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Abstract

This paper focuses on the inverse extremal eigenvalue problem (IEEP) and a special inverse
singular value problem (ISVP). First, a bordered tridiagonal matrix is constructed from the
extremal eigenvalues of its leading principal submatrices and an eigenvector. Then, based
on the previous construction, a Lefkovitch-type matrix is constructed from a particular
set of singular values and a singular vector. Sufficient conditions are established for the
existence of a symmetric bordered tridiagonal matrix, while the nonsymmetric case is also
addressed. Finally, numerical examples illustrating these constructions derived from the
main results are presented.

Keywords: inverse eigenvalue problem; inverse singular value problem; interlacing
inequalities; bordered tridiagonal matrices; Lefkovitch matrices

MSC: 15A18; 15A29; 15A42; 15B99; 65F18

1. Introduction
The singular value decomposition (SVD) of a real n × n matrix A establishes that

there exist orthogonal matrices U = [u1, u2, . . . , un] and V = [v1, v2, . . . , vn], and a diag-
onal matrix D = diag{σ1, σ2, . . . , σn}, such that A = UDVT . The diagonal entries of D,
σ1 ≥ σ2 ≥ · · · ≥ σn ≥ 0, are called the singular values of A. The columns ui of U are
called the left singular vectors of A, and the columns vi of V are the right singular vectors
of A, where Avi = σiui, ATui = σivi, and uT

i Avi = σi, for j = 1, 2, . . . , n. It is known that
the singular values of A are the non-negative square roots of the eigenvalues of AAT or
AT A. In this sense, the columns of V are eigenvectors of AT A and the columns of U are
eigenvectors of AAT (see [1,2]).

SVD is a powerful tool that reveals the geometric structure of linear transformations.
Unlike spectral decomposition, SVD is applicable to any matrix, thus generalizing the
diagonalization concept. It is essential for low-rank approximations, enabling efficient data
representation. It is also used in image compression, recommendation systems, sparse
representations like k-SVD, and optimizing bioprocess data (see [3–7]).

In this paper, we construct a matrix that we call a Lefkovitch-type matrix, since it has
the same structure as the well-known Lefkovitch matrix (see [8–10]). However, unlike the
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Lefkovitch matrix, the nonzero entries can take any real value. Specifically, we construct a
matrix of the form

L =



p1 f2 f3 . . . fn

g1 p2 0 . . . 0

0 g2 p3
. . .

...
...

. . . . . . . . . 0
0 . . . 0 gn−1 pn


f j, gj, pj ∈ R− {0} (1)

from a particular set of singular values associated with an inverse extremal eigenvalue
problem for a symmetric bordered tridiagonal matrix of the form

B =



a1 b1 c1 c2 . . . cn−2

b1 a2 b2 0 . . . 0

c1 b2 a3
. . . . . .

...

c2 0
. . . . . . . . . 0

...
...

. . . . . . . . . bn−1

cn−2 0 . . . 0 bn−1 an


aj, bj, cj ∈ R. (2)

Additionally, we provide a solution to the inverse extremal eigenvalue problem for a
nonsymmetric bordered tridiagonal matrix of the form

B =



a1 b1 d1 d2 . . . dn−2

c1 a2 b2 0 . . . 0

e1 c2 a3
. . . . . .

...

e2 0
. . . . . . . . . 0

...
...

. . . . . . . . . bn−1

en−2 0 . . . 0 cn−1 an


aj, bj, cj, dj, ej ∈ R. (3)

The inverse extremal eigenvalue problem (IEEP) concerns the reconstruction of a
structured matrix from prescribed extremal spectral data of its leading principal submatri-
ces. This problem contrasts with the traditional inverse eigenvalue problem (IEP), which
typically uses spectral data from the matrix itself. Within this framework, various classes
of structured matrices have been studied, including symmetric and nonsymmetric tridiago-
nal and bordered diagonal matrices, whose combined structures give rise to a bordered
tridiagonal matrix (see [11,12]) and the references cited therein. Matrices reconstructed
from extremal spectral data are associated with some applications in science and engi-
neering, including graph theory, vibration analysis, and particularly population dynamics
(see [8,13,14]). In this regard, the Lefkovitch matrix introduced in [15] arises naturally in
the discrete analysis of population growth by stages. As far as we know, a solution to the
IEEP for this class of matrices is given only in [8].

Analogously, the inverse singular value problem (ISVP) refers to the construction of
a structured matrix with prescribed singular values and/or singular vectors. There have
been a few advances in this area, with some ISVPs for specific structured matrices and
some numerical methods (see [16–22]). However, the construction of Lefkovitch matrices
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from singular values has not yet been explored in the literature. To address this problem,
we observe the singular values of the submatrices

p1 f2 f3 · · · · · · fn

g1 p2 0 · · · · · · 0

0
. . . . . . . . . . . .

...
... 0 gj−1 pj

. . . 0

 j = 1, 2, . . . , n, (4)

which are formed by the first j full rows of L, corresponding to the non-negative square
roots of the eigenvalues of the leading principal submatrices of a bordered tridiagonal
matrix. We introduce the following definition:

Definition 1. Let A be an n × n matrix. The j × n submatrix formed by the first j full rows of A
is called the leading row submatrix of order j.

In this context, we will construct a Lefkovitch-type matrix considering the minimal
and maximal singular values of all its leading row submatrices. Based on this, a special
ISVP is established, which we will call the inverse extremal singular value problem (IESVP) of
leading row submatrices. For this problem, we provide a solution using the technique given
in [20], which requires a prior solution to the IEEP for bordered tridiagonal matrices.

Bordered tridiagonal matrices arise in the computation of electric power systems,
spline interpolation and approximation, telecommunication analysis, parallel computing,
and particularly in the numerical solution of certain partial differential equations, such
as the Schrödinger equation. In these contexts, the matrix of coefficients of the adjacent
linear equation systems has the structure of a bordered tridiagonal matrix. Because of this,
some efficient algorithmic procedures have been developed to calculate their inverses and
determinants, as well as methods for solving the associated linear systems (see [23–28]).

Throughout this paper, given an n × n matrix A, we will denote by Aj its j × j leading

principal submatrix, and by A⋆
j its j×n leading row submatrix. σ(Aj) = {λ

(j)
1 , λ

(j)
2 , . . . , λ

(j)
j }

is the spectrum of Aj, with λ
(j)
1 ≤ λ

(j)
2 ≤ · · · ≤ λ

(j)
j , Σ(A⋆

j ) = {σ
(j)
1 , σ

(j)
2 , . . . , σ

(j)
j } the set of

singular values of A⋆
j , with σ

(j)
1 ≤ σ

(j)
2 ≤ · · · ≤ σ

(j)
j . We will call the minimal eigenvalue

λ
(j)
1 and maximal eigenvalue λ

(j)
j of Aj the extremal eigenvalues of Aj. Analogously, we

will call the minimal singular value σ
(j)
1 and maximal singular value σ

(j)
j the extremal

singular values of A⋆
j .

In this work, we discuss the following inverse problems:

ISEEP: Given the set of 2n − 1 real numbers{
λ
(n)
1 , . . . , λ

(j)
1 , . . . , λ

(2)
1 , λ

(1)
1 , λ

(2)
2 , . . . , λ

(j)
j , . . . , λ

(n)
n

}
,

and a nonzero vector x = (x1, x2, . . . , xn)T , construct a symmetric bordered tridiagonal matrix B of
the form (2), such that λ

(j)
1 and λ

(j)
j are the extremal eigenvalues of the leading principal submatrix

Bj, j = 1, 2, . . . , n of B, and (λ
(n)
n , x) is an eigenpair of B.

INSEEP: Given the set of 3n − 3 real numbers{
λ
(n)
1 , . . . , λ

(j)
1 , . . . , λ

(2)
1 , λ

(1)
1 , λ

(2)
2 , . . . , λ

(j)
j , . . . , λ

(n)
n , ℓ1, ℓ2, . . . , ℓn−2

}
,
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and the nonzero vectors x = (x1, . . . , xn)
T and y = (y1, . . . , yn−1)

T , construct a nonsymmetric
bordered tridiagonal matrix B of the form (3) with di = ℓi; i = 1, . . . , n − 2, such that λ

(j)
1 and λ

(j)
j

are the extremal eigenvalues of the leading principal submatrix Bj, j = 1, 2, . . . , n of B,
(

λ
(n)
n , x

)
which is an eigenpair of the matrix B and (λ

(n−1)
n−1 , y) is an eigenpair of the leading principal

submatrix Bn−1.

IESVP: Given the set of 2n − 1 positive real numbers{
σ
(n)
1 , . . . , σ

(j)
1 , . . . , σ

(2)
1 , σ

(1)
1 , σ

(2)
2 , . . . , σ

(j)
j , . . . , σ

(n)
n

}
,

a nonzero vector u = (u1, u2, . . . , un)T , and real numbers ℓ1 and ℓ2, construct a Lefkovitch-type
matrix L of the form (1) with p1 = ℓ1 and g1 = ℓ2, such that σ

(j)
1 and σ

(j)
j are the extremal singular

values of the leading row submatrix L⋆
j , j = 1, 2, . . . , n of L, and

(
σ
(n)
n , u

)
is a left singular vector

of L.

The following preliminary results are necessary for the development of the subse-
quent sections.

Lemma 1. (Cauchy’s interlacing theorem) let λ1 ≤ λ2 ≤ . . . ≤ λn be the eigenvalues of an n × n
real symmetric matrix A and µ1 ≤ µ2 ≤ . . . ≤ µn−1 be the eigenvalues of an (n − 1)× (n − 1)
principal submatrix of A, then

λ1 ≤ µ1 ≤ λ2 ≤ µ2 ≤ . . . ≤ λn−1 ≤ µn−1 ≤ λn.

For the extremal eigenvalues of all leading principal submatrices, this result estab-
lishes that

λ
(n)
1 ≤ · · · ≤ λ

(j)
1 ≤ · · · ≤ λ

(2)
1 ≤ λ

(1)
1 ≤ λ

(2)
2 ≤ · · · ≤ λ

(j)
j ≤ · · · < λ

(n)
n .

Lemma 2 ([11]). Let P(λ) be a monic polynomial of degree n with all real zeroes. If α and β are,
respectively, the smallest and largest zero of P(λ), then

(1) If µ < α, then (−1)nP(µ) > 0,
(2) If µ > β, then P(µ) > 0.

The remainder of this paper is organized as follows: Section 2 presents the main results
in which sufficient conditions are given for the existence of a solution to the proposed
problems. Section 3 provides numerical examples to illustrate our results. The pseudocodes
of the algorithms used in these examples can be found in Appendix A. Finally, Section 4
presents some concluding remarks.

2. Main Results
In this section, we present the main results of our work, focusing on the three proposed

inverse extremal problems. For each case, we provide sufficient conditions on the pre-
scribed data to ensure the existence of the corresponding matrix, along with a constructive
procedure for obtaining it.

2.1. Solution to ISEEP

Next, we consider the inverse extremal eigenvalue problem for a symmetric bordered
tridiagonal matrix. As a preliminary step, we establish the following lemma, which is
fundamental for the derivation of the main result.
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Lemma 3. Given an n × n symmetric bordered tridiagonal matrix B of the form (2), and Bj the
j × j leading principal submatrix of B with characteristic polynomial Pj(λ) = det(λIj − Bj),
j = 1, 2, . . . , n, then the sequence

{
Pj(λ)

}n
j=1 satisfies the recurrence relation:

P1(λ) = λ − a1,

P2(λ) = (λ − a2)P1(λ)− b2
1,

Pj(λ) = (λ − aj)Pj−1(λ)− b2
j−1Pj−2(λ)− c2

j−2Qj−1(λ)+

(−1)j−12bj−1cj−2Rj−1(λ), j = 3, 4, . . . , n,

(5)

where Qj−1(λ) is the characteristic polynomial of the submatrix resulting from deleting the first
row and the first column of Bj−1, and Rj−1(λ) is the determinant of the submatrix resulting from
deleting the (j − 1)-th row and the first column of λIj−1 − Bj−1.

Proof. It is immediate by expanding det(λIj − Bj).

In the remainder of this paper, the following notations will be adopted.

ϕj = Pj−2

(
λ
(j)
1

)
Pj−1

(
λ
(j)
j

)
− Pj−2

(
λ
(j)
j

)
Pj−1

(
λ
(j)
1

)
ψj = Qj−1

(
λ
(j)
1

)
Pj−1

(
λ
(j)
j

)
− Qj−1

(
λ
(j)
j

)
Pj−1

(
λ
(j)
1

)
ηj = (−1)j−1

[
Rj−1

(
λ
(j)
j

)
Pj−1

(
λ
(j)
1

)
− Rj−1

(
λ
(j)
1

)
Pj−1

(
λ
(j)
j

)]
ξ j =

(
λ
(j)
j − λ

(j)
1

)
Pj−1

(
λ
(j)
1

)
Pj−1

(
λ
(j)
j

)
(6)

for j = 2, 3, . . . , n with P0(λ) = 1.

Theorem 1. Let 2n− 1 be real numbers
{

λ
(j)
1 , λ

(j)
j

}n

j=1
and the vector x = (x1, x2, . . . , xn) satisfying

λ
(n)
1 < · · · < λ

(j)
1 < · · · < λ

(2)
1 < λ

(1)
1 < λ

(2)
2 < · · · < λ

(j)
j < · · · < λ

(n)
n (7)

and
xjxj+1 > 0, i = 1, 2, . . . , n − 1. (8)

If
η2

j − ψjϕj ̸= 0, j = 3, . . . , n, (9)

where ϕj, ψj, and ηj are as in (6), then there exists an n × n symmetric bordered tridiagonal matrix

B of the form (2), such that λ
(j)
1 and λ

(j)
j are the extremal eigenvalues of the leading principal

submatrix Bj of B, for j = 1, 2, . . . , n, and (λ
(n)
n , x) is the eigenpair of B.

Proof of Theorem 1. We show that the system of equationsPj(λ
(j)
1 ) = 0

Pj(λ
(j)
j ) = 0, j = 1, 2, . . . , n,

(10)

can be solved recursively for real values aj, j = 1, 2, . . . , n, and bj, j = 1, 2 . . . , n − 1 is
positive and real, where the characteristic polynomials Pj(λ), satisfy Lemma 3.



Mathematics 2025, 13, 3369 6 of 18

It is clear that a1 = λ
(1)
1 . From system (10), for j = 2, and Lemma 2, we can get the

required entries b1 and a2 as follows

b1 =

√(
λ
(1)
1 − λ

(2)
1

)(
λ
(2)
2 − λ

(1)
1

)
(11)

and
a2 = λ

(2)
1 + λ

(2)
2 − λ

(1)
1 . (12)

Now, from system (10), for j = 3, 4, . . . , n, we have

b2
j−1Pj−2(λ

(j)
1 ) + c2

j−2Qj−1(λ
(j)
1 )

−(−1)j−12bj−1cj−2Rj−1(λ
(j)
1 ) = (λ

(j)
1 − aj)Pj−1(λ

(j)
1 )

b2
j−1Pj−2(λ

(j)
j ) + c2

j−2Qj−1(λ
(j)
j )

−(−1)j−12bj−1cj−2Rj−1(λ
(j)
j ) = (λ

(j)
j − aj)Pj−1(λ

(j)
j )

(13)

which has real solutions aj, bj−1, and cj−2. Indeed, aj there exists since Pj−1(λ
(j)
i ) ̸= 0 for

j = 3, 4, . . . , n and i = 1, j. Furthermore, solving (13) we get the following equation

ϕjX2 + ψjY2 + 2ηjXY + ξ j = 0, (14)

where X = bj−1 and Y = cj−2, which represents a conic. Fixing X, the discriminant of
Equation (14) is △Y = 4[(η2

j − ψjϕj)X2 − ψjξ j].
Then △Y > 0 if

(i) η2
j − ψjϕj > 0, for all X ∈ R.

(ii) η2
j − ψjϕj < 0, for X ∈

(
−
√

ψjξ j

η2
j − ψjϕj

,

√
ψjξ j

η2
j − ψjϕj

)
;

therefore, Y exists in either case.
Moreover, the point (X, Y) = (bj−1, cj−2) belongs to the conic

C =
{
(X, Y) ∈ R2 : ϕjX2 + ψjY2 + 2ηjXY + ξ j = 0

}
,

which, by Lemma 2 and condition (9), is non-degenerate, non-empty, and centered at the
origin. Consequently, there exist real numbers bj−1 and cj−2, j = 3, 4, . . . , n satisfying (14).

On the other hand, as (λ(n)
n , x) is a eigenpair of B, it follows that

a1x1 + b1x2 +
n−2

∑
k=1

ckxk+2 = λ
(n)
n x1

cj−2x1 + bj−1xj−1 + ajxj + bjxj+1 = λ
(n)
n xj, j = 3, 4, . . . , n,

(15)

with c0 = bn = 0.
Thus, from (15) and condition (8), we obtain that

bj = (λ
(n)
n − aj)

xj

xj+1
− bj−1

xj−1

xj+1
− cj−2

x1

xj+1
, j = 2, 3, . . . , n − 1. (16)

Finally, from Equation (14), for j = 3, 4, . . . , n, condition (9) and Lemma 2, we have

cj−2 =
−bj−1ηj ±

√
b2

j−1(η
2
j − ψjϕj)− ψjξ j

ψj
(17)
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and

aj = λ
(j)
i −

b2
j−1Pj−2(λ

(j)
i ) + c2

j−2Qj−1(λ
(j)
i )− (−1)j−12bj−1cj−2Rj−1(λ

(j)
i )

Pj−1(λ
(j)
i )

(18)

for i = 1, j. The proof is complete.

2.2. Solution to INSEEP

This section addresses the inverse extremal eigenvalue problem for nonsymmetric
bordered tridiagonal matrices. The analysis begins with the following lemma.

Lemma 4. Given an n × n nonsymmetric bordered tridiagonal matrix B of the form (3), and Bj

the j × j principal leading submatrix of B with characteristic polynomial Pj(λ) = det(λIj −Bj),
j = 1, 2, . . . , n, then the sequence

{
Pj(λ)

}n
j=1 satisfies the following recurrence relation:

P1(λ) = λ − a1,

P2(λ) = (λ − a2)P1(λ)− b1c1,

Pj(λ) = (λ − aj)Pj−1(λ)− bj−1cj−1Pj−2(λ)− dj−2ej−2Qj−1(λ)

+ (−1)j−1[bj−1ej−2Rj−1(λ) + cj−1dj−2Tj−1(λ)
]
, j = 3, 4, . . . , n,

(19)

where Rj−1(λ), Tj−1(λ), and Qj−1(λ) are the determinants of the submatrices resulting from
eliminating the (j − 1)-th row and the first column, the first row and (j − 1)-th column, and the
first row and column of submatrix λIj−1 −Bj−1, respectively.

To simplify future calculations, we introduce the following notation:

φ(λ
(j)
i ) = bj−1Pj−2(λ

(j)
i )− (−1)j−1dj−2Tj−1(λ

(j)
i )

θ(λ
(j)
i ) = dj−2Qj−1(λ

(j)
i )− (−1)j−1bj−1Rj−1(λ

(j)
i )

α(λ
(j)
i ) = (λ

(j)
i −

mj

wj,j+1
)Pj−1(λ

(j)
i )

β(λ
(j)
i ) = φj(λ

(j)
i )−

wj−1,j+1

wj,j+1
Pj−1(λ

(j)
i )

γ(λ
(j)
i ) = θ(λ

(j)
i )−

w1,j+1

wj,j+1
Pj−1(λ

(j)
i ), i = 1, j,

(20)

wh,j = xhyj − xjyh, h = 1, 2, . . . , n, (21)

and
ℓj = (λ

(n)
n − λ

(n−1)
n−1 )xjyj, mj−1 = λ

(n)
n xj−1yj − λ

(n−1)
n−1 yj−1xj (22)

for j = 3, 4, . . . , n, with yn = 0.

Theorem 2. Let 2n − 1 be real numbers
{

λ
(j)
1 , λ

(j)
j

}n

j=1
, the vectors x = (x1, x2, . . . , xn) and

y = (y1, y2, . . . , yn−1), and real numbers ℓ1, ℓ2, . . . , ℓn−2, satisfying (7), (8),

yjyj+1 > 0, j = 1, 2, . . . , n − 2, (23)

and
wh,j ̸= 0, h = 1, 2, . . . , n, j = 3, 4, . . . , n. (24)
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If
γ(λ

(j)
j )β(λ

(j)
1 )− γ(λ

(j)
1 )β(λ

(j)
j ) ̸= 0 (25)

for j = 3, 4, . . . n, where w, β, and γ are as in (20) and (21), then there exists an n× n nonsymmetric
bordered tridiagonal matrix B of the form (3), such that λ

(j)
1 and λ

(j)
j are the extremal eigenvalues of

the leading principal submatrix Bj of B, j = 1, 2, . . . , n, (λ(n)
n , x) is the eigenpair of B, (λ(n−1)

n−1 , y)
is the eigenpair of Bn−1, and di = ℓi, i = 1, . . . , n − 2.

Proof of Theorem 2. We show that the system of equations
Pj

(
λ
(j)
i

)
= 0, for j = 1, 2, . . . , n, and i = 1, j

Bx = λ
(n)
n x

Bn−1y = λ
(n−1)
n−1 y

(26)

where Pj(λ) = det(λIj − Bj), j = 1, 2, . . . , n satisfies Lemma 4 and has real solutions
aj, bj, cj, dj, and ej.

It is clear that a1 = λ
(1)
1 . Note that the second and third equalities in (26) have the

following form:

a1x1 + b1x2 +
n−2

∑
k=1

dkxk+2 = λ
(n)
n x1

c1x1 + a2x2 + b2x3 = λ
(n)
n x2

ej−2x1 + cj−1xj−1 + ajxj + bjxj+1 = λ
(n)
n xj, xn+1 = 0, j = 3, 4, . . . , n,

a1y1 + b1y2 +
n−3

∑
i=1

diyi+2 = λ
(n−1)
n−1 y1

c1y1 + a2y2 + b2y3 = λ
(n−1)
n−1 y2

ej−2y1 + cj−1yj−1 + ajyj + bjyj+1 = λ
(n−1)
n−1 yj, yn = 0, j = 3, 4, . . . , n − 1.

(27)

From (26), for j = 2, condition (7), and Lemma 2, we obtain

a2 = λ
(2)
1 + λ

(2)
2 − λ

(1)
1 , (28)

and
b1 =

1
c1
(λ

(2)
2 − λ

(1)
1 )(λ

(1)
1 − λ

(2)
1 ) (29)

Now, from (27) and condition (24) we get

c1 =
m2 + a2w3,2

w1,3
, (30)

and
b2 = (λ

(n)
n − a2)

x2

x3
− c1

x1

x3
. (31)

On the other hand, for j = 3, . . . , n − 1, from (27) and condition (24) we get

aj =
mj − ej−2w1,j+1 − cj−1wj−1,j+1

wj,j+1
(32)

and

bj =
ℓj − ej−1w1,j − cj−1wj−1,j

wj+1,j
. (33)
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Then, from the system (26), we get(λ
(j)
1 − aj)Pj−1(λ

(j)
1 )− cj−1 φj(λ

(j)
1 )− ej−2θj(λ

(j)
1 ) = 0

(λ
(j)
j − aj)Pj−1(λ

(j)
j )− cj−1 φj(λ

(j)
j )− ej−2θj(λ

(j)
j ) = 0,

(34)

which has real solutions cj−1 and ej−2. Indeed, considering (32) and condition (25) we write
the system (34), and we haveα(λ

(j)
1 )− cj−1β(λ

(j)
1 )− ej−2γ(λ

(j)
1 ) = 0

α(λ
(j)
j )− cj−1β(λ

(j)
j )− ej−2γ(λ

(j)
j ) = 0.

(35)

Solving the system (35), we obtain

cj−1 =
α(λ

(j)
j )γ(λ

(j)
1 )− α(λ

(j)
1 )γ(λ

(j)
j )

β(λ
(j)
j )γ(λ

(j)
1 )− β(λ

(j)
1 )γ(λ

(j)
j )

(36)

and

ej−2 =
α(λ

(j)
j )β(λ

(j)
1 )− α(λ

(j)
1 )β(λ

(j)
j )

γ(λ
(j)
j )β(λ

(j)
1 )− γ(λ

(j)
1 )β(λ

(j)
j )

. (37)

Analogously, for j = n, we obtain cn−1 and en−2 where

an = λ
(n)
n − en−2

x1

xn
− cn−1

xn−1

xn
. (38)

Thus, the proof is concluded.

2.3. Solution to IESVP

We now focus our analysis on finding a solution for the IESVP for Lefkovitch-type
matrices, considering the minimal and maximal singular values of all its principal row
submatrices and a singular vector of the matrix. Although it is known that the IEP and
the ISVP are equivalent for symmetric matrices, and that any ISVP can be addressed by
reformulating it as an IEP (see [18,29]), these statements may not hold when the eigenvalues
and singular values belong to specific submatrices. This observation led us to consider a
different approach.

We begin by recalling the following lemma, which plays a fundamental role in the
subsequent analysis. This result, analogous to Cauchy’s interlacing theorem, establishes a
relation between the singular values of a matrix and those of its leading row submatrices.

Lemma 5 ([30] (Interlacing property of singular values)). Let Ap, an n× (n− p) ((n− p)× n)
matrix, denote a submatrix of A obtained by deleting any p columns (any p rows) from A. Then

σi(A) ≥ σi(Ap) ≥ σi+p(A); f or i = 1, 2, . . . , n − p.

As a consequence of this lemma, considering the notation and order established in
Section 1 for the extremal singular values of the leading row submatrices L⋆

j , it follows that

σ
(n)
1 ≤ · · · ≤ σ

(j)
1 ≤ · · · ≤ σ

(2)
1 ≤ σ

(1)
1 ≤ σ

(2)
2 ≤ · · · < σ

(j)
j ≤ · · · ≤ σ

(n)
n .
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Moreover, the inequalities are strict, since the leading principal submatrices of LLT are
irreducible. This relationship is a necessary condition satisfied by the extremal singular
values of all leading row submatrices of a Lefkovitch-type matrix.

The following result establishes sufficient conditions for the solvability of Problem 3.

Theorem 3. Let 2n − 1 be given positive real numbers
{

σ
(j)
1 , σ

(j)
j

}n

j=1
, the vector

u = (u1, u2, . . . , un), and real numbers ℓ1 and ℓ2, satisfying

σ
(n)
1 < · · · < σ

(j)
1 < · · · < σ

(2)
1 < σ

(1)
1 < σ

(2)
2 < · · · < σ

(j)
j < · · · < σ

(n)
n , (39)

and
ujuj+1 > 0, i = 1, 2, . . . , n − 1. (40)

If
{
(σ

(j)
1 )2, (σ(j)

j )2
}n

j=1
satisfies condition (9) of Theorem 1, then there exists an n × n

Lefkovitch-type matrix L of the form (1) with p1 = ℓ1 and g1 = ℓ2, such that σ
(j)
1 and σ

(j)
j

are the extremal singular values of the leading row submatrix L⋆
j of L, j = 1, 2, . . . , n and (σ

(n)
n , u)

is a left singular pair of the matrix L.

Proof of Theorem 3. Suppose that (39) and (40) hold. Since
{
(σ

(j)
1 )2, (σ(j)

j )2
}n

j=1
and

u = (u1, u2, . . . , un) also satisfy the conditions of Theorem 1, then there exists a sym-
metric bordered tridiagonal matrix B, with entries aj, bj, cj, of the form (2), such that (σ(j)

1 )2

and (σ
(j)
j )2 are the extremal eigenvalues of its leading principal submatrices and ((σ

(n)
n )2, u)

is an eigenpair of B.

On the other hand, for a Lefkovitch-type matrix L of the form (1), we have that

LLT =



p2
1 +

n
∑

k=2
f 2
k f2 p2 + g1 p1 f2g2 + f3 p3 f3g3 + f4 p4 . . . fn−1gn−1 + fn pn

f2 p2 + g1 p1 g2
1 + p2

2 g2 p2 0 . . . 0

f2g2 + f3 p3 g2 p2 g2
2 + p2

3

. . . . . .
...

f3g3 + f4 p4 0
. . . . . . . . . 0

...
...

. . . . . . . . . gn−1 pn−1

fn−1gn−1 + fn pn 0 . . . 0 gn−1 pn−1 g2
n−1 + p2

n



(41)

If we set B = LLT , it follows that

pj =
√

aj − g2
j−1; j = 2, 3, . . . , n (42)

gj =
bj

pj
; j = 2, 3, . . . , n − 1 (43)

f2 =
b1 − g1 p1

p2
(44)

f j =
cj−2 − f j−1gj−1

pj
; j = 3, 4, . . . , n, (45)

with p1 = ℓ1 and g1 = ℓ2.
Given that the product L⋆

j L⋆T
j , for j = 1, 2, . . . , n, corresponds to the j × j leading

principal submatrices of B, we can conclude that σ
(j)
1 and σ

(j)
j are the extremal singular
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values of L⋆
j . Furthermore, since LLTu = (σ

(n)
n )2u, it follows that u is a left singular vector

of L. Hence, the statement holds.

3. Examples
This section provides some examples that illustrate and validate the theoretical results

obtained in the preceding sections. Theorems 1, 2, and 3 lead to algorithmic procedures
that reconstruct the associated matrices. These algorithms were implemented using MAT-
LAB R2024b.

Next, we introduce the following notation: λ =
(

λ
(n)
1 , . . . , λ

(2)
1 , λ

(1)
1 , λ

(2)
2 , . . . λ

(n)
n

)
and

σ =
(

σ
(n)
1 , . . . , σ

(2)
1 , σ

(1)
1 , σ

(2)
2 , . . . σ

(n)
n

)
, the vectors whose components are the prescribed

eigenvalues and singular values, respectively. λ̂ =
(

λ̂
(n)
1 , . . . , λ̂

(2)
1 , λ̂

(1)
1 , λ̂

(2)
2 , . . . , λ̂

(n)
n

)
and

σ̂ =
(

σ̂
(n)
1 , . . . , σ̂

(2)
1 , σ̂

(1)
1 , σ̂

(2)
2 , . . . , σ̂

(n)
n

)
are vectors with components equal to the extremal

eigenvalues of the leading principal submatrices and the extremal singular values of the
leading row submatrices of the reconstructed matrix, respectively.

x̂ = (x̂1, x̂2, . . . , x̂n)
T , ŷ = (ŷ1, ŷ2, . . . , ŷn−1)

T , and û = (û1, û2, . . . , ûn)
T are, respec-

tively, the eigenvector associated with λ̂
(n)
n , the eigenvector associated with λ̂

(n−1)
n−1 , and the

left singular vector associated with σ̂
(n)
n , of the corresponding reconstructed matrices.

To evaluate the closeness between the computed results and the prescribed data, we
consider the following relative errors:

eλ =
∥λ−λ̂∥2
∥λ∥2

, eσ =
∥σ−σ̂∥2
∥σ∥2

, ex =
∥x−x̂∥2
∥x∥2

, ey =
∥y−ŷ∥2
∥y∥2

, and eu =
∥u−û∥2
∥u∥2

.

Example 1. To illustrate the results obtained in Section 2.2, we use the data prescribed in Table 1,
which satisfy the conditions of Theorem 1.

Table 1. Initial spectral data.

j 1 2 3 4 5 6 7 8

λ
(j)
1

0.3245 0.2493 0.2298 −0.1646 −0.3252 −0.3974 −0.5184 −0.5755

λ
(j)
j

0.3245 3.7928 4.3784 4.5358 4.5823 4.5940 4.6075 4.6214

xj −0.2611 −0.6738 −0.5818 −0.3031 −0.1599 −0.0957 −0.0827 −0.0763

The symmetric bordered tridiagonal matrix providing the requisite spectral properties is
as follows:

B =



0.3245 0.5108 0.3507 0.9390 0.8759 0.5502 0.6225 0.5870
0.5108 3.7175 0.8176 0 · · · · · · · · · 0

0.3507 0.8176 3.1029 0.7948
. . .

...

0.9390 0 0.7948 1.9472 0.6443
. . .

...

0.8759
...

. . . 0.6443 1.7434 0.3786
. . .

...

0.5502
...

. . . 0.3786 1.7871 0.8116 0

0.6225
...

. . . 0.8116 1.2254 0.5328
0.5870 0 · · · · · · · · · 0 0.5328 2.0340



,

and the spectra of its leading principal submatrices are detailed in Table 2.
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Table 2. Spectra of the leading principal submatrices of matrix B.

σ(B1) σ(B2) σ(B3) σ(B4)

0.3245 0.2493 0.2298 −0.1646
3.7928 2.5367 1.7552

4.3784 2.9656
4.5358

σ(B5) σ(B6) σ(B7) σ(B8)

−0.3252 −0.3974 −0.5184 −0.5755
1.0257 0.9587 0.6179 0.4839
2.3830 1.6873 1.0702 1.0261
3.1696 2.5486 2.0289 1.9061
4.5823 3.2315 2.7319 2.1948

4.5940 3.3100 2.8362
4.6075 3.3890

4.6214
Note. The extremal eigenvalues of Bj are highlighted in bold.

The closeness of the obtained data is illustrated in Table 3.

Table 3. Relative errors in the reconstruction of matrix B.

eλ ex

1.5287 × 10−16 3.5520 × 10−15

Example 2. In this example, the initial data given, which satisfy the criteria established by
Theorem 2, are presented in Table 4. Table 5 shows the extremal eigenvalues of the submatri-
ces Bj of the reconstructed nonsymmetric bordered tridiagonal matrix B. Finally, Table 6 provides
the relative errors of the results obtained in our computations.

Table 4. Initial spectral data.

j 1 2 3 4 5 6 7

λ
(j)
1

1.9944 1.5431 0.8066 0.5382 0.0496 −0.0397 −0.0414

λ
(j)
j

1.9944 2.5268 2.5964 2.6090 2.6093 4.7148 4.8930

xj 0.0144 0.0017 0.0066 0.0249 0.1110 0.9181 0.3793
yj 0.0132 0.0018 0.0079 0.0294 0.1246 0.9917 –

B =



1.9944 0.9326 0.1091 0.0902 0.0468 0.0252 0.0231
0.2576 2.0755 0.1635 0 · · · · · · 0

0.1385 0.7519 0.9037 0.9211
. . .

...

0.0284 0 0.2287 1.2769 0.7947
. . .

...

0.0012
...

. . . 0.0642 0.1027 0.5774 0

0.1001
...

. . . 0.7673 4.6171 0.4395
0.8130 0 · · · · · · 0 0.6597 3.2656


,
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Table 5. Spectra of the leading principal submatrices of matrix B.

σ(B1) σ(B2) σ(B3) σ(B4)

1.9944 1.5431 0.8066 0.5382
2.5268 1.5706 1.5086

2.5964 1.5946
2.6090

σ(B5) σ(B6) σ(B7)

0.0496 −0.0397 −0.0414
0.5655 0.5611 0.5606
1.5261 1.5198 1.5287
1.6026 1.6066 1.5902
2.6093 2.6077 2.6046

4.7148 3.1002
4.8930

Note. The extremal eigenvalues of Bj are highlighted in bold.

Table 6. Relative errors in the reconstruction of matrix B.

eλ ex ey

5.8195 × 10−16 1.5567 × 10−13 2.1285 × 10−13

Example 3. Let L be an n × n Lefkovitch-type matrix

L =



2 1 1 . . . 1
1 2 0 . . . 0

0 1 2
. . .

...
...

. . . . . . . . . 0
0 . . . 0 1 2


, (46)

and B the symmetric bordered tridiagonal matrix

B =



3 + n 4 3 3 . . . 3
4 5 2 0 . . . 0

3 2 5
. . . . . .

...

3 0
. . . . . . . . . 0

...
...

. . . . . . . . . 2
3 0 . . . 0 2 5


, (47)

where B = LLT . In this example, the matrix B is reconstructed from the squares of the extremal
singular values of the leading row submatrices L⋆

j of L, and the left singular vector associated with
the maximal singular value of L. These data satisfy the conditions of Theorems 1 and 3. Then,
using the procedure given in Theorem 3, with p1 = 2 and g1 = 1, the matrix L is reconstructed.

We consider different sizes of these matrices and add the relative error eA =
∥A−Â∥2
∥A∥2

to show the

closeness between the given matrix A and the reconstructed matrix Â. The results obtained are
shown in Tables 7 and 8.
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Table 7. Relative errors in the reconstruction of matrix B.

n eλ ex eB

5 3.3480 × 10−16 3.1889 × 10−16 7.6903 × 10−15

10 2.4100 × 10−16 6.5017 × 10−15 7.9296 × 10−14

15 3.7435 × 10−16 2.7106 × 10−14 2.0878 × 10−12

20 2.5209 × 10−16 1.2641 × 10−14 1.1125 × 10−10

25 3.2118 × 10−16 1.3047 × 10−11 4.6447 × 10−09

30 2.2608 × 10−16 1.0659 × 10−10 9.2127 × 10−08

35 2.7822 × 10−16 2.6403 × 10−10 1.3089 × 10−06

Table 8. Relative errors in the reconstruction of matrix L.

n eσ eu eL

5 2.5406 × 10−15 2.0837 × 10−15 3.1675 × 10−14

10 5.5000 × 10−15 6.1437 × 10−15 2.5249 × 10−13

15 4.8426 × 10−14 4.3725 × 10−14 7.5804 × 10−12

20 1.9346 × 10−12 1.6595 × 10−12 8.7629 × 10−10

25 3.4677 × 10−12 1.6103 × 10−11 1.5192 × 10−08

30 5.1014 × 10−11 1.3972 × 10−10 3.1065 × 10−07

35 5.9609 × 10−11 9.4446 × 10−11 4.5990 × 10−07

Example 4. In the following example, we reconstruct a Lefkovitch-type matrix from the prescribed
data given in Table 9.

Table 9. Initial singular values.

j 1 2 3 4 5 6 7 8

σ
(j)
1

1.4019 0.7377 0.4101 0.3384 0.3370 0.1900 0.1783 0.0333

σ
(j)
j

1.4019 1.4734 1.6360 1.6416 1.6488 1.6564 1.7055 1.7633

uj −0.7610 −0.2926 −0.3619 −0.0688 −0.1048 −0.1047 −0.3072 −0.2886

The Lefkovitch-type matrix that satisfies the properties required in Theorem 3 is

B =



0.3517 0.5472 0.1386 0.1493 0.2575 0.8407 0.2543 0.8143
0.2435 0.8308 0 · · · · · · · · · · · · 0

0 0.9293 0.5853
. . .

...
...

. . . 0.3500 0.5497
. . .

...
...

. . . 0.1966 0.9172
. . .

...
...

. . . 0.2511 0.2868
. . .

...
...

. . . 0.6160 0.7572 0
0 · · · · · · · · · · · · 0 0.4733 0.7537



,

Table 10 shows the singular values of the leading row submatrices L⋆
j of L.
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Table 10. Singular values of the leading row submatrices of matrix L.

Σ
(

L⋆
1
)

Σ(L⋆
2) Σ(L⋆

3) Σ
(

L⋆
4
)

1.4019 0.7377 0.4101 0.3384
1.4734 1.0375 0.6762

1.6360 1.0388
1.6416

Σ(L⋆
5) Σ(L⋆

6) Σ(L⋆
7) Σ(L⋆

8)

0.3370 0.1900 0.1783 0.0333
0.6571 0.3486 0.3392 0.3385
0.8880 0.6596 0.6344 0.5452
1.0832 0.8913 0.6797 0.6707
1.6488 1.1134 0.9671 0.7431

1.6564 1.2115 0.9859
1.7055 1.2724

1.7633
Note. The extremal singular values of L⋆

j are highlighted in bold.

Finally, Table 11 summarizes the computed results.

Table 11. Relative errors in the reconstruction of matrix L.

eσ eu

1.4837 × 10−14 2.2774 × 10−14

4. Conclusions
This paper provides advances in the inverse extremal eigenvalue problem (IEEP)

and, in particular, in the inverse extremal singular value problem (IESVP) for structured
matrices. Due to their definitions, both problems are of theoretical importance, since IEEPs
are a special class of IEPs and ISVPs are a natural extension of IEPs (see [18]). Furthermore,
they are also relevant in engineering applications. In [13], a spring–mass system is recon-
structed from the minimum and maximum frequencies of its subsystems, resulting from
successively fixing an internal mass. This issue is closely related to the IEEP for tridiagonal
matrices. Similarly, the ISVP for structured matrices is related to telecommunications theory,
particularly in the design of signature sequences for synchronous code division multiple
access systems (see [21]).

Our contribution in this work focuses first on constructing symmetric and nonsym-
metric bordered tridiagonal matrices of order n from the extremal eigenvalues of their
leading principal submatrices and an eigenvector of the matrix for the symmetric case
and, additionally, an eigenvector of the submatrix of order n − 1 for the nonsymmetric
case. Although the procedure used is already known in the literature, to our knowledge,
the inverse eigenvalue problem for this type of matrix has not been addressed. On the
other hand, it is known that there is limited literature on ISVPs. In this sense, we better
substantiate the procedure given in [20] and apply it to reconstruct a Lefkovitch-type matrix
from the extremal singular values of its leading row submatrices and a left singular vector
of the matrix. These data are associated with the spectral data used in the IEEP for a
symmetric bordered tridiagonal matrix. In all cases, we provide sufficient conditions for
the existence and construction of such matrices. As our results are constructive, algorithmic
procedures are generated to determine a solution matrix explicitly.
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Appendix A
To complement the numerical examples, we include in this Appendix the algorithms

in pseudocode derived from the three theorems in Section 2. The numbers and vectors
are generated by the randn routine in MATLAB R2024b, considering the conditions given
in each theorem. In this sense, the method of constructing the matrices is a procedure in
which all their leading submatrices are obtained recursively.

Algorithm A1 constructs a symmetric bordered tridiagonal matrix B of the form (2),
such that λ

(j)
1 and λ

(j)
j are the extremal eigenvalues of the leading principal submatrix

Bj, j = 1, 2, . . . , n of B and (λ
(n)
n , x) is an eigenpair of B.

Algorithm A1 (ISEEP)

1: Input:
{

λ
(j)
1 , λ

(j)
j

}n

j=1
and x = (x1, x2, . . . , xn), that satisfy (7) and (8)

2: Output: An n × n symmetric bordered tridiagonal matrix of the form (2)
3: for j = 1 to n do
4: if j = 1 then
5: set a1 = λ

(1)
1

6: end if
7: if j = 2 then
8: compute b1 and a2 defined by (11) and (12)
9: end if

10: if j > 2 then
11: compute bj−1 defined by (16)
12: compute ϕj, ψj, ηj, ξ j, defined by (6)
13: if η2

j − ψjϕj ̸= 0 then
14: compute cj−2 and aj defined by (17) and (18)
15: else
16: return
17: end if
18: end if
19: end for

Algorithm A2 constructs a nonsymmetric bordered tridiagonal matrix B of the form
(3) with di = ℓi; i = 1, . . . , n − 2, such that λ

(j)
1 and λ

(j)
j are the extremal eigenvalues of the

leading principal submatrix Bj, j = 1, 2, . . . , n of B,
(

λ
(n)
n , x

)
which is an eigenpair of the

matrix B, and (λ
(n−1)
n−1 , y) is an eigenpair of the leading principal submatrix Bn−1.
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Algorithm A2 (INSEEP)

1: Input:
{

λ
(j)
1 , λ

(j)
j

}n

j=1
and x = (x1, x2, . . . , xn), y = (y1, y2, . . . , yn−1), ℓ1, ℓ2, . . . , ℓn−2,

that satisfy (7), (8), (23) and (24)
2: Output: An n × n nonsymmetric bordered tridiagonal matrix of the form (3)
3: for j = 1 to n do
4: compute wk,j, ℓj and mj−1 defined by (21) and (22)
5: if j = 1 then
6: set a1 = λ

(1)
1

7: end if
8: if j = 2 then
9: compute c1, b1, a2 and b2 defined by (30), (29), (28) and (31)

10: end if
11: if j > 2 then
12: set dj−2 = ℓj−2

13: compute φ(λ
(j)
i ), θ(λ

(j)
i ), α(λ

(j)
i ), β(λ

(j)
i ), γ(λ

(j)
i ) defined by (20)

14: if γ(λ
(j)
j )β(λ

(j)
1 )− γ(λ

(j)
1 )β(λ

(j)
j ) ̸= 0 then

15: compute cj−1, ej−2, defined by (36) and (37)
16: if j < n then
17: compute aj and bj, defined by (32) and (33)
18: end if
19: if j = n then
20: compute an by (38)
21: end if
22: else
23: return
24: end if
25: end if
26: end for

Algorithm A3 reconstructs a Lefkovitch-type matrix L of the form (1) with p1 = ℓ1

and g1 = ℓ2, such that σ
(j)
1 and σ

(j)
j are the extremal singular values of the leading row

submatrix L⋆
j , j = 1, 2, . . . , n of L, and

(
σ
(n)
n , u

)
is a left singular vector of L.

Algorithm A3 (IESVP)

1: Input:
{

σ
(j)
1 , σ

(j)
j

}n

j=1
, u = (u1, u2, . . . , un), ℓ1, ℓ2, that satisfy (39) and (40)

2: Output: An n × n Lefkovitch-type matrix of the form (1)

3: Run Algorithm A1 with
{
(σ

(j)
1 )2, (σ(j)

j )2
}n

j=1
and u = (u1, u2, . . . , un)

4: for j = 2 to n do
5: set p1 = ℓ1 and g1 = ℓ2
6: compute pj and f2 defined by (42) and (44)
7: if j < n then
8: compute gj defined by (43)
9: end if

10: if j > 2 then
11: compute f j defined by (45)
12: end if
13: end for
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