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Abstract

This paper proposes a novel statistical test for evaluating exponentiality against the recently
introduced EBUCL (Exponential Better than Used in Convex Laplace transform order) class
of life distributions. The EBUCL class generalizes classical aging concepts and provides
a flexible framework for modeling various non-exponential aging behaviors. The test is
constructed using Laplace transform ordering and is shown to be effective in distinguishing
exponential distributions from EBUCL alternatives. We derive the test statistic, establish its
asymptotic properties, and assess its performance using Pitman’s asymptotic efficiency un-
der standard alternatives, including Weibull, Makeham, and linear failure rate distributions.
Critical values are obtained through extensive Monte Carlo simulations, and the power
of the proposed test is evaluated and compared with existing methods. Furthermore, the
test is extended to handle right-censored data, demonstrating its robustness and practical
applicability. The effectiveness of the procedure is illustrated through several real-world
datasets involving both censored and uncensored observations. The results confirm that
the proposed test is a powerful and versatile tool for reliability and survival analysis.

Keywords: EBUCL class; exponentiality test; laplace transform order; life distributions;
reliability analysis; Monte Carlo simulation; Pitman asymptotic efficiency; nonparametric
testing; survival analysis; censored data

MSC: 62F10; 62F12

1. Introduction

In reliability theory and related disciplines, numerous classes of life distributions
have been introduced to model the aging behavior and failure patterns of systems and
components. These classes have broad applications in fields such as biological sciences,
biometrics, engineering, maintenance, and social sciences. Aging criteria derived from
these distributions are instrumental for maintenance engineers and system designers in
formulating optimal maintenance strategies. Additionally, stochastic comparisons among
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probability distributions play a foundational role in probability, statistics, and their ap-
plications in reliability, survival analysis, economics, and actuarial science. As a result,
statisticians and reliability analysts have increasingly focused on modeling survival data
using classifications of life distributions that capture various aging characteristics.

In this work, we focus on testing exponentiality against classes of life distributions
that extend classical notions of aging. The exponential distribution, defined by the survival

function F(x) = e~ ¥

, x > 0,A > 0, serves as the baseline model due to its memoryless
property. However, many practical datasets deviate from this assumption, motivating
the development of broader classes. Among these, the NBU (New Better than Used) and
NBUE (New Better than Used in Expectation) classes capture systems with aging properties
stronger than exponential. Their extensions, such as HNBUE (Harmonic New Better than
Used in Expectation) and HNWUE (Harmonic New Worse than Used in Expectation),
provide refined criteria for reliability modeling. More recent classes have been defined
using Laplace or moment generating function orderings, including NBRUL (New Better
than Renewal Used in Laplace) and NBRU,;, s (New Better than Renewal Used in Moment
Generating Function), NBRULC (New Better than Renewal Used in Laplace Convex), and
EBUe ¢ (Exponential Better Than Used in Moment Generating Function), each character-
izing non-exponential behaviors via convexity or stochastic ordering principles. Other
related classes, such as UBAC(2) (Used Better Than Aged in Increasing Concave Ordering),
further enrich the framework of stochastic comparison. A clear understanding of these
classes is central to our study, as the proposed EBUCL class builds upon and generalizes
them using Laplace transform ordering. Introducing these classes at the outset highlights
the motivation for our test and places it in the broader context of exponentiality testing.

The study of aging properties and life distribution classes has a long-standing history
in reliability theory. Early foundational work by Bryson and Siddiqui [1] introduced formal
criteria for aging, laying the groundwork for subsequent classification and comparison
of life distributions. Barlow and Proschan [2] further advanced this field by establishing
a comprehensive statistical theory of reliability and life testing, including essential aging
concepts and stochastic ordering. Klefsjo [3] contributed to this area by defining the HNBUE
and HNWUE classes, which capture nuanced forms of aging beyond traditional hazard rate
analysis. Building on this line of research, Kumazawa [4] developed a class of test statistics
specifically designed to assess whether a system is new or better than used, providing tools
for empirical evaluation of aging behavior. Similarly, Cupari¢ and MiloSevi¢ [5] discussed
new characterization-based exponential tests for randomly censored data.

In recent years, more research has focused on developing reliable statistical tools to tell
apart exponential distributions from other types of life distributions, especially in reliability
analysis. One key area uses Laplace transform methods to identify and test for different
aging properties in lifetime distributions. Hassan et al. [6] suggested a Laplace transform
method for testing whether data follow an exponential pattern or come from the NBRU,;,. ¢
class, showing that this approach can handle more complex failure patterns that do not fit
the basic exponential model.

Etman et al. [7] introduced a novel test for exponentiality against the EBUCL class,
an emerging life distribution model where members are ordered by the convexity of
their Laplace transforms (a mathematical way to compare aging properties). Their work
emphasized the utility of this class in modeling aging patterns that are asymmetric (aging
differently over time) and non-monotonic (not consistently increasing or decreasing),
particularly in the context of sustainability and reliability data. Further expansion of
Laplace-based testing was provided by Etman et al. [8], who formalized the NBRULC
class, another statistical framework for reliability data, and constructed goodness-of-fit
procedures suitable for both censored (incomplete) and uncensored (complete) data. Their
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findings reinforced the adaptability of Laplace transform-based methods for handling
incomplete or irregular data often seen in reliability experiments.

Parallel to these developments, many authors have made substantial contributions
through a series of works focusing on nonparametric hypothesis testing for life distribution
analysis. For example, Mohamed and Mansour [9] proposed a test against the NBUC
(New Better than Used in Convex) class with practical implications for the health and
engineering sectors. Building on this, El-Arishy et al. [10] offered characterizations of
(DLTTEF) (Decreasing The Laplace Transform of The Time to Failure) classes, reinforcing the
applicability of Laplace-based methods for detecting different aging behaviors. Similarly,
Gadallah [11] adopted a comparable approach by proposing testing for the EBU,,,¢ ¢ class.

Several works have introduced new distributional classes and testing procedures using
the Laplace transform as a central analytical tool. Abu-Youssef and El-Toony [12] developed
a novel class of life distributions grounded in Laplace transforms, offering practical model-
ing strategies. In a related effort, Bakr and Al-Babtain [13] focused on nonparametric tests
for unknown age classes using medical datasets, illustrating the adaptability of these tests
in real-life settings. Atallah et al. [14] and Al-Gashgari et al. [15] presented new tests for ex-
ponentiality against the NBU ;o (New Better Than Used in Moment Generating Function)
and NBUCA (New Better than Used in the Increasing Convex Average) classes, respectively,
while Abu-Youssef et al. [16] proposed a nonparametric test for the UBAC(2) class, each
leveraging Laplace transform techniques to capture nuanced aging characteristics.

Further emphasizing the practical relevance of these methods, Mansour [17,18] ap-
plied nonparametric exponentiality tests to evaluate treatment effects and clinical data,
revealing the critical role of these tools in medical statistics. Finally, Abu-Youssef and
Bakr [19] examined the Laplace transform order for unknown age classes, enhancing the
methodological toolkit available for reliability analysts and statisticians working with
complex or censored data.

The aim of this paper is to develop a new nonparametric test for assessing exponen-
tiality against the EBUCL class of life distributions by utilizing Laplace transform ordering.
The study seeks to establish the theoretical foundation of the proposed test, including
its asymptotic distribution and Pitman’s asymptotic efficiency under standard alterna-
tives such as the Weibull, Makeham, and linear failure rate distributions. To evaluate its
practical effectiveness, the test’s performance is examined through extensive Monte Carlo
simulations, with critical values and power estimates compared against existing methods.
Additionally, the test is extended to handle right-censored data, broadening its applica-
bility to real-world scenarios in reliability and survival analysis. The final objective is to
demonstrate the utility of the proposed approach through empirical applications involving
both censored and uncensored datasets.

The motivation for this study arises from the limitations of the exponential distribution
in modeling real-world lifetime data, particularly in reliability and survival analysis, where
systems often exhibit aging behaviors not captured by the memoryless property of the
exponential model. While various alternative aging classes have been proposed, the recently
introduced EBUCL class provides a more flexible and robust framework for describing non-
monotonic and asymmetric aging patterns. However, existing tests for exponentiality often
lack the sensitivity or generality needed to detect such departures effectively. This paper
addresses this gap by developing a new nonparametric test based on Laplace transform
ordering, aiming to enhance the ability to distinguish exponential distributions from those
in the EBUCL class. The test is designed to be theoretically sound, computationally efficient,
and applicable to both complete and right-censored data, thereby extending its relevance
to practical scenarios encountered in engineering, medicine, and actuarial science.
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The organization of this essay is as follows: Section 2 introduces the methodological
background of the study. Section 3 provides essential definitions along with the theoretical
framework. In Section 4, we develop a test for exponentiality against the EBUCL class
using the Laplace transform method. Section 5 derives the Pitman asymptotic efficiency
under various standard alternatives. Section 6 focuses on simulating the critical values of
the test statistic and evaluating its power through Monte Carlo methods. Section 7 extends
the proposed test to handle right-censored data. Lastly, Section 8 illustrates practical
applications that highlight the effectiveness of the proposed statistical procedure.

2. Methodology of the Study

To evaluate the performance and practical applicability of the proposed test for expo-
nentiality against the EBUCL class, a structured methodological approach is adopted. This
methodology combines theoretical development, simulation-based validation, and real-data
applications. The following steps outline the key components of the study’s methodology:

1.  Definition of the EBUCL class: The study begins by formally defining the EBUCL
class of life distributions, establishing its relationship with existing aging classes using
Laplace transform ordering.

2. Construction of the test statistic: A new test statistic is proposed to test the null
hypothesis that a given distribution is exponential against the alternative that it
belongs to the EBUCL class. The test is derived using the properties of the Laplace
transform of the survival function.

3. Asymptotic properties and Pitman efficiency: The asymptotic distribution of the test
statistic is derived under the null hypothesis, and Pitman’s asymptotic efficiency is
computed under standard alternative distributions, including Weibull, Makeham,
and linear failure rate models.

4. Monte Carlo simulation of critical values: Critical values of the test statistic are
obtained through Monte Carlo simulations using 10,000 replications across varying
sample sizes. This provides reference thresholds for significance testing at common
confidence levels of 90%, 95%, and 99%.

5. Power analysis via simulation: The power of the proposed test is evaluated and com-
pared against existing methods using simulated data from known non-exponential
distributions to assess its ability to detect departures from exponentiality.

6.  Extension to right-censored data: The test is adapted to handle right-censored data
by redefining the test statistic based on the Kaplan—-Meier estimator. This ensures
applicability in survival analysis and reliability studies where censoring is common.

7. Application to real datasets: The test is applied to several real-life datasets, including
complete and censored observations, to demonstrate its practical utility and effective-
ness in identifying EBUCL behavior in empirical settings.

3. Concepts and Theoretical Foundations

In this section, we provide a rigorous mathematical formulation and explore the
essential characteristics of the EBUCL class. Specifically, we establish its relationship
with well-known aging classes by utilizing principles based on the Laplace transform.
This theoretical development lays the groundwork for demonstrating the EBUCL class’s
suitability in modeling lifetime data, particularly in contexts involving reliability and
system durability.

Definition 1. A random variable X > 0 with probability 1 and survival function F(x) is charac-
terized as
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(i)  Exponentially better than used, represented as X € EBU, if

Fx+t) <F(t)er, xt>0,

where y = E(X) = [ xdF(x).
(i)  Exponentially better than used in increasing convex order, represented as X € EBUC, if

/ F(x+t)dx < ye%f(t), x,t>0,
Y

or

/ " Fly)dy < pe 7 E(t),
Jx+t

and this leads to -
UWE(x +1t) < pe® F(t),

where We(x +1t) = % et E(y)dy

We(x+1) < e E(b).

(iii) Exponentially better than used in increasing convex in Laplace transform order, depicted as
X € EBUCL(EWUCL), if

[7 e P Wity < )F0) [ e P ar, xpp>0,
0 JO

or
T e P We(x+ dx < (2) L F(), 1,65 >0,
fy e P Welt Ddx < (2) 1 F ), w0
(iv) For a nonnegative lifetime X, we define its Laplace transform (which coincides with the MGF
of X) by

e
P(B) = Ee F* = / e PYdF(x),B > 0.
0
NBU <C NBUE <C HNBUE
Remark 1. It is clear that by integration over x: N U
EBU C EBUC <C EBUCL

All random variables considered herein satisfy X > 0 almost surely. This restriction is
intrinsic to reliability /lifetime modeling and is needed for the Laplace and residual-life
arguments underlying the aging classes in Definition 1. Allowing negative support can
invalidate these properties and lead to misleading class membership.

4. Testing Under EBUCL Alternative Hypotheses

In this section, we introduce a test statistic grounded in the Laplace transform order,
constructed from a random sample Xi, Xp, ..., X, (i.i.d) drawn from a distribution F. The
objective is to test the null hypothesis Hy : F is exponential (F(x) = 1 —¢~**,x > 0,A > 0)
against the alternative hypothesis Hj : F belongs to the EBUCL class but is not exponential.
The development and analysis of this test statistic are guided by the following concepts
and methodological framework.
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Theorem 1. Let random variable X € EBUCL with distribution function F. Then, using the
Laplace transform approach,

P )>l —/\ﬁ#

w5~ 1) 2 5r0(B) — Lzup 1) + 32(8) = 3390 + Tzn— 70+ 53— 3 O

where

p=ECO = [ xdF(x) = [T F@ax

Proof. Since F is EBUCL, then

e P We(x + t)dx < ——F(1); x,t>0.
)P et nax < L@y w0

Now multiplying both sides by e~ and integrating both sides over [0, c0) with respect
to f, we get

o B H ® ME
/ / Wr(x + tdxdt < ﬁ“/o e ME()dt. )

The right hand side of (2) can be written as

I £dt = E/ e MI(T > t)dt,
1= yﬁ 1 yﬁ +1 Jat
where
1 if t<T
I(T>t) = {O otherwise}
and

E/Ooo e MI(T > t)dt = E/OT e Mdt =E B - }1\6_”} = [1 - *4?( )}

the right hand side of (2) is given by

b= 5 ew). ©

Similarly, the left-hand side of Equation (2) can be expressed in the following manner:

[

L = / / e M PUTOW L (w)dudo
0 v

= /Ooo e PPWE(v) /Ov

_ Alﬁ { /0 " e bW (0)do — /0 ” ewa(v)dU}, B#A

/Spr X + )dxdt

Hence

e AP dudy

Note that

/me*ﬁ”WP(v)dv = 1/we 5”/0013 )dzdv
0 uJo

— 1 PF / e Padzdo
0

1 Jo
— 2 -],
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therefore,
1 1 1 1 1 1
=15 e B - 5 o - o) @
Substituting (3) and (4) into (2), we get
) ~1) = 5up(B) = Lnp(h) + 08 = 3300 + Tz = n+ 32— 2

This completes the proof. [

Let us propose the measure of departure from exponentiality as follows:

B o

5(8,0) = 5191) ~ 120(0) = 5up(B) + 4o — 50(6)
+)\24)()‘)_)'\82.M+)1\‘u_1+1312 ®)

Under the null hypothesis Hy : X ~ Exp(A) with density fo(x) = Ae %, x > 0, we
have the closed form

where y = 1/ is the mean-parameterization. Throughout this section, we use the tuning
pair (B,A) with f > 0 and the null rate A > 0. We define the basic contrast driving our
test as

5(B,0) = o(B) ~ 9(B) = T35~ B ©

By construction, §(B, A) = 0 exactly when ¢(B) = ¢o(B).

Lemma 1 (Null value). If Hy holds, then for every g > 0,

0(B,A) =0

Proof. Under Hy, ¢(B) = ¢o(B) = A/(A+B). Plugging this identity into (6) gives
6(B,A)=0. O

Remark 2. Some sources write the exponential law with mean p > 0 : F(x) = 1 — e n. In
that parameterization, ¢po(B) = 1/(1 + up). The identity 6(B, A) = O persists after the change
A=1/p.

Based on the above, and in light of the null hypothesis Hy and Equation (5), we
will have

wn = (©))-(2)-()E5) - (D)
()G A3

_ B 1 1 : 1
T AN 144 B+ AA+A) BALP)
1 B 1 1 1
P VR VA W Vi

=0
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where
H=1900) = 1
1+A
whereas under the alternative hypothesis Hy, §(,A) > 0. Suppose X1, Xp, X3,..., X, is
a random sample drawn from a distribution F. Then, an empirical estimator 6, (B, A) of
0(B, A) can be constructed as follows:

Bx;Xje k—XXe*)‘Xk—lnge PXj ¢ 5Xe*“<

5(,1) = 22&&

n s | —ﬁ—ze —BXi Aze —AXi ﬁX +AX — A2 +ﬁ2
Based on Maclaurin series (e*X =1-X+ )2(—,2 - )3(—,3 Fo + (—1)”% + ..),we get
BX;Xje Mk — X;Xje M X BX1Xa(1— AX3) — X1 Xp(1 — AX3)
éXe X+ & Xe*“‘ —3X1(1- BXa) + 5 X1(1 - AXy)
—ﬁ—e —BXi 4 Aze —AXi - —é(l—ﬁxl)ﬁ-i( —/\Xl)

—%X1 + %Xl /\2 +
()\ - ‘B)X1X2X3.

—BXitiXi- bt p p

1

Remark 3. In displayed expansions, indices (i, j, k) are used for summations and (1,2, 3) for clarity
in kernels; the expressions are symmetric after summation. Equalities obtained through Maclaurin
expansions are clarified as approximations.

)

(BA)

To ensure the test remains invariant, define A(8, 1) = %252, where X = Y1, n’ is the
X
sample mean. Then,
B —AX, “AXp _ 1 pX ﬁ j
R 1 n on n XXe k—XXe k— 5 Xe PN 4 Xe X;
ABN=—=2r 1) —BX; | L% 5 e )
n3X i=1j=1k=1 *?e )\26 i — X + )\X — /\2 + ﬁz

Remark 4 (Scale invariance). Although the expression of the test statistic involves the scale
parameter A, the normalization by the cube of the sample mean X ensures invariance to scale.
Specifically, if all observations are multiplied by a constant factor ¢ > 0, both the numerator
and denominator of the statistic are rescaled in such a way that the dependence on c cancels
out. Consequently, the proposed statistic is scale-invariant, and the explicit appearance of A in
intermediate expressions does not affect this property.

It is easy to show that E(A(B, 1)) = (B, A). Now, set

1
¢(Xi, Xj, X) :gXiX],e—)\Xk _ Xine—/\Xk /Sxe_ﬁ + B L Xie X

A2
1 B 1 1 1
X, Lo ax; P _
—?e P e it iXi-mt g (8)
Next, define the symmetric kernel
¥ (X, Xj, X =3 24: Xi, Xi, Xg),

where the summation is taken over all permutations of the triplet X;, X, Xy. By averaging
over all configurations, the expression for A(8, A) in Equation (7) aligns with the form of a
U, -statistic, as introduced by
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(B, A)

a3 (BA) =

(B—A)?[2B* + B3 (11 +2A) + B2(25 4+ 13A) + B(26 +22A) +2(1 4+ A) (5 4+ A)]

-1
u, = ( g ) Z lp(Xi,X]',Xk). )

i<j<k

Remark 5 (Conditions for treating the estimator as a U-statistic). Let the base kernel

¢(Xi, Xj, Xi; p) be the symmetric function that appears in (8) when the true mean yp = E(X) is

substituted. We use X (the sample mean) in the implemented statistic to enforce scale invariance. To

justify replacing y by X and applying U-statistic asymptotics, assume the following:

A1 : E|p(Xq, Xp, Xa; ) |* < oo

Az @ The mapping p — ¢(X;, Xj, Xi; ) is continuously differentiable in a neighborhood of the
true y and the derivative has finite second moment.

Az : X is a root-n consistent estimator of y, i.e. /n(X — p) = Op(1).

Under A;—-Aj3, the Taylor expansion (delta method) and Hoeffding decomposition
imply that the influence of X — u on the V-statistic is Op (n_l/ 2) (or can be represented
as an additional influence term that is explicit and of order n~1/2). Thus, the V-statistic
with X has the same first-order asymptotic normal distribution as the U-statistic obtained
by symmetrizing the kernel with the true u (with a possible explicit correction of the
asymptotic variance to account for the estimated parameter).

The asymptotic normality of A, (B, A) can be established by applying the following
theorem.

Theorem 2. (a) With a mean of 0 and a variance of 7>(B,A), /n(A(B,A) — A(B, A)) is asymp-
totically normal as n approaches co. The value of 0*(B, A) is obtained by

PXup(A) = 2Xpgp(A) + Ep2e X — p2e "X — X (B) — fpePX

=Var{  —ug(B) + fXp(A) + Ame—“mueb( %;e ’”(**47(!5) (10)

+/\2e_AX+)L2¢( ) /\‘B "l/l+ X+/\‘u /32

(b) Under Hy, the variance o3 (B, A) is

(11)
(1+B)*(1+2B) (14 A1+ B+ A)(1+21)

Proof. With additional computations, the theory of U—statistics as developed by Lee [20]
can be employed to derive both the mean and the variance of the statistic. Specifically, the
variance can be expressed as

o? = Var{n(X)}, (12)

where 7 (X) represents the projection of the symmetric kernel onto a single variable

7(X) = m(X) +n2(X) +n3(X),

m(X) = E(¢(Xy, Xz, X3) | Xq1) X/ xdF( )./0.oo e MdF(x)
—X/ xdF(x / e MdF(x) — —X/O e*ﬁxdF(x)—i-%X/oooe*AxdF(x)
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B(X) = E(@(X1, X2, X3) | Xo) = X/ xdF(x / AxdF(x)—;eﬁx/owxdF(x)
—X/O xdF(x /0 e MdF(x) + %e_ﬁx/o xdF(x) — ‘312/000 e PXdF(x)
+% /()ooe—AxdF( ) — ﬁ ; xdF(x) + % /Oooxdl-"(x) — % + ﬁlz'

and

1a(X) = E(¢(Xy, Xa, X3) | X3) = )’Fi ~AX /0 xdF(x) /(;ooxdF(x)
—e_AX/O xdF(x)/O x&lF(x);/Ooo xdF(x) /Oooe_ﬂxdF(x)

% *dF(x )/m M GF(x )—ﬁlz/me ﬁxdF(x)—}—%/Oooe_“dF(x)

0
—ﬁ " xdE(x A/ xdF(x A2 +ﬁ2
Therefore,

7(X) Tﬁ / xdF () /Oooe’)‘xdF(x) —2x /Ooo xdF () /OOo e~ MAF(x)

+i AX /0 xdF(x) /0 " XdF(x) — e X /0 ~ xdF(x) /O " xdF(x)

- BX /0 e BYGF(x) — ;eﬁx / " xdE(x) —; / " dE(x) / " e B E ()

+%x(/0°° ‘A"dF( )+%e—“‘/0 xdF(x) + & / xdF (x / e M dF(x)
_ Ee*ﬁx _ f? e BYaF (x) + % B % / e MdF(x) — %X
-% OooxdF(x)+/1\X+)2\/0mxdF(x)—;+ﬁ32.

Upon using (12) and (13), Equation (10) is obtained. Under Hy, we get

n(X) = (i?)(li/\)x 2<1i/\)x+§€m_”x
~(5) ()5 () () + (B) (50
el () () i

2N/ 1 B 2B 2 3 3
)P x_“P X2 2
+(A2>(1+A> A2 A2+/\ R v

- () (HZA)“?‘”*‘”— (7)™
‘/lf'ﬁx (/31+ﬁ)> (e )X e

(13)

(warn) " ()
+( ) EX—Z/;JF— +A—3+§2

and then,
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A=A2+B+1\ _ +1\ _
p(X) = (W)e AX <r3ﬁ2>e pX
+< /32)\+,83/\—/3A2—/32/\2+,8A—/\2—/\3)X
BA2(1+B)(1+A)
+2/3/\2 —2B3 — B+ 2BA3 + A2 + A3 — B2 — 383\ — 2B8%\ — B2A +2B2A2 + 283A2
B2AZ(1+B)(1+A) ’
where
dF(x) = 1,/ “MGF(x) = ——,
/0 xdF(x) =1, | e 7dFE) = 397
and
BA=A2+B+1Y —Ax _ (BH1),—pX 2B2A+BPA—BAZ—BZAZ 4+ BA—A2— )3
o5(B,A) = Var ( A >e T)e ( A(1+B)(141) )X (14)
0\rr _I_2/5)\272[337ﬁ4+2/3)\3+/\2+/\3713273/33/\72/54A7ﬁ2/\+2[3 A242B302
BZAZ(1+B)(1+A)

By performing the necessary computations starting from Equation (14), one can derive
the resulting expression presented in Equation (11). This process involves applying the
relevant transformations and simplifications to connect the intermediate steps with the
final form of the statistic. [J

Theorem 3. Ifn — oo then

V(A A) — A(B, )

d
s 4 N(0,1)

where Sy, is the standard deviation. In particular, under Hy, we have

ViAB,A) d
e NO)

Now, we obtain a large sample test for Hy vs. Hy: for large n, if the observed value of ﬁ%{f’)‘)
is too large, then we reject H.
Theorem 4. The test is asymptotically consistent.

Proof. Let Py, Py, be distributions of the testing statistic under Hy and Hj, respectively.
Using Theorem 3, the probability of rejecting P is

Py, (ﬁés(ﬁ’A) > c) —1—®(c),n — oo,

where c is the critical value of the test. Under the alternative, we have

Py, (‘ﬁA('B’A) > C) = P, (ﬁ(A(ﬁl/\) — ~e ﬁA(IB/A)) e

35, 3S, - 38,

The following facts are used in the above: under Hy, A(8,A) > 0and 52 ©% 02,1 — oo.
Therefore, the test is asymptotically consistent. [J

Positivity 6(B, A) Under EBUCL Alternatives

We now connect 6(B, A) to the Laplace-transform order that underpins the EBUCL
class. Recall that, by Definition 1, X € EBUCL means that X is ordered against the
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exponential baseline Exp(A) in the Laplace sense; specifically, there exists a set of f > 0 (of
positive measure) on which the exponential Laplace transform dominates strictly

4(B) < 00(p) = 15 (15)

(Equivalently, X is “older” than Exp(A) in the Laplace order used here.) This is the
precise way in which EBUCL generalizes classical aging concepts via Laplace ordering.

Lemma 2 (Strict positivity under Hj). If X € EBUCL and ~ Exp(A), then for every p > 0
satisfying ¢(B) < ¢o(B),

5(BA) = do(B) —¢(B) >0

In particular, there exists a non-null set of B’s for which 6(, A) > 0.

Proof. By (15), ¢(B) < ¢o(B) on a set of B > 0 of positive measure whenever X belongs
to EBUCL but is not exponential with rate A. Substituting in (6) yields 6(B,A) = ¢o(B) —
¢(B) > 0forsuch p. O

5. Pitman’s Asymptotic Efficiency of A(B, 1)

Pitman’s Asymptotic Efficiency (PAE) is a central concept in statistical theory, used
to compare the performance of statistical tests and estimators based on their asymptotic
behavior under sequences of local alternatives. It measures how rapidly the power of a
test approaches one as the sample size increases, particularly when the null and alternative
hypotheses are nearly indistinguishable. Formally, PAE is defined as the limiting ratio
of the sample sizes required by two competing procedures to achieve the same power
at a given significance level. A higher PAE indicates a more efficient method, capable of
detecting small deviations from the null hypothesis with fewer observations. In addition to
its role in hypothesis testing, PAE is instrumental in the evaluation of statistical estimators,
providing a rigorous framework for identifying those with superior long-run performance.
By quantifying relative efficiency, PAE assists statisticians in selecting optimal models and
inference procedures, especially in scenarios involving large datasets or subtle differences
between competing hypotheses. This paper explores the practical utility of PAE by applying
it to a variety of lifetime distributions, namely, the Weibull, Makeham, and linear failure
rate (LFR) models, offering valuable insights into their comparative performance in the
context of reliability and survival analysis as follows:

(i) Weibull distribution: F;(x) = e=*; x > 0, § > 0.
(i) LFR distribution: F»(x) = e~ *~2%*; x > 0, 6 > 0.
(iii) Makeham distribution: F3(x) = e_x_g(x“fx_l); x>0,60>0.
Note that F1 (x) accomplishes this reduction when = 1, but F»(x) and F3(x) decrease

exponential distributions when 8 = 0. The following is one way the PAE might be presented
(see Pitman [21])

PAE(MB) = 7| 7g B V)| 6
where
B > 2 1 B
S%(BA) = XP‘e‘Pe(A) — pgdo(A) — B#e‘i’e(ﬁ) + ﬁﬂefl’e()\)

1 1 1 1 1
g0 () + 29 (A) ~ LAV =
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4o() =~ [ " e BX T (x), 1y = / ™ Fy(x)dx.

Hence,
LooB ) = 2 [ioh0) + 2uaripo(V)] — 1804 N) — 2p0mipe()
5 [hagh(B)+ o B)] + L3 (1ot (1) + oo ()]
F206(B)+ 20h(0) — L+ 1
where

"% gy
po= || Fotx)ds,gi(p) = — [~ e PraFy(x)
Using the PAE’s definition in (16), we get

1| R [30h(A) + 2uoppa(M)] — 1305(A) — 2papipdo(A) — § (1o (B) + 1oho(B)]
W [megh () + e (V)] — G (B) + F0h(A) — farty + i

0—0

For a few different values of (8, ), Table 1 compares our test A(B,A) to those of
Mugdadi and Ahmad [22] (é(3) (7, 5)), Kango [23] (K*), and Gadallah [11] (6(0.42,0.3)).

Table 1. Comparison of our test’s PAE to that of various other tests.

Test Makeham LFR Weibull
Mugdadi and Ahmad [22] 0.039 0.408 0.170
Kango [23] 0.144 0.433 0.132
Gadallah [11] 0.145 0.742 0.594
Our test A(0.1,0.2) 0.226 0.988 0.897
Our test A(0.01,3) 0.266 0.991 1.090
Our test A(0.1,2.5) 0.272 0.982 1.114

Results from our test are consistently superior. It should be emphasized that the
recommended test, A(B, A), is very efficient. This was achieved by calculating several (8, A)
values in order to maximize efficiency across all alternatives.

Table 2 shows new alternatives to the distribution parameters discussed previously. It
also lists the Pittman values for these parameters, illustrating the test’s performance under
local deviations from exponentiality.

Table 2. Pitman values corresponding to a different set of parameters.

Test Makeham (6 = 2) LFR (6 = 3) Weibull (6 = 1.2)
Our test A(0.1,0.2) 0.0094 0.0071 0.5072
Our test A(0.01,3) 0.0087 0.0107 0.7105
Our test A(0.1,2.5) 0.0092 0.0114 0.7425

6. The Monte Carlo Method

The Monte Carlo method is a computational technique that uses random sampling
to approximate numerical results, particularly in situations where analytical solutions are
difficult or impossible to obtain. It is widely employed in various fields such as statistics,
physics, finance, and engineering to estimate integrals, solve differential equations, and
model complex systems. The core idea involves generating a large number of random
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samples from a probability distribution and using these samples to approximate desired
quantities, such as means, variances, or probabilities. In statistical inference, the Monte
Carlo method is often used to evaluate the performance of estimators, compute confidence
intervals, or simulate sampling distributions. Its strength lies in its flexibility and applica-
bility to high-dimensional or non-linear problems, where traditional methods may fail or
be computationally intensive.

6.1. Critical Points

In statistical inference, a critical value serves as a pivotal cutoff point used to make de-
cisions in hypothesis testing and to construct confidence intervals. It defines the boundary
between the acceptance and rejection regions of a statistical test, based on a predetermined
significance level («). By comparing a calculated test statistic, such as a z-score, t-score, or
chi-square value, to the corresponding critical value, researchers can assess whether the
observed result is statistically significant. This comparison helps determine whether to
reject the null hypothesis, shaping the conclusions drawn from the data. The choice of
critical value depends on several factors, including the underlying probability distribu-
tion of the test statistic, the confidence level desired, and whether the test is one-tailed or
two-tailed. Commonly used distributions include the standard normal, t, chi-square, and
F distributions. Additionally, critical values play an essential role in forming confidence
intervals, influencing both their location and width, and providing a range within which
the true population parameter is likely to fall with a specified degree of certainty.

In conclusion, critical values play a pivotal role in statistical testing, providing thresholds
for evaluating hypotheses and guiding data-driven decisions. A clear understanding and
careful estimation of these values are fundamental for maintaining the accuracy and credibility
of statistical findings. This section focuses on simulating critical values under the null hypoth-
esis using Monte Carlo methods, with 10,000 randomly generated samples of sizes ranging
from n = 5 to n = 100 in increments of 5, implemented in Mathematica 10. The simulations
estimate the upper percentiles of A(O.l, 0.2), A(0.0l, 3), and A(O.l, 2.5) at the 90%, 95%, and
99% confidence levels. As demonstrated in Tables 3-5 and Figures 1-3, the critical values
increase with higher confidence levels and tend to decrease as the sample size increases.

Table 3. The statistic’s critical values of A(0.1,0.2).

n 90% 95% 99%

5 0.132381 0.139990 0.153147
10 0.072124 0.077458 0.085393
15 0.057263 0.062109 0.071611
20 0.049682 0.053970 0.061641
25 0.044793 0.049490 0.057716
30 0.041020 0.046517 0.053630
35 0.038360 0.043934 0.048450
40 0.035581 0.040748 0.047222
45 0.033402 0.038636 0.045624
50 0.030740 0.035554 0.042583
55 0.030189 0.034530 0.041209
60 0.029447 0.033506 0.040992
65 0.028375 0.032610 0.039151
70 0.027251 0.031274 0.038007
75 0.025987 0.030747 0.037385
80 0.025678 0.030005 0.036759
85 0.024398 0.028734 0.035350
90 0.023016 0.027027 0.034125
95 0.021859 0.025968 0.033407

100 0.020567 0.024699 0.032035
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Table 4. The statistic’s critical values of A(0.01,3).

n 90% 95% 99%

5 1.48759 1.76472 2.38517
10 0.60249 0.756822 0.967755
15 0.544193 0.624039 0.839033
20 0.424918 0.547405 0.707837
25 0.392984 0.42522 0.654352
30 0.375216 0.408062 0.5786
35 0.356231 0.385086 0.453378
40 0.333083 0.362664 0.439174
45 0.319792 0.341507 0.412928
50 0.29927 0.322771 0.399814
55 0.261301 0.291429 0.368705
60 0.244068 0.268794 0.331664
65 0.211173 0.24868 0.304674
70 0.192491 0.21626 0.284462
75 0.174638 0.197486 0.275657
80 0.164234 0.170639 0.251628
85 0.142706 0.155122 0.231198
90 0.120333 0.14713 0.217063
95 0.115663 0.139733 0.202082

100 0.091231 0.110261 0.179874
Table 5. The statistic’s critical values of A(0.1,2.5).

n 90% 95% 99%

5 1.287390 1.569860 2.164830
10 0.554219 0.688155 0.876597
15 0.386233 0.488955 0.628620
20 0.321544 0.399036 0.538038
25 0.274414 0.325537 0.478149
30 0.249387 0.305586 0.415197
35 0.214790 0.260454 0.350213
40 0.210200 0.252420 0.339850
45 0.202027 0.238662 0.311667
50 0.192085 0.231428 0.307443
55 0.189854 0.220990 0.281793
60 0.158006 0.206775 0.241050
65 0.149570 0.193384 0.225811
70 0.145536 0.171140 0.215356
75 0.143663 0.165299 0.210371
80 0.140476 0.161961 0.208542
85 0.136217 0.157404 0.200942
90 0.121094 0.151137 0.191495
95 0.117998 0.146989 0.170360
100 0.112143 0.142445 0.166781
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Figure 3. The correlation between the critical values, sample size, and degree of confidence.

6.2. Estimated Power of the Proposed Test

Power estimates of statistical tests represent the probability that a test will correctly
reject the null hypothesis when the alternative hypothesis is true. This measure, known as
the power of the test, is a key indicator of the test’s sensitivity and effectiveness in detecting
real effects. A high power value, typically 0.80 or above, suggests that the test is likely to
identify a true effect, reducing the risk of a Type II error (failing to reject a false null hy-
pothesis). Power estimates depend on several factors, including the sample size, effect size,
variability within the data, and the chosen significance level «. In practice, power analysis is
often conducted before data collection to determine the required sample size for achieving
a desired level of power, thereby ensuring the reliability of the statistical conclusions. Addi-
tionally, comparing the power estimates of different tests helps researchers select the most
appropriate method for detecting effects under specific conditions, especially in simulation
studies or when evaluating test performance across various distributions.

In conclusion, power estimates of statistical tests play a crucial role in the research
process, influencing sample size determination, study design, result interpretation, and
evidence synthesis across studies. Power analyses improve the rigor and dependability of
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scientific research by measuring the sensitivity of tests to discover actual effects, thereby
advancing knowledge in a variety of domains. The 10,000 samples in Tables 5 and 6 were
used to assess the effectiveness of the proposed test at the (1 — &) % confidence level, with
« = 0.05. For n = 10, 20, and 30, assumed values for 0 correspond to the Weibull, Gamma,
and LFR distributions, respectively. Tables 6-8 show that the A(0.1,0.2), A(0.01,3), and
A(0.1,2.5) tests employed have enough power compared with all other alternatives.

Table 6. Estimates of the power of A(0.1,0.2).

n 0 Weibull Gamma LFR
2 0.769 0.579 0.396
10 3 0.992 0.816 0.485
4 1.000 0.918 0.535
2 0.977 0.758 0.563
20 3 1.000 0.945 0.709
4 1.000 0.987 0.760
2 0.999 0.816 0.718
30 3 1.000 0.973 0.804
4 1.000 0.997 0.859

Table 7. Estimates of the power of A(0.01,3).

n 0 Weibull Gamma LFR
2 0.452 0.892 0.493
10 3 0.875 0.965 0.694
4 0.994 0.983 0.752
2 0.990 0.950 0.826
20 3 1.000 0.994 0.909
4 1.000 1.000 0.944
2 1.000 0.983 0.907
30 3 1.000 1.000 0.973
4 1.000 1.000 0.986

Table 8. Estimates of the power of A(0.1,2.5).

n 0 Weibull Gamma LFR
2 0.547 0.911 0.550
10 3 0.966 0.981 0.693
4 0.998 0.990 0.788
2 0.982 0.956 0.797
20 3 1.000 0.997 0.907
4 1.000 1.000 0.946
2 1.000 0.973 0.928
30 3 1.000 0.998 0.966
4 1.000 1.000 0.987

7. Hypothesis Testing Under Censored Data

Testing for censored data is a crucial aspect of statistical analysis, particularly in
fields such as survival analysis, reliability engineering, and biomedical research, where
complete information on all observations is not always available. Censored data occur
when the value of an observation is only partially known, for example, when a study
ends before an event occurs or a subject drops out early. This incomplete data poses
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challenges for traditional statistical methods, which assume fully observed outcomes.
As a result, specialized techniques and tests have been developed to handle censoring
appropriately, including the Kaplan-Meier estimator, log-rank test, and likelihood-based
methods. These methods account for the censored nature of the data, allowing researchers
to make valid inferences about population parameters, compare survival distributions,
and assess model fit. Proper handling of censored data ensures that statistical conclusions
remain accurate and unbiased, preserving the integrity of the analysis despite missing or
incomplete information.

An approach for hypothesis testing under censored conditions involves contrasting
Hy and Hj using a test statistic derived from randomly right-censored data. In practical
scenarios such as clinical trials or reliability studies, such censored observations may
be the only information available, especially when subjects drop out or are lost before
the completion of the study. The structure of this type of experiment can be formally
described as follows: Suppose nn items are under observation, and Xi, X», ..., X, denote
their true lifetimes, assumed to be independent and identically distributed (i.i.d.) from a
continuous life distribution F. In parallel, let Y1,Y5,...,Y),, be iid. censoring times drawn
from another continuous distribution G, with the X’s and Y’s assumed independent. The
observed data then form the randomly right-censored sample (Zj, (5j), forj=1,...,n,
where Z; = min(X;, Y;) and

5 — 1, if Z; = X; (j-th observation is uncensored)
1o, if Z; = Y (j-th observation is censored).

Think of Zig) = 0 < Z(y) < Zp) < .... < Z, as the ordered series of Z’s, where
5(]-) denotes 5]- connected to Z(]-). With j = 1,...,n Kaplan and Meier [24] introduced the
product limit estimator using the censored data (Z;, 6;) so that

FaX)= [T {tn=j)/(n=j+1)}0; X € 0,74,
[:2(j)<X]

and

E(BA) = Ktph) — i)~ 5uo(B) + Lrup(h)

—ﬁlz¢(ﬁ) + %MA) - %Wr )1\14 — 5+ [_;12,

where ¢(B) = [y e P*dF,(x). To compare Hy : ¢ = 0 with Hy : & > 0, we suggest
using the randomized right-censored data and a test statistic. §. can be rewritten for
computational reasons.

E(BA) = 5QZ‘P 0%y — BQnJr ﬁmpg( A)

1 1 B 1 11
— gt Y a0 0t

3 5 (17)
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where
n |s—1 5
QO = 2 H Cm(m) (Z(s) — Z(s—l))] ’
s=1[m=1
n j—2 j—1
no = Zefﬁz(j) CZ(P) -TI cow |
j=1 p=1 p=1
n j—2 j—1
¥y = Z e—/\Z(j) Cg(i’) _ H Ci(?) ,
j=1 p=1 p=1
o _ ( n—m >f><m>’
n—m+1
and

dFu(Z;) = Fu(Zj—1) = Fu(Zj),cx = [n—K][n —k+1] .

Test invariance is achieved by letting
R . n 7.
A= %, where Z = 2 ﬂ.
z i-1 "

Lemma 3 (Scale invariance under independent censoring). Suppose the observed data are
(Z;,0;) with Z; = min(X;,Y;), 6; = 1{X; < Y;}, and assume independent censoring as above.
Let every lifetime X; be scaled by ¢ > 0 and, simultaneously, every censoring time Y; be scaled
by c. Then the Kaplan—Meier estimate F,, and the plug-in statistic A, (when normalized by 73 or
the mean of the Z's) are exactly invariant under the common scaling. If only the lifetimes X; are
scaled and the censoring times Y; are unchanged, then under Hy (where the lifetime distribution is
exponential with rate A), scaling X; by c is equivalent to changing A to % ; because normalization
uses the sample mean (or its consistent Kaplan—Meier analog), this change cancels in the limit, and
the test statistic is asymptotically invariant provided the Kaplan—Meier mean estimator is consistent
and +/n-consistent.

Table 9 and Figure 4 present the critical percentile values for the A, test derived
from the acquired samples (n = 10,20,...,100). Using Mathematica 10’s conventional
exponential distribution with § = 0.1, A = 2.5, and 10,000 replications, critical values for
the null Monte Carlo distribution were found. It is evident from Figure 4 and Table 9 that
the essential values tend to increase with higher confidence levels and decrease with larger
sample sizes.

Table 9. The superior percentage of A, with 10,000 replications.

n 90% 95% 99%
10 1017.030 1592.600 3706.060
20 476.400 667.211 1257.120
30 340.227 449.407 758.178
40 262.558 342.080 565.709
50 224922 284.496 431.964
60 196.498 248.618 374.033
70 176.142 221.852 331.646
80 160.752 200.534 291.902
90 150.189 189.766 277.848

100 137.863 172.849 245.270
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Figure 4. Relationship among sample size, confidence level, and critical values.

Test Power Estimates A.(B, A)

By examining different values of the parameter 6 for 10,000 samples, specifically for
sample sizes n = 10, 20, and 30 in the Weibull, LFR, and Gamma distributions, respectively.
The random right censoring was implemented by generating censoring times from an
independent exponential distribution, with the rate chosen so that the expected censoring
proportion was approximately 20%. This percentage is consistent with typical survival data
scenarios and ensures a balance between observed and censored lifetimes. We evaluated
the test’s power while maintaining a significance level of & = 0.05. Table 10 shows that all
other parameter options had appropriate power estimates using the test A:(0.1,2.5).

Table 10. Estimates of the power of A.(0.1,2.5).

n 0 Weibull LFR Gamma
2 0.971 0.856 0.914
10 3 0.985 0.885 0.928
4 0.992 0.923 0.956
2 0.947 0.897 0.964
20 3 0.972 0.957 0.987
4 0.995 0.984 0.991
2 1.000 0.968 1.000
30 3 1.000 0.992 1.000
4 1.000 1.000 1.000

8. Analysis of Data with Both Censored and Uncensored Observations

Certain types of data present only a partial view, often due to censorship or missing
values, which reflect gaps or limitations in the available information. These censored data
points can complicate the analytical process, as they require the application of specialized
statistical methods and assumptions to extract meaningful insights. In contrast, complete or
uncensored data offer a more comprehensive and direct understanding of the phenomenon
under study, as they include all relevant observations without restrictions. Analyzing
uncensored data is generally more straightforward, allowing for the use of standard
techniques and reducing the complexity associated with incomplete datasets. As a result,
while censored data present valuable information, they demand more careful handling to
ensure accurate and reliable conclusions.

8.1. Non-Censored Data
8.1.1. Dataset I: Polyester Fiber

This dataset relates to thirty measurements of the tensile strength of polyester fiber
that Al-Omari and Dobbah [25] considered. Here are the observations: 0.023, 0.032, 0.054,
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0.069, 0.081, 0.094, 0.105, 0.127, 0.148, 0.169, 0.188, 0.216, 0.255, 0.277, 0.311, 0.361, 0.376,
0.395, 0.432, 0.463, 0.481, 0.519, 0.529, 0.567, 0.642, 0.674, 0.752, 0.823, 0.887, 0.926.

To investigate the characteristics of the data, several nonparametric plots were em-
ployed. As illustrated in Figure 5, the distribution is unimodal with slight skewness and no
apparent outliers. Moreover, the corresponding hazard function demonstrates a generally
increasing pattern. The calculated value, A(0.1,2.5) = 0.596361, exceeds the threshold
listed in Table 5. This result supports the presence of an EBUCL property within the
dataset, leading us to favor this conclusion over the exponential assumption proposed by
the alternative hypothesis H;.
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Figure 5. Nonparametric data visualizations for dataset I.

8.1.2. Dataset II: Electrical Data

Alsadat et al. [26] examined experimental failure time data, recorded in seconds, for
two varieties of electrical insulation subjected to a constant voltage load. For each insulation
type, thirty samples were collected and evaluated under identical testing conditions.

*  The following are type X's first failure rates: 0.097, 0.014, 0.030, 0.134, 0.240, 0.084,
0.146, 0.024, 0.045, 0.004, 0.099, 0.277, 0.472, 0.094, 0.023, 0.146, 0.030, 0.031, 0.104, 0.105,
0.036, 0.065, 0.022, 0.098, 0.178, 0.059, 0.014, 0.007, 0.007, 0.286.

*  The failure rates of the second type Y are as follows: 0.084, 0.236, 0.315, 0.199, 0.252,
0.103, 0.455, 0.135, 0.348, 0.321, 0.166, 0.040, 0.027, 0.519, 0.017, 0.821, 0.942, 0.270, 0.008,
0.030, 0.177, 0.268, 0.180, 0.796, 0.245, 0.703, 0.045, 0.314, 0.281, 0.652.

Figure 6 shows nonparametric plots for dataset II-X. The distribution appears mul-
timodal and positively skewed, with no extreme outliers. Figure 7 displays the plots for
dataset II-Y. The distribution is also multimodal but more spread out and asymmetrical.
When comparing our determined conclusion, A(0.1,2.5) = —0.151165, to the crucial value
in Table 5, it is evident that the data (type X) has an exponential character. The critical
value for data type Y, on the other hand, is exceeded by A(O.l, 2.5) = 0.400354, as shown
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in Table 5. As indicated in Hy, this implies that the data collection exhibits an EBUCL
characteristic rather than exponential development, which we subsequently agree with.
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Figure 6. Nonparametric data visualizations for dataset II-X.
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Figure 7. Nonparametric data visualizations for dataset II-Y.



Mathematics 2025, 13, 3379

23 of 33

8.1.3. Dataset III: The Long Glass Fibers

This collection of experimental data on the strength of 15 cm long glass fibers comes
from Meintanis et al. [27]. The 46 observations listed below provide the observations: 0.37,
0.40, 0.70, 0.75, 0.80, 0.81, 0.83, 0.86, 0.92, 0.92, 0.94, 0.95, 0.98, 1.03, 1.06, 1.06, 1.08, 1.09, 1.10,
1.10,1.13,1.14,1.15,1.17,1.20, 1.20, 1.21, 1.22, 1.25, 1.28, 1.28, 1.29, 1.29, 1.30, 1.35, 1.35, 1.37,
1.37,1.38,1.40, 1.40, 1.42, 1.43,1.51, 1.53, 1.61.

Figure 8 presents the plots for dataset III (Long Glass Fibers). The data show a clear
multimodal distribution with a slight right skew. In this instance, the calculated value,
A(0.1,2.5) = 0.519071, is above the critical limit stated in Table 5. This implies that rather
than the exponential development that Hy claimed, the data collection exhibits an EBUCL
feature, which we subsequently accept.
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Figure 8. Nonparametric data visualizations for dataset III.

8.1.4. Dataset IV: Strengths of Glass Fibers

Replicating the strengths of glass fibers is the aim of this data gathering. The dataset
that Ahmad et al. [28] acquired is as follows: 1.014, 1.248, 1.267, 1.271, 1.272, 1.275, 1.276,
1.355, 1.361, 1.364, 1.379, 1.409, 1.426, 1.459, 2.456, 2.592, 1.292, 1.081, 1.082, 1.185, 1.223,
1.304, 1.306, 1.46, 1.476, 1.481, 1.484, 1.501, 1.506, 1.524, 1.526, 1.535, 1.541, 1.568, 1.735, 1.278,
1.286, 1.288, 1.867, 1.876, 1.878,1.91, 1.916, 1.972, 2.012, 1.747,1.748,1.757, 1.8, 1.579, 1.581,
1.591, 1.593, 1.602, 1.666, 1.67, 1.684, 1.691, 1.704, 1.731, 1.806, 3.197, 4.121.

Figure 9 indicates that the data exhibit a slightly skewed, multimodal distribution
with noticeable extreme values. The plots also suggest that the data are not symmetrically
shaped. Moreover, the associated hazard function demonstrates an upward trend. The
calculated value in this instance, A(0.1,2.5) = 0.347803, is higher than the critical limit
shown in Table 5. This claim is accurate since, at the « = 0.05 significance level, the data
also meet the EBUCL feature requirements.
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Figure 9. Nonparametric data visualizations for dataset IV.

8.1.5. Dataset V: Breaking Stress

A dataset from Ahmad et al.’s [28] study on the breaking stress of 100 carbon fibers (in
Gba) was analyzed. The lifespans are the amounts of time that pass before the fibers break:
“0.92,0.928, 0.997,0.9971, 1.061, 1.117, 1.162, 1.183, 1.187, 1.192, 1.196, 1.213, 1.215, 1.2199,
1.22,1.224,1.225,1.228,1.237,1.24, 1.244, 1.259, 1.261, 1.263, 1.276, 1.31, 1.321, 1.329, 1.331,
1.337,1.351, 1.359, 1.388, 1.408, 1.449, 1.4497, 1.45, 1.459, 1.471, 1.475, 1.477,1.48, 1.489, 1.501,
1.507, 1.515, 1.53, 1.5304, 1.533, 1.544, 1.5443, 1.552, 1.556, 1.562, 1.566, 1.585, 1.586, 1.599,
1.602, 1.614, 1.616, 1.617, 1.628, 1.684, 1.711, 1.718, 1.733, 1.738, 1.743, 1.759, 1.777, 1.794,
1.799,1.806, 1.814, 1.816, 1.828, 1.83, 1.884, 1.892, 1.944, 1.972, 1.984, 1.987, 2.02, 2.0304, 2.029,
2.035,2.037,2.043, 2.046, 2.059, 2.111, 2.165, 2.686, 2.778, 2.972, 3.504, 3.863, 5.306".

Figure 10 shows that the data possess a moderately skewed, multimodal distribution
with some extreme values present. The visual patterns confirm that the distribution
lacks symmetry. In addition, the hazard function reveals an increasing trend, reflecting
a growing likelihood of failure as time progresses. The calculated value in this instance,
A(O.l, 2.5) = 0.324445, is more than the crucial threshold shown in Table 5. This is accurate,
as this specific data type satisfies the EBUCL characteristic at the significance level of
« = 0.05.
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Figure 10. Nonparametric data visualizations for dataset V.

8.1.6. Dataset VI: Tensile Strength

Because of its excellent tensile strength, low density, electrical conductivity, chemical
stability, and high thermal conductivity, carbon fiber was widely employed in the industry.
Fibers are therefore employed nowadays to create a number of components that are required
to be strong and lightweight. In this application, the strength of impregnated thousand-
carbon fibers and single-carbon fibers, measured in gigapascal (GPa) at gauge lengths of
20 mm, under stress is investigated. This data was addressed by Ahmad et al. [29] and is
displayed below: 1.312,1.314, 1.479, 1.552, 1.7, 1.803, 1.861, 1.865, 1.944, 1.958, 1.966, 1.997,
2.006, 2.021, 2.027, 2.055, 2.063, 2.098, 2.14, 2.179, 2.224, 2.24,2.253, 2.27,2.272,2.274, 2.301,
2.301, 2.359, 2.382, 2.426, 2.434, 2.435, 2.382, 2.478, 2.554, 2.514, 2.511, 2.49, 2.535, 2.566, 2.57,
2.586,2.629,2.8,2.773,2.77,2.809, 3.585, 2.818, 2.642, 2.726, 2.697, 2.684, 2.648, 2.633, 3.128,
3.09, 3.096, 3.233, 2.821, 2.88, 2.848, 2.818, 3.067, 2.821, 2.954, 2.809, 3.585, 3.084, 3.012, 2.88,
2.848, 3.433.

Figure 11 illustrates that the data follow a unimodal distribution, with no apparent
outliers and a fairly symmetric shape. The nonparametric plots support the absence of
skewness or irregularities. Moreover, the hazard function indicates an upward trend.
The calculated value in this instance, A(O.l,Z.S) = 0.214283, is more than the crucial
threshold shown in Table 5. This is accurate, as this specific data type satisfies the EBUCL
characteristic at the significance level of & = 0.05.
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Figure 11. Nonparametric data visualizations for dataset VI.

8.1.7. Dataset VII: Glass Fiber Strengths

Ekemezie et al. [30] examined the dataset, which includes 63 observations of 1.5 cm
glass fiber strengths obtained at the National Physical Laboratory in England. The data
is “0.55, 0.74, 0.77, 0.81, 0.84, 0.93, 1.04, 1.11, 1.13, 1.24, 1.25, 1.27, 1.28, 1.29, 1.30, 1.36, 1.39,
1.42,1.48,1.48,1.49,1.49,1.50,1.50,1.51, 1.52,1.53, 1.54, 1.55, 1.55, 1.58, 1.59, 1.60, 1.61, 1.61,
1.61,1.61,1.62,1.62,1.63, 1.64, 1.66, 1.66, 1.66, 1.67, 1.68, 1.68, 1.69, 1.70, 1.70, 1.73, 1.76, 1.76,
1.77,1.78,1.81,1.82,1.84, 1.84, 1.89, 2.00, 2.01, 2.24".

Figure 12 demonstrates that the data follow a multimodal distribution, display no
significant outliers, and have an asymmetrical structure. The shape of the plots confirms
the lack of symmetry. Furthermore, the hazard rate shows an increasing pattern. Table 5’s
critical limit is substantially lower than the calculated value in this instance, A(0.1,2.5) =
0.387345. The EBUCL feature is satisfied by this particular data type at the significance
level of &« = 0.05; hence, this is correct.
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Figure 12. Nonparametric data visualizations for dataset VIL.

8.1.8. Dataset VIII: Carbon Fibers

One hundred unedited observations measuring the breaking stress of carbon fibers,
expressed in gigapascals (GPa), make up the dataset under review. Shehata et al. [31] pub-
lished these results, which are a useful tool for researching the mechanical characteristics
of carbon fibers under stress. Because carbon fibers are strong and lightweight, they are
utilized extensively in industries like aerospace and automotive, where it is essential to
understand their breaking stress. The data is 3.70, 2.74, 2.73, 2.50, 3.60, 3.11, 3.27, 2.87, 1.47,
3.11,442,2.41,3.19,3.22,1.69, 3.28, 3.09, 1.87, 3.15, 4.90, 3.75, 2.43, 2.95, 2.97, 3.39, 2.96, 2.53,
2.67,2.93,3.22,3.39, 2.81, 4.20, 3.33, 2.55, 3.31, 3.31, 2.85, 2.56, 3.56, 3.15, 2.35, 2.55, 2.59, 2.38,
2.81,2.77,2.17,2.83,1.92,1.41, 3.68, 2.97, 1.36, 0.98, 2.76, 4.91, 3.68, 1.84, 1.59, 3.19, 1.57, 0.81,
5.56,1.73,1.59,2.00,1.22,1.12,1.71,2.17,1.17, 5.08, 2.48, 1.18, 3.51, 2.17, 1.69, 1.25, 4.38, 1.84,
0.39, 3.68, 2.48, 0.85, 1.61, 2.79, 4.70, 2.03, 1.80, 1.57, 1.08, 2.03, 1.61, 2.12, 1.89, 2.88, 2.82,
2.05, 3.65.

To examine the properties of the data, nonparametric plots were generated. Figure 13
reveals that the data exhibit a unimodal distribution, are free from extreme values, and
display a moderately asymmetric shape. Furthermore, the hazard rate indicates an in-
creasing pattern over time. The calculated value A(0.1,2.5) = 0.175172 in this instance
exceeds the critical limit shown in Table 5. This implies that rather than the exponential
development that Hy claimed, the data collection exhibits an EBUCL feature, which we
subsequently accept.
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Figure 13. Nonparametric data visualizations for dataset VIII.

8.2. Censored Data
8.2.1. Dataset IX: Lung Cancer

Consider the dataset provided by Yu and Zhang [32], which presents the survival
times, in weeks, of 61 patients diagnosed with terminal lung cancer and treated with cy-
clophosphamide. Among these patients, treatment was halted for some due to deteriorating
health, resulting in 28 censored observations and 33 uncensored ones:

e  Censored observations: 0.14, 0.14, 0.29, 0.43, 0.57,0.57, 1.86, 3, 3, 3.29, 3.29, 6, 6, 6.14,
8.71,10.57,11.86, 15.57,16.57,17.29, 18.71, 21.29, 23.86, 26, 27.57, 32.14, 33.14, 47.29.

. Uncensored observations: 0.43, 2.86, 3.14, 3.14,3.43,3.43,3.71, 3.86, 6.14, 6.86, 9, 9.43,
10.71,10.86, 11.14, 13, 14.43, 15.71, 18.43, 18.57, 20.71, 29.14, 29.71, 40.57, 48.57, 49.43,
53.86, 61.86, 66.57, 68.71, 68.96, 72.86, 72.86.

The data visualization plots are presented in Figures 14 and 15. The analysis reveals
the presence of extreme observations, and the nucleation intensity is skewed towards
the right. Upon considering the remaining data, both censored and uncensored, Table 9
demonstrates that the crucial value, A.(0.1,2.5) = —2.27373 x 10754, is greater than our
estimate. The data are exponential as a result.



Mathematics 2025, 13, 3379

29 of 33

Histogram Plot Kernel Density
[s2]
«© o
[STE 4
o- o
3
- _a- [aY}
g 5 S
g I 3
L o —
Q —
- o
o o
S e
© o 1 T T T
0 10 30 -20 0 20 40 60
w N =28 Bandwidth = 5.739
Violin Plots TTTPlot
o
g @
o
& © |
E o
8 . g
o _| N
- o
o
o 4 > |
T S TTT T T
1 00 04 08

i

Sample Quantiles

20 30 40

10

Figure 14. Nonparametric data visualizations for dataset IX-A.
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8.2.2. Dataset X: Melanoma Patient

Take Das and Ghosh'’s [33] data as an example. Forty-six melanoma patient survival
rates are displayed in these statistics. Thirty-five of them represent full lives (non-censored
data). The following is a list of the suppressed observations. The data is 13, 14, 19, 19, 20,
21,23, 23, 25, 26, 26, 27, 27, 31, 32, 34, 34, 37, 38, 38, 40, 46, 50, 53, 54, 57, 58, 59, 60, 65, 65, 66,
70, 85,90, 98, 102, 103, 110, 118, 124, 130, 136, 138, 141, 234 (Figure 16).
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Figure 16. Nonparametric data visualizations for dataset X-A.

The following sequence applies to the suppressed observations: 16, 21, 44, 50, 55, 67,
73,76, 80, 81, 86,93, 100, 108, 114, 120, 124, 125, 129, 130, 132, 134, 140, 147, 148, 151, 152,
152,158, 181, 190, 193, 194, 213, 215.

Figure 17 indicates that the data follow a unimodal distribution, with no apparent
extreme values, and display an asymmetric shape. In addition, the hazard rate shows a
clear increasing trend. If we take into account all of the survival statistics, both filtered and
uncensored. We derive A.(0.1,2.5) = —1.06219 x 10~119, which is less than Table 9’s critical
value. Consequently, we recognize that this data exhibits exponential characteristics.
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Figure 17. Nonparametric data visualizations for dataset X-B.

9. Conclusions

Reliability refers to the consistency of measurements or system performance over time
and is crucial for the development of effective testing methods and analytical tools. In
statistics and engineering, reliable results ensure meaningful comparisons across datasets
and enhance the credibility of conclusions. While reliability focuses on consistency, validity
pertains to the accuracy of the measurements, highlighting that a test can be reliable without
necessarily being valid. In industrial engineering, reliability is associated with a system’s
ability to perform its intended function efficiently over an extended period, despite the
complexity of modern systems composed of interdependent components. The failure of a
single part can compromise the entire system, making reliability analysis essential. This
has led to the development of reliability theory, which emphasizes the quantification and
evaluation of product performance. Additionally, foundational concepts such as symmetry,
asymmetry, and stochastic ordering of probability distributions play a key role in fields like
reliability, survival analysis, and economics. This study introduced a new nonparametric
test for assessing exponentiality against the recently defined EBUCL class of life distri-
butions. The test was constructed using Laplace transform ordering and demonstrated
strong theoretical properties, including asymptotic normality and high Pitman asymptotic
efficiency under various alternatives such as Weibull, Makeham, and LFR distributions. In
selecting the alternatives and their parameters, our intention was to ensure both theoretical
relevance and practical representativeness. The Weibull, Makeham, linear failure rate
(LFR), and Gamma distributions were chosen because they constitute standard benchmarks
in the literature on exponentiality testing and are frequently encountered in reliability
and survival analysis. Their parameter values were specified to capture a spectrum of
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departures from exponentiality: for example, the Weibull with a shape parameter of 2
reflects a monotone increasing hazard, while the Gamma with a shape parameter of >3
provides heavier-tailed behavior. These settings enable us to evaluate the proposed test not
only under strong alternatives, which emphasize the test’s power, but also under moderate
deviations commonly observed in applied data. The parameter choices are further guided
by Pitman’s asymptotic efficiency analysis, ensuring that the scenarios examined are the-
oretically informative as well as practically meaningful. Through extensive Monte Carlo
simulations, critical values were obtained, and the power of the proposed test was shown
to surpass several existing methods. Additionally, the test was successfully extended to
accommodate right-censored data, ensuring its applicability in survival and reliability
analyses. Empirical applications to a variety of real-world datasets, both censored and
uncensored, further confirmed the robustness and versatility of the proposed method. For
each dataset, we report the standardized statistic, the p-value, and a clear decision: “At the
5% significance level, we reject Hy in favor of H;” (or “do not reject Hy”). This conforms
to standard statistical reporting. The findings validate the practical utility of the test in
detecting deviations from exponentiality and support its relevance in engineering, medical,
and actuarial sciences.
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