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Abstract

We discuss Markov edge processes {Y;e € E} defined on edges of a directed acyclic
graph (V,E) with the consistency property Pg/(Ye;e € E') = Pe(Y,;e € E') for a large
class of subgraphs (V/,E’) of (V,E) obtained through a mesh dismantling algorithm.
The probability distribution Pg of such edge process is a discrete version of consistent
polygonal Markov graphs. The class of Markov edge processes is related to the class of
Bayesian networks and may be of interest to causal inference and decision theory. On
regular v-dimensional lattices, consistent Markov edge processes have similar properties to
Pickard random fields on Z?, representing a far-reaching extension of the latter class. A
particular case of binary consistent edge process on Z3 was disclosed by Arak in a private
communication. We prove that the symmetric binary Pickard model generates the Arak
model on Z? as a contour model.

Keywords: directed acyclic graph; Markov edge process; clique distribution; consistency
criterion; mesh dismantling algorithm; Bayesian network; Pickard random field; regular
lattice; Arak model; evolution of particle system; broken line process; contour edge process
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1. Introduction

A Bayesian network is a probabilistic graphical model that represents a set of variables
and their conditional dependencies via a directed acyclic graph [Wikipedia]. Bayesian
networks are a fundamental concept in learning and artificial intelligence, see [1-3]. For-
mally, a Bayesian network is a random field Xy = {Xy;v € V} indexed by sitesv € V
of a directed acyclic graph (DAG) G = (V, E) whose probability distribution writes as a
product of conditional probabilities of X, given its parent variables X, u € pa(v), where
pa(v) C V is the set of parents of v.

A Bayesian network is a special case of Markov random field on a (generally undi-
rected) graph G = (V, E). Markov random fields include nearest-neighbor Gibbs random
fields and play an important role in many applied sciences including statistical physics and
image analysis [4-7].

As noted in [8-10] and elsewhere, manipulating the marginals (e.g., computing the
mean or the covariance function) of a Gibbs random field is generally very hard when V is
large. A class of Markov random fields on Z? which avoids this difficulty was proposed
by Pickard [10,11] (the main idea of their construction belongs to Verhagen [12], see [11]
(p- 718)). Pickard and related unilateral random fields have found useful applications in
image analysis, coding, information theory, crystallography and other scientific areas, not
least because they allow for efficient simulation procedures [8,9,13-16].
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A Pickard model Xy (rigorously defined in Section 2) is a family of Bayesian net-
works on rectangular graphs G = (V,E),V C Z? enjoying the important (Kolmogorov)
consistency property: for any rectangles V' C V we have that

Pyjyr = Py, 1)

where Py is the distribution of Xy and Py is the restriction of marginal of Xy on V' C
V. Property (1) implies that the Pickard model extends to a stationary random field on
72 whose marginals coincide with Py and form Markov chains on each horizontal or
vertical line.

Arak et al. [17,18] introduced a class of polygonal Markov graphs and random fields
Xr = {Xy;t € T} indexed by continuous argument t € R? satisfying a similar consistency
property: for any bounded convex domains T’ C T, the restriction of X7 to T’ coincides in
distribution with X7/. The above models allow a Gibbs representation but are constructed
via equilibrium evolution of a one-dimensional particle system with random piece-wise
constant Markov velocities, with birth, death and branching. Particles move independently
and interact only at collisions. Similarity between polygonal and Pickard models was noted
in [19]. Several papers [20-22] used polygonal graphs in landscape modeling and random
tesselation problems.

The present paper discusses an extension of polygonal graphs and the Pickard model,
satisfying a consistency property similar to (1) but not directly related to lattices or rect-
angles. The original idea of the construction (communicated to the author by Taivo Arak
in 1992) referred to a particle evolution on the three-dimensional lattice Z3. In this paper,
the above Arak model is extended to any dimension and discussed in Section 4 in detail.
It is a special case of a Markov edge process Y = {Y.;e € E} with probability distribu-
tion Pg introduced in Section 3 and defined on edges (arcs) e € E of a directed acyclic
graph (DAG) G = (V, E) as the product over v € V of the conditional clique probabilities
T (Y &0 (0) [V 4 (v) ), SOMewhat similarly to a Bayesian network, albeit the conditional proba-
bilities refer to collection y¢_
to a single ‘child’ x, as in a Bayesian network. Markov random fields indexed by edges

(0) = {Yese € Eout(v) } of ‘outgoing’ clique variables and not

discussed in the literature [5-7] are usually defined on undirected graphs through Gibbs
representation and experience a similar difficulty of computing their marginal distributions
as Gibbsian site models. On the other hand, ‘directed” Markov edge processes might be
useful in causal analysis where edges of DAG G = (V, E) represent ‘decisions’ and Y, can
be interpreted as the (random) ‘cost’ of ‘decision’ e € E.

The main result of this work is Theorem 2, providing sufficient conditions for consistency

PE|E/:PE/, VG,'<G (2)

of a family Pr;, G’ = (E/, V') € S of Markov edge processes defined on DAGs, G/, with
the partial order G’ = (V/,E') < G” = (V",E") givenby V' C V", E" C E". The sulfficient
conditions for (2) are expressed in terms of clique distributions 77,, v € V and essentially re-
duce to the marginal independence of incoming and outgoing clique variables (i.e., collections
Yen(o) and y&mt(v)), see (33) and (34).

The class S of DAGs G’ satisfying (2) is of special interest. In Theorem 2, S = Sypa (G)
is the class of all sub-DAGs obtained from a given DAG G = (V, E) by a mesh dismantling
algorithm (MDA). The above algorithm starts by erasing any edge thatleads toasink v, € V
or comes from a source v_ € V, and proceeds in the same way and in an arbitrary order, see
Definition 4. The class Syipa (G) contains several interesting classes of ‘one-dimensional’
and ‘multi-dimensional’ sub-DAGs G’ on which the restriction in (2) is identified as a
Markov chain or a sequence of independent r.v.s (Corollary 2).
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Section 4 discusses consistent Markov edge processes on ‘rectangular’ subgraphs of
7" endowed with nearest-neighbor edges directed in the lexicographic order. We discuss
properties of such edge processes and present several examples of ‘generic’ (common)
clique distributions, with particular attention paid to the binary case (referred to as the
Arak model). In dimension v = 2 we provide a detailed description of the Arak model in
terms of a particle system moving along the edges of Z2. Finally, Section 5 establishes a
relation between the Pickard and Arak models, the latter model identified in Theorem 3 as
a contour model of the former model under an additional symmetry assumption.

We expect that the present work can be extended in several directions. Similarly
to [8,9] and some other related studies, the discussion is limited to discrete probability
distributions, albeit continuous distributions (e.g., Gaussian edge processes) are of inter-
est. A major challenge is the application of Markov edge processes to causal analysis
and Bayesian inference, bearing in mind the extensive research in the case of Bayesian
networks [1,2]. Consistent Markov edge processes on regular lattices may be of interest
to pattern recognition and information theory. Some open problems are mentioned in
Remark 7.

2. Bayesian Networks and Pickard Random Fields

Let G = (V,E) be a given DAG. A directed edge from v; to v, v1 # v, is denoted as
e = (v — vp) € E. With any vertex v € V we can associate three sets of edges

En(0) :={e= (' = v) € EJ €V}, Eu):={e=(v—7)€Er eV}, 3
E(v) := Ein(v) U Eout(v)

representing the incoming edges, outgoing edges and all edges incident to v. A vertexv € V
is called a source or a sink if Ein(v) = @ or Eout(v) = @, respectively. The partial order
(reachability relation) v; < v, on G means that there is a directed path on this DAG from
v1 to vy. We write v1 < vy if v1 < vp,v1 # vy. The above partial order carries over to
edges of G, namely, ey = (v] = v1) < ep = (v = v2) & v; = v). Following [2], the
set of vertices pa(v) := {v < v: (v — v) € E} C V is called the parents of v, whereas
F(v) := {v} Upa(v) C Vis called the family of v.

Definition 1. Let G = (V, E) be a given DAG. We call family distribution at v € V any discrete
probability distribution ¢y = ¢o(XF(v)), XF(o) = (X0 € F(0)), that is, a sequence of positive
numbers ¢ (x5 (o)) > 0 summing up to 1:

Y. o(xr) = 1.
*F(0)

The set of all family distributions ¢, at v € V is denoted by @, (G).

Forv € V, ¢, € ®,(G), the conditional probability of x, given parent configuration

Xpa(v) = (Xo; 0" € pa(v)) writes as

P

$o(XF(0))

$o(Xpa(o)) i Poleze) >0 @

¢U(x0|xpa(v)) =

with ¢y (X0 |Xpa(0)) 1= 01f Po(X £ () = 0and ¢o(xo|Xpa(0)) 1= Po(x0) if pa(v) = @.
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Definition 2. Let ®y = {¢py; v € V'} be a set of family distributions on DAG G = (V,E). We
call a Bayesian network on G corresponding to ®y a random process Xy = {Xo;v € V}
indexed by vertices (sites) of G and such that for any configuration xy = (xy;v € V)

Py(xy) =P(Xo = x50 € V) =] Po(Xo0|Xpa(o))- ()
veV

We remark that the terminology ‘family distribution’ is not commonplace, whereas
the definition of Bayesian network varies in the literature [1,2,23], being equivalent to (5)
under the positivity condition Py (xy) > 0. In the simplest case of chain graph G = (V,E),
v ={01,---,n},E ={(0 — 1),---,(n—1 — n)} (Example 2 below), a Bayesian
network Xy is a Markov chain with transition probabilities ¢, (x,|x,_1); particularly, any
non-Markovian site process Xy, V = {0,1, - - - ,n} on the above G is not a Bayesian network.
In the general case G = (V, E), the conditional (family) distributions ¢, (xy|xpa(0)) in (5)
are most intuitive and often used instead of ¢, (x z(,)). A Bayesian network satisfies several
Markov conditions [2], particularly, the ordered Markov condition:

Pv(xv\xvf,v’ < Z)) = Pv(xv|xpa(v)) = ([)v(xv|xpa(v)), veV.

The Markov properties of site models on directed (not necessary acyclic) graphs are dis-
cussed in Lauritzen et al. [24] and other works.

In the rest of this subsection, G = (V, E) is a directed subgraph of the infinite DAG
(Z?, E »(Z?)) with lexicographic partial order v’ = (#',s') < v = (t,s) (t,s,t,s' € Z)

V< = ¢ <s,t' <t
and edge set
EA(Z%) ={( = v);v,v € Z>,v' =v—(0,1),0— (1,0),0— (1,1)}. (6)
The class of ‘rectangular’ subDAGs G = (V, E) with
V={veZ:v_ =2v=v.}, E={e= 0 —9")€EA(Z%), v €V} (7)

(Jvye € Z?v_ < vy) will be denoted grec(Zz/\). Given two ‘rectangular’ DAGs
G = (V,E)) € greC(ZZ]),i = 1,2, we write G; < G, if Vj C V,. For the generic fam-
ily in Figure 1, right, the family distribution is is indexed by the elements of the table

C D
(55 ®

and written as the joint distribution ¢(A, B, C, D) of four r.v.s A, B, C, D with Xo—(11) = A,
Xy—(1,0) = B, X,_(10) = C,xo = D. The marginal distributions of these r.v.s are designated
by the corresponding subsets of the table (8), e.g., $(A) is the distribution of r.v. A. The
conditional distributions of these r.v.s are denoted as in (4); viz., ¢(B|A) = ¢(A,B)/$p(A)
is the conditional distribution of B given a value of A.



Mathematics 2025, 13, 3368

50f24

Figure 1. Left: Rectangular DAG in (7); right: generic family 7 (v) = v U pa(v), pa(v) = {¢v/,v",v"'}.

Definition 3. We call a Pickard model a Bayesian network Py on DAG G = (V,E) € greC(Zz/‘)
with family distribution ¢, = ¢ independent of v € V and satisfying the following conditions:

¢(A) = ¢(B) = ¢(C) = ¢(D), ©)

(stationarity) and
¢(B,ClA) = ¢(B|A)$(ClA), ¢(B,C|D) = ¢(B|D)¢(C|D) (10)
(conditional independence).

In a Pickard model, the family F(v) of v € V consists of four points, see Figure 1,
except when v belongs to the left lower boundary 0_V :={v = (t,s) € V:t =t_ors =
s_},v_ = (t—,s_) of rectangle V in (7) and | F(v)| < 2; for v = v_ it consists of the single
point F(v_) = {v_}. Accordingly, the family distributions ¢» (x r(,)) = ¢(xF(»)), v € 0_V
are marginals of the generic distribution ¢ in Definition 3. We note that Pickard model (also
called Pickard random field) is defined in [8-10,16] in somewhat different ways, which are
equivalent to Definition 3. Let Vyec(Z?) be the class of all rectangles V in (7).

Theorem 1 ([10]). The family {Py;V € Vyec(Z?)} of Pickard models on DAGs G = (V,E) €
Qrec(ZZ/) and corresponding to the same generic family distribution ¢ in (9) and (10) is consistent;
in other words, forany G' = (V',E') < G = (V, E), G, G' € Grec(Z?») we have that

PV|V/(xV/) = PV/(XV/). (11)

Remark 1. The consistency property in (11) implies that for G = (V,E) in (7), v+ = (t+,5+)
and any s_ < s < s, the restriction of a Pickard model Py on the horizontal interval Hs :=
{(t=,s), -+, (t4,s)} C Visa Markov chain

Py (xp,) = ¢(x_ o)X 1) [x(_ ) - P(X(, )X, —15)) (12)

with initial distribution ¢(A) and transition probabilities ¢(B|A). Indeed, Hs = {v € 77 :
(t—,s) = v = (ty,s)} is the set of vertices of Gs < G, and the corresponding ‘one-dimensional’
Pickard model on G is defined by (12). In a similar way, the restriction of a Pickard model on a
vertical interval Vy := {(t,s_),---,(t,s4+)} C Visa Markov chain

Py(xv) = (x5 ))P(x(ts 1)1 X(es ) P(X(s,) X5, —1)) (13)

with initial distribution ¢(A) and transition probabilities ¢(C|A).
Ref. [10] (Thm. 3) extend the Markov chain identifications in (12) and (13) to any non-
increasing undirected path in V. This fact and the discussion in Sections 3 and 5 suggest that the
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Pickard model and the consistency property in (11) can be extended to non-rectangular index sets
vV cZ%

Remark 2. In the binary case X, € {0,1} or A,B,C, D € {0,1}, the distribution ¢ is completely
determined by probabilities

gbAZ:P(AIl),"',(PABCD::P(A:B:CIDzl). (14)
In terms of (14), conditions (9) and (10) translate to

$a=¢p=¢c =¢p, ¢ap=¢cp, ¢Pac =¢BD, PaBc = PDBC/ (15)
PaBcPA = PapPac, (Pa — Pap)(Pa — Pac) = (¢c — Papc)(1— Pa),

see [10] (p. 666). The special cases ¢4 = 0,1, ¢4 = ¢pap and ¢4 = ¢Pac correspond to a
degenerated Pickard model, the latter two implying A = B and A = C, respectively, and leading
to a random field which takes constant values on each horizontal (or vertical) line in Z?. Hence, a
binary Pickard model can be parametrized by seven parameters,

$pa=:a, ¢ap=:b, Pac=:¢, Pap, ¢acp, ¢aBp, PaBCD, (16)
as ¢ apc, Ppc in the non-degenerated case can be found from a, b, c:

Jbe o _be (@-b)a-o)
$apc =+ PrC = 1=,

a#0,1. (17)
The parameters in (16) satisfy natural constraints resulting from their definition as probabilities,
particularly,1 > a > bV ec.

3. Markov Edge Process: General Properties and Consistency

It is convenient to allow G to have isolated vertices, which of course can be re-
moved w.l.g., our interest primarily being focused on edges. The directed line graph
Gy = (V(GZ"),E(Gg’)) of DAG G = (V,E) is defined as the graph whose set of ver-
ticesis V(Gy") := E is the same as that of an undirected line graph, and the set of (directed)
edges is

E(Gg) :={(e1 = e2) : €1 € En(v),e2 € Eout(v) (Fv € V) }

Note that G is acyclic, and hence a DAG.
Given a DAG G = (V,E), we denote as S(G) the class of all non-empty sub-DAGs
(subgraphs) G’ = (V/,E')with V' C V,E' C E.

Definition 4. A transformation G — G’ € S(G) is said to be a top mesh dismantling algorithm
(top MDA) if it erases an edge ¢’ € Ein(vy) leading to a sink vy € V; in other words, if
G' = (V' E') with

V/ =7V, El =E \ {El}, €/ € gin(0+), Sout(v+) = Q. (18)

Similarly, a transformation G —_ G’ € S(G) is said to be a bottom mesh dismantling algorithm
(bottom MDA) if it erases an edge ¢ € Equt(v_) starting from a source v_ € V, in other words, if
G' = (V',E') with

V=V, E=E\{}, ¢€&ulv.), Enlv-)=0.
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We denote as S\ipa (G), Sypa (G) and Sypa (G) the classes of DAGs containing G
and the subDAGs G’ € §(G) which can be obtained from G by succesively applying a top
MDA, bottom MDA, or both types of MDA in an arbitrary order:

Sipa(G) = {GIU{G =Gk>1}, G—4 G —4 Gy = -+ =4 G,
Supa(G) = {GIU{G' =Gk>1}, G—_G —_G,—_ - —_Gy,
Svpa(G) = {G}U{G' =Gk>1}, G—+G =+ G =+ =+ G

Note that the above transformations may lead to a subDAG G’ containing isolated vertices
which can be removed from G’ w.l.g. Figure 2 illustrates that Sypa (G) # S(G) in general.

Figure 2. SubDAG G’ (right) cannot be obtained from DAG G (left) by MDA.

Definition 5. A subDAG G"” = (V",E") € S(G) is said to be the following:
(i)  Aninterval DAG if

Vi={veV:ivoyv=u0n}, E'={e=@ —=9")eE:d, " eV} (19)

forsomevy < vy,v; € V,i=1,2

(i)  Achain DAGifV" ={v1 =vf <0y <--- <0/ =0, E' = {(v} = v}),---, (v)_; =
o))} (Fk > 1), for some vy < vp,v; € V,i=1,2;

(iii) A source-to-sink DAG if any edge e = (v — v"") € E” connects a source v’ of G to a sink
v" of G".

The corresponding classes of subDAGs G = (V”, E") in Definition 5 (i)—(iii) will be
denoted by Sint(G), Schain (G) and Sets(G).

Proposition 1. For any DAG G = (V, E) we have that
Sint(G) € SMDA(G).  Schain(G) € SMpA(G).  Ssts(G) € Smpal(G). (20)

Proof. The proof of each inclusion in (20) proceeds by induction on the number |E| of

edges of G. Clearly, the proposition holds for |[E| = 1. Assume it holds for |[E| = n — 1; we

will show that it holds for |E| = n. The induction step n — 1 — n for the three relation in

(20) is proved as follows.

(i) Fixvy <vpand G” = (V' E") € S(G') tobe as in (19). Let {v; 1, -, 04 m} be the
set of sinks of G. If v; is a sink and m = 1 (or v, = v, 1), then G” = G belongs to
SI\J;ID A(G) by definition of the last class. If v; is a sink and m > 2, we can dismantle
anedge ¢’ € &in(v42), and the remaining graph G’ = (V/,E’) in (18) has n — 1 edges
and contains G’ = (V”,E"), meaning the inductive assumption applies, proving
G" e SI\+/IDA(G/) C SI\J/FIDA(G) C SMDA(G)-
Next, let v, & {v4 1, -+ ,v4m}. Then there is a path in G from v; to at least one of
these sinks. If v, < v4 = v, 1, we apply a top MDA to v and see that G’ in (18)
has the number of edges |E’| = n — 1 and contains the interval graph G” in (19), so
that the inductive assumption applies to G’ and consequently to G as well, as before,
proving the induction step in case (i).
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(i) Let G” be achain between v; < v and G” # G, since G” = G belongs to Sy (G) by
definition. Let {v+/1, -+, U4 m} be the set of sinks of G. If v; is a sink and m = 1 then
G contains an edge ¢ = (v — v, 1) which does not belong to G”. Then, by removing
e from G by top MDA we see that G’ = (V/, E’) in (18) contains the chain G”, viz.,
G" € 8§(G’), and therefore G” € S\ip,(G') by the inductive assumption. If v, is a
sink and m > 2, we remove from G any edge leading to v , and arrive at the same
conclusion. If v, & {vy 1, - ,v4 ,} is not a sink, we remove any edge leading to
a sink and apply the inductive assumption to the remaining graph G’ having n — 1
edges. This proves the induction step in case (ii).

(iii) LetG" # G,G" € Sis(G), V' = V" UV, where V" = {v’l/l,"' ,v'l’k} and V! =
{v’fr,l, e U’J’Dé} are the sets of sources and sinks of G”, respectively. Let V_ and V. be
the sets of sources and sinks of G = (V,E). If V = V_U V,, i.e,, G is a source-to-sink
DAG, we can remove from it an edge ¢ € E,e ¢ E” and the remaining graph G’ in
(18) contains G” and satisfies the inductive assumption. If G is not a source-to-sink
DAG, it contains a sink v ¢ V' or a source v_ ¢ V”. In the first case, there is
¢/ = (v/,vy) € E,¢’ ¢ E, which can be removed from G, and the remaining graph

G’ contains G” and satisfies the inductive assumption. The second case follows from
the first one by DAG reversion. This proves the induction step n — 1 — #n in case (iii),
hence the proposition.

O

An edge process on DAG G = (V,E) is a family Yr = {Y,;e € E} of discrete r.v.s indexed
by edges of G. It is identified with a (discrete) probability distribution Pr(yg), yg = (ye;e € E).

Definition 6. Let G = (V,E) be a given DAG. A clique distribution at v € V is any discrete
probability distribution 1wy = 700(Yg(v)) Ye (o) = (Yese € E(v)), that is, a family of positive
numbers m,(yg(v)) > 0 summing up to 1:

Y m(yew) = 1.

Ye()

The set of all clique distributions 1t, at v € V is denoted by I1,(G).

Given 71, € I1,(G), the conditional probabilities of out-configuration y¢,_ () = (Ve;€ €
Eout(v)) given in-configuration y¢, () = (Ye;€ € Ein(v)) write as

o (Ve (o))

70 (Yot (0) Y (0)) = 0o (Y ey (v)

with yg(o) = (Vese € Eout(v) U &in(v)) and 7o (Ve (o) Ve () = 1 for Eout(v) = @, ==
ﬂv(gout(v)) for 5in(v) = Q.

Definition 7. A Markov edge process on a DAG G = (V, E) corresponding to a given family
{rtv; v € V'} of clique distributions 7, € I1,(G) is a random process Yg = {Y,;e € E} indexed
by edges of G and such that for any configuration yg = (ye;e € E)

Pr(ye) =P(Ye =yee € E) i= [ [ mo(Yeou(o) Ve 0)- (21)
veV

An edge process Y = {Y,;e € E} ona DAG G = (V,E) can be viewed as a site
process on the line graph Gg = (V(Gg),E(Gg)) of G = (V,E), with V(Gg) := E, E(Gg) :=
{(e1 = e2) 1 €1 € Ein(v), €2 € Eoue(v) (Fv € V) }.
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Corollary 1. A Markov edge process Pg in (21) is a Bayesian network on the line DAG Gg =
(V(Ge), E(GE)) if

(Yoo (o) Vo) = 11 ToWelve, ), YoeV. (22)

EGSOUt (’U)

Condition (22) can be rephrased as the statement that ‘outgoing’ variables Y, e €
Eout(v) are conditionally independent given ‘ingoing’ variables Y, ¢/ € &p(v) for each
node v € V. Analogously, Pr in (21) is a Bayesian network on the reversed line graph
G} under a symmetric condition that ‘ingoing’ variables Y/, ¢’ € &n(v) are conditionally
independent given ‘outgoing’ variables Y, e € Eout(v), for each node v € V.

Definition 8. Let G = (V, E) be a DAG and §'(G) C S(G) be a family of subDAGs of G. A
family of edge processes {Pp; G' = (V',E') € §'(G)} is said consistent if

Pe(ye) =Pp(ye), VG =(V,E)eS(G) (23)
Given edge process P in (21), we define its restriction on a subDAG G’ € §(G) as

Peip(ye) == Pe(yp), yer = (vese € E). (24)
In general, P is not a Markov edge process on G, as shown in the following example.

Example 1. Let G = (V,E),V ={1,2,3},E={e; = (1 = 2),es = (1 =+ 3),e3 = (2 —
3)}, E' = {e2,e3}. Then Pe(Yey, Yer, Yes ) = 701 (Yer, Yeo ) 02 (Yes Yy ) and

PE|E’ (yle }/63) = Z T (yt’lly@z)NZ(y% |y€1)' (25)
Yeq

The subDAG G" = (V, E) is composed of two edges going from different sources 1 and 2 to the same
sink 3. By definition, a Markov edge process Pgr on G’ corresponds to independent ye,, Ye,, viz.,

Pp (yezry%) = 7Ti (yez)ﬂé(]/q)- (26)

It is easy to see that the two probabilities in (25) and (26) are generally different (however, they are
equal if 701 (Yey, Ye,) = 711 (Ye, ) 701 (Ye, ) is a product distribution and 1v1(ye,) = 712(Ye, ), in which
case 70 (Yey) = 701 (Yer ) and 73 (yey ) = 702 (Yey ))-

In Example 1, the restriction Pg g/ to E' = {e,e2} is a Markov edge process with
Prer(Veys Ye,) = 71 (Yey, Ye,)- The following proposition shows that a similar fact holds in a
general case for subgraphs G’ obtained from G by applying a top MDA.

Proposition 2. Let Pg be a Markov edge process on DAG G = (V,E). Then for any G' =
(V! E') € Syipa(G), the restriction Ppps is a Markov edge process on G' with clique distribution
n, € I1,(G'),v € V' given by

(Ve (0) = To(Yerw), vEV (27)

which is the restriction of clique distributions 7t, to (sub-clique) &' (v) = E(v) N E'.
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Proof. It suffices to prove the proposition for a one-step top MDA, or G’ in (18). Let
En(vy) :={eg = (v1 — vy), - ,ex = (vp = v4)}, k > 2, ¢/ = e. From the definitions in
(21) and (27),

PE‘E/ (yEl) = H } Ty (ygout |y<€m yz 7Tvk ygout ’Uk |y5m ’Uk )
US Uk ey
=TI moWeo)Venw) ™ Wer, 00 Venon) = TT mWer ) Ve )
veV\{v} veV
O

Example 2 (Markov chain). Let G = (V,E),V ={0,1,--- ,n}, E={e1 = (0 = 1),ep =
(1—2),-+,ex = (n—1— n)} bea chain from 0 to n. The classes S\ip(G), Sypa (G) and
Smpa (G) consist respectively of all chains from 0 to j € {1,--- ,n}, fromi € {0,--- ,n—1} to
nand fromitoj(0 <i < j<mn).AMarkov edge process on the above graph is a Markov chain
Yg = {Ye,, -+, Yo, } with the probability distribution

PE(yewyﬁw te fyfn) = 7[0(]/61)7[1 (yezlyfl) to nﬂ—l(y3n|y€n—l)

where 1ty is a (discrete) univariate and ., 1 < k < n — 1 are bivariate probability distributions;
T (Vegsn [Ver) = Tk (Yers Yer1 )/ Ly Tk (Yey, y) are conditional or transitional probabilities. It is
clear that the restriction Pg g on E' = {ey, -~ ,e;} is a Markov chain with 1ty = mo, 71, =
mtx, 1 < k < j; in other words, it satisfies Proposition 2 and (27). However, the restriction PE‘ g to
E' ={ej,--- ,en} or G' = (V',E') € Sypa(G) is a Markov chain with the initial distribution

. T (Jepr Jern) -
)= Y. m@e) T[] % To, = Ve
Gey o ey 1<k<i k\Yey

which is generally different from 1;(y.,). We conclude that Proposition 2 ((27) in particular) fails
for subDAGs G’ of G obtained by a bottom MDA. On the other hand, 77, = m;,1 < i < n hold for
the above G', G provided the 7t values satisfy the additional compatibility condition:

nk(yfk) = ﬂk—l(]/ek)/ €k = (k_ 1— k)r k=1,---,n—1

Proposition 3. Let Pr be a Markov edge process on DAG G = (V, E) in (21). Then for any edge
e= (v —>v) €E

Pe(Yelyer, e # e, €E) = Pr(yelye, € € Eout(v2) U&in(v1))
_ 7-[271 (ygout U] |y£m Ul))nUZ (ygout |ygm Uz)) (28)
Zye 7T7;1 (ygout '01 |y5in Ul))nUZ (y&)ut ’02 |y€in ’02))
and
Pr(yelye, e’ <) = Pr(yelye, e’ € En(v1)) = 7o, (Yel¥e, (o)) (29)
with g = (Je; e € E) satisfying Jo = Yo, € # e.
Proof. Relation (28) follows from
P
Pr(Yelye, e #ee € E) = E(ye) (30)

Yg. PE(¥E)
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and the definition in (21), since the products [],,, 0, cancel in the numerator and the
denominator of (30).

Consider (29). We use Propositions 1 and 2, according to which the interval DAGs
Gi = (Vi,Ei), Vi :={v € V:0v < 0v},i = 1,2 belong to S\ip,(G). The ‘intermediate’
DAG G = (V,E), constructed from G; by adding the single edge ¢ = (v; — vy), viz.,
V := V3 U {0y}, E := E; U {e}, also belongs to Syip» (G) since it can be attained from G,
by dismantling all edges with the exception of E. Note that {e} U {¢/ € E :< e} = E.
Therefore, by Proposition 2, Py £ (yg) = Pz(yg) where Pg is a Markov edge process on G
with clique distributions

ﬁv(y(‘j(v)) = ﬂy(yg(v)), S V (31)

The expression in (29) follows from (31) and (28) with E replaced by E by noting that
v, is a sink in G; hence, 7Ty, (y&ut(vz)wfm(vz)) = 1, whereas 7y, (yguut(v1)|y5m(v1)) =
nUZ (y€|y8m(vl))' D

Remark 3. Note that ¢’ € Equt(v2) U Ein(v1) in the conditional probability on the r.h.s. of (28)
are nearest neighbors of e in the line graph (DAG) Gg = (V(Gg), E(Gg))

Theorem 2. Let G = (V, E) be a given DAG and Pg a Markov edge process in (21) with clique
distributions , € Iy, v € V satisfying the compatibility condition

=a (ye) = Ty, (yt’)' Ve= (01 - 02) €E (32)

and two marginal independence conditions:

ﬂv(ysout(v)): H 70 (Ye) (33)
e€Eout(v)
and
ﬂv(ysm(z;)): H 70 (Ye)- (34)
eegin(v)

Then the family of Markov edge process Pri, G' = (V' E') € Smpa (G) with clique distributions
m, € I, v € V' given in (27) is consistent, viz.,

PE‘E’ == PE’/ V Gl = (V/, El> < SMDA(G) (35)

Remark 4.

(i)  Conditions (33) and (34) do not imply the mutual independence of the in- and out-clique
variables yg, (o) and Yg,_ (o) under .

(i)  Conditions (33) and (34) are automatically satisfied if card (&in (v)), card(Eout(v)) € {0,1}
(Markov chain).

(iii) Conditions (33) and (34) are symmetric with regard to DAG reversion (all directions reversed).

(iv) In the binary case (Y. = 0,1), the value Y, = 1 can be interpreted as the presence of a

‘particle’ and Y, = 0 as its absence on edge e € E. ‘Particles’ ‘move” on a DAG (V,E) in

the direction of arrows. ‘Particles’ ‘collide’, ‘annihilate” or "branch’ at nodes v € V, with

probabilities determined by clique distribution 1t,. See Section 4 for a detailed description of

particle evolution for the Arak model on 72.
Proof of Theorem 2. It suffices to prove (35) for a one-step MDA:

E—_E_=E\{.} and E—, E, =E\{c.}
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Pe(ye) =

which remove a single edge ¢/ = (v_ — v) coming from a source v_ € V and a single

edge ¢/, = (v/ — vy ) going to a sink v € V, respectively. Moreover, it suffices to consider

E’_ only. The proof for E/_ follows from Proposition 2 and does not require (32)-(34). (It also

follows from E’ by DAG reversion.) Then, by the marginal independence of 7, v = v_, v’

and TTy_ (yg/) = 7-['0/ (y@’ )’

Tty_ (]/e’) (

[T

e€€out(v—

T (Y 4 (v ) Ut (01))
H Tly_ (ye) = 1_[ (ygout |y£m )
ecEonlv- )ere! ) 7 (Yer) 0o (Ym0 1e'}) vevioto o
T (Y in (o) Vot (o))
Tto_ (Ye) - T (Y £ (0) [V i (0))-
),e#e’ ’ ‘ ) Tt (ygin(”/)\{e/}) veV,gé[v,,v’ ’ ) ©

From the definition of 717, in (27), we have that [Tocg, (0_) e To- (Ve) = To_ (Ve (o))

o (Y@M (e}) = T (Ver 0)): Thoevoto v To(Ver, (0)|Ye! (o)), and therefore

7-[7/ (ygin(vl)ugout(vl)) H

Pe(ye) = 7 (Yer (o) T e ) sy o (e (o) Vel )
leading to
T (Yer (0yuel (o))
Pe(ye) = 7o (Yer (o) — “( °“f) EV];[ , o (Wer (Ve )
veV,vtv_ v
= [l me, olve @)
veV

and proving (35) for E = E’_ defined above, or the statement of the theorem for a one-step
MDAE - E.. O

Corollary 2. Let Pr be a Markov edge process on DAG G = (V, E) satisfying the conditions of
Theorem 2:

(i)

(i1)

The restriction Pgp of P on a chain DAG G' = (V,E') € Shain(G),V' =
{vo,v1,- -+, v}, E' ={e1, - ,ex},ei = (vi_1 — v;) is a Markov chain, viz.,

PE|E’(y€1" o 'yek) = 7-[;;0(%?1) vy (yez‘yﬁ) ’ vk 1(y€k|y€k 1) (36)

where

7'(;;0 (y€1) = Ty, (yel)r 7'(;;,- (yei—l’yei) = Ty, (yei—l’yei)’ i=1--,k

The restriction P g of Pg on a source-to-sink DAG G' = (V', E') € Sss(G) is a sequence
of independent r.v.s, viz.,

PepeecE) =TT TI = (37)

veV! ecél (v)

where V! C V' is the set of sources of G' and &’ := Eout(v) N E' is the set of edges

out(v)
coming from a source v € V' and ending into a sink of G', 7, (y.) := 7o (ye), e € EL i (v).

Proof.

(i)

By Proposition 1, G’ belongs to Sypa (G) so that Theorem 2 applies with 7}, in (27)
given by (31), resulting in (36).



Mathematics 2025, 13, 3368

13 of 24

(ii) By Proposition 1, G’ belongs to Sypa (G) so that Theorem 2 applies with 7/, in (27)
given by

@) = Te )= I m@)= T] m) oeV.,

e€ € (0) €& (v)

7T, (Ve

out

(the second equality holds by (33)), resulting in (37).
O

Remark 5. A natural generalization of chain and source-to-sink DAGs is a source—chain-sink
DAG G' = (V' E') € S8(G) with the property that any sink vy € V' is reachable from a source
v_ € V' by a single chain (directed path). We conjecture that for a source—chain-sink DAG G/,
the restriction Py g of Pg in Theorem 2 is a product of independent Markov chains on disjointed
directed paths of G', in agreement with representations (36) and (37) of Corollary 2.

Gibbsian representation of Markov edge processes. Gibbsian representation is fun-
damental in the study of Markov random fields [4,6]. Gibbsian representation of Pickard
random fields was discussed in [8,9,11,12]. The following Corollary 3 provides Gibb-
sian representation of the consistent Markov edge process in Theorem 2. Accordingly,
the set of vertices of DAG G = (V,E) is written as V = V; U9V, where the boundary
oV :={v € V: &n(v) = @ or Eout(v) = D} consists of sinks and sources of G and the
interior Vp := V' \ 0V of the remaining sites.

Corollary 3. Let Pr be a Markov edge process on DAG G = (V, E) satisfying the conditions of
Theorem 2 and the positivity condition Pg(yg) > 0. Then

Pe(ye) = eXP{ Y Qolyew) + )2 zalv(yg(v))}r (38)

veVp vedV

where the inner and boundary potentials Q,, Q3V are given by

7_[17(]/5(7;)) , Q?;V(yg(v)) = log H Nv(yg). (39)

v = log =—————
Qv(yf( )) g]_[eeg(p) 7o (Ye) ec&(v)

Formula (38) follows by writing (21) as Pr(yg) = exp { Yoev (10g 7o (Ve (o)) —

logTece,, (v) Mo (ye))} and rearranging terms in the exponent using (32)—(34). Note (38)
is invariant with regard to graph reversal (direction of all edges reversed). Formally, the
inner potentials Q, in (39) do not depend on the orientation of G, raising the question of
the necessity of conditions (33) and (34) in Theorem 2. An interesting perspective seems to
be the study of the Markov evolution {Yg(t);t > 0} of Markov edge processes on DAG
G = (V, E) with invariant Gibbs distribution in (38).

4. Consistent Markov Edge Process on Z" and Arak Model

Let (Z', E(Z")) be an infinite DAG whose vertices are points of regular lattice Z" and
whose edges are pairs e = (v — v'), |[v — v'| = 1,v < ¢’ directed in the lexicographic order
v=(t, -, ty) 20 =(t},---,t,)ifand only if t; < t/,i =1,--- ,v. We write v < ' if
v <0, v # v'. A v-dimensional hyperplane (1 <7 < v)

Hy = {(t, - to,Sp41, - ,50) €LV (t1,-+- ,t5) €Z"} (40)

can be identified with Z” for any fixed (sy,1,- -+ ,8,) € Z'".



Mathematics 2025, 13, 3368

14 of 24

Let Grec(Z") denote the class of all finite ‘rectangular’ subgraphs of (ZY, E(Z")), viz.,
(V,E) € Grec(Z")if V={v€Z":v_ Xv =<0;}forsomev_ < vy €Z', vy €Z",and
E={e=(v—7) € EZ"),v,v € V}. We denote

grec(v) = {Gﬁzl << V} (41)

the class of all subgraphs Gy = (Vy, Ey) of (V,E) € Grec(Z") formed by intersection
Vo = VN Hp,E; = {e = (v = v) € E,v,v/ € V} with a 7-dimensional hyperplane
H; C ZV,Hy NV # @ that can be identified with an element of Gyec(Z7). Particularly, for
v =3and any (sy,s3) € Z?,

Hy ={(t1,s2,83): 1 € Z}, H1NV #Q (42)
and the subgraph G; = (V3, Eq) can be identified with a chain
Ei={v; w0 +1—= - =of —1=0}, of >0f (43)
of length n = v > v > 1. Similarly, for any s3 € Z,
Hy = {(t1,tp,53) : (t1,t2) € 7%}, HoNV £ (44)

and the subgraph G, = (V3,E») of G = (V,E) € Grec(Z?) is a planar ‘rectangular’ graph
belonging to Grec(Z?). Note that any subgraph Gy € Grec(V) is an interval subDAG of
G = (V,E) in the sense of Definition 5 (i). From Proposition 1 we obtain the
following corollary.

Corollary 4. Let G = (V,E) € Grec(ZV). Any subgraph Gy € Grec(V),1 < ¥ < v can be
obtained by applying an MDA to G.

We designate Y3,Y3,---,Y,,_1 ‘outgoing’ and Y,Yy,---,Ys, ‘incoming’ clique
variables (see Figure 3). Let 7 be a generic clique distribution of random vector
(Y1,Y2 -+ ,Ys,1,Y2,) on incident edges of v € Z". We use the notation m4(ys) =
n(Y; = y;,i € A),ya = (y;,i € A),A C A, :=={1,---,2v},A # @. A, = A"t U AP,
AUt = {1,3,.-- ,2v—1}, AN := {24, .., 2v}.

Y3 Yy Y3

Y, Y; Y, Y; Y; Y

YG Y4 Y4

Figure 3. Generic clique variables of Markov edge processes on Z", ‘v = 3,2,1.

The compatibility and consistency relations in Theorem 2 write as follows for any

ni(y):ni+l(y)r i=13---,2v-1 (45)
and
Mg (Yag) = T mlyi)  manap) = TT mii)- (46)
i€ AQut ieAln

Let I, be the class of all discrete probability distributions 7t on R?" satisfying (45) and (46).
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Corollary 5. Let Yg = {Y,;e € E} be a (consistent) Markov edge process on DAG G = (V,E) €
Grec (ZV) with cligue distribution 7t € T1,,. The restriction

YE = {Ye;e S E}, E=EnN Hj (47)

of Ye on any v-dimensional hyperplane Hy in (40) is a consistent Markov edge process on DAG
Gy = (V,E) € Grec(Z") with generic clique distribution 7t(ya,) := 7(ya,), 7t € Iy. Particu-
larly, the restriction

Yél = {Yg;e S El}r E1=ENH; (48)

of Yg to a one-dimensional hyperplane Hy in (40) is a reversible Markov chain with the
probability distribution

P(Ye, =y1,- - Ye, =yn) = my)m(v2lva) - 1 (ulyn—1), (49)

where 71 (y1,y2) = ma(y1,y2) and 71 (y1ly2) = (v, y2)/ 71 (y2), 1 (y2) > O are the
conditional probabilities.

Example 3. Broken line process. Let v = 2 and Y;,i = 1,2,3,4 take integer values Y; € N =
{0,1,- - - } and have a joint distribution

J A1 +Y2+y3tya

Wl(yl —Y3=Ys—Y2), (50)

m(y1,y2.y3,ys) = (1-A*)(1-2)
yi € N,i=1,2,3,4, where 0 < A < 1is a parameter. Note that for y1 > y3

Y, vy ysys) = (1=A2)(1 =122 Y AR(y) —y3 = ya — o)
y2,44€N Y2,y4€N

(1—A)2Avitys

and the last equality is valid for y1 < ys, too. Therefore, 7t in (50) is a probability distribution
on N* with (marginals) 1t13 and 7to4 written as the product of the geometric distribution with
parameter A > 0. We see that (50) belongs to 11, and satisfies (45) and (46) of Corollary 5. The
corresponding edge process called the discrete broken line process was studied by Rollo et al. [25]
and Sidoravicius et al. [26] in connection with planar Bernoulli first passage percolation. The
discrete broken line process can be described as an evolution of particles moving (horizontally or
vertically) with constant velocity until collision with another particle and dying upon collision, with
independent immigration of pairs of particles. An interesting and challenging open problem is the
extension of the broken line process to higher dimensions, particularly tov = 3 or G € Grec(Z3).

Definition 9. We call an Arak model a binary Markov edge process Yg = {Y,;e € E} ona DAG
G = (V,E) € Grec(ZY) with clique distribution 7t € T1,,.

We also use the same terminology for the restriction of an Arak model on a subDAG
G' € §(G),G € Grec(ZV), and speak about an Arak model on ZV since Y extends to infinite
DAG (Z',E(Z")); the extension Y = {Y,;e € E(Z")} is a stationary binary random field
whose restriction coincides with Yg. Note that when (Yq,---,Ys,) € {0,1}?, the clique
distribution 7 is determined by 22" — 1 probabilities

pa=P(Y;=1icA), ACA, A#Q. (51)



Mathematics 2025, 13, 3368

16 of 24

Particularly, for v = 3 the compatibility and consistency relations in (45) and (46) read as

pP1=Pp2, P3="Ps P5="Pe (52)
P135 = pP1pP3ps, P13 = p1P3, P15 = P1P5, P15 = P1pPs,
P246 = P2P4P6, P24 = P2P4, P26 = P2P6, P46 = P4aPeé-

The resulting consistent Markov edge process on Z3 depends on 63 — 3 — 8 = 52 parameters.
In the lattice isotropic case it depends on nine parameters p1, p13, P14, P135, P123, P1234, P1345,
P12345, P123456 satisfying two consistency equations, pi35 = p? and pi3 = p%, resulting in a
seven-parameter isotropic binary edge process communicated to the author by T. Arak.
Denote v; := (0,---,0,1,0,---,0) € RY,1 < i < v unit vectors in Z", ¢;, = (v —
\T/
v+ v;), Twe; = (v+ n;i — v+ (n+ 1)v;)—edges parallel to vectors v;,1 < i < v. The
following corollary is a consequence of Corollary 5 and the formula for the transition
probabilities of a binary Markov chain in Feller [27] (Ch.16.2).

Corollary 6. The covariance function of an Arak model. Let Yg be an Arak model on DAG
G = (V,E) € Grec(Z"). Then forany1 <i <v,n € N,¢; € E, tye; € E,

. .2
EYoYre = potpo(l— py)(PEL2 Paiyn 53
e L,e; Pai pZz( Pzz)( P2i(1 — Pz,‘) ) (53)
where P2i = P(Yei = 1) = P(YZi—l = 1), pZi—l,Zi — P(Yei — leei _ 1) _ P(Yzl'_1 _ Yzl' _ 1)
are as in (51).

Remark 6. The conditional probabilities in Corollary 1 (22) for an Arak model can be expressed
through p 4 in (51). Particularly, an Arak model in dimension v = 2 is a Bayesian network on the
line graph of (Z?, E(Z?)) if

2 _ 2 _ .2
P12 = P1234, P123 = P1P1234-

In the two-dimensional case v = 2, the Arak model on DAG G = (V,E) € Grec(Z?)
is determined by the clique distribution 7 of (Y3, Y>,Y3,Ys) in Figure 3, middle, with
probabilities p1 = P(Y; = 1), -+, p1asa = P(Y1 = - - - = Yy = 1) satisfying four conditions:

P1 = P2, P3 = Pa P13 = P1P3, P24 = P2P4. (54)

The resulting edge process depends on 11 = (15 — 4) parameters. In the lattice isotropic
case, we have five parameters p1, p12, P13, P123, P1234 satisfying a single condition p13 = p%
and leading to a four-parameter consistent isotropic binary Markov edge process on Z2.
Some special cases of parameters in (54) are discussed in Examples 4-6 below.

The evolution of the particle system. Below, we describe the binary edge process Yg in
Remark 2 on DAG G = (V,E) € Grec(Z?),V = {(t,5) : 1 <t < m,1 < s < n}in terms of
particle system evolution. The description becomes somewhat simpler by embedding G
into G = (V,E), where

V=vualvudvuaivualy,

where )V = {(1,0),---,(m,0)},0V = {(0,1),---,(0,n)},0]V = {(L,n+1),---, (m,n+
)}andoiV = {(m+1,1),---,(m+1,n)} are boundary sites (sources or sinks belonging
of the extended graph G), as shown in Figure 4. The edge process Y is obtained from
YE:{YCIEEE}aSYE:{YEZEEE}.
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Figure 4. Contour edge variables in Theorem 3.

The presence of a particle on edge e = (v — v) € E (in the sense explained in

Section 2) is identified with Y, = 1. A particle moving on a horizontal or vertical edge is

termed horizontal or vertical, respectively. The evolution of particles is described by the

following rules:

(p0)

(p1)

(p2)

(P3)

Particles enter the boundary edges 0%E = {(1,0) — (1,1),---, (m,0) — (m,1))} (ver-
tically) and 09E = {(0,1) — (1,1),---,(0,n) —
of each other with respective probabilities p3 and p;.

(1,n)} (horizontally) independently

Particles move along directed edges of G independently of each other until collision
with another moving particle. A vertical particle entering an empty site v € V will
undergoes one of the following transformations.

6 Leaves v as a vertical particle with probability (pss — p13s — pasa + P123a)/p3(1 — p1);

(ii) Changes the direction at v to horizontal with probability (p14 — p124 — p134 +
p1234)/pa(1 = p1);

(iii)  Branches at v into two particles moving into different directions, with proba-
bility (p134 — p1234)/p3(1 — p1);

(iv) Dies at v, with probability (ps — p1a — P2a — P3a + P124a + P134 + Poza —
p1234)/p3(1 — p1).

Similarly, a horizontal particle entering an empty site v € V exhibits transforma-
tions as in (i)—(iv) with respective probabilities (p12 — p123 — P124 + p1234) / p1(1 — p3),
(P23 — p123 — P23a + p123a) /p1(1 — p3), (P123 — p123a)/p1(1 — p3) and (p2 — p12 —
P23 — P24 + P123 + P12a + p23s — p1234)/ p1(1 — p3).

Two (horizontal and vertical) particles entering v € V, either

(1) both die with probability (pos — p124 — P23a + P1234)/ p1p3; or

(ii)  the horizontal one survives and the vertical one dies with probability (p124 —
P1234)/ p1p3. or

(iii)  the vertical one survives and the horizontal one dies with probability (p3s —
P1234)/ p1ps. or

(iv)  both particles survive with probability pi234/ p1p3-

At an empty site v € V (no particle enters v), one of the following events occurs:

(i) A single horizontal particle is born, with probability (p1 — p12 — p13 — P14 +

P123 + p124 + p13a — p123a) /(1 — p1) (1 — p2);

(ii) A single vertical particle is born, with probability (p3 — p13 — p23 — P34 + p123 +
P134 + p23a — p1234)/ (1 — p1)(1 — p2);

(iii) No particles are born, with probability (1 — p; — p2 — p3 — pa + p12 + p13 +
P1a + P23 + pas + Pas — P123 — P124 — P134 — p23a + p123a) /(1 — p1) (1 — p3);
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(iv)  Two (horizontal and vertical particles) are born, with probability (p13 — p123 —
p134 + p123a) /(1 = p1)(1 = p3).

The above list provides a complete description of the particle transformations and transition
probabilities of the edge process in terms of parameters py, - - -, p1234.

Example 4. (Y1,Y>,Y3,Yy) are independent r.v.s, P(Yy = 1) = P(Y2) = p,P(Y3 = 1) =
P(Yy =1) = p3,p12 = p3, p3a = P53, , Prasa = p3p3. Accordingly, Y, e € E take indepen-
dent values on edges of a "rectangular’ graph G = (V, E), with generally different probabilities p;
and ps for horizontal and vertical edges. In terms of the particle evolution, this means the ‘outgoing’
particles at each site v € V being independent and independent of the ‘incoming’” ones.

Example 5. p1p = p1, implying P(Y1 # Yz) = 0and Ye, = Ye,+1,e, for any horizontal shift of
ey. The corresponding edge process Y in this case takes constant values on each horizontal line of

the rectangle V. Similarly, case psy = p3 leads to Yr taking constant values on each vertical line
of V.

Example 6. P(Y; # Yij#ij=1, 2,3,4) = 0,i = 1,2,3,4, meaning that none of the four
binary edge variables can be different from the remaining three. This implies EY1Y2Y3(1 — Yy) =
e = E(l — Yl)Y2Y3Y4 = EY1Y2Y3Y4, or

P123 = P124 = P134 = P234 = P1234, (55)

and E(1-Y1)(1-Y2)(1—-Y3)Yy = E(1 - Y1)(1 = Y2)(1 - Ya)Y53 = E(1 = Y1) (1 — Y3)(1 -
Y4)Y2 = E(l — Yz)(l — Yg)(l — Y4)Y1 = 0, or

P14 = P23, P12 =P1— P13 — P14 +2p1234, P3s = p3 — P13 — P23 + 2p123. (56)

The resulting four-parameter model is determined by p1, p3, P23, P1234. In the isotropic case we have
two parameters py, p1oza Since p3 = p1, paz = p2. This case does not allow for the death, birth or
branching of a single particle; particles move independently until collision with another moving
particle, upon which both colliding particles die or cross each other with probabilities defined in
(p1)—(p3) above.

5. Contour Edge Process Induced by Pickard Model
Consider a binary site model Xy = {Xy;v € V} on rectangular graph G = (V, E),

VvV = {UGZZ:v_jvjer}, (57)
E = {(v=7)07eV,d=0+(01),v+(1,0),v+ (1,1)}.

Let Z2 := 7% + (1/2,1/2) be the shifted lattice, 5 = v_ + (1/2,1/2), 5, = v; —
(1/2,1/2),0+ € Z*> and G = (V,E) € Grec(Z?) be the rectangular graph with V = {5 €
7*:9_<20=0,},E={¢= (86— 9) € E(Z?),6,9' € V}. For any horizontal or vertical
edge e = (v/ — v) € ECE(Z?) we designate

éle)=(—7)€ekE
the edge of G, which “perpendicularly crosses e at the middle’ and is defined formally by

5 v+ (1/2,-1/2), o =0v+(1,0), 5 9+(0,1), v =0v+(1,0),
o+ (-1/2,1/2), o =0v+(0,1),
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A Boolean function g = B(i,f), i,j € {0,1} takes two values, 0 or 1. The class of such
Boolean functions has 42 = 16 elements.

Definition 10. Let B4 and B, be two Boolean functions. A contour edge process induced by a
binary site model Xy on G = (V,E) in (57) and corresponding to By, B, is a binary edge process
on G = (V,E) defined by

Y,

e

0= {ﬁT(XU,Xv/) o 59

B—(Xo, Xy) ifv) =0v+(0,1),
Probably the most natural contour process occurs in the case of Boolean functions

Br(ij) = B (i,)) =1 #)), j=0,1, (60)

visualized by ‘drawing an edge’ & € E across neighboring ‘occupied’ and ‘empty’ sites v, v’
in the site process. The introduced ‘edges’ form ‘contours’ between connected components
of the random set {v € V : X, = 1}. Contour edge processes are usually defined for
site models on undirected lattices and are well-known in statistical physics [28] (e.g., the
Ising model), where they represent boundaries between +1 ‘spins” and are very helpful in
rigorous study of phase transitions. In our paper, a contour process is viewed as a bridge
between binary site and edge processes on DAG G = (V, E) in (57), particularly, between
Pickard and Arak models. Even in this special case, our results are limited to the Boolean
functions in (60), raising many open questions for future work. Some of these questions are
mentioned at the end of the paper.

Theorem 3. The contour edge process Yg in (59) and (60) induced by a non-degenerate Pickard
model coincides with the Arak model on G if and only if Xy is symmetric with regard to X, —
1 — Xy. The last condition is equivalent to

$pa=1/2, ¢app = Pacp, PBc —2¢aBc = PAD — 294BD- (61)

Moreover, Yy coincides with the Arak model in Example 6 with

pr=pr2=1-2¢ac, p3=ps=1-2¢as (62)
P23 =1/2 —¢ap — pac +Pap, P1234 =1 — 208 — 2¢ac +2¢ABcD-

Proof. Necessity. Let Yz in (59) and (60) agree with the Arak model. Accordingly, the
generic clique distribution (Y1,Ys, Y3, Yy) is determined by a generic family distribution
(A,B,C,D) as

Y1=1B#D), Y=1A#C), Y3=1(C#D), Yy=1(A+#B), (63)

see Figure 3. From (15), we find that

p1=P(Y1=1) = 2(¢p—¢pp) =2(¢pa —Pac) =P(Ya=1) = py, (64)
p3=P(Y3=1) = 2(¢pa—¢ap) =P(Ya=1)=ps,
P(,=Ys=1) = pu=P(A=0B=C=1)+P(A=1B=C=0)

= ¢pc+¢Pa—Pap—Pac =P(V1=V3=1).
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The two first equations in (54) are satisfied by (64). Let us show that (64) implies the last
two equations in (54), viz.,, P(Y, = Yy = 1) = P(Y, = 1)P(Yy = 1). Using (10), (64) and the
same notation as in (17), we see that py4 = pap4 is equivalent to the equation

4(a—Db)(a—c) = a—b—c—i—%—l—%,

which factorizes as (2a — 1)%(a — b)(a — ¢) = 0. Hence, a = ¢4 = 1/2, since a = b and
a = c are excluded by the non-degeneracy of Xy.

Let us show the necessity of the two other conditions in (61). Let V = {A,B,C,D, A’,C'}
be a 2 x 1 rectangle as in Figure 4 and (Y1, - - ,Y7) be the corresponding edge process,
where Y;,i = 1,2,3,4 are as in (63) and

Ys=1(B#A"), Ys=1(D#C), Y,=1(A" #C).

The last fact implies that (Y5, Y3, Yy) and (Vs, Y, Y7) are conditionally independent given
Y1 = 0, 1. Particularly,

PYi=1Y,=---=Y,=1)P(Y; =1) (65)
=PVi=Y2=Y3=Y,=1PN=Ys=Ys=Y,=1)
and
=LY,=--=Y=0PY,=1)=PV1=1,Y2,=Y3=Y,=0P(Y; =1,Y5 =Y, = ¥, = 0). (66)
From ¢4 = 1/2 and (15) we find that P(Y; = 1) = P(A # C) = 1 —2¢4c,
P, =Y, = =Y, =1)
= PA=D=A"=1,B=C=C=0)4+P(A=D=A'"=0,B=C=C'=1)
= ¢(A=D=1,B=C=0)p(A' =1|B=0)¢(C' =0|A'=D =1,B=0)
+ ¢(A=D=0,B=C=1)¢p(A' =0|B=1)¢(C' =1|A' =D =0,B=1)
= 4(¢pc —2¢apc + Pacp)(PaDp — Pacp — Pasp + Papcp)/ (1 —2¢ac),
and
PYi=Yo=Y3=Y,=1)=PYi=Ys=Ys =Y, =1)
= P(A=D=1,B=C=0)+P(A=D=0,B=C=1)
= (¢ap — ¢aBD — PacD + PaBcp) + (PBc — 2¢aBC + PABCD)
Hence, (65) for x := ¢pc — 2¢aBc + PaBcD,Y = PaDp — Pacp — PaBp + Papcp leads to
4xy = (x +y)? or
$Bc —2¢aBc = PaD — PacD — PaBD- (67)
Next, consider (66). We have
PY1=1Y,=--=Y¥,=0)
= PA=C=D=1B=A=C=0)+P(A=C=D=0B=A'"=C =1)

_|_

p(A=C=D=1,B=0)p(A" =0|B=0)p(C' =0|A'=B=0,D=1)
P(A=C=D=0,B=1)p(A =1|B=1)p(C' =1|A' =B =1,D = 0)

2((papp — Papcp)* + (Ppacp — papcp)?) /(1 —2¢ac),
PY1=1Y2=Y3=Y,=0)=P(Y; =1, = Y5 = ¥7 = 0) = ¢papp + Pacp — 2¢a5cD-
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Hence, (66) for x := ¢papp — PaBcD, Y := Ppacp — Papcp Writes as 2(x* + y?) = (x +y)?
yielding x = y and
$aBD = PacD- (68)

Equations (67) and (68) prove (61).

Finally, let us show that (61) implies symmetry of family distribution ¢ and Pickard
model Xy. Indeed, ¢(A,B,C,D) = ¢(1 —A,1—B,1—C,1— D) is equivalent to the
equality of moment functions:

EA=E(1—-A),---, EABCD =E(1-A)(1-B)(1-C)(1-D). (69)
The relation EA = 1/2 implies the coincidence of moment functions up to order 2: EAB =

E(1—A)(1—B), BEAC=E(1—A)(1—C),EAD = E(1 - A)(1— D), EBC = E(1—B)(1 —
C) so that (69) reduces to

EABC =E(1— A)(1—B)(1—-C), EABD =E(1— A)(1— B)(1—D), (70)
EACD =E(1— A)(1—-B)(1-C), EABCD =E(1— A)(1—B)(1—C)(1- D).

The relation E(1 — A)(1 = B)(1 —C) = 1—3/2+4 ¢pap + pac + ¢pc — Pac = Papc =
EABC follows from (15), whereas the remaining three relations in (70) use (15) and (61).

It remains to show the symmetry of Pickard model Xy. Write £y = {£,,v € V}, %, :=
1—x, € {0,1} for configuration of the transformed Pickard model X, :=1— X,. Then by
the definition of Bayesian network in (5),

Py (2y) = [ | ¢o(Rol®r(0)- (71)

veV

where ¢ (20|27 (0)) = ¢Po(xo|XF(y)) provided ¢o(2 7)) = ¢Po(xF(,)) have the symmetry
property. The latter property is valid for our family distribution ¢ , implying Py (£y) =
Py (xy) and ending the proof of the necessity part of Theorem 3.

Sufficiency. As shown above, the symmetry Py (£y) = Py (xy) implies (61) and (54)
for the distribution 7 of the quadruple (Yl, Y,,Ys, Y4) in (63). We need to show that Y in
(59) and (60) is a Markov edge process with clique distribution 7 following Definition 7.

Let v_ = (1,1) be the left bottom point of V in (57) and

Ve = {yé(e) €{0,1} : Jxy = {xp;v € V} € {0,1} s.t. (72)

_JBi(xe,x0)  e= (0 = 0),0 =0~ (1,0),
Yete) = B (xy,xp) e= (v = 0v),v/ =v—-(0,1) }
be the set of all configurations of the contour model. It is clear that any yz = {ys E} € Vg
uniquely determines xy = {x,;v € V} € {0,1}" in (72) up to the symmetry transfor-
mation: there exist two and only two configurations, xy = {x,;v € V}, £y = {£,;0v €
V}, 2o =1—x, X1 = 1, 9?(1,1) = 0, satistying (72). Then, by the definition of the Pickard
model and the symmetry of ¢,

P(Yye) =ysé € E) = Py(xy)+Py(2y) =2]] ¢(xolxpaw) (73)
veV

where

$(A,B,C,D)

P(xo[Xpa()) = “9(A,B,C) (74)
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for xo = D,x,_(11) = A, Xy_(10) = C,Xy_(01) = Band v € V'\ 9_V having a four-point
family as in Figure 1, right. From the definitions in (63), we see that

P( 1, 2,Y3,Y4) = gb(A,B,C,D) + 4)(1 —A,1-B,1-C,1— D) = Zgb(A,B,C,D),
P( ~2, ~4) = (])(A, B,C)+ (P(l —A,1-B,1— C) = Zcp(A, B,C),
P(Yy) = ¢(A,B) +¢(1 - A, 1 - B) = 2¢(A, B),
P(Ys) = ¢p(A,C) +¢(1 — A,1—C) =2¢(A,C).
This and (74) yield
4)(xﬂ|xpa(v)) = ﬁ(yél(v)/yéz(v)‘ye"z(v)/]/@(v))/ vE V\a*V (75)

where ¢1(v) = (v—(1/2,1/2) = v+ (1/2,-1/2)),é3(v) = (v—(1/2,1/2) — v+
(=1/2,1/2)) are out-edges and &(v) = (v—(3/2,1/2) — v— (1/2,1/2)),é4(v) =
(v—(1/2,3/2) — v—(1/2,1/2)) in-edges of Z?. An analogous relation to (75) holds
for vo_V,v # v_, whereas for v = v_ we have ¢(xy|xpa()) = ¢(x0) = 1/2, cancelling
with factor 2 on the r.h.s. of (73). The above argument leads to the desired expression

P(Yo) =yeie € E) = [ AWeuo)Vene) (76)
oev
of the contour model as the Arak model with clique distribution 7t given by the distribution
of (Yl, Yz, Y3, Y4) in (63).
Let us show that the latter model coincides with Example 6 and its parameters satisfy
(62), (55) and (56). Indeed, (63) implies P(Y; # Yj.j #1,j =1,2,3,4) = 0,i = 1,2,3,4and
hence (55) since pa3 = p14a = ¢ap — P apDp follow from the second equation in (61). Finally,
(62) is a consequence of (17). Theorem 3 is proved. O

Remark 7.

(i) The Boolean functions B4(i,j), B— (i, ]) in (60) are invariant under symmetry (i,j) — (1 —
i,1—7),i,j = 0,1. This fact seems to be related to the symmetry of the Pickard model in
Theorem 3. It is of interest to extend Theorem 3 to non-symmetric Boolean functions, in an
attempt to completely clarify the relation between the Pickard and Arak models in dimension 2.

(i) A contour model in dimension v > 3 is usually formed by drawing a (v — 1)-dimensional
plaquette perpendicularly to the edge between neighboring sites |[v — v'| = 1, Xy # Xy of
a site model X in ZV [28,29]. 1t is possible that a natural extension of the Pickard model in
higher dimensions is a plaquette model (i.e., a random field indexed by plaquettes rather than
sites in 7V), which satisfies a similar consistency property as in (11) and is related to the
Arak model in ZV. Plaquette models may be a useful and realistic alternative to site models in
crystallography [30].

6. Conclusions

We introduce and systematically explore a new class of processes—consistent Markov
edge processes defined on directed acyclic graphs (DAGs). The work generalizes and
combines previously known models such as Picard’s Markov random fields and Arak’s
probabilistic graph models, offering a unified approach to their study. Main Theorem 2,
which establishes sufficient consistency conditions for a family of subgraphs obtained using
the MDA algorithm, is a key contribution and opens the way to applications in causal
inference and decision theory.
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