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Abstract

Adaptive filtering algorithms often suffer from biased parameter estimation and perfor-
mance degradation in the presence of colored input noise and impulsive observation noise,
both of which are common in practical sensor and communication systems. Existing bias-
compensated least mean square (LMS) algorithms generally assume white Gaussian input
noise, thereby limiting their applicability in real-world scenarios. This paper introduces
a robust convex combination bias-compensated LMS (CC-BC-LMS) algorithm designed
to address both colored Gaussian input noise and impulsive observation noise. The pro-
posed algorithm achieves bias compensation through robust estimation of the input noise
autocorrelation matrix and employs a modified Huber function to mitigate the influence of
impulsive noise. A convex combination of fast and slow adaptive filters enables variable
step-size adaptation, effectively balancing rapid convergence and low steady-state error.
Extensive simulation results demonstrate that the proposed CC-BC-LMS algorithm pro-
vides substantial improvements in normalized mean square deviation (NMSD), surpassing
state-of-the-art bias-compensated and robust adaptive filtering techniques by 4.48 dB to
11.4 dB under various noise conditions. These results confirm the effectiveness of the
proposed approach for reliable adaptive filtering in challenging noisy environments.

Keywords: bias compensation; colored Gaussian input noise; impulse noise; least mean
square (LMS); convex combination; variable step-size; process innovation

MSC: 93C73; 93E35

1. Introduction

Errors-in-variable (EIV) models have been employed to describe scenarios where
the output signal of an unknown system is contaminated by additive noise (which could
include impulse interference), and the input signal to the adaptive filter is also affected by
input noise [1-5]. Although most of the modeling for the input noise is white noise, it could
be colored noise in practice [6]. Adaptive filtering techniques have been widely applied
in various fields regarding sensor signal processing, such as active noise control [7,8],
millimeter-wave radar [9], wireless sensor networks [10,11], sensor behavior modeling
(system identification) [12], and direction of arrival (DOA) estimation [13]. However, tradi-
tional adaptive algorithms such as the least mean square (LMS) often suffer performance
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degradation and biased parameter estimates in the presence of impulsive noise and noisy
input signals. The impulsive nature of non-Gaussian noise can be observed in practical
sensing scenarios [14]. To address these challenges, researchers have developed more
robust adaptive filtering techniques, focusing on bias compensation methods and robust
error functions to improve resilience. Accurate estimation of noise variances has also been
identified as essential for optimal performance.

Several improvements have been proposed for the normalized least mean fourth
(NLMF) algorithm [15]. Lee et al. introduced the Bias-Compensated NLMF (BC-NLMEF) [16],
which uses a bias compensation vector and the modified Huber function to counteract
noisy inputs and impulsive noise. They also explored noise variance estimation techniques,
demonstrating the effectiveness of the algorithm in system identification. Reference [17]
adopted a mixed-norm algorithm that allows for a flexible response to varying noise charac-
teristics, potentially achieving accelerated convergence coupled with reduced steady-state
misalignment. In parallel, Huang et al. developed the Robust Bias-Compensated LMS
(R-BC-LMS) algorithm, grounded in Bayesian maximum a posteriori (MAP) estimation [18].
It integrates an unbiasedness constraint and performs an online estimation of input/output
noise variances. This method has shown strong performance in tasks like channel esti-
mation and echo cancellation under nonideal conditions. For the NLMS algorithm, Jung
et al. proposed the Bias-Compensated Error-Modified NLMS (BCE-NLMS) [19], which
employs the modified Huber function and a selective input noise variance estimation
method. Simulations confirmed its enhanced robustness to impulsive and input noise. The
BCE-NLMS algorithm has been further improved for sparse systems [20] and proportion-
ate BCE-NLMS cases [21,22]. The normalization-based approach has been extended to
subband adaptive filtering problems with censored data [23]. Moreover, the advantages of
the biased-compensated normalized adaptive algorithms that combine the idea of mixture
maximum correntropy criterion (MMCC) have been proved [24].

More recently, Rosalin et al. presented the Bias-Compensated Normalized ALMS
(BC-ANLMS) [25] algorithm, based on a normalized version of the Arctangent LMS. It
includes a bias compensation vector designed using unbiasedness criteria and effectively
addresses impulsive noise and noisy inputs, outperforming previous methods in system
identification scenarios.

The main contributions of this work are summarized below:

1. A novel bias compensation method is developed, specifically designed to address
colored Gaussian input noise, which has not been adequately tackled by existing
techniques that typically assume white Gaussian input noise.

2. The proposed convex-combined bias compensation LMS (CC-BC-LMS) algorithm em-
ploys a dynamic combination of fast and slow adaptive filters, using a soft-switching
mechanism to achieve variable step-size adaptation. This enables a balance between
rapid convergence (by the fast filter) and low steady-state error (via the slow filter),
resulting in robust tracking and precision in challenging noise environments.

3. A modified Huber function is integrated into the error estimation process, which im-
proves the resilience of the algorithm to impulsive observation noise, further expand-
ing its applicability to real-world sensor and communication systems experiencing
both input and observation noise.

The exposition is structured to first specify the adopted system models in Section 2,
then to detail our methodological framework in Section 3. Performance assessments of
CC-BC-LMS based on simulations are presented in Section 4, and concluding observations
appear in Section 5.
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2. System Models

Figure 1 shows the identification setup for a finite impulse response (FIR) system
with coefficient vector w € RX*!, explicitly modeling both input and observation noise.
Throughout the paper, K denotes the FIR system length and the adaptive filter length; the
same K is used in the complexity analysis in Section 3.4 and in the simulations in Section 4.
The output of the unknown system is perturbed by two different noise sources. The
measurable target signal d(n) = y(n) + [v(n) 4+ {(n)], where the output of the unknown
system is y(1n) = s (n)w(n). Note that the symbol (-)” denotes the transpose operation;
w(n) is the weight column vector of the unknown system to be identified; s(n) denotes
the input regressor column vector and is formed as the tap-delayed line. It is worth
noting that the measurement noise is modeled with two components: a background
additive white Gaussian noise v(n) and an impulsive component { (7). The additive term
v(n) is characterized by zero mean and standard deviation ¢,. The relationship between
this variance and the signal-to-noise ratio (SNR) is given by SNR, = 10log 10((75/ o?),
where the variance of y(n) is (75. Furthermore, the system model incorporates impulse
noise, which is represented using either the Bernoulli-Gaussian (BG) distribution or the
symmetric a-stable distribution. The strength of the impulse noise can be quantified as
SNR; = 10log;, ((75 / Ug), where (Tg represents the variance of { (7). Note that the input of
the unknown system differs from that of the adaptive filter. The differences result from
the input noise #7(n). In our problem formulation, the input noise is a colored Gaussian-
distributed noise with zero-mean and variance 0',%. The strength of the input noise is
determined as SNR; = 10 logyo(02/ 0’%), where 05 denotes the standard deviation of the
noise-free input signal s(n).

Unknown System
> )y ——>®——>

n(n) E
Adaptive Filter y(n) — S
w(n)

5(n) it

4
1
1
1

Adaptive Algorithm [¢————

Figure 1. System model.
The error signal associated with the adaptive filter can be expressed as follows:

&(n) = d(n) — 8" (n)@(n)

e(n) =" (n)@(n),

where e(n) = d(n) — sT (n)@(n) denotes the error signal as the input is noise-free. Note

1)

that the bias caused by the input noise, as well as the output noise and impulses, prevents
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the filter weight update vector @(n) from converging to the ideal value [26]. Thus, we need
a correction term for the weight-updating recursion as follows:

wn+1)=wn)+dw(n)+c(n), ()

where the weight correction term of the LMS algorithm can be expressed as éw(n) =
ue(n)s(n) with the step size i and ¢(n) represents the bias-compensation vector.

3. Proposed Method

The following common assumptions are made to derive the bias compensation term:

Assumption 1. The input noise #(n) is zero-mean colored Gaussian noise, the background noise is
zero-mean additive white Gaussian noise v(n), and the output-to-input noise ratio p = o2/ O'% is
assumed to be known.

Assumption 2. The weight-deviation vector @w(n), s(n), v(n), {(n), and n(n) are mutually
statistically independent.

Assumption 3. Without sending the input signal during the initial phase, the inputs of the
adaptive filter should be purely additive input noise; thus, we assume that the autocorrelation matrix
Ry = E[n(n)y" (n)|5(n)] is available.

By defining the weight-deviation vector as @(n) = @(n) — w(n), it can be shown that,
under the unbiasedness condition, if the conditional expectation of the weight-error vector
satisfies E[w(n)|s(n)] = 0, the following relationship necessarily holds:

Ela@(n +1)|3(n)] = 0. (3)

According to this criterion, the system ensures that no systematic bias accumulates during
iterations, maintaining reliability and accuracy.
Based on the definition of the weight-deviation vector @(n), Equation (2) can be
rewritten as follows:
wn+1)=wn)+ pe(n)s(n) + c(n). 4)

We take the expectation on both sides of Equation (4), and assume that E[@(n)|5(n)] = 0,
yielding Equation (5):

El@(n+1)[s(n)] = uE[s(n)e(n)|5(n)] + E[e(n)[5(n)]. )

By substituting §(n) = s(n) + 5(n) and é(n) = e(n) + y(n) in Equation (5), we obtain the
following:
Ele(n)[s(n)] = pRyE[@(n)|5(n)]. (6)

Applying the stochastic approximation method [27], the bias compensation vector is
derived as follows:

c(n) = uR, (n)@(n), )

where f{q (n) is the estimate of Ry ().

3.1. Considerations for Robust Operation

To mitigate the influence of output impulsive noise { (1) on the weight update coef-
ficient @(n) in the proposed CC-BC-LMS algorithm, the modified Huber function Z(-) is
applied to the error signal é(n), following the approach in [28], as shown in Equation (8):
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o é(n), for le(n)] <x
E(e(n)) = ) ’ ®)
0, otherwise
where « is introduced as a threshold via:
K = cx0z(n) )

with a constant ¢, serving as a control parameter for mitigating impulsive interference,
with a commonly adopted value of 2.576 [28]. The term ¢Z(n) represents the estimated

power of the error signal affected by the input noise, as given below:
02(n) = Ap0?e(n —1) + co (1 — Ay )med(Zs(1)), (10)

where A, denotes the decay parameter, med(-) is the median operator, and Z;(1n) is Ny-
dimensional the observation vector tied to &%(n), defined as follows:

Teo(n) = [52,...,52(n—Nw+1)], (11)

where the window length N, is conventionally selected within the interval of five to nine
samples, based on empirical considerations [28]. In the simulation settings, the parameters
aresetasc, = 2.13, N, =9, and A, = 0.99.

Furthermore, estimation of the input noise variance (7,% is necessary to calculate the
bias compensation vector ¢(n). For robustness, previous studies [16,19] have suggested

estimating (7,? using the following expression, given in Equation (12):

s _ (@3 +p), if @< 2@0n)]3 W
1 [a(n)]|5 o7, otherwise '
where the parameter p is assumed to be known by Assumption 1. Note that the bias
compensation vector in Equation (7) exhibits low sensitivity to the accuracy of the prior
knowledge p. In most cases, the condition ||@()||3 > p holds. Consequently, inaccuracies
in the value of p exert only a negligible influence on the precision of the estimate of ?7,%.
We propose replacing the elements on the main diagonal of the autocorrelation matrix
I/i,7 (n) by estimating the variance of the input noise and keeping the off-diagonal elements
the same. The element in the j-th row and the k-th column of the matrix ﬁ,] can be expressed
as follows:

o2 i=k

' ' . (13)
Ry (j k), j#Fk

3.2. Variable Step-Size by Convex Combination

Figure 2 illustrates the block diagram of the proposed CC-BC-LMS method, which
consists of two types of adaptive filter: one is the fast filter (with weight @; (1) and a larger
step size p1) and the other is the slow filter (with weight w;(n) and a smaller step size py).
The output of the convex-combined filter is expressed as follows:

y(n) = Am)yr(n) + (1 = A(n))y2(n), (14)

where A(n) € [0,1] is the combination factor.
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The combination parameter A(n) is used to adjust the mixing ratio between the
two sets of filter coefficients. It can be computed using the S-function (sigmoid function) as
described in [29], as shown in Equation (15).

Aln+1) = [1+ exp(—B(n +1))] (15)

The coefficient B(n) is updated by the following recursion:
B(n+1) = B(n)+B(n), (16)

where sgn(-) denotes the sign function; 5(1) = pgsgn(e(n))A(n)(1 — A(n))(y1(n) — y2(n))
and pg is the learning rate used to update the weight (1). Note that a small value of 4

confers high stability but impairs tracking, leading to transient performance degradation

following changes in the unknown system; in practice, A (1) responds sluggishly, the han-
dover from the fast to the slow branch is delayed, and the error curve decays smoothly
yet slowly. Conversely, a large y4 induces rapid fluctuations in A(n), visible ripples in the

learning curves, occasional mode switches under impulsive disturbances, and a risk of
instability; while initial tracking is accelerated, the steady-state degrades through increased

variance (higher NMSD and a heightened susceptibility to outliers. Following the approach

in [30], we enforce the constraint |3(n + 1)| < BT and verify this condition every Nj itera-
tions. If B(n + 1) falls below —B", we assign A(n + 1) = 0; conversely, if B(1n + 1) exceeds

B, weassign A(n+1) =1.

In addition, considering that the convex combination scheme may be significantly
affected by impulsive noise during the transition from the fast filter to the slow filter,
we introduce the parameter A¢ as a smoothed version of the combination parameter to
improve the robustness of the algorithm as follows:

/\C(n+1):% Y. A0, (17)

where T determines the degree of smoothing of the combination parameter A. Note that
a practical way to set T is to tie it to the time scales of two phenomena: how quickly A
should react to genuine changes, and how long impulsive disturbances last. The aim
is to average out outliers without blurring true transitions between the fast and slow
filters. A too-large T leads to a noticeable lag during handovers (slow tracking after
system changes), potential temporary performance loss right after changes, and risk of
under-utilizing informative short-lived trends; on the contrary, a too-small 7 is prone
to high jitter in A, greater sensitivity to outliers, possible oscillations in the combination
weight, noisier transient and steady-state behavior, and it may overreact to impulsive noise,
hurting NMSD.
The update recursion for each component filter @;(n) is as follows:

(/L\J,'(?’l + 1) = (/[li(i’l) + 5&.\1,‘(1’1) + Ci(i/l) (18)

with the correction term
0w;(n) = pu;i5(n)eg;(n) (19)

with ¢;(n) = d(n) — 7;(n), and the bias compensation term c;(n) as follows:

ci(n) = iRy (n)@;(n). (20)
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Thus, the resulting weight vector of the convex-combined system can be calculated below:
wn+1)=Acn+1)wi(n+1)+ (1 —Ac(n+1))wr(n+1). (21)

Proposed CC-BC-LMS

Proposed
BC-LMS 2

\

(Fast filter)

S >()
w1(n)‘ 1(n) Y
5(n) y A(n)
| p (1= A(n))
| (Slow filter) ‘/g
Proposed
BC-LMS d (n)

Figure 2. VSS approach by using convex combination technique.

3.3. Mean Stability Analysis

By substituting Equation (7) into Equation (4) and then taking the expectation on both
sides, we have the following:

E[@(n+1)] = E[@(n)] + uE [e(n)s(n) + f(n(n)(ﬁ(n)] (22)

In addition, the term E[e(n)5(n)] can be expressed as follows:
Efe(n)8(n)] = —(Rs(m) El@(n)] + Ry (n)E[@(n)]), 23)
where we denote the autocorrelation matrix of the noise-free input signal and input noise

as Rg(n) = E[s(n)sT(n)] and R, (n) = E[y(n)y’ (n)], respectively. Using Equation (23),
we can rewrite Equation (22) as follows:

El@(n+1)] = [I - uRs(n)]E[@(n)] + u ([ﬁn (n) - Rn(n)]E[@(n)])- (24)
If R, (n) ~ R, (n) holds, we have
El@(n+1)] = [I - uRs(n)]E[@(n)]. (25)
Thus, the mean stability is derived as follows:

O<pu< (26)

)\max{RS(”)} ’
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where Amax{Rs (1) } denotes the maximum eigenvalue of the autocorrelation matrix of s(n).
Note that the convex combined architecture inclines to the component filter with a small
step size [31]. Thus, the mean stability of the CC-BC-LMS algorithm is guaranteed if the
inequality (26) holds.

3.4. Computational Complexity Analysis

Computational complexity is an important metric for evaluating the performance of
an algorithm. To verify the practical feasibility of the proposed CC-BC-LMS algorithm, we
analyze its computational complexity, emphasizing the arithmetic cost in terms of adders
and multipliers. Table 1 presents the computational complexity of the proposed algorithm
at different stages, including filter output, error signal, gradient update vector, weight
update vector, bias compensation vector, and combined weight update vector for both fast
and slow filters.

Table 1. Computational complexity analysis of the proposed algorithm. All arithmetic counts are
expressed as functions of the filter length K, which is identical to the FIR system length used in the
simulations of Section 4.

No. Calculations Adder Multiplier
1 9i(n) = @f (n)3;(n) K—-1 K
2 gi(n) = d(n) — gi(n) 1 -
3 dw;(n) in Equation (19) 4K 4K 42
4 ¢;(n) in Equation (20) - 2K +4
5 @;(n + 1) in Equation (18) 2K K
6 @(n+ 1) in Equation (21) K+1 2K
Total 8K +1 10K+ 6

As shown in Table 1, the proposed algorithm requires a total of (8K + 1) additions and
(10K + 6) multiplications. Furthermore, Table 2 compares the computational complexity of
the proposed algorithm with other existing algorithms. Although the proposed method
exhibits a higher computational cost, it significantly improves the tracking performance
of bias-compensated algorithms by employing a threshold-based decision scheme for the
convex combination parameter. Moreover, the convex combination approach achieves the
effect of a variable step size, resulting in faster convergence and lower steady-state error.
The trade-off of increased complexity leads to enhanced algorithmic performance.

Table 2. Comparison of computational complexity for different algorithms. All arithmetic counts are
expressed as functions of the filter length K, which is identical to the FIR system length used in the
simulations of Section 4.

Algorithms Adder Multiplier
BC-NLMS [19] 2K 4K
BC-NLMEF [16] 2K 5K
BC-LMMN [32] 3K 5K
R-BC-SA-LMS [18] 8K+3 9K + 28
BC-ANLMS [25] 3K+3 5K +12
Proposed 8K+1 10K+ 6

4. Simulation Results

The impulse responses of the unknown system are Gaussian distributed with length
K = 32, which also sets the adaptive filter length and the K used in Section 3.4’s com-
plexity counts. To assess the tracking performance of the adaptive filtering algorithms,
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the unknown system response w was abruptly changed to —w at n = 2.5 x 10°, which
corresponds to the midpoint of the simulation. In this work, we utilize two standard
approaches to represent impulse noise. We begin with the BG model [33], which can be
formulated as follows:

¢(n) =b(n)-vg(n), 27)

where b(n) follows a Bernoulli distribution with P(b(n) = 1) = p and P(b(n) = 0) +
P(b(n) = 1) = 1. The term v;(n) corresponds to a zero-mean white Gaussian noise
process with variance Ug. The alpha-stable impulse noise model [34] is adopted as the
second methodology and is specified by the parameter vector Vs = (X, 35, 75, Is). In this
parameterization, 0 < R; < 2 denotes the characteristic exponent, J; the skewness, s the
dispersion, and Js the location; notably, a smaller X, yields stronger impulsive behavior.

To assess algorithm performance under temporally correlated input noise, the original
white Gaussian input is replaced with a first-order autoregressive (AR1) process. Specif-
ically, a zero-mean Gaussian process with unit variance is passed through the transfer
function Hj(z) to generate the AR1 input noise signal, as given by

1

Hy(z) = Tz

(28)
where b; = 0.5. The resulting sample autocorrelation matrices for AWGN and AR(1)
signals are illustrated in Figure 3. As expected, the matrix is almost perfectly diagonal
because discrete-time white noise has zero correlation at all nonzero lags and a spike at
lag 0; in contrast, the bright band widens around the diagonal and decays as distance
from the diagonal increases, reflecting the AR(1) property, i.e., near-diagonal elements
are high because adjacent samples are correlated, and values decrease geometrically for

0.07
0.06
0.05
0.04
0.03
0.02
0.01
0
20 25 30
)

larger separations.

5 10 15
(a

Figure 3. Comparison of sample autocorrelation matrices over 32 lags: (a) AWGN and (b) AR(1).

We consider the inputs to be standard white Gaussian distributed in the simulations.
The additive input noise is set at SNR; = 10 dB; the measurement noise of v(n) is set at
SNRy = 30 dB. The simulated BG impulsive noise is divided into two signal strengths based
on the probability of event occurrence: (1) mild impulsive noise (p = 0.01, SNR; = —15dB);
(2) strong impulsive noise (p = 0.05, SNR; = —30 dB). The illustrative traces are shown
in Figure 4.
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Figure 4. Illustrative traces of BG impulse noise: (a) mild and (b) strong.

For a-stable impulsive noise, the signals are classified into two levels of intensity
based on the characteristic exponent a,: (1) mild impulsive noise with Vs = (1.4,0,0.1,0);
(2) strong impulsive noise with Vs = (0.7,0,0.1,0). The illustrative traces are shown

in Figure 5.

100 2000

50

Magnitude
o
Magnitude

-50
—-100 L :
0 0.5 1 1.5 2 0 0.5 1 1.5 2
iteration (n) «10% iteration (n) «10%
(a) (b)

Figure 5. Illustrative traces of a-stable impulsive noise: (a) mild and (b) strong.

Regarding the evaluation of algorithm performance, we adopt the normalized mean
square deviation (NMSD), whose mathematical definition is given in Equation (29), with
units in decibels (dB):

NMSD(n) = 101og,, (%) (29)
2

To ensure a fair comparison, we select the appropriate step sizes for each algorithm so
that all algorithms exhibit similar convergence speeds. The detailed parameters for each
algorithm are shown in Table 3. The other main parameter settings used in this paper are
as follows: T = 103, Bt =8, u p= 10, and Ny = 1. Unless otherwise stated, each reported
curve is the average over 100 independent Monte Carlo trials, where independence spans
both inputs and noise realizations; for BG we resample the Bernoulli events and Gaussian
amplitudes each trial; for a-stable, we resample i.i.d. draws per trial; and for colored input
noise we regenerate v(n) via the AR(1) model each trial.



Mathematics 2025, 13, 3348

11 0f 18

Table 3. Step-size parameters of each algorithm.

Algorithms Step Size
BC-NLMS [19] =02
BC-NLME [16] =04
BC-LMMN [32] u=5x10"4

BC-ANLMS [25]
Proposed

p=02y=5x10"*
1 =5x10"3,yp =1x 1073

4.1. Evaluation of Robust Estimation of Ry (n)

To evaluate the effectiveness of Equation (13), we consider four cases: No bias compen-

sation (proposed method without BC); Ry, (1)

= Lo (proposed method); Ry (n) = E{yy"}

(proposed method with R,); and R, (n) in Equation (13) (proposed method with Ry (1)).
Figure 6a illustrates the case of mild BG impulses. In steady state, the curve with
compensation differs from the one without compensation by 2.53 dB. Furthermore, using
the autocorrelation matrix I~{,7 for compensation improves the compensated curve by an
additional 4.43 dB. Figure 6b shows the case of strong BG impulses. In this scenario,
the curve with compensation differs from the one without compensation by 2.55 dB in
the steady state, and the use of the autocorrelation matrix 1~2,7 for compensation further

enhances the compensated curve by 5.01 dB.

"
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Figure 6. NMSD curves of the autocorrelation matrix 1~3,7 for different BG impulse intensities: (a) mild

and (b) strong impulses.



Mathematics 2025, 13, 3348

12 0f 18

Figure 7a examines the scenario of mild alpha-stable impulses. In steady state, the
difference between the curve with compensation and the one without compensation is
2.46 dB. Additionally, employing the autocorrelation matrix ﬁq for compensation further
improves the compensated curve by 4.33 dB. Figure 7b illustrates the case of strong alpha-
stable impulses. In this situation, the steady-state difference between the compensation
curve and the one without compensation is 1.75 dB, and applying the autocorrelation
matrix 1~2,7 for compensation results in an additional improvement of 2.44 dB.

Based on observations from simulation results, it can be seen that simply using the
autocorrelation matrix R, does not produce satisfactory performance. However, applying
our proposed method with the autocorrelation matrix R, achieves significantly lower
NMSD values in environments where input noise exhibits temporal correlation, compared
to methods that do not account for colored input noise. This demonstrates the effectiveness
of the 1~2,7 approach.
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Figure 7. NMSD curves of the autocorrelation matrix 1~2,7 for different a-stable impulse intensities:
(a) mild and (b) strong impulses.

4.2. Comparisons with Related Works

In Figures 8 and 9, we simulate the performance of our proposed algorithm using
the autocorrelation matrix f{” under different intensities of BG impulses and alpha-stable
impulses, comparing the NMSD curves with those of other algorithms. The duration of the
simulation is 7 = 5 x 10%, and the channel change occurs at n = 2.5 x 10%. The step size
parameters are consistent with those listed in Table 3.
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Figure 8a shows the case of mild BG impulses. In steady state, our method outperforms
other algorithms by 5.06 dB to 11.4 dB. Figure 8b illustrates the case of strong BG impulses,
where our method achieves improvements of 7.45 dB to 11.17 dB compared to other
algorithms. Table 4 summarizes the steady-state NMSD values (before the unknown
system variation) for our proposed algorithm and other methods under different intensities

of the BG impulses.
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Figure 8. Comparison of NMSD curves for different intensities of BG impulses using the autocorrela-
tion matrix ﬁq and other algorithms: (a) mild and (b) strong impulses.

Table 4. Steady-state (before the unknown system variation) NMSD comparison under different
intensities of BG impulses.

Algorithms Mild BG Strong BG
BC-NLMS [19] —17.7 dB —17.68 dB
BC-NLMEF [16] —19.03 dB —15.17 dB
BC-LMMN [32] —21.15dB (divergenced)
R-BC-SA-LMS [18] —18.85dB —18.89 dB
BC-ANLMS [25] —15.17 dB (divergenced)
Proposed method with RW —26.21dB —26.34 dB

Figure 9a presents the case of mild a-stable impulses, where our method achieves
improvements of 4.81 dB to 8.19 dB over other algorithms in the steady state. Figure 9b
shows the case of strong a-stable impulses, where our method similarly outperforms others
by 4.48 dB to 7.48 dB in the steady state. Table 5 lists the steady-state NMSD values (before
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the unknown variation of the system) for our proposed algorithm and other methods under
different intensities of a-stable impulses.
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Figure 9. Comparison of NMSD curves for different intensities of a-stable impulses using the
autocorrelation matrix ﬁq and other algorithms: (a) mild and (b) strong impulses.

Table 5. Steady-state (before the unknown system variation) NMSD comparison under different
intensities of alpha-stable impulses.

Algorithms Mild Alpha Stable Strong Alpha Stable
BC-NLMS [19] —17.51 dB —16.3dB

BC-NLMEF [16] —19.35dB —16.6 dB
BC-LMMN [32] —20.88 dB (divergenced)
R-BC-SA-LMS [18] —18.78 dB —19.37 dB
BC-ANLMS [25] —17.5dB (divergenced)
Proposed method with R, —25.69 dB —23.78 dB

While the proposed CC-BC-LMS increases multiplications due to the dual-branch
convex combination and bias-compensation terms, its per-iteration arithmetic remains
linear in filter length K and involves only vector multiply-accumulate (MAC) and simple
elementwise operations, preserving LMS-class real-time viability on hardware implementa-
tion [35]. From the algorithm design perspective, the data selection scheme may possibly
further reduce the unnecessary weight-updating, so that the computational cost may be
lower [36]. In practice, hardware cost can be further reduced by look-up table (LUT) or
piecewise-linear approximation of the sigmoid, fixed-point Huber thresholding, subsam-
pling the bias-compensation update, or adopting partial / proportionate updates for large
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K [37], all with minimal impact on the demonstrated NMSD gains of 4.48-11.4 dB that
motivate the added arithmetic in challenging colored /impulsive noise settings.

4.3. Evaluation of the Smoothed Convex-Combination

Figure 10 presents the learning curves of the combination coefficient for the
two-component filter under different noise conditions. The simulation results demon-
strate the following observations: (1) Without smoothing, the combination coefficients
A(n) exhibit pronounced fluctuations, particularly during the transient phases, that is, for
n € [(0,0.5) U (2.5,5)] x 10°. (2) When strong impulse noise is present, as illustrated in
Figure 10b, the transient regions exhibit more pronounced fluctuations than those observed
under the mild impulse noise conditions depicted in Figure 10a. The proposed smoothing
method effectively suppresses these variations, resulting in a more stable combination
coefficient throughout the adaptation process.

== An)
——Proposed Ac(n)

Combination coefficient A

0 0.5 1 15 2 25 3 35 4 45 5
iteration (n) <10%

- An)
——Proposed Ac(n)

1072

Combination coefficient A

0 0.5 1 15 2 25 3 3.5 4 4.5 5
iteration (n) «10%

(b)
Figure 10. Comparison of learning curves for the combination factor under different intensities of
a-stable impulses: (a) mild and (b) strong impulses.

5. Conclusions

This paper introduced a novel convex combination bias-compensated least mean
square (CC-BC-LMS) algorithm, specifically designed to address the challenges of colored
Gaussian input noise and impulsive observation noise in adaptive filtering. The proposed
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algorithm integrates bias compensation, robust error handling, and a variable step-size
mechanism through a convex combination. The simulation results confirmed its superior
performance compared to the existing methods.

The CC-BC-LMS algorithm effectively compensates for biases caused by colored
Gaussian input noise by estimating and utilizing an autocorrelation matrix. Additionally,
the use of the modified Huber function ensures robustness against impulsive observation
noise, enabling reliable operation under both mild and strong impulse conditions. The
convex combination approach dynamically adjusts between fast and slow filters, achieving
faster convergence and reduced steady-state error.

Performance evaluations demonstrated that the proposed method consistently out-
performs the state-of-the-art algorithms in terms of NMSD, with improvements ranging
from 4.48 dB to 11.4 dB under various noise conditions. Although the algorithm incurs
higher computational complexity, this trade-off is justified by its enhanced robustness and
improved convergence behavior.
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Abbreviations

The following abbreviations are used in this manuscript:

AR(1) First-Order Autoregressive Process

BC Bias Compensation

BC-ANLMS  Bias-Compensated Arctangent NLMS

BC-LMMN  Bias-Compensated Least Mean Mixed-Norm
BC-NLMF Bias-Compensated Normalized Least Mean Square
BCE-NLMS  Bias-Compensated Error-Modified NLMS

BG Bernoulli-Gaussian

CC-BC-LMS Convex Combination Bias-Compensated LMS
DOA Direction of Arrival

EIV Errors-In-Variable

FIR Finite Impulse Response

LMS Least Mean Square

MAP Maximum A Posteriori

NLMS Normalized Least Mean Square

NLMF Normalized Least Mean Fourth

MMCC Mixture Maximum Correntropy Criterion
NMSD Normalized Mean Square Deviation

PDF Probability Density Function

R-BC-LMS Robust Bias-Compensated LMS

SNR Signal-to-Noise Ratio

a-stable Symmetric Alpha-Stable Distribution
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