi.
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This formulation preserves the structure of the standard algorithm, modifying only the
neighborhood retrieval stage [25]. In practice, the Euclidean LSH index is constructed once
(Algorithm 3) and then reused for all subsequent Mean Shift updates (Algorithm 4), ensur-
ing that the acceleration is achieved without altering the underlying clustering mechanism.
All other steps remain identical to the classical Algorithm 1.

Algorithm 3: Construction of Euclidean LSH Index for Accelerated Neighbor Search

Data: Data points X = {x1, x2, . . . , xn}, number of hash functions k, number of
hash tables L, bucket width w.

Result: A set of L hash tables {H1, H2, . . . , HL} for approximate neighbor search.

1: Normalize data points in X to zero mean and unit variance.
2: for l = 1 to L do
3: Generate k random projection vectors {al1, . . . , alk} and offsets {bl1, . . . , blk},

with bl j ∼ U (0, w).
4: for each point x ∈ X do
5: Compute concatenated hash key

gl(x) =
(
hl1(x), . . . , hlk(x)

)
, hl j(x) =

⌊ al j · x + bl j

w

⌋
.

Insert x into hash table Hl under key gl(x).
6: end
7: end

Algorithm 4: LSH-Based Neighbor Retrieval and Mean Shift Update
Data: Current point yi, bandwidth h, convergence threshold ϵ, kernel K, LSH

parameters {Hl , al j, bl j} for l = 1, . . . , L.
Result: Updated point location after mean shift step using LSH-based neighbor

search.

1: repeat
/* a: Retrieve candidate neighbors from LSH buckets. */

2: Initialize candidate set Ni ← ∅.
3: for l = 1 to L do
4: Compute hash key gl(yi) using the same projections and offsets as during

index construction.
5: Add all points from bucket Hl [gl(yi)] to Ni.
6: end

/* b: Refine candidate set using exact distances. */

7: Ni ← {xj ∈ Ni | ∥yi − xj∥ ≤ h}.
/* c: Compute the mean shift vector from Ni. */

8:

m(yi)←
∑xj∈Ni

xj K
(
∥yi−xj∥2

h2

)
∑xj∈Ni

K
(
∥yi−xj∥2

h2

) − yi.

/* d: Update the point location. */

9: yi ← yi + m(yi).
10: until ∥m(yi)∥ < ϵ;
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3.7.1. Computational Impact of LSH-Acceleration

The per-iteration complexity of the standard Mean Shift algorithm is O(n2d), which
scales quadratically with the dataset size and becomes prohibitive for large n. The computa-
tional bottleneck of the standard algorithm arises from the neighborhood search performed
at each iteration. For every point in the dataset, the algorithm evaluates its distance to all n
points in order to compute the kernel-weighted mean. Since this operation is repeated for
all n points, the per-iteration cost is on the order of n× n distance computations, each of
which involves O(d) operations for d-dimensional data.

The LSH-accelerated algorithm modifies only the neighbor search stage. Instead of
scanning all n points, each query is hashed into L independent hash tables, each using
k random projections. Computing the hash codes for a single query requires O(Lkd)
operations. Once the hash codes are computed, the algorithm retrieves candidate neighbors
by concatenating bucket contents across all L tables. Let s denote the expected number
of candidates per query (with s ≪ n in typical configurations). The cost of computing
exact distances within this candidate set is then O(sd). Therefore, the overall per-iteration
complexity becomes O(n(Lkd + sd)), which replaces the quadratic O(n2d) term with a
linear dependence on n and a sublinear factor determined by L, k, and s.

This analysis shows that the essential gain comes from reducing the size of the neigh-
borhood considered per query from n to s, while adding only a moderate hashing overhead.
Under reasonable parameter choices, L and k scale logarithmically or remain constant with
respect to n, and s grows sublinearly. As a result, the overall complexity is often empirically
close to O(n log n), or even O(n) for well-tuned configurations, at the cost of approximate
rather than exact neighbor retrieval. Previous studies, such as Cui et al. [44], Zhang et
al. [45], and Beck et al. [25], have demonstrated that using LSH for approximate neighbor
search can substantially reduce computational cost while maintaining clustering quality.

3.7.2. Practical Parameter Selection for LSH-Acceleration

The performance of the LSH-accelerated Mean Shift clustering algorithm is strongly
influenced by the choice of locality-sensitive hashing parameters [2,25,45]. In practice, the
number of hash functions k, the number of hash tables L, and the bucket width w must
be carefully balanced to achieve high neighbor recall while maintaining computational
efficiency. A moderate number of hash functions (e.g., k ∈ [5, 20]) is typically sufficient
to reduce random collisions while preserving locality. Increasing the number of hash
tables L improves the probability of retrieving true neighbors, but at the cost of additional
memory and query time; typical values are L ∈ [10, 100]. The bucket width w determines
the sensitivity of the hash partitioning to data scale: Smaller values yield finer partitions
but may increase false negatives, whereas larger values improve recall but may enlarge
candidate sets. A practical strategy, often recommended in the literature [2,25], is to perform
pilot experiments on a representative data subset, varying (k, L, w) to measure average
candidate set size and neighbor recall relative to brute-force search, and then select the
configuration that offers the best trade-off between accuracy and speed. Additionally,
normalizing the data to zero mean and unit variance prior to hashing simplifies parameter
tuning by making w and the kernel bandwidth h more interpretable and less sensitive to
feature scale differences.

3.8. Adaptive Bandwidth Selection

The selection of the bandwidth parameter h is critical for the efficiency and accuracy
of the Mean Shift algorithm, as it determines the neighborhood size for kernel density
estimation. The algorithm is highly sensitive to this choice: An excessively small bandwidth
can lead to over-segmentation by capturing noise as separate clusters, whereas an overly
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large bandwidth may cause under-segmentation by merging distinct structures. A single
global bandwidth is often inadequate for datasets with varying local densities. To address
this limitation, adaptive bandwidth strategies [46–49] adjust the bandwidth dynamically
per point or region according to local data characteristics. These techniques can be applied at
different levels. Sample point adaptive methods assign each data point xi a local bandwidth
hi based on neighborhood properties, improving sensitivity to local density variations.
Iteration adaptive approaches update bandwidths dynamically during clustering, allowing
them to adapt as points converge and the density structure evolves; for example, Jiang
et al. [47] optimize bandwidth by maximizing a log-likelihood lower bound derived from
kernel density estimation, improving tracking accuracy. Subspace adaptive strategies
modify bandwidths not only in magnitude but also in direction by estimating relevant
feature subspaces, which is particularly effective in high-dimensional or noisy settings.
Ren et al. [46] estimate local subspaces to improve clustering in sparse, high-dimensional
data, while Meng et al. [48] propose a bidirectional strategy that leverages both forward
and backward density information to help the algorithm escape local maxima and better
capture complex structures. Adaptive bandwidth selection has also been effectively applied
in target tracking, where anisotropic kernels and adaptive updates improve localization
accuracy and real-time performance [49].

One widely used method is k-Nearest Neighbor (kNN) bandwidth estimation, where
the bandwidth for point xi is set proportionally to the distance to its k-th nearest neighbor:

hi = ∥xi − x(k)i ∥, (14)

where x(k)i denotes the k-th nearest neighbor of xi. Adaptive bandwidth selection ensures
that Mean Shift effectively captures clusters of varying densities while minimizing un-
necessary computational overhead. This distance acts as a local scale estimate: Points in
dense regions have smaller hi, while points in sparse regions have larger hi. The method
requires only one parameter, k, which controls the degree of adaptivity: Smaller k makes
the bandwidth more sensitive to local variations, while larger k yields smoother, more
global estimates.

3.8.1. Mean Shift Update with Adaptive Bandwidth

The kNN adaptive bandwidth modifies the standard Mean Shift update by replacing
the fixed bandwidth h with a locally adaptive value hi associated with each point yi. For a
query point yi at iteration t, the adaptive Mean Shift vector is defined as

m(yi) =
∑xj∈X xj K

(
∥yi−xj∥2

h2
i

)
∑xj∈X K

(
∥yi−xj∥2

h2
i

) − yi.

This modification affects only the kernel evaluation step; all other parts of the Mean
Shift algorithm remain unchanged. Since hi reflects local density, points in dense regions
move more cautiously toward nearby modes, while those in sparse regions take larger
steps, improving overall convergence behavior.

Preliminary data normalization is essential when applying kNN-based adaptive band-
width selection for Mean Shift clustering. Since local bandwidths are derived from Eu-
clidean distances to the k-th nearest neighbors, differences in feature scales can distort
distance measurements and lead to inconsistent bandwidth estimates across the dataset.
Normalizing each feature ensures that all dimensions contribute equally to distance compu-
tations, resulting in stable and interpretable local bandwidths. Preliminary data normaliza-
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tion improves the reliability of the adaptive bandwidth mechanism and ensures consistent
clustering behavior across heterogeneous feature spaces.

3.8.2. Computational Benefits of Adaptive Bandwidth

Let T denote the number of standard (naive) Mean Shift iterations required for con-
vergence. For the standard Mean Shift algorithm with a fixed bandwidth, each iteration
involves computing kernel weights between all pairs of points, leading to a per-iteration
complexity of O(n2d). Consequently, the total complexity is O(n2dT), which becomes
prohibitive for large datasets.

In the kNN adaptive bandwidth approach, the primary additional cost arises from the
preprocessing stage, where the distance to the k-th nearest neighbor is computed for each
point to determine its local bandwidth hi. When efficient spatial data structures such as
k-d trees are used, the average cost of a single kNN query is O(log n) in low to moderate
dimensions [40]. Thus, the total cost of computing all local bandwidths is

O(n log n d),

which is performed once prior to the Mean Shift iterations.
Once the adaptive bandwidths {hi} are computed, each Mean Shift iteration proceeds

similarly to the standard algorithm, but with point-specific bandwidths. The per-iteration
complexity remains O(n2d) in the naive implementation, since each point still considers all
others when computing kernel weights. However, adaptive bandwidth selection typically
accelerates convergence: Points in dense regions take smaller steps, while points in sparse
regions take larger steps, leading to faster mode convergence and a reduced number of
iterations Tadaptive compared to the fixed-bandwidth case [3,12].

The total complexity can, thus, be expressed as

O(n log n d) + O(n2d Tadaptive),

where the first term corresponds to the one-time kNN search and the second to the adaptive
Mean Shift iterations. In practice, Tadaptive ≪ T for datasets with varying densities, so the
additional preprocessing cost is amortized over fewer iterations.

Further improvements are possible by replacing the exact neighbor search during
Mean Shift iterations with approximate methods. For example, Zhang et al. [45] use locality-
sensitive hashing (LSH) to achieve sublinear neighborhood queries, effectively reducing
the per-iteration cost toward O(n log n) in high-dimensional settings, without significant
loss in clustering accuracy.

The kNN adaptive bandwidth Mean Shift algorithm maintains the same asymptotic
per-iteration complexity as the standard algorithm but often converges in fewer iterations.
When combined with approximate neighbor search, the total runtime can approach near-
linear scaling in n, making adaptive bandwidth selection both practical and efficient for
large-scale problems.

3.8.3. Practical Parameter Selection for Adaptive Bandwidth

The kNN adaptive bandwidth method has only one key parameter: the number of
neighbors k. Empirical studies suggest that k values in the range [5, 30] provide a good
balance between adaptivity and stability for a wide variety of datasets [12]. Smaller k values
yield more fine-grained bandwidth variation, potentially improving boundary resolution
but increasing sensitivity to noise. Larger k values smooth bandwidth estimates and are
more robust for sparse or noisy data. As a practical guideline, k can be set proportional to
log n, where n is the number of data points, and tuned on a small validation subset.
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3.9. Kernel Approximation via the Fast Gauss Transform

The central conceptual idea of the Fast Gauss Transform (FGT) [50,51] is to accelerate
the evaluation of Gaussian kernel sums by exploiting the spatial structure of the data. The
Gaussian kernel sum evaluated at a query point yi is given by

n

∑
j=1

K

(
∥yi − xj∥2

h2

)
, (15)

where K is the Gaussian kernel defined in Equation (7). This kernel sum appears in both
the numerator and denominator of the Mean Shift update in Equation (2).

Direct evaluation of all Gaussian interactions between every pair of points, as in
Equation (15), requires O(n2) operations. To reduce this cost, FGT divides the data domain
into a uniform grid of cells with side length proportional to the kernel bandwidth h, and
treats interactions differently depending on spatial proximity. For query points within a
small local neighborhood (near field), kernel contributions are computed exactly using
direct summation, thereby preserving accuracy where the Gaussian kernel has significant
weight. For points that are farther away (far field), where the Gaussian kernel varies
smoothly, FGT uses a truncated series expansion (e.g., a Hermite expansion) to approximate
the collective effect of all distant points in a cell.

This dual strategy, which combines exact computation for near interactions with
approximate evaluation for far interactions, reduces the overall cost of kernel summation to
nearly linear time while maintaining high accuracy. Both the numerator and denominator
of the Mean Shift update can be computed using the same FGT structure. Once the Hermite
expansions for all source cells are precomputed, the contributions to both sums are obtained
simultaneously at negligible extra cost per query.

FGT exploits the analyticity of the Gaussian kernel to expand it into a Hermite or Taylor
series around a reference point [50]. This expansion allows the contribution of a group of
source points within a cell to be represented compactly by a small set of coefficients. For
sufficiently distant query points, the interaction between the group and the query can then
be evaluated using these precomputed coefficients without visiting each source individually.
This idea is analogous to multipole expansions used in fast N-body methods [52].

3.9.1. Basic Algorithmic Structure of FGT

The classical FGT consists of three main stages:

1. Space subdivision. The data domain is partitioned into a uniform grid of cells with side
length proportional to the kernel bandwidth h. Each data point xj is assigned to a cell
according to its spatial location, which allows nearby points to be grouped together.

2. Computation of cell summaries. For each cell, a vector of Hermite expansion coefficients
is computed, summarizing the contribution of all points inside that cell to the Gaus-
sian kernel at distant locations. The size of this coefficient vector depends on the
desired expansion order p and the dimension d: Larger p provides more accurate
approximations at the cost of additional computation and storage.

3. Evaluation at query points. For each query point yi, the algorithm distinguishes between
near cells (within a fixed cutoff distance, typically proportional to h) and far cells.
Contributions from near cells are computed exactly using direct kernel evaluations,
while contributions from far cells are approximated using the precomputed Hermite
expansions evaluated at yi. The total kernel sum is obtained by adding the exact and
approximate contributions.
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This three-stage procedure enables the Gaussian kernel sums in Equation (15) to be
computed in approximately linear time with controlled error determined by the truncation
order p and the cell size.

3.9.2. FGT-Based Cell Summarization

For each cell, the FGT precomputes a set of coefficients, known as Hermite coefficients,
which compactly encode the cumulative effect of all data points within that cell on the
Gaussian kernel evaluated at distant locations [50–52]. This idea originates from the
classical work of Greengard and Strain on the original FGT and was later adapted to kernel
density estimation and computer vision [50,51]. Let C be a cell with center c and containing
data points {xj}j∈C with associated weights qj (in the naive Mean Shift algorithm, this
simply corresponds to setting qj = 1 for all j).

The Gaussian kernel between a query point y and a source point xj can be expanded
around the cell center c using a multivariate Hermite series [50]:

exp

(
−
∥y− xj∥2

h2

)
= ∑

α

1
α!

hα

(
y− c

h

)( xj − c
h

)α

, (16)

where α is a multi-index, α! = ∏d
k=1 αk!, and hα(·) denotes the α-th multivariate Her-

mite function.
By interchanging the summation over j and the Hermite expansion, the total contribu-

tion of the cell to the kernel sum at y can be written as [50,52]

∑
j∈C

qj exp

(
−
∥y− xj∥2

h2

)
= ∑

α

Aα(C) hα

(
y− c

h

)
, (17)

where

Aα(C) =
1
α! ∑

j∈C
qj

( xj − c
h

)α

(18)

are the Hermite coefficients associated with cell C. These coefficients {Aα(C)}, typically for
all multi-indices α with ∥α∥1 ≤ p where p is the truncation order, serve as a compressed
Gaussian fingerprint of the cell. Once computed, they allow the contribution of the entire
cell to be evaluated at any distant query point y using the right-hand side of Equation (17),
without iterating over individual points in the cell [50,52].

3.9.3. Computational Impact of FGT-Acceleration

Let p be the expansion order, Ncells the number of grid cells, and n the number of data
points. The preprocessing step that computes Hermite coefficients for each cell requires
O(n) work to accumulate point contributions, plus O(Ncells pd) to build the expansions.
For each query point yi, the evaluation step consists of two parts: exact interactions with
nearby cells, which typically involve a constant number of points per cell on average, and
approximate evaluations using precomputed coefficients for far cells, which require O(pd)

operations per cell.
Since both the number of nearby cells and the number of Hermite terms are bounded

independently of n, the total cost of evaluating all kernel sums is approximately

O(n + m pd),

where m is the number of query points (usually m = n in Mean Shift). For fixed p and d,
this cost is linear in n. The dependence on pd reflects the exponential growth of the number
of Hermite terms with dimension, which limits the practicality of FGT to low-dimensional
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problems (typically d ≤ 3) [50]. In practice, p is chosen small (e.g., p = 4–8) to balance
speed and accuracy. The expansion error decreases exponentially with p, so high accuracy
can be achieved with modest expansion orders [50,53].

For Mean Shift, this translates into a per-iteration complexity of

O
(
T n(1 + qd)

)
≈ O(T n),

for fixed truncation order q and low d, due to Hermite expansions and far-field approximations.

3.9.4. Practical Aspects of FGT Acceleration

In practical Mean Shift implementations, FGT offers substantial speedups when the
dataset is large and the kernel bandwidth is moderate relative to the data domain size. If
the bandwidth is very small, each point interacts only with a few neighbors, and spatial
pruning methods may be more efficient. Conversely, for very large bandwidths or high
dimensions, dual-tree variants [52] or improved fast Gauss transforms (IFGT) [50] may
offer better scaling.

FGT integrates seamlessly with the Mean Shift algorithm: It replaces the direct eval-
uation of kernel sums while leaving the clustering logic unchanged. As a result, the
accelerated algorithm produces clustering results that are indistinguishable from the exact
algorithm up to a small, controllable approximation error, while achieving near-linear
scaling in practice for large datasets.

3.10. Hybrid Methods

Combining Mean Shift with other clustering or optimization techniques has led to
the development of hybrid algorithms that leverage complementary strengths. One such
approach is Boosted Mean Shift [54], which integrates Mean Shift with DBSCAN and
boosting mechanisms to reduce sensitivity to bandwidth selection and improve mode
detection accuracy. Another example is Agglomerative Mean Shift [55], which applies an
agglomerative framework to compress converged modes, resulting in faster convergence
and improved scalability. Another strategy combines Mean Shift with k-means [8], where
k-means is first used for coarse partitioning of the data, and Mean Shift is subsequently
applied to refine cluster boundaries, thereby improving clustering quality while reducing
computational cost. These hybrid models are especially advantageous in high-dimensional
or noisy settings, where the limitations of a single method can be mitigated through
combination, yielding more accurate and stable clustering outcomes.

3.11. Summary of Fast Mean Shift Strategies

Table 1 provides a consolidated overview of the principal optimization strategies for
accelerating Mean Shift clustering. Each method is evaluated in terms of its computational
complexity, accuracy characteristics, scalability to large or high-dimensional datasets, and
parallelization potential on modern computing architectures.

The strategies can be broadly grouped into four categories:

1. Bandwidth Adaptation and Preprocessing. Adaptive bandwidth selection accelerates
convergence by tailoring kernel widths to local data densities, resulting in fewer
iterations T′ ≪ T compared to fixed-bandwidth Mean Shift. Data sharpening and
blurring serve as preprocessing steps that improve initialization near modes, thereby
enhancing both efficiency and stability.

2. Parallelization and Trajectory Reduction. Techniques such as parallel processing, seed
point sampling, early stopping, and blurring exploit the algorithm’s inherent indepen-
dence between point updates and convergence properties. Parallelization distributes
computation across multiple cores or GPUs, achieving near-linear speedups with
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minimal changes to the algorithm. Seed point sampling and early stopping reduce the
number of processed trajectories or iterations, thereby decreasing overall runtime.

3. Neighborhood Pruning and Approximate Search. Tree-based data structures (e.g., k-d
trees, ball trees) and approximate nearest neighbor (ANN) methods accelerate kernel
density estimation by avoiding exhaustive pairwise computations. Tree-based pruning
achieves O(n log n) per iteration in low to moderate dimensions, while ANN and
LSH-based techniques provide near-linear complexity even in higher dimensions by
trading exactness for controlled approximation.

4. Kernel Approximation Methods. Techniques such as the Fast Gauss Transform (FGT)
approximate Gaussian kernel evaluations using Hermite expansions and far-field approx-
imations, reducing per-iteration complexity to nearly linear in low-dimensional settings.

Finally, hybrid approaches combine multiple strategies, such as pairing tree-based
methods with parallelization or using k-means for coarse partitioning followed by Mean
Shift refinement. These combinations allow practitioners to tailor optimization to the
data scale, dimensionality, and accuracy requirements of the application. In practice,
the methods in Table 1 can be applied individually or synergistically to enable efficient
processing of large-scale, high-dimensional, and noise-prone datasets within modern
analytical pipelines.

Table 1. Summary of optimization strategies for fast mean shift clustering.

Strategy Computational Complexity Accuracy Scalability Parallelizability

Standard Mean Shift O(Tn2d) (baseline) High Low
High
(per-point
updates)

Parallel Processing O
(
(Tn2d)/p

)
, where p is the

number of processing units
High High Explicit

(multi-core/GPU)

Seed Point Sampling
O(sndT) +O(n log k) (where
s≪ n is the number of seeds and
k ≤ s the number of modes)

High (with
adequate coverage) High

High
(independent
seeds)

Early Stopping Criteria O(T′n2d) with T′ ≪ T due to
truncated point trajectories

High High High
(per-point checks)

Blurring Mean Shift O(T′n2d) with T′ ≪ T due to
faster global convergence

High Medium High
(batch updates)

Data Sharpening

S · O(n2d) +O(T′n2d) where
S ∈ {1, 2} is the number of
sharpening iterations and
T′ ≪ T due to improved
initialization near modes

High High
High
(preprocessing
parallelizable)

Tree-Based Pruned
Neighborhood Search

O(T n log n d) due to efficient
range search and pruning High High

(low–moderate d)

Medium (parallel
queries; tree build
less parallel)

Approximate Nearest
Neighbors

O(T n log n) or O(T n) due to
approximate neighbor retrieval

High
(approximate)

High
(moderate–high d)

High (independent
hash queries)

Adaptive Bandwidth
Selection

O(n log n d) +O(T′n2d), with
T′ ≪ T (faster convergence from
locally adaptive bandwidths)

High Medium–High
Medium
(kNN search
parallelizable)

Fast Gauss Transform

O
(
T n(1 + qd)

)
≈ O(T n) for

fixed truncation order q and low
d (due to Hermite expansions
and far-field approximations)

High (approximate) High (low d) Medium (parallel
per cell/query)

Hybrid Methods Depends on components Medium to High High Depends on
components
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3.12. Accuracy–Speed Trade-Offs

Table 1 also highlights the following intrinsic trade-offs between computational effi-
ciency and clustering accuracy across different Fast Mean Shift variants:

1. Parallel and Exact Acceleration. Parallel processing achieves substantial speedups with
virtually no accuracy degradation, provided that memory bandwidth and numerical
precision are managed carefully. This makes it a natural first step for scaling Mean
Shift on modern hardware.

2. Neighborhood Pruning and Approximation. Tree-based search reduces the per-iteration
cost from O(n2) to O(n log n) while maintaining high accuracy in low to moderate
dimensions. Approximate nearest neighbor methods and LSH achieve near-linear
runtime even in higher dimensions, but may introduce slight boundary inaccuracies
for closely spaced clusters due to probabilistic neighbor retrieval.

3. Convergence Acceleration. Blurring, early stopping, adaptive bandwidth selection, and
data sharpening all reduce the number of iterations T′ by accelerating convergence to-
ward modes. These methods generally preserve accuracy, but poorly tuned bandwidth
adaptation can lead to oversmoothing in heterogeneous density regions.

4. Kernel Approximation. FGT methods yield near-linear complexity for low-dimensional
data while maintaining high accuracy controlled by the truncation order. However,
their effectiveness decreases in higher dimensions as the number of expansion terms
grows exponentially.

5. Hybrid Strategies. Hybrid approaches allow fine-grained control of accuracy–efficiency
trade-offs. For instance, combining ANN-based search with early stopping and GPU
acceleration can deliver significant speedups with only minimal accuracy loss, making
such methods attractive for large-scale, high-dimensional tasks.

3.13. Combinability of Acceleration Strategies

In practical implementations, multiple acceleration strategies are often combined to
achieve maximal speedups while maintaining clustering accuracy. Table 2 summarizes the
pairwise compatibility between different Fast Mean Shift optimization strategies. Each pair
is classified as compatible or synergistic, conditionally compatible (requiring careful tuning or
data-dependent adjustments), or not recommended or redundant. Parallel processing exhibits
broad compatibility with nearly all other methods. Because it accelerates per-point or
per-cell computations without altering the algorithmic structure, it can be combined with
seed sampling, early stopping, blurring, sharpening, tree-based search, or ANN methods
to achieve additional speedups. Conditional compatibility arises primarily with adaptive
bandwidth selection and Fast Gauss Transform (FGT), where non-uniform neighborhood sizes
or cell expansions may require more sophisticated load balancing on parallel hardware.

Seed point sampling, early stopping, and data sharpening combine effectively with most
other strategies. Sampling reduces the number of trajectories, while early stopping and
sharpening accelerate convergence, making them complementary to both neighborhood
acceleration (tree or ANN) and kernel approximation methods. Some conditional interac-
tions occur with blurring, since applying blurring together with sampling or early stopping
may require tuning of convergence thresholds to avoid premature termination.

Tree-based search and ANN (LSH) methods are both designed to accelerate neighborhood
queries and, thus, serve as alternative, not complementary, approaches. Their combination
offers little benefit and may increase overhead. Both approaches integrate well with
adaptive bandwidth selection, sharpening, or early stopping, where reduced neighborhood
sizes or improved initialization can further lower query costs.
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Blurring Mean Shift is synergistic with preprocessing techniques such as sharpening
but shows only conditional compatibility with tree search and ANN methods. This is
because the global update step in blurring may interact with spatial partitioning structures
in nontrivial ways, necessitating careful synchronization. Notably, blurring is incompatible
with FGT, since FGT assumes fixed source distributions across iterations, whereas blurring
dynamically shifts the dataset itself.

Adaptive bandwidth selection generally integrates well with most strategies, particu-
larly tree search, ANN, and sampling. However, it is only conditionally compatible with
parallelization and kernel approximation, as varying bandwidths across points complicate
GPU kernel scheduling and FGT cell expansions. Similarly, combining FGT with other
neighborhood acceleration methods yields diminishing returns and requires careful control
over approximation parameters to avoid redundant computations.

Table 2 highlights that many strategies are complementary rather than mutually exclusive.

Table 2. Pairwise combinability of Fast Mean Shift optimization strategies. ✓ Compatible or synergistic.
△ Conditionally compatible (requires careful tuning). ×Not recommended or redundant.
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Parallel – ✓ ✓ ✓ ✓ ✓ ✓ △ △
Seed Sampling – ✓ △ ✓ ✓ ✓ ✓ ✓

Early Stop – △ ✓ ✓ ✓ ✓ △
Blurring – ✓ △ △ △ ×
Sharpening – ✓ ✓ ✓ △
Tree Search – △ ✓ △
ANN (LSH) – ✓ △
Adaptive BW – △
FGT –

3.14. Mapping Acceleration Strategies to the Mean Shift Pipeline

Table 3 organizes the acceleration strategies according to their role within the Mean
Shift algorithmic pipeline. This structured view clarifies at which stages specific techniques
can be integrated, and serves as a conceptual bridge between the algorithmic analysis and
the scenario-based recommendations in the following section.

Beyond categorization, this mapping reveals how different strategies target distinct
computational bottlenecks within the pipeline. Preprocessing methods improve initialization
and often reduce downstream iterations. Neighborhood search optimizations address the
dominant O(n2) kernel evaluation cost through pruning or approximation. Iteration-level
strategies such as parallelization and seed sampling exploit independent point updates to
lower wall-clock time. Convergence and postprocessing techniques fine-tune the final stages,
accelerating mode consolidation and label propagation. Importantly, these methods act
on largely orthogonal components, enabling flexible combinations tailored to data scale,
dimensionality, and computational resources.
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Table 3. Mapping of acceleration strategies to stages of the Mean Shift pipeline. The left column
outlines the standard algorithmic flow, while the right column lists applicable acceleration strategies
at each stage.

Standard Mean Shift Pipeline Stage Potential Acceleration Strategies

Preprocessing Data Sharpening; Adaptive Bandwidth Selection

Neighborhood Search Tree-Based Pruned Search; Approximate Nearest
Neighbors (LSH); Fast Gauss Transform

Iteration/Mode-Seeking Loop Parallel Processing; Seed Point Sampling; Early
Stopping Criteria

Convergence Acceleration Blurring Mean Shift; Early Stopping Criteria

Postprocessing/Labeling Hybrid Methods; Parallel Label Propagation

3.15. Applicability of Fast Mean Shift Techniques in Different Scenarios

While previous sections analyze acceleration strategies individually and in combi-
nation, practical deployment requires selecting methods appropriate to the data scale,
dimensionality, and computational environment. Table 4 provides a practical mapping
between common data scenarios and the recommended combinations of acceleration strate-
gies, summarizing their rationale and highlighting important caveats for each case.

Table 4. Recommended acceleration strategies for different application scenarios. Strategies are chosen
to balance computational efficiency and clustering accuracy for typical data and hardware conditions.

Scenario Recommended Strategies Rationale/Benefits Caveats

Small dataset,
low dimensions

Standard, Blurring,
Tree Search

Exact methods are affordable; tree
pruning speeds up without accuracy loss.

Tree build
overhead negligible.

Large dataset,
low dimensions

Tree Search + Parallel +
Early Stop

Tree-based pruning scales well;
parallelization provides
additional speedup.

Load balancing for
parallel search.

Large dataset,
high dimensions

ANN (LSH) + Sampling +
Early Stop + Parallel

Exact search is costly; ANN provides
near-linear scaling; seed sampling
reduces trajectories.

Slight boundary
inaccuracies.

Heterogeneous density Adaptive BW +
Sharpening + Tree/ANN

Adaptive bandwidth accelerates
convergence; sharpening improves
mode localization.

Bandwidth tuning critical.

Real-time or
streaming application

Sampling + Early Stop +
ANN

Low-latency methods preferred;
approximate search plus trajectory
reduction offers fastest turnaround.

Potential loss of rare
cluster detail.

GPU-accelerated
environment

Parallel + Sampling +
ANN/Tree

GPUs handle per-point computations
well; ANN or tree structures can be
adapted for parallelism.

Kernel scheduling with
adaptive BW can be tricky.

Extremely large dataset
(millions of points)

Sampling + ANN + Early
Stop + Parallel

All trajectory and neighborhood
accelerations are needed for tractability.

Accuracy depends on
sampling coverage.

This scenario-based view illustrates that no single acceleration strategy is universally
optimal; rather, their effectiveness depends on the interplay between data characteristics
and computational constraints. For low-dimensional or small datasets, exact methods such as
tree-based search or blurring provide meaningful speedups with minimal overhead. As
data size and dimensionality increase, approximate search methods (e.g., ANN) and trajectory
reduction techniques (e.g., sampling, early stopping) become essential to maintain tractabil-
ity, often with only minor accuracy trade-offs. In heterogeneous or real-time settings, adaptive
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bandwidth and low-latency strategies enable responsive, data-dependent behavior. In GPU
or large-scale environments, combining parallelization with seed point sampling, neighbor-
hood pruning and convergence acceleration yields the most substantial performance gains.
These patterns underscore the importance of aligning algorithmic choices with the specific
operational context.

Figure 3 presents a structured decision framework that systematically aligns dataset
characteristics and computational constraints with suitable acceleration strategies for Fast
Mean Shift clustering. The hierarchical organization of the framework integrates key
factors, including dataset size, dimensionality, density structure, and runtime environment,
into a coherent decision process. By following the decision pathways, users can efficiently
determine appropriate combinations of optimization techniques that balance computational
efficiency and clustering accuracy, thereby reducing the need for unsystematic, trial-and-
error selection of strategies. In addition, the framework explicitly delineates how distinct
classes of acceleration methods—such as preprocessing, neighborhood pruning, trajectory
reduction, and parallelization—can be strategically combined according to data scale and
available computational resources. This systematic approach provides a practical and
theoretically grounded tool that bridges methodological advances with their effective
implementation in large-scale clustering applications.

Figure 3. Decision framework for selecting acceleration strategies based on dataset characteristics
and computational constraints.
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4. Conclusions
Mean Shift remains a powerful and conceptually elegant non-parametric clustering

technique, but its widespread adoption has been historically constrained by high computa-
tional costs. This paper provided a comprehensive examination of optimization strategies
for accelerating Mean Shift, encompassing parallelization, trajectory reduction, neigh-
borhood pruning, adaptive bandwidth selection, and kernel approximation techniques.
By systematically analyzing their theoretical underpinnings, computational complexity,
accuracy characteristics, and combinability, we offered a structured framework for under-
standing and applying these methods in practice.

The main contribution and novelty of this work lie in the systematization and general-
ization of diverse strategies for accelerating the Mean Shift algorithm. A large number of
original research papers, each containing experimental evaluation results on individual
acceleration methods, were carefully systematized and summarized to support this study.
The goal was to provide a high-level theoretical generalization of the extensive body of
experimental findings reported in the literature and to integrate them into a coherent
analytical framework.

A deep and systematic theoretical analysis was conducted to rigorously assess and
compare the positive impact of each acceleration strategy on reducing the computational
complexity of the general Mean Shift algorithm. This analysis focuses on deriving and
formalizing the asymptotic behavior of different approaches, examining their scalability,
accuracy characteristics, and interaction patterns. A pairwise compatibility matrix was
introduced to characterize synergistic and conflicting interactions among strategies, thereby
clarifying how multiple methods can be effectively combined. Building upon this analysis,
the study introduces a key novel element—a practical decision framework for selecting
suitable acceleration strategies based on dataset characteristics and computational con-
straints. Together with the developed taxonomy, combinability analysis, and scenario-based
recommendations, this framework establishes a systematic and theoretically grounded
foundation for understanding, evaluating, and applying Fast Mean Shift methods, effec-
tively bridging the gap between a large, fragmented experimental literature and a unified,
high-level theoretical perspective.

Our study highlighted that no single acceleration technique universally dominates
across all scenarios. Instead, the effectiveness of each strategy depends critically on dataset
characteristics such as size, dimensionality, and density structure, as well as the available
computational resources. Parallel processing provides near-linear speedups with minimal
algorithmic changes, while trajectory reduction methods such as seed sampling and early
stopping yield substantial runtime reductions without compromising clustering quality.
Neighborhood search acceleration via tree-based or approximate methods effectively ad-
dresses the quadratic kernel evaluation bottleneck, and kernel approximation techniques
like the Fast Gauss Transform offer additional gains in low-dimensional regimes. Impor-
tantly, many of these strategies are complementary, enabling synergistic combinations
tailored to specific application settings.

To support practical deployment, we proposed a structured mapping between op-
timization methods and algorithmic pipeline stages, as well as scenario-based recom-
mendations for selecting appropriate combinations. This systematic perspective bridges
methodological developments with real-world implementation considerations, helping
practitioners navigate the trade-offs between accuracy and computational efficiency.

Future work may extend this framework in several directions. Promising avenues
include adaptive hybrid strategies that dynamically select acceleration techniques based
on data characteristics during runtime, integration with streaming and online clustering
settings, and leveraging emerging hardware such as tensor cores and specialized accelera-
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tors for further gains. Additionally, combining Fast Mean Shift techniques with modern
deep learning pipelines offers a compelling direction for large-scale, high-dimensional
data analysis.

The strategies and guidelines presented in this paper provide both a theoretical foun-
dation and a practical roadmap for making Mean Shift clustering tractable and efficient in
contemporary large-scale analytical environments.
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Abbreviations
The following abbreviations are used in this manuscript:

MS Mean Shift
PDF Probability Density Function
KDE Kernel Density Estimation
BW Bandwidth (in kernel functions)
kNN k-Nearest Neighbor
k-d Tree k-dimensional Tree
ANN Approximate Nearest Neighbors
LSH Locality-Sensitive Hashing
BMS Blurring Mean Shift
FGT Fast Gauss Transform
DBSCAN Density-Based Spatial Clustering of Applications with Noise
GMM Gaussian Mixture Model
CPU Central Processing Unit
GPU Graphics Processing Unit
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