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Abstract

The present research proposes a methodology for portfolio construction that integrates
the Black-Litterman model with expected returns generated through simulations under
dynamic Capital Asset Pricing Model (CAPM) with conditional betas, estimated via Ap-
proximate Bayesian Computation Markov Chain Monte Carlo (ABC-MCMC). Bayesian
estimation enables the incorporation of volatility regimes and the adjustment of each asset’s
sensitivity to the market, thereby delivering expected returns that more accurately reflect
the structural state of the assets compared to historical methods. This strategy is applied to
the United States stock market, and the results suggest that the Black-Litterman portfolio
performs competitively against portfolios optimised using the classic Markowitz model,
even maintaining the same fixed weights throughout the month. Specifically, it has been
demonstrated to outperform the minimum variance portfolio with regard to cumulative
return and attains a Sharpe ratio that approaches the Markowitz maximum Sharpe portfo-
lio, although it does so with a distinct and more concentrated asset allocation. It has been
observed that, while the maximum return portfolio attains the highest absolute profit, it
does so at the expense of significantly higher volatility.

Keywords: Black-Litterman; ABC-MCMC; optimization; stock market

MSC: 91-10

1. Introduction

In a world where economic uncertainty and financial cycles directly affect individu-
als” and organizations” well-being, making informed investment decisions is a strategic
necessity. Building an efficient investment portfolio is essential, not just desirable. In
this context, quantitative finance, particularly the construction of optimal portfolios, has
become increasingly important [1].

One of the most important challenges in investment management is constructing
optimal portfolios that reflect market equilibrium and investors” particular views. In this
context, the Black-Litterman model, which combines the fundamentals of the Capital
Asset Pricing Model (CAPM) with a Bayesian approach to incorporate subjective views on
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expected returns, has become a widely accepted standard in the financial literature [2,3].
This formulation uses an equilibrium return structure as a neutral starting point that is
adjusted according to the investor’s beliefs and the degree to which they are confident
in them. This portfolio optimization methodology combines market expectations with
investor opinions using a Bayesian approach. Black and Litterman designed this model
to overcome the limitations of Markowitz’s mean-variance model by allowing for the
incorporation of subjective expectations about asset return. It has been applied in various
contexts, resolving many practical shortcomings of traditional optimization models, such as
extreme solutions or high sensitivity to small parameter errors. The result is portfolios that
are more stable, consistent with historical evidence, and adaptable to different investment
horizons and operational constraints. This makes the model useful in complex contexts,
such as global bond and stock markets [4-6].

One of the model’s outstanding features is its ability to integrate advanced data anal-
ysis techniques. Incorporation of neural networks and Gaussian models has improved
the accuracy of return estimates and enabled more effective risk management in portfo-
lios [7-9]. Furthermore, the use of copulas and GARCH models has allowed investors to
more effectively manage correlations and volatility in financial markets [10-12].

The ability of models to adapt to highly volatile environments is crucial. Black—
Litterman has been shown to perform well in fluctuating markets through the use of
predictive modelling techniques [13], while dynamic CAPM adjusts risk premiums to
reflect current market conditions [5,9,14].

The dynamic CAPM is an extension of the classic asset pricing model that considers
temporal variations in risk premiums. Unlike the static CAPM, which assumes equilibrium
in the market and constant risk premiums, the dynamic CAPM allows risk premiums to
fluctuate over time in response to changes in economic conditions and market expectations.
This makes the dynamic CAPM particularly useful for analysing emerging markets and
incorporating macroeconomic and environmental factors affecting financial stability [11,15].

The Black-Litterman model [2] is a robust and flexible tool for constructing optimal
portfolios [16-18] by combining market equilibrium information with subjective investor
views [19] in a formal Bayesian framework [20,21]. This model has been extended to
address the original approach’s structural limitations, such as the normality assumption
in returns [22] and the absence of bias in investor views. Palczewski and Palczewski
(2019) [23] introduce a general formulation of the Black-Litterman model for arbitrary
continuous distributions and risk measures, such as conditional value-at-risk (CVaR) [24].
Pang and Karan (2018) [25] propose a closed-form solution under elliptical distributions,
which is relevant when modelling returns with heavy tails. These extensions form the
basis of the research presented here, which incorporates conditional betas generated using
approximate Bayesian methods, specifically it uses Approximate Bayesian Computation
Markov Chain Monte Carlo (ABC-MCMC) to achieve their objective. These distributions
are difficult to fit to classical normality.

This research apply to ABC-MCMC algorithm to estimate a dynamic CAPM model
with conditional betas, where the beta parameter varies according to an active market state.
In this case, the state is represented by the S&P 500 volatility index, which aims to capture
global market uncertainty. The authors of [26] indicate that the unconditional CAPM model
is completely rejected when the regression statistics of asset returns are obtained from
conditional betas and market returns. However, the conditional CAPM is not rejected and
could be used to predict asset returns.

Accurately generating investor opinions is essential to the success of the Black—
Litterman model. Using techniques such as machine learning, including long short-term



Mathematics 2025, 13, 3265

30f17

memory (LSTM) and neural networks, has improved the accuracy of these opinions, result-
ing in better portfolio optimization [10,27,28].

Advances in algorithmic techniques, such as the use of Gaussian mixture models
and artificial intelligence methods, have improved the accuracy of return estimation and
risk management. These improvements provide a more robust framework for portfolio
optimization [29-31].

Formulating Conditional CAPM requires estimating conditional betas that depend on
state variables or time. This poses computational challenges when applying less restric-
tive assumptions or nonparametric models. Given this complexity, our research proposes
estimating conditional CAPM using the ABC-MCMC method, which approximates the
posterior distribution of parameters without specifying an explicit likelihood function [32].
Based on this Bayesian paradigm, we present the Approximate Bayesian Computation
method [33], which can be considered a Bayesian methodological framework consisting
of a set of algorithms and techniques that approximate the posterior distribution without
explicitly calculating the likelihood. In this methodology, likelihood calculation is replaced
by a simulation process. In classical ABC (ABC Rejected), candidate parameters are gen-
erated from the prior; data are simulated under the model for those parameters; and the
similarity between the simulated and observed data is compared using a metric defined
on summary statistics. Parameters that produce simulations sufficiently similar to the real
data are accepted as representative of the posterior distribution.

The ABC method has been used in various contexts, including financial market esti-
mation of moving average trading parameters in cryptocurrency trading to obtain a daily
price using classic ABC by rejection [32], cosmology implementation of ABC-SMC to select
dark energy models consistent with astrophysical observations, showing that dynamic
models outperform the standard Lambda Cold Dark Matter (ACDM) model [34]. In health,
it has been used in the design of phase I clinical trials. Here, the use of ABC-SMC allows
for the determination of optimal dosing decisions under uncertainty without requiring
explicit plausibility [35]. In cybersecurity, it has been used to calibrate advanced epidemio-
logical models, such as SIIDR. This demonstrates greater accuracy in representing malware
propagation compared to classical models, such as SIR [36].

Additionally, variations in methods with shared characteristics have emerged; for
example, Lazy ABC [37] is a computationally efficient alternative to classical rejection. It
achieves significant improvements in costly simulation problems by abandoning iterations.
They implement probabilistic stopping and weight the accepted simulations. The authors
of Lazy ABC extend this logic and assert that it can be used in different ABC algorithms.
However, in this research, the algorithm is used in its entirety.

In summary, this study aims to integrate the Black-Litterman model with expected
returns obtained through simulations under a dynamic CAPM. This model uses conditional
betas estimated via approximate ABC-MCMC. This integration is intended to better capture
asset sensitivity to the market in different volatility regimes. In addition, the research
analyses the model’s ability to generate stable portfolios consistent with historical evidence
by incorporating market equilibrium structures and investors’ views. These enhancements
will improve investment decision making under conditions of uncertainty. Finally, the
research explores the intersection of Bayesian statistics and asset pricing theory. The study
proposes integrating the ABC-MCMC method with the Black-Litterman model using
nonparametric conditional betas. The goal is to contribute to the literature on portfolio
construction in financial markets.
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2. Materials and Methods
2.1. Data

The dataset used corresponds to a time series of daily returns covering the period
from 1 September 2019, to 28 February 2021. This time window is divided into training
and simulation periods, applying a rolling window scheme with one-month shifts. The
first training period spans from 1 September 2019 to 29 February 2020 (six months). This
set is used to estimate the parameters of the dynamic CAPM model, apply the ABC-
MCMC algorithm, and generate the expected returns that will feed the Black-Litterman
portfolio optimization model. The first simulation period, from 1 March 2020 to 31 March
2020 (one month), corresponds to the test set and is used to evaluate the out-of-sample
performance of the generated portfolios, comparing their returns and risk levels against
alternative models. This procedure is repeated 12 times, shifting the window by one month
in each iteration, allowing simulating a full year. This strategy enables a more robust
validation of the proposed approach by simulating real-world implementation conditions
with a clear separation between calibration and evaluation.

Fifty U.S. assets that are part of S&P 500 and have stock records dating back to 2000
were used. These assets belong to various industries (financial, technological, healthcare,
consumer, among others) and are traded on the New York Stock Exchange (NYSE). The
selection includes sectoral diversity and liquidity among the chosen companies. Table 1
shows the daily descriptive statistics of the assets and indicators used in this work dur-
ing the first training period (from 1 September 2019 to 29 February 2020), including the
symbol used on the NYSE as an abbreviation for the asset name, mean, standard deviation,
minimum, maximum, and median observed.

Table 1. Descriptive statistics of daily logarithmic returns by asset and index.

Stock Symbol Mean Standard Deviation Minimum Maximum Median
AAPL 0.002218 0.015738 —0.067602 0.032480 0.002749
ABT —0.000758 0.011996 —0.042236 0.026701 0.000635
JPM 0.000562 0.012875 —0.045670 0.029696 0.001151
AES 0.000826 0.014534 —0.089151 0.028106 0.002338
ALB 0.002363 0.025202 —0.088151 0.112723 0.001763
MSFT 0.001351 0.013946 —0.073064 0.032387 0.001547
AMD 0.002975 0.024816 —0.081295 0.076079 0.003701
INTC 0.001357 0.018183 —0.066183 0.078194 0.000901
HP 0.000123 0.028573 —0.073070 0.133893 —0.000012
XOM —0.002096 0.014998 —0.062064 0.044995 —0.003482
AZO —0.000523 0.013298 —0.045135 0.066995 —0.000299
AEE 0.000296 0.009537 —0.043657 0.022874 0.001318
ALL 0.000298 0.011180 —0.051507 0.038595 0.002224
MO —0.000360 0.013485 —0.046613 0.031875 0.001447
AMGN —0.000241 0.013087 —0.052830 0.044657 0.000513
MMM —0.000505 0.015186 —0.058925 0.042288 —0.000650
ANSS 0.001283 0.016672 —0.101343 0.030970 0.002670
KO —0.000112 0.009639 —0.047463 0.031935 0.000928
APA 0.001317 0.041801 —0.131225 0.237394 0.000032
ADM 0.000044 0.014057 —0.058088 0.047394 0.000844
AMZN 0.000474 0.013820 —0.049333 0.071196 —0.000001
T 0.000280 0.011557 —0.042000 0.041916 0.001024
ADSK 0.002339 0.017196 —0.053983 0.055084 0.002362
ATO —0.000446 0.009728 —0.044606 0.019619 0.000857
AVY 0.000001 0.015289 —0.049899 0.063071 0.000000
BALL —0.001030 0.016855 —0.055457 0.038048 —0.001103
COF 0.000216 0.014184 —0.057183 0.043749 0.000313
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Stock Symbol Mean Standard Deviation Minimum Maximum Median
CCL —0.002037 0.023545 —0.099011 0.073541 0.000000
EBAY —0.001150 0.017682 —0.095770 0.084172 —0.000564
EFX —0.000220 0.013696 —0.055630 0.048876 0.000732
IBM —0.000148 0.013956 —0.056823 0.049636 0.000140
IRM —0.000073 0.014304 —0.057603 0.048206 0.001699
JNJ 0.000483 0.011178 —0.064220 0.029938 0.000554
JBL 0.000892 0.019031 —0.064404 0.075607 0.002168
MCD —0.000831 0.011236 —0.051732 0.021926 0.000757
DUK 0.000074 0.009627 —0.040742 0.031816 0.001318
CTSH —0.000010 0.014324 —0.044586 0.094652 0.000240
MSI —0.000649 0.013980 —0.051605 0.025364 0.001546
CAG —0.000375 0.022386 —0.063458 0.147292 0.003026
NKE 0.000496 0.012751 —0.044257 0.040794 0.000774
PEP —0.000170 0.009059 —0.040314 0.029354 0.000295
PFE —0.000339 0.011342 —0.051608 0.024640 —0.001153
DRI —0.001615 0.015872 —0.074733 0.033646 —0.000043
SBUX —0.001599 0.012291 —0.041304 0.027182 —0.000512
DE 0.000153 0.015394 —0.043917 0.067613 0.001396
DTE —0.001080 0.011089 —0.055382 0.020766 0.001069
WMT —0.000442 0.008317 —0.030156 0.015781 0.000377
IPG 0.000759 0.014699 —0.053149 0.071770 0.002373
XEL —0.000138 0.010737 —0.052565 0.024137 0.001630
K —0.000235 0.012483 —0.088901 0.029212 0.001190
S&P 500 0.000076 0.008544 —0.045168 0.014869 0.000851

Historical data show companies with negative and positive average returns, all with
daily means below 0.003 and standard deviations around 0.01. On average, the assets
present a daily mean return of 0.00008 with a standard deviation of 0.01513, with APA
being the most volatile asset and WMT the least. The S&P 500 index shows a mean of
0.000076 with lower volatility than most individual stocks.

It should be noted that during the data observation period, the investor’s tendency
to prefer companies that distribute dividends, as well as the specific tax rate applicable
to each shareholder, was not considered; the analysis was conducted exclusively using
adjusted closing prices. Therefore, the portfolio construction aims for a return derived from
the appreciation of stock prices. The choice of the simulation period is directly related to
the COVID-19 pandemic, with the objective of analysing how the methodology performs
during a period of crisis.

2.2. Dynamic CAPM Model

The objective of this research is to estimate a dynamic CAPM model using a Bayesian
approach, in which the systematic parameter 8 varies according to a state variable that rep-
resents the uncertainty of the market. To this end, the ABC-MCMC algorithm is employed
to obtain posterior distributions of the model parameters without explicitly evaluating the
likelihood function. Furthermore, a dedicated treatment of extreme parameters f is contem-
plated, with the objective of capturing asymmetric behaviours in high volatility scenarios.

A financial return model for an asset is considered i at time ¢, where systematic risk
is modelled as a conditional function of a latent market variable z;. In this study, z; is
defined as a 20-day rolling Sharpe-type ratio that approximates one trading month (about
four weeks). Specifically, z; is constructed as the difference between the 20-day average
return of the S&P 500 index and the 20-day average of the daily risk-free rate (proxied by
the 1-year U.S. Treasury yield, converted to daily frequency), divided by the 20-day rolling
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standard deviation of S&P 500 returns. This formulation ensures that short-term dynamics
of both the market and the risk-free rate are incorporated into the state variable, which
serves as the basis for determining the conditional betas of the dynamic CAPM. The model
is expressed as

rie = & + Bi(ze) rme + €ipe €p ~ N(0,07), 1)

where r;; corresponds to the returns of the asset i in period t; &; in the standard CAPM
model should represent the risk-free asset, but from an empirical perspective, it represents
the return on the asset that is not explained by market risk [38]; 4, correspond to the
returns of the market index in period t; ¢; corresponds to the term of error in period ¢,
which we assume to be a normal distribution. The  value corresponds to a term that
depends on the value of the market index; z; corresponds to the standard deviation of 7, ;
measured with m lag periods. The specifications of the variables are defined below.

P.
rip = log ( B ;’tl ) ©3)
it—
P
Tt = log<P ”:’tl), 3)
m,t—

Blow ifzt < qoo(Z7),
B(zt) = § Bmed if 920(Z7) < z¢ < qso(Z71), (4)
Bhigh if zt > qso(rm),

where P;; and Py, correspond to the price of the asset i and the market index in period
t, respectively; gy corresponds to the percentile function ‘x” of the time series Zt; Zr
corresponds to the vector of all z;—;, measured from period t — g to t; Blow, Pmed, Phigh
corresponds to the low, medium, and high volatility values of the dynamic model described
in (1), which allows us to interpret three scenarios of volatility in which the financial series
finds itself, with different behaviours.

In Equation (4), g20(Z7) and ggo(Z7) represent the 20th and 80th percentiles of the
empirical distribution of the Zr, respectively. The lower 20% of the Zt will be considered to
represent days of low volatility (i.e., a calm market), while the upper 20% will be regarded
as periods of high volatility or financial stress (i.e., crises and shocks). This approach,
referred to as ‘extreme p’, facilitates the estimation of market sensitivity in regimes of
financial stress or relative stability in a differentiated manner. The selection of the 20th
and 80th percentiles as the defining criteria for market regimes is arbitrary, but is based on
empirical methodologies that have become widespread among financial researchers.

In particular, Jegadeesh and Titman [39] employ quintile segmentation to categorise
assets according to their historical performance. This methodology enables the identi-
fication of resilient patterns of behaviour, such as momentum or reversion effects. The
quintile discretisation methodology facilitates comparison between extreme groups (e.g.,
winners and losers) and allows specific dynamics within each group to be isolated. Utilising
this rationale, the present study employs quintile partitioning of a function of S&P 500
index as a non-parametric surrogate for the degree of financial stress, thereby enabling the
capture of asymmetries in market sensitivity under varying volatility conditions without
the imposition of restrictive functional assumptions.

2.3. ABC-MCMC Algorithm

The implementation of the dynamic CAPM model with extreme 3 presents significant
difficulties for the formulation of an explicit and tractable likelihood function. Firstly, the
conditional 8 is modelled as a piecewise function of the volatility index ry, ¢, defined by
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empirical percentiles. This specification introduces discontinuities and abrupt changes in
the model structure, which prevents the derivation of a closed and differentiable form of the
likelihood. Moreover, when evaluating the joint probability of the observed returns under
this formulation, it is necessary to condition iteratively for each value of 7y, ; to determine
the regime in which the f is found in each period. This suggests the presence of an implicit
latent state structure, analogous to that observed in regime switching models or threshold
models. However, it should be noted that the analytical evaluation of such models can be
intricate and computationally intensive.

For these reasons, the ABC-MCMC model is utilised. This approach is initiated
from a set of observed data y corresponding to the observed returns r; ;. Subsequently, a
parameter vector, designated as 0(0) = (, Biowr Bmed, Bhigh/ ), is proposed from an a priori
distribution, along with a substantial number of iterations (N = 10,000).

It is important to note that the ABC-MCMC algorithm is susceptible to the effects
of a low acceptance rate, particularly during the initial stages of the chain. To mitigate
this, an initial condition has been incorporated into the algorithm. This ensures that the
sampling process begin only once an initial set of parameters, denoted by (%), has been
identified. This set of parameters is required to generate a simulation that meets the required
acceptance criteria. It is important to note that the algorithm will not start until it identifies
a value such that the following condition is satisfied: 5(s(y*™),s(y°"®)) < e. The value of
the parameter is expressed as a decimal number, with a precision of 0.001. Furthermore, a
maximum number of 20,000 attempts has been set to ascertain this initial value.

In the event that, subsequent to these attempts, no accepted proposal is obtained, it is
considered that the model is incapable of adequately replicating the behaviour of the asset
under study, and it is discarded from further analysis. This measure aims to circumvent
the occurrence of degenerate chains and enhance the overall robustness of the procedure.
The corresponding algorithm is shown in Algorithm 1.

Algorithm 1 ABC-MCMC with initial validation and attempt limit for dynamic CAPM
with Extreme f

1: Set N = 10000, max_attempts = 20000, counter = 0, € = 0.05
2: repeat

3 Define §(*) ~ prior

4 Simulate y© ~ £(8(0)

5 6=0(s(y'"),s(y))
6:
7
8
9

counter + =1
: until § < € or counter = max_attempts
: if counter = max_attempts and § > ¢ then
: Terminate: asset rejected after max attempts
10: else

11: fort=1to N —1do

12: Generate 8() ~ g(8(1)|g(t=1))
13: Simulate y() ~ f(6(1))

14: if 5(s(y™")),s(y)) < e then
15: o) = g(t)

16: else

17: olt) = pt=1)

18: end if

19: end for

20: end if

21: return {6V} N 1

The distribution 8() is used to simulate a series of returns y* (representing the sim-
ulated returns 7; ;) using the observed values of 7, ;, under the proposed parameters, €
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represents the tolerance or threshold for accepting or rejecting a distribution, where 6(*) is
accepted if the distance (s (yjimulated) g(yobserved)) jg Jegs than € (the tolerance € was set
at a value of 0.05). This procedure is repeated during N iterations (a chain of N elements
is expected), and the accepted samples are interpreted as coming from the approximate
posterior distribution.

In order to verify the validity of the simulated parameters, the following summary
statistics are selected for the purpose of comparing simulations and observed data. The
summary statistics employed include the average asset returns, standard deviation, a static
B coefficient estimated by linear regression, and the autocorrelation of the residuals. The
distance between the simulation generated by a set of proposed parameters and the actual
data is calculated as the Euclidean norm between the summary statistic vectors.

In the Bayesian formulation of the dynamic CAPM model, the choice of prior dis-
tributions for the parameters is fundamental, as it directly influences the ability of the
ABC-MCMC algorithm to explore plausible regions of the parametric space in the absence
of an explicit likelihood function. In this research, the decision has been taken to utilise
a zero-centred normal distribution with reduced variance for the intercept, i.e., alpha is
modelled as a random variable drawn from a distribution & ~ A/(0,0.05%). This decision
is founded upon the market efficiency hypothesis, which posits that abnormal returns
(«) should, on average, be zero. As articulated by Jegadeesh and Titman [39], even when
persistent patterns such as momentum are identified, these do not ensure the presence
of systematic alphas that can be utilised without incurring additional risk. Consequently,
adopting a central value close to zero is a rational approach.

In relation to market sensitivity coefficients in different volatility regimes (Bjow <
Brmed < ,Bhigh)r a normal distribution with mean 1 and variance 0.252 is adopted for each
of them. This formulation reflects the idea that § should fluctuate around the theoretical
equilibrium value of the CAPM (equal to 1) but allow for contextual adjustments based on
market conditions. In accordance to proposal by Basu and Stremme [40], this approach is
consistent with the evidence that betas can vary over time in response to macroeconomic
or market variables. Consequently, this enhances the explanatory power of the CAPM in
comparison to its static version.

Finally, the standard deviation of errors, denoted by o, is specified as a uniform distri-
bution, denoted by ¢/(0.01,0.5). This distribution is selected to encompass a sufficiently
wide range of daily volatilities observed in equity assets, while avoiding the inclusion of
extreme values that could compromise the stability of the algorithm. As Martin et al. [41]
assert, in approximate inference contexts such as ABC, it is imperative to define informed
yet not overly restrictive priors, particularly for dispersion parameters, as these directly
influence the variability of the simulations and the acceptance rate of the algorithm. This
range has been demonstrated to adequately cover both low-volatility assets and those with
more erratic behaviour, without introducing strong a priori biases.

2.4. Black-Litterman Portfolio

The Black-Litterman model facilitates the integration of market beliefs, implicit in
market capitalisation weightings, with the analyst’s personal expectations in a structured
manner. The present research proposes an extension to the traditional approach by in-
corporating expectations obtained through Bayesian simulation, applied to a dynamic
CAPM model.

In contrast to conventional approaches, the expected asset returns (Q) are not estimated
using static regressions. Rather, they are obtained from the simulation of daily return
trajectories under a dynamic CAPM model. The parameters of this model have been
estimated using the ABC-MCMC algorithm. In this approach, the § parameter is not
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constant, but rather is subject to variation in accordance with the state of the market, which
is represented by the level of the S&P 500 index, denoted by 7, ;.

For each sample accepted by the ABC-MCMC algorithm, a trajectory of expected daily
returns is simulated as follows:

?z(]t) = leg) + ﬁl(j) (zt) - Tt ®)

In the notation employed, the subscript i denotes a particular asset within the portfolio,
while the superscript j designates the j-th simulated sample accepted by the ABC-MCMC
algorithm. In conclusion, the anticipated return on asset i (the expected simulated daily
return) is calculated as the mean of all accepted simulated trajectories, using

N T .
E[r;] = % (; fo,ft)). ©6)
j=1\ " t=1

This procedure allows capturing both the non-linear dynamics of systematic risk
and parameter uncertainty, integrating these elements into the estimation of expected
returns that are subsequently used as views in the Black-Litterman model. The Q vector is
constructed by stacking the values of E[r;] estimated for each asset through Equation (6),
representing the analyst’s subjective expectations (views) in the model. The implied market
returns (I1) are calculated using the Black-Litterman equilibrium equation:

[T=A-2-wy, (7)

where X is the sample covariance matrix of daily returns, and w,,;; is the vector of market
capitalization weights. The risk aversion parameter A is interpreted as the coefficient of
the representative investor in a mean-variance optimization problem, and is estimated
as follows:

A= E[rmké] - rf, ®)

Tinkt

where E|[r,;] denotes the historical average annualised return of the S&P 500 index, 0'31]( ;
its variance, and 7y corresponds to the risk-free rate. In this study, 7y is proxied by the
1-year U.S. Treasury securities yield, reported as an annualised daily series. For consistency
with the monthly rebalancing of portfolios, the risk-free rate is calculated as the monthly
average of this series.

3. Results
3.1. Estimation of Dynamic CAPM Parameters

Before analysing the portfolios, it is important to present the results obtained from
the estimation of the dynamic CAPM parameters using the Approximate Bayesian Com-
putation procedure. For each asset, the algorithm generates a large number of candidate
parameter sets, of which only those that satisfy the imposed acceptance criteria are retained.
These accepted distributions are then used to characterise the parameters of the model: the
intercept «, the betas corresponding to different market states (B1ow, Bied, Brign), and the
volatility parameter . Regarding the number of accepted distributions, the results varied
significantly across assets: in some cases, only a single parameter set was accepted, while
in others, up to 40 or 50 valid sets were obtained. The situation of obtaining just one valid
parameter set is rare and not representative of the general behaviour, since most assets
presented a larger number of accepted distributions.

As an illustrative example, Figure 1 displays histograms of the accepted parameter
draws for the asset WMT, based on simulations for January 2020 with a 1-year training
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window. The figure was generated from 100,000 ABC-MCMC iterations (rather than 10,000)
to better capture and illustrate the shape of the parameter distributions. These distributions
reflect uncertainty in the estimation process: « is centered near zero; the three betas vary
across different market states; and o exhibits a multimodal pattern, indicating heterogeneity
in the plausible volatility levels supported by the data. Such parameter distributions serve
as inputs for the construction of the portfolios analysed in the following subsections.
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Figure 1. Histograms of accepted parameter sets for WMT in January 2020 (1-year training window),
obtained from 100,000 ABC-MCMC iterations. In total, 284 sets were accepted, each comprising «,

‘BIOWI ﬁmed/ ﬁhigh, and 0.

3.2. Performance During the Crisis Period (2020)

We begin by analysing the year 2020, which covers the period from March 2020 to
February 2021, a time marked by high volatility and the initial COVID-19 crisis. Figure 2
presents the real cumulative return of the Buy-and-Hold portfolios with a 6-month training
window. Each line corresponds to a distinct strategy that an investor can adopt, enabling a
comparison of results between the various strategies with regard to both the final cumula-
tive return and the variability of each strategy. In this sense, higher levels of cumulative
return imply a superior investment scenario, weighed against certain tolerable levels of risk.
In this scenario, the BL-CAPM Sharpe strategy exhibits a markedly different behaviour
compared to the classical Markowitz approaches and the benchmark (S&P 500).

Table 2 shows the portfolio composition on 1 May 2020. On this date, the Markowitz
MaxRet strategy allocated 100% of the investment to AMD, while the BL-CAPM Sharpe
strategy concentrated the entire portfolio in EBAY. In contrast, the Markowitz MinVar and
Markowitz Sharpe portfolios presented more diversified allocations across several assets. It
is important to note that, among the 50 assets considered in the analysis, no valid parameter
sets were obtained for the simulations corresponding to May for the following companies:
HP, APA, COF, CCL, CAG, and DRI. Therefore, these firms were excluded from the optimization
of the portfolios. Finally, the remaining companies not listed in Table 2 simply did not
receive an investment allocation on that date.
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Figure 2. Real cumulative return of Buy-and-Hold portfolios with monthly rebalancing for the period
from March 2020 to February 2021 (training window: 6 months).

Table 2. Portfolio weights on 1 May 2020 (training window: 6 months).

Stock Symbol BL-CAPM Sharpe M. Max. Ret. M. Min. Var. M. Sharpe

EBAY 100.0 0.0 18.44 0.00
JNJ 0.0 0.0 2.39 0.00
K 0.0 0.0 20.11 0.00
KO 0.0 0.0 2.02 0.00
MCD 0.0 0.0 272 0.00
MMM 0.0 0.0 4.25 0.00
MO 0.0 0.0 6.81 0.00
PFE 0.0 0.0 3.84 0.00
WMT 0.0 0.0 17.13 0.00
AMZN 0.0 0.0 22.29 73.96
AMD 0.0 100.0 0.00 26.04

A significant element of the estimation process is the concentration on a particular
asset. Note that the date in this case corresponds to the beginning of the global pandemic,
when there was complete uncertainty about the future of the financial markets, causing
high levels of uncertainty and volatility that affected the portfolio optimisation process.
Table 3 shows how the portfolios evolved six months later. Greater knowledge about the
phenomenon of the pandemic allowed for a more appropriate optimisation process for
investors, as reflected in the greater diversification of financial assets.

The results also show that the portfolio constructed with the BL-CAPM Sharpe strategy
achieved a superior realised return compared to all other Markowitz portfolios and even
outperformed the benchmark (S&P 500). This reinforces the idea that the alternative
allocation derived from the Black-Litterman approach captures dynamics that are not fully
reflected in the classical mean-variance optimization.

To further evaluate the sensitivity of the results to the length of the training window,
Figure 3 presents the real cumulative return of the portfolios when using a 1-year estimation
window for the same period (March 2020-February 2021). In this case, the performance
is weaker than with the 6-month training window, both in terms of cumulative growth
and relative position against the benchmark. This contrast highlights the importance of the
chosen training horizon: a shorter window (6 months) proved more effective in capturing
the abrupt market shifts associated with the COVID-19 crisis, which was characterised by a
sudden onset and little time for gradual adjustment.
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Table 3. Portfolio weights on 2 November 2020 (training window: 6 months).

Stock Symbol BL-CAPM Sharpe M. Max. Ret. M. Min. Var. M. Sharpe

CAG 49.2090 0.0000 2.9251 0.0000
PFE 33.2722 0.0000 1.2868 0.0000
EBAY 12.4321 0.0000 7.5622 7.6751
SBUX 2.6087 0.0000 0.0000 0.0000
JBL 2.4780 0.0000 0.0000 0.0000
JNJ 0.0000 0.0000 14.6766 0.0000
K 0.0000 0.0000 9.6348 0.0000
MCD 0.0000 0.0000 11.8623 0.0000
EFX 0.0000 0.0000 0.9029 0.0000
NKE 0.0000 0.0000 29119 10.4413
PEP 0.0000 0.0000 7.7470 0.0000
T 0.0000 0.0000 7.0734 0.0000
XEL 0.0000 0.0000 5.9676 0.0000
AAPL 0.0000 12.1778 0.0000 13.6823
ABT 0.0000 0.0000 0.5883 0.0000
DUK 0.0000 0.0000 6.1859 0.0000
AEE 0.0000 0.0000 3.3459 0.0000
AES 0.0000 21.2125 0.0000 4.9679
ALB 0.0000 31.4082 0.0000 0.0000
AMD 0.0000 0.0000 0.0000 4.4502
AMGN 0.0000 0.0000 5.4146 0.0000
AMZN 0.0000 0.0000 0.5418 0.0000
AZO 0.0000 0.0000 11.3731 0.0000
BALL 0.0000 0.0000 0.0000 22.8586
DE 0.0000 35.2015 0.0000 35.9245
0.6/ — BL-CAPM Shafpe

Markowitz MinVar
—— Markowitz MaxRet

@ 0.41 —— Markowitz Sharpe
g | S&P 500
~ : ! : ‘ ! !
B 02 1 ' i o fret ~_'~~—‘~;~f’ =
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Figure 3. Real cumulative return of Buy-and-Hold portfolios with monthly rebalancing for the period
from March 2020 to February 2021 (training window: 1 year).

3.3. Performance During the Normal Growth Period (2019)

In contrast to the crisis dynamics observed in 2020, the year 2019 can be regarded as a
period of relative market stability and steady growth. This makes it a useful benchmark
to assess how the different portfolio construction methods perform in an environment
without abrupt shocks.

Figure 4 shows the real cumulative return of the Buy-and-Hold portfolios using
a 6-month training window. In this case, all strategies exhibit positive and relatively
smooth growth, closely following the upward trend of the S&P 500 benchmark. The
Markowitz MaxRet and Markowitz Sharpe strategies delivered higher cumulative returns
than the benchmark, while the BL-CAPM Sharpe portfolio also performed consistently well,
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although less aggressively than in the crisis scenario of 2020. This suggests that in more
stable conditions, the performance differences across strategies are less pronounced.

—— BL-CAPM Sharpe
Markowitz MinVar
" 0.31 —— Markowitz MaxRet
£ —— Markowitz Sharpe
£ |- S&P 500
~
202
3
<
E
§ 0.1
<
0.0 | 1 | | 1
2019-01 2019-03 2019-05 2019-07  2019-09 2019-11 202001

Date

Figure 4. Real cumulative return of Buy-and-Hold portfolios with monthly rebalancing for the year
2019 (training window: 6 months).

When extending the training horizon to one year, as shown in Figure 5, the results
remain broadly positive. Compared to the 6-month case, the portfolios tend to exhibit
smoother growth paths, reflecting the fact that longer training windows capture more stable
parameter estimates in periods of economic expansion. Nonetheless, the trade-off is that
shorter windows may respond more quickly to local fluctuations, whereas longer horizons
provide more stability. In the context of 2019, where no abrupt shocks occurred, the one-
year training window aligns well with the overall market trend, producing satisfactory
results across all strategies.

0.5
, 04
: 1
5 03 |
E :
z 0.2 P it
g —— BL-CAPM Sharpe
5 0.1
2 —— Markowitz MinVar
0.0 —— Markowitz MaxRet
' —— Markowitz Sharpe
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Figure 5. Real cumulative return of Buy-and-Hold portfolios with monthly rebalancing for the year
2019 (training window: 1 year).

To better analyse the performance of the new methodological approach, we performed
a sensitivity assessment of six cases (presented in Table 4) considering the 15th and 85th
percentiles, the 20th and 80th percentiles, and the 30th and 70th percentiles for a training
window of one year and six months. It can be seen that the methodology is sensitive to the
different specifications of the selected percentiles and observation window, with positive
results for all but one of the six specifications. This suggests further research in this area to
determine the optimal values that can be calculated dynamically.
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Table 4. BL-CAPM Sharpe—cumulative return and annualised volatility by percentile thresholds.

g15(Zr) and q85(Z1)  g20(Zr) and qs0(Z1)  g30(ZT) and g7 (Zr)
Ret. Vol. Ret. Vol. Ret. Vol.

1 year 0.097507  0.091357  0.381154  0.069608  0.322843  0.067030
6 months  0.386132  0.065647  0.322014  0.064647 —0.021657 0.083106

Train

4. Discussion

In a global economic environment characterised by increasing volatility, unpredictable
financial cycles, and structural interdependence between markets, making informed in-
vestment decisions has become a strategic necessity. Building efficient portfolios not only
responds to financial optimization criteria, but also constitutes an essential tool for preserv-
ing the economic well-being of individuals, organizations, and institutions. In this context,
quantitative finance has taken on a leading role. In particular, portfolio optimization models
that integrate market information with subjective expectations have proven to be important
in addressing highly uncertain scenarios.

This study has proposed a methodological framework that combines the Black-Litterman
portfolio model with dynamic CAPM estimation using non-parametric Bayesian techniques,
specifically ABC-MCMC, applied to the United States stock market. The integration of these
approaches allows investors’ specific views to be incorporated into a market equilibrium
structure, weighted by their degree of confidence, resulting in more stable portfolios, consistent
with market expectations, and adaptable to complex contexts. The estimation of conditional
betas using ABC-MCMLC facilitates the capture of temporal dynamics and non-linearities in
the risk—return relationship, which is particularly relevant in periods of crisis such as the
COVID-19 shock of 2020. The empirical results obtained show that the proposed model
contributes to improving the quality of investment decisions in uncertain environments by
offering a flexible tool that allows asset allocation strategies to be adjusted based on investors’
beliefs and observed market behaviour. This adaptability is key to addressing highly volatile
scenarios, where active management and the incorporation of subjective information can
make a significant difference in portfolio performance.

Unlike the work of Palczewski and Palczewski (2019) [23], who generalised the
model to continuous distributions and risk measures such as CVaR, and Pang and Karan
(2018) [25], who proposed closed-form solutions under elliptical distributions, this study
uses a Bayesian simulation approach that does not rely on restrictive analytical assumptions.
Similarly, unlike studies that have used advanced techniques, such as neural networks,
GARCH models, or copulas, to improve return estimation, this study’s main contribution
is estimating conditional betas using ABC-MCMC. This method generates more stable
portfolios consistent with historical evidence that can respond effectively in crisis and
stable periods.

The evidence presented here indicates that the Bayesian estimation method improves
on traditional approaches in two dimensions. Firstly, by replacing point estimates with full
posteriors for the parameters of the model, the portfolio integrates parameter uncertainty
into both return expectations and view confidence, thereby reducing the sensitivity to
sampling noise. Secondly, the estimation of regime betas via ABC capture has been demon-
strated to be capable of ascertaining asymmetries across volatility states, obviating the
necessity for restrictive functional forms. Hence, the improvement is not only conceptual
but also statistically significant. This is due to the fact that it facilitates the generation of
simulations based on parameter distributions, thereby enhancing the robustness of the
estimates. The practical impact of Black-Litterman portfolio optimization with dynamic
CAPM via ABC-MCMC is strengthened by its computational tractability, robustness to
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estimation errors, and its scalability in handling large portfolios—making it a compelling
choice for asset managers looking for balance between performance and implementability.

The proposed methodological framework has significant broader implications beyond
its application to the US stock market. Its versatility and robustness make it highly suitable
for various global financial markets, including European and developing country markets.
Broader implications and applications could include aspects such as adaptability to diverse
market conditions, enhanced portfolio optimization, robust management in developing
and emerging markets, facilitation of cross-regional investment strategies, and improving
risk management and dynamic asset allocation.

Despite the methodological advances presented, there are multiple aspects that deserve
to be explored in future research. First, it would be pertinent to extend the analysis to
broader time horizons and assess the model’s robustness to extreme events, such as global
financial crises or structural changes in the U.S. economy. Second, analysing the interaction
of U.S. portfolios with global market conditions would allow us to better evaluate the
model’s ability to capture interdependencies and contagion effects, which is especially
relevant given the high international exposure of many U.S. firms. It is also relevant to
analyse the model’s sensitivity to the degree of confidence assigned to investor views, as
well as to explore its integration with ESG (environmental, social, and governance) criteria,
given the growing demand for sustainable investments among institutional investors in the
United States. Furthermore, the development of computationally more efficient versions of
the ABC-MCMC algorithm could facilitate its application in real-time and high-frequency
trading contexts, expanding its practical usefulness for portfolio managers and financial
analysts. These research avenues would help consolidate the proposed approach as a
robust and versatile tool for portfolio management in dynamic and highly liquid markets
such as the United States.

5. Conclusions

The application of the model to the United States stock market reveals structural
challenges that must be addressed to strengthen the national financial architecture. The
shallow depth of certain market segments, information fragmentation, and the limited
availability of high-frequency data restrict the ability to accurately calibrate nonparametric
models. Overcoming these limitations requires advancing the modernization of statis-
tical infrastructure, improving market transparency, and fostering a more sophisticated
investment culture capable of formalising expectations and actively managing risk.

From an international perspective, the United States stock market provides a robust
testing ground for evaluating the performance of Bayesian models under conditions of both
stability and systemic stress, such as the COVID-19 crisis. The adaptability of the proposed
framework highlights its potential for application across other advanced economies as
well as in global contexts where high-frequency volatility and heterogeneous investor
expectations shape the investment environment.

Along with this, the integration of ABC-MCMC techniques in the estimation of con-
ditional betas opens up a relevant methodological line for financial systems facing com-
putational constraints or challenges in modelling non-linear risk dynamics. The flexibility
of the approach allows for capturing non-linear and time-dynamic relationships without
imposing restrictive assumptions, making it a valuable tool for applied research in interna-
tional finance. In general, this research contributes to the development of financial theory
and demonstrates the applicability of advanced portfolio optimization techniques in highly
liquid and globally integrated markets such as the United States. The identified challenges
should be addressed through continued methodological innovation, improvements in
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financial infrastructure, and collaboration between academia and industry, with the goal of
consolidating a more resilient and adaptive investment environment.
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