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1. Introduction
Interpolation is a very old theme [1–3]. The simple theorem of polynomial interpola-

tion, on which much of practical numerical analysis is based, states that a straight line can
pass through two points, a parabola through three, a cubic through four, and so on [4].

Modern interpolation theory is concerned with reconstructing functions on the basis
of certain assumed known functional information [5,6]. In many cases, the functionals are
linear. Hence, we consider the following general problem.

Let

• X be a linear space of real functions defined on the interval [a, b], continuous and with
continuous derivatives of all necessary orders;

• ∀n ∈ IN, Pn be the space of polynomials of degree less than or equal to n;
• Q be a delta-operator (In [7,8] the authors use the notation δ-operator, while in [9–12]

the notation delta-operator) (see [13–16] and references therein), i.e.,

∀y ∈ X, Qy =
∞

∑
i=0

ci
y(i)

i!
, c0 = 0, c1 ̸= 0, ci ∈ IR, i ≥ 0; (1)

• L be a linear functional on X of the following type

L(y) =
∫ b

a

[
a0(x)y(x) + · · ·+ an(x)y(n)(x)

]
dx

+
m0

∑
i=1

bi,0y(xi,0) +
m1

∑
i=1

bi,1y′(xi,1) + · · ·+
mn

∑
i=0

bi,ny(n)(xi,n),
(2)

where the functions ai(x) are assumed to be piecewise continuous in [a, b] and the
points xij to lie in [a, b];

• XQ,n =
{

y ∈ X | Qiy ∈ X, i = 0, . . . , n, ∀n ∈ IN
}

, being IN the set of natural numbers.
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Then, for each y ∈ XQ,n, we look for a polynomial Pn[y], if it exists, of degree less than
or equal to n such that

y = Pn[y] + Rn[y], (3)

with
L
(

QiPn[y]
)
= L

(
Qiy

)
, i = 0, . . . , n. (4)

The polynomial Pn[y] and Rn[y] in (3) are called umbral interpolant and remainder,
respectively. This problem is called umbral-interpolation problem for (L, Q) (see [17,18]
and references therein), and the conditions (4) are called umbral conditions for (L, Q).

The term umbral interpolation is also used for other different topics (see [19,20] and
references therein).

The paper is organized as follows: Section 2 contains the preliminaries, and Section 3
deals with the problem of umbral interpolation. In Section 4, some known and new
examples of umbral interpolating polynomials associated with different types of delta
operators are given. In Section 5, we compare the error in the approximation of some
given function by many of these interpolating polynomials. Section 6 is dedicated to a
brief conclusion. Finally, the Appendix A contains some tables that summarize the cases of
umbral interpolation previously considered.

2. Preliminaries
Let the delta-operator Q be assigned.

Theorem 1 (The Main Theorem [21]). There exists a unique polynomial sequence, denoted by{
pn
}

n∈IN, such that {
p0(x) = 1, pn(0) = 0,

Q pn = n pn−1.

This polynomial sequence (p.s. in the following [22,23]) is said basic or associated with
the operator Q, and it is of binomial type (see [13,14,16,24,25] and references therein).

For the proof of Theorem 1, we give some preliminary results.

Proposition 1 (Numerical sequence and related matrix [16]). We consider the numerical
sequence

(
bi
)

i∈IN such that
bi = ci, i = 0, 1, . . . ,

with ci as in (1). Then we can build the nonsingular, lower triangular matrix Bn =
(
bi,k
)

i,k=0,...,n
by the following algorithm ([16], p. 8):

bℓ,0 = δℓ,0, bℓ,1 = bℓ, ℓ = 0, . . . , n,

bℓ,k =
1
k

ℓ−k+1

∑
j=1

(
ℓ

j

)
bj,1bℓ−j,k−1, ℓ = 2, . . . , n, k = 2, . . . , ℓ,

bℓ,k = 0, ℓ = 0, . . . , n, k = ℓ+ 1, . . . , n.

(5)

For n → ∞ the matrix Bn is an infinite, lower triangular matrix [26,27], denoted by B.

Proposition 2 ([16]). We consider the numerical sequence
(
bi
)

i∈IN defined as

b0 = 0,
n

∑
k=1

bn,kbk = δn,1, n = 1, 2, . . . ,
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with bn,k as in (5). Then, by Algorithm (5), in which bi is replaced with bi, the numerical sequence(
bi
)

i∈IN generates the lower triangular matrix Bn =
(
bj,k
)

j,k=0,...,n. For n → ∞ the matrix Bn is
an infinite lower triangular matrix, denoted by B.

Remark 1. We note that bi,i = b
i
1 ̸= 0 and bi,i = bi

1 ̸= 0. Hence, for every n the matrices Bn (B)
and Bn

(
B
)

are nonsingular.

The matrices Bn and Bn (B and B, respectively, in the infinite case) are inverse of each
other and are called matrices of binomial type ([16], p. 7).

The numerical sequences
(
bi
)

i∈IN and
(
bi
)

i∈IN generate the formal power series

f (t) =
∞

∑
i=0

bi
ti

i!
, f (t) =

∞

∑
i=0

bi
ti

i!
, (6)

respectively. They are called δ-series [13,14], being b0 = b0 = 0, and b1 ̸= 0, b1 ̸= 0.

Proposition 3 ([16], p. 9). With the previous hypothesis and notation, we obtain

f ( f (t)) = t = f ( f (t))

1
k!
( f (t))k =

∞

∑
i=0

bi,k
ti

i!
1
k!
( f (t))k =

∞

∑
i=0

bi,k
ti

i!
.

Proof of Theorem 1. Let us consider the matrix Bn =
(
bj,k
)

j,k=0,...,n with elements as in

Propositions 2 and 3. It defines the p.s.
{

pn
}

n∈IN with

p0(x) = 1, pn(x) =
n

∑
k=0

bn,kxk, ∀n ∈ IN. (7)

It can be proved (see ([17], pp. 124–125)) that

ex f (t) =
∞

∑
n=0

pn(x)
tn

n!
.

with f (x) as in (6).
It is easy to verify that

pn(0) = bn,0 = 0, n ≥ 1.

Then, taking into account the linearity of Q and the previous relations, we obtain

∞

∑
n=0

Qpn(x)
tn

n!
= Q

∞

∑
n=0

pn(x)
tn

n!
= Qex f (t) =

(
b1 f (t) + b2

f 2(t)
2!

+ . . . + bn
f n(t)

n!
+ · · ·

)
ex f (t)

= t
∞

∑
n=0

pn(x)
tn

n!
=

∞

∑
n=0

npn−1(x)
tn

n!
.

This implies Qpn = npn−1.

Proposition 4 ([16], pp. 31–32). For the elements of
{

pn
}

n∈IN the following determinant form
holds
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p0(x) = 1,

pn(x) =
(−1)n+1

∏n
i=0 bi,i

∣∣∣∣∣∣∣∣∣∣∣∣∣

x x2 · · · xn−1 xn

b1,1 b2,1 · · · bn−1,1 bn,1

0
. . . . . .

...
...

. . . . . .
...

0 · · · 0 bn−1,n−1 bn,n−1

∣∣∣∣∣∣∣∣∣∣∣∣∣
, n > 0.

(8)

Now, let L be a linear functional on X with L as in (2). We set

βn = L(pn), n = 0, 1, . . . (9)

The sequence
(

βn
)

n∈IN generates the numerical sequence
(
αn
)

n∈IN, called associated
with

(
βk
)

k∈IN, by the binomial convolution product (also called Hurwitz product) [28,29]:

α0 =
1
β0

,
n

∑
k=0

(
n
k

)
αkβn−k = 0. (10)

In [30], sequences of type
(
αn
)

n∈IN are called convolution sequences.

Then we build the p.s.
{

an
}

n∈IN with

a0(x) = α0 ̸= 0, an(x) =
n

∑
k=0

(
n
k

)
αkxn−k.

It is easy to verify that{
a′n(x) = n an−1(x),
an(0) = αn,

∀n ∈ IN.

Furthermore, if we set

g(t) =
∞

∑
n=0

αn
tn

n!
,

we obtain

g(t)ext =
∞

∑
n=0

an(x)
tn

n!

and
1

g(t)
· g(t) = 1,

1
g(t)

=
∞

∑
n=0

βn
tn

n!
.

The p.s.
{

an
}

n∈IN, so defined, is known as Appell p.s. (see [16,31,32] and references
therein).

Taking into account that the set of polynomial sequences is a group with respect to the
umbral composition ([17], p. 58), we can consider the umbral composition of the Appell p.s.{

an
}

n∈IN and the binomial-type p.s.
{

pn
}

n∈IN as in (7). Thus, we obtain the p.s.
{

sn
}

n∈IN
with

sn(x) =
n

∑
k=0

(
n
k

)
αk pn−k(x), ∀n ∈ IN. (11)
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It is proved [33] that the p.s.
{

sn
}

n∈IN has the following determinant form

s0(x) =
1
β0

,

sn(x) =
(−1)n

βn+1
0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

p0(x) p1(x) p2(x) · · · pn−1(x) pn(x)
β0 β1 β2 · · · βn−1 βn

0 β0 (2
1)β1 · · · (n−1

1 )βn−2 (n
1)βn−1

...
. . . . . .

...
...

...
. . . . . .

...
...

0 · · · · · · 0 β0 ( n
n−1)β1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, n > 0,

(12)

with βi = L(pi).
Moreover, the following recurrence form holds [33]:

sn(x) =
1
β0

(
pn(x)−

n−1

∑
i=0

(
n
i

)
βn−isi(x)

)
.

From (11) and Theorem 1 it follows that

Qsn = nsn−1. (13)

Proposition 5 ([33]). We obtain

L(Qisn) = i!
(

n
i

)
δi,n, i = 0, . . . , n, (14)

where δi,n is the Kroneker symbol.

Proof. From Theorem 1 we have

L(Qisn) = ni L(sn−i) = i!
(

n
i

)
δi,n, (15)

where ni is the falling factorial [34]. In the second equality, we applied (11), (9) and (10).

We observe that the p.s.
{

sn
}

n∈IN is a Sheffer p.s. (see [16,17,21,33,35] and references
therein). Then the set {s0(x), . . . , sn(x)} is a basis for Pn, and we call it umbral basis for
(L, Q) or simply umbral basis.

In summary, once a delta-operator Q and a linear functional L are assigned,

• there exists a unique p.s.
{

pn
}

n∈IN such that

p0(x) = 1, pn(0) = 0, Q pn = n pn−1;

the p.s.
{

pn
}

n∈IN is of binomial-type;
• assuming βn = L(pn) as in (9), there exists the numerical sequence

(
αk
)

k∈IN, such that

α0 =
1
β0

, β0 ̸= 0,
n

∑
k=0

(
n
k

)
αkβn−k = 0;

• there exists the p.s.
{

an
}

n∈IN such that

a′n(x) = nan−1(x), an(0) = αn;

the p.s.
{

an
}

n∈IN is an Appell p.s. [31];
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• finally, we consider the umbral composition

sn(x) = (an ◦ pn)(x) =
∞

∑
k=0

(
n
k

)
αk pn−k(x). (16)

The p.s.
{

sn
}

n∈IN is a Sheffer p.s. which satisfies

Qsn = nsn−1.

Hence, as the linear functional L, with L as in (2), varies, the set of polynomial
sequences

{
sn
}

n∈IN in (16) is the set of Sheffer polynomial sequences associated with
the delta-operator Q. It is an umbral basis for (L, Q) [16–18].

3. Umbral Interpolation
Now, we consider the problem of umbral interpolation mentioned in the Introduction.

We first extend the problem to the more general case.
Let L be a linear functional on X with L as in (2), Q a delta-operator on Pn and

ωi ∈ IR, i = 0, 1, . . . , n, not all zero. We want to solve the following problem: determine, if
it exists, the polynomial Pn ∈ Pn such that

L(QiPn) = i! ωi, i = 0, . . . , n. (17)

This problem is called umbral-interpolation problem in Pn. The conditions (17) are
called umbral-interpolant conditions.

Theorem 2 ([18]). Let
{

sk
}

k∈IN be the umbral basis for (L, Q). The polynomial

Pn(x) =
n

∑
i=0

ωisi(x)

is the unique polynomial of degree less than or equal to n satisfying the umbral-interpolation problem,
i.e., such that

L(QiPn) = i! ωi, i = 0, . . . , n.

Proof. The proof is a straightforward consequence of Proposition 5 and the linearity of
Q.

Corollary 1. (Representation of polynomials). Each Pn ∈ Pn can be written as

Pn(x) =
n

∑
i=0

L(QiPn)
si(x)

i!
. (18)

Now, we extend the concept of umbral interpolation to the real space of functions X.

Theorem 3. (The main Theorem). Let Q be a delta-operator on the linear space X. We set

XQ,n =
{

f ∈ X : Qi f ∈ X, i = 0, . . . , n
}

, ∀n ∈ IN.

Let L be a linear functional on XQ,n, with L as in (2). Let
{

sn
}

n∈IN be the umbral basis for (L, Q).
Then, for every f ∈ XQ,n, the polynomial

Pn[ f ](x) =
n

∑
i=0

L
(

Qi f
) si(x)

i!
(19)
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is the unique polynomial of degree less than or equal to n such that

L(QiPn[ f ]) = L
(

Qi f
)

, i = 0, 1, . . . , n. (20)

Proof. The proof follows from Theorem 2 (for details see ([17], pp. 392–394)).

Definition 1. The polynomial Pn[ f ] is called the umbral interpolant for the function f related to
(L, Q). The conditions (20) are known as umbral interpolant conditions of f for (L, Q).

The difference
Rn[ f ](x) = f (x)− Pn[ f ](x), x ∈ [a, b],

is called truncation error or remainder at the point x.

Theorem 4 ([18]). For any g ∈ Pn, we obtain

Rn[g](x) = 0, ∀x ∈ [a, b].

If qn+1 is a polynomial of degree n + 1, then

∃ x ∈ [a, b] s.t. Rn[qn+1](x) ̸= 0.

Proof. The proof follows from (8) and (13), taking into account the (15).

We say that Pn[ f ] is an approximant of order n for f .
For every fixed x in [a, b], we may consider the remainder Rn[ f ](x) as a linear func-

tional which acts on f and annihilates all elements of Pn. For any fixed x, it can be
considered to be a linear functional as in (2). Therefore, we can apply Peano’s Theorem ([4],
p. 69).

Theorem 5 ([18]). Let f ∈ Cn+1[a, b]. The following representation for Rn[ f ](x) holds:

Rn[ f ](x) =
1
n!

∫ b

a
Kn(x, t) f (n+1)(t)dt, ∀x ∈ [a, b],

where

Kn(x, t) = Rn
[
(x − t)n

+

]
= (x − t)n

+ −
n

∑
i=0

Lx

(
Qi(x − t)n

+

) si(x)
i!

,

being (x)n
+ the truncated power function ([4], p. 70).

Remark 2. From (19), if f (n+1) ∈ Lp[a, b] and Kn(x, t) ∈ Lq[a, b] with
1
p
+

1
q
= 1, then, by

applying the known Holder’s inequality, classic bounds for |Rn[ f ]| can be obtained.

Proposition 6. Let Ta
n [ f ](x) be the Taylor polynomial for the function f with initial point a. Then

the following identity holds:

Pn[ f ](x) = Ta
n [ f ](x)− 1

n!

n

∑
i=0

si(x)
i!

∫ b

a
Lx

(
Qi(x − t)n

+

)
f (n+1)(t)dt.

Moreover,
Pn[ f ](x) −→ Ta

n [ f ](x), x −→ a.

Proof. The proof follows from Theorem 5, after easy calculations.
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In order to provide another umbral-interpolant for f , if z is a fixed point in [a, b], we
consider the polynomial

Pn,z[ f ](x) ≡ Pn[ f ](x) + f (z)− Pn,z[ f ](z) = f (z) +
n

∑
i=1

L
(

Qi f
) si(x)− si(z)

i!
.

Theorem 6 ([18]). The polynomial Pn,z[ f ] is an approximant of order n for f , i.e.,

f (x) = Pn,z[ f ](x) + Rn,z[ f ](x),

with

Rn,z[qi](x) = 0, i = 0, . . . , n, qi ∈ Pi, Rn,z[qn+1](x) ̸= 0 for at least an x ∈ [a, b].

Proof. The proof follows from Theorem 4.

Theorem 7 ([18]). The polynomial Pn,z[ f ] satisfies the following interpolating conditions

Pn,z[ f ](z) = f (z), L
(

QiPn[ f ]
)
= L(Qi f ), i = 1, . . . , n.

Pn,z[ f ](x) is called the complementary umbral interpolating polynomial ([17], p. 394) for
f ∈ XQ,n.

The remainder is

Rn[ f , z](x) = f (x)− Pn[ f , z](x), ∀x ∈ [a, b],

and it is exact on Pn. It can be written as

Rn[ f , z](x) = Rn[ f ](x)− Rn[ f ](z).

4. Examples
Now, we give some known and unknown examples of umbral interpolation. For the

sake of brevity, in the examples, we do not consider the study of the remainder, referring to
it in the cited bibliography.

4.1. Umbral Interpolation Related to Q = Dx

Let us consider as delta-operator the classic operator of differentiation

Q = Dx.

For simplicity, in the following, we will use D instead of Dx if there is no possibility of
misunderstanding.

The associated sequence is the canonical basis
{

xn}
n∈IN and XQ,n = Cn[0, 1].

If L is a linear functional on XQ,n, with L as in (2), the umbral basis for (D, L) is the
Appell p.s.

{
aL,n

}
n∈IN such that
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aL,0(x) =
1
β0

aL,n(x) =
(−1)n

βn+1
0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 x x2 · · · · · · xn

β0 β1 β2 · · · · · · βn

0 β0 (2
1)β1 · · · · · · (n

1)βn−1
...

. . . . . . . . .
...

...
. . . . . . . . .

...
0 · · · · · · 0 β0 ( n

n−1)β1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,

(21)

with βi = L
(

xi), i ≥ 0.
In this case, the umbral interpolating polynomial and the related complementary

polynomial for f ∈ XQ,n are, respectively,

An[ f ](x) =
n

∑
i=0

L
(

f (i)
)aL,i(x)

i!
, (22a)

An[ f ](x) = f (z) +
n

∑
i=1

L
(

f (i)
)aL,i(x)− aL,i(z)

i!
. (22b)

In (22b) z is any point in [0, 1]. From now on, unless otherwise specified, we set z = 0.
The interpolatory conditions are, respectively,

L
(

An[ f ](i)
)
= L

(
f (i)
)

, i = 0, . . . , n (23a)

An[ f ](0) = f (0), L
(

An[ f ](i)
)
= L

(
f (i)
)

, i = 1, . . . , n. (23b)

We call this type of interpolation Appell umbral interpolation [36].

4.1.1. Generalized Taylor Polynomial

Assuming
L( f ) = f (x0), x0 ∈ [0, 1],

the umbral polynomial (22a) coincides with (22b) and becomes

An[ f ](x) = An[ f ](x) = f (x0) +
n

∑
i=1

f (i)(x0)
(x − xo)i

i!
,

that is, the well-known Taylor polynomial for f . Therefore, we call the polynomial (22b)
generalized Taylor polynomial of degree n.

4.1.2. Bernoulli of the First Kind Umbral Interpolation

Assuming

L( f ) =
∫ 1

0
f (x) dx,

we obtain
βk = L(xk) =

1
k + 1

, k ≥ 0.

Then the umbral polynomial (22a) becomes the well-known Bernoulli polynomial
of the first kind [36–38], Bi(x). The umbral Bernoulli interpolant is (see [16,36] and refer-
ences therein)
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Bn[ f ](x) =
∫ 1

0
f (x) dx +

n

∑
i=1

[
f (i−1)(1)− f (i−1)(0)

]Bi(x)
i!

. (24)

It is also known as expansion in Bernoulli polynomials [39] or umbral Bernoulli
interpolant [17].

The complementary polynomial is

Bn[ f ](x) = f (0) +
n

∑
i=1

[
f (i−1)(1)− f (i−1)(0)

]Bi(x)− Bi(0)
i!

. (25)

This polynomial appeared for the first time in [40], and then, it has been applied
in several topics: interpolation of real functions [18], numerical solution of nonlinear
equations [41], numerical solution of BVPs by collocation methods [42,43].

The umbral interpolatory conditions for (24) are

∫ 1

0
f (x) dx =

∫ 1

0
Bn[ f ](x) dx, (26a)

f (i−1)(1)− f (i−1)(0) =
∫ 1

0
Bn[ f ](i)(x) dx, i = 1, . . . , n. (26b)

Similarly, for the polynomial (24) the umbral interpolatory conditions are

f (0) = Bn[ f ](0), f (i−1)(1)− f (i−1)(0) =
∫ 1

0
Bn[ f ](i)(x) dx, i = 1, . . . , n.

Figure 1 shows the geometric interprestation of the interpolatory condition (26a) for
i = 1.

Figure 1. Geometric interpretation of the first interpolatory condition (26a) for Bernoulli interpolant
for n = 3.

4.1.3. Euler Umbral Interpolation

Euler polynomials, introduced by Euler in 1740 [44], are Appell polynomials. Hence,
they are often related to the theory of Bernoulli polynomials. There is a wide range of
literature on them and several interesting applications.

Assuming

L( f ) =
f (0) + f (1)

2
,

we obtain
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βk = L(xk) =

{
1, k = 0
1
2 , k ≥ 1

∀k ∈ IN.

Then the Appell p.s. (22a) is the well-known Euler p.s. ([16], p. 124, [36])
{

En
}

n∈IN,
with

En(x) =
n

∑
k=0

(
n
k

)
En−k(0)xk, ∀n ∈ IN.

The umbral interpolating polynomial is

En[ f ](x) =
f (0) + f (1)

2
+

n

∑
i=1

f (i)(0) + f (i)(1)
2

Ei(x)
i!

. (27)

The related umbral complementary interpolant is

En[ f ](x) = f (0) +
n

∑
i=1

f (i)(0) + f (i)(1)
2

Ei(x)− Ei(0)
i!

. (28)

The umbral interpolatory conditions are, respectively,

f (i)(1) + f (i)(0)
2

=
En[ f ](i)(1) + En[ f ](i)(0)

2
, i = 0, . . . , n, (29)

and

f (0) = En[ f ](0),
f (i)(1) + f (i)(0)

2
=

En[ f ](i)(1) + En[ f ](i)(0)
2

, i = 1, . . . , n.

Figure 2 shows the geometric interpretation of the interpolatory condition (29) for
i = 0 and n = 3.

We observe that if we introduce the mean operator [39]

M f =
f (x + 1) + f (x)

2
,

we have L( f ) = M f |x=0.

Figure 2. Geometric interpretation of the interpolatory condition (29) for i = 0 and n = 3.

4.1.4. First Kind Bernoulli-Type Umbral Interpolation

Let L be the following linear functional on [−1, 1]
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L( f ) =
1
2

∫ 1

−1
f (x) dx.

We obtain

βk = L(xk) =


1 k = 0,

0 odd k,
1

k + 1
, even k,

∀k ∈ IN.

The umbral basis for (L, D) is the p.s.
{
Bn
}

n∈IN with elements given by

B0(x) = 1,

Bn(x) = (−1)n

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 x x2 · · · · · · xn

1 0 1
3 · · · · · · βn

0 1 0 · · · · · · (n
1)βn−1

...
. . . . . . . . .

...
...

. . . . . . . . .
...

0 · · · · · · 0 1 0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.

(30)

The first six polynomials of the p.s.
{
Bn
}

n∈IN are

B0(x) = 1, B1(x) = x, B2(x) = x2 − 1
3

, B3(x) = x3 − x,

B4(x) = x4 − 2x2 +
7

15
, B5(x) = x5 − 10

3
x3 +

7
3

x.

Their plots are in Figure 3.

Figure 3. Bernoully-type polynomials.

Observe that

Bn(x) = 2nBn

(
x + 1

2

)
, Bn(x) =

1
2n Bn

(
2x − 1

2

)
.
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That is, the polynomials Bn(x) coincide, up to a constant, with the classical Bernoulli
polynomials of the first kind, translated in the interval [−1, 1]. Moreover, the subsequences{
B2n
}

n∈IN and
{
B2n+1

}
n∈IN are the even and odd Lidstone-type polynomial sequences,

respectively, introduced in ([17], p. 238) (see also the reference therein). The p.s.
{
Bn
}

n∈IN
has been introduced in [10,11,45] by the classical theory of Rota et al. [13,14,46].

This theory is very different from the determinant approach used here.
The umbral interpolating polynomials is

Bn[ f ](x) =
1
2

∫ 1

−1
f (x) dx +

1
2

n

∑
i=1

[
f (i−1)(1)− f (i−1)(−1)

]Bi(x)
i!

,

and the related complementary is

Bn[ f ](x) = f (z) +
1
2

n

∑
i=1

[
f (i−1)(1)− f (i−1)(−1)

]Bi(x)−Bi(z)
i!

, z ∈ [−1, 1].

The interpolatory conditions are

∫ 1

−1
f (i)(x) dx =

∫ 1

−1
Bn[ f ](i)(x) dx, i = 0, . . . , n

and

Bn[ f ](z) = f (z),
∫ 1

−1
f (i)(x) dx =

∫ 1

−1
Bn[ f ](i)(x) dx, i = 1, . . . , n.

4.2. Umbral Interpolation Related to Q = ∆h

In this section, we look at some known and new examples of umbral interpolation
related to the finite difference operator [26,39,47–49]

Q = ∆h y(x) = y(x + h)− y(x), h > 0, x ∈ [0, 1]. (31)

It is a delta-operator.
For simplicity of notation, in the following, we omit showing the dependence on h in

∆h, unless absolutely necessary.
Let us define the finite difference operator of order i, i ∈ IN, as

∆iy(x) = ∆(∆i−1y(x)) =
i

∑
j=0

(−1)i−j
(

i
j

)
y(x + jh), (32)

with ∆0 = I, ∆1 = ∆, being I the identity operator.
Moreover, let ∆−1 denote the indefinite summation operator, defined in ([39],

pp. 100–101) as the linear operator inverse of the finite difference operator ∆. It is related to
the finite difference operator as the indefinite integral is related to the derivative operator.

From (31) we obtain [50]

∆ y(x) =
∞

∑
i=1

hi y(i)(x)
i!

.

Hence ∆ is a delta-operator, with bi = hi, i = 1, 2, . . .. It is known [50] that the elements
of the associated p.s. are the generalized falling factorials (x)n,h ≡ (x)n([39], p. 45), that is,

(x)0 = 1, (x)n = x(x − h)(x − 2h) · · · (x − (n − 1)h), n ≥ 1.

Then we obtain
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∆(x)n = n h (x)n−1.

Let L be a linear functional on XQ,n with L as in (2). We set

βn = L((x)n), n ≥ 0.

Then the umbral basis for (L, ∆) is the p.s.

AL
0 (x) =

1
β0

,

AL
n(x) =

(−1)n

βn+1
0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 (x)1 (x)2 · · · · · · (x)n
β0 β1 β2 · · · · · · βn

0 β0 (2
1)β1 · · · · · · (n

1)βn−1
...

. . . . . . . . .
...

...
. . . . . . . . .

...
0 · · · · · · 0 β0 ( n

n−1)β1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.

(33)

The related umbral interpolant of f ∈ XQ,n is the polynomial

PL,n[ f ](x) =
n

∑
i=0

L
(

∆i f
)AL

i (x)
hii!

, (34)

and the complementary umbral interpolant is

PL,n[ f ](x) = f (0) +
n

∑
i=1

L
(

∆i f
)AL

i (x)−AL
i (0)

hii!
. (35)

Remark 3. We observe that if L( f ) = f (0), the polynomial (34) coincides with the well-known
Newton’s forward difference interpolating polynomial on the data points (x0 + ih, f (x0 + ih)),
i = 0, . . . , n.

Using relation (32) and the linearity of the operator L, the umbral interpolating conditions

L(∆iPL,n[ f ]) = L(∆i f ), i = 0, 1, . . . , n

are equivalent to the following conditions

L(PL,n[ f ](x0 + ih)) = L( f (x0 + ih)), i = 0, 1, . . . , n. (36)

Moreover, the polynomial PL,n[ f ] can be expressed in the form

PL,n[ f ](x) =
n

∑
i=0

L( f (x0 + ih))Ân,i(x), x0 ∈ [0, 1],

where

Ân,i(x) =
1
i!

n

∑
j=i

(−1)j−i
AL

j (x)

hj(j − i)!
.

For this reason, we can see the polynomial PL,n[ f ] as a generalization of the classical
interpolating polynomial on equidistant points.
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4.2.1. Generalized Bernoulli of the Second Kind Umbral Interpolation

Now we consider the linear functional L defined as [50]

L( f ) =
[

D ∆−1 f
]

x=0
.

We obtain

βi =
[

D ∆−1(x)i

]
x=0

=
(−1)i

i + 1
hi−1i!, i ≥ 0.

We call the related polynomial AL
n , given in (50) generalized Bernoulli polynomial of

the second kind and denote it by BI I
n .

We observe that BI I
n (x) = n! hn+1ψn

( x
h

)
, where ψn is the Bernoulli polynomial of the

second kind, as defined in ([39] p. 265). Indeed, starting from the determinant definition,
we can easily prove the following relationships:{

∆BI I
n (x) = n h BI I

n−1(x)

D BI I
n (x) = n h(x)n−1, D BI I

n (0) = 0,

Which, in [39], for h = 1 and up to a multiplicative factor, characterizes the sequence of
Bernoulli polynomials of the second kind.

According to (34), the Bernoulli interpolating polynomial of the second kind is

BI I
n [ f ](x) =

n

∑
i=0

[
D∆−1∆i f

]
x=0

BI I
i (x)
hii!

= h
[
∆−1D f

]
x=0

+
n

∑
i=1

i−1

∑
j=0

1
hii!

(
i − 1

j

)
(−1)i−1−j f ′(jh)BI I

i (x),

or

BI I
n [ f ](x) = h

[
∆−1D f

]
x=0

+
n−1

∑
i=0

f ′(ih)B I I
i (x), B I I

i (x) =
n−1

∑
j=i

(
j
i

)
(−1)j−i

hj+1(j + 1)!
BI I

j+1(x).

The related interpolating conditions, after calculations, can be expressed as(
BI I

n [ f ]
)′
(ih) = f ′(ih), i = 0, . . . , n.

According to (35), the complementary umbral-interpolant Bernoulli polynomial of the
second kind is

BI I
n [ f ](x) = f (0) +

n

∑
i=1

i−1

∑
j=0

(
i − 1

j

)
(−1)i−1−j f ′(jh)

BI I
i (x)− BI I

i (0)
hii!

. (37)

By using the polynomials B I I
i [ f ], it becomes

BI I
n [ f ](x) = f (0) +

n−1

∑
i=0

f ′(ih)
[
B I I

i (x)−B I I
i (0)

]
.

The polynomial BI I
n [ f ] satisfies the conditions [50]

BI I
n [ f ](0) = f (0),

(
BI I

n [ f ]
)′
(i h) = f ′(i h), i = 1, . . . , n.

For this interpolating polynomial, there is a nice expression of the remainder.
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Theorem 8 ([50]). Let f ∈ Cn[0, b], with b = nh, and suppose that f (n+1) exists at each point of
(0, b). Then we have

BI I
n [ f ](x)− f (x) =

1
n!

∫ x

0
(t)n f (n+1)(ξt)dt, ∀x ∈ [0, b], 0 < ξt < b.

Furthermore, the interpolating polynomial BI I
n [ f ] suggests an application to the initial

value problem {
y′ = f (x, y(x)), x ∈ [0, b],
y(0) = y0.

(38)

In fact, the polynomial

yn(x) = y0 +
n−1

∑
i=0

f (i h, yn(i h))
[

BI I
i [ f ](x)− BI I

i [ f ](0)
]

is a collocation polynomial [42,51] for the problem (38).

4.2.2. Generalized Boole Umbral Interpolation

Let us consider the linear functional

L( f ) = [M f ]x=0,

where M f is the mean operator defined by ([39], p. 6)

M f (x) =
f (x) + f (x + h)

2
.

If we set βi = L((x)i) we obtain

βi = [M(x)i]x=0 =


1 i = 0,
h
2

i = 1,

0 i ≥ 2.

Substituting these values in (50), we obtain the polynomials AL
n called generalized

Boole polynomials and denoted by
{

EI I
n
}

n∈IN. We observe that EI I
n (x) = n!hn Jn(

x
h ), where

Jn(x) is the Boole polynomial defined in ([39], p. 317).
Indeed, starting from the determinant definition, we can easily prove the follow-

ing relations  ∆EI I
n (x) = n h EI I

n−1(x),

EI I
n (0) =

(−h)nn!
2n ,

(39)

EI I
n (x) =

n

∑
j=0

(−1)j n!
(n − j)!

(
h
2

)j
(x)n−j, n ≥ 0.

The relations (39) in [39], for h = 1 and up to a multiplicative constant, characterize
the sequence of Boole polynomials.

Then, according to (34), the umbral Boole interpolant is

EI I
n [ f ](x) =

n

∑
i=0

f (ih) + f ((i + 1)h)
2

E I I
i (x), (40)

where
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E I I
i (x) =

n

∑
j=i

(
j
i

)
(−1)j−i

hj j!
EI I

j (x).

The related complementary umbral interpolant is

EI I
n [ f ](x) = f (0) +

n

∑
i=0

f (ih) + f ((i + 1)h)
2

[
E I I

i (x)− E I I
i (0)

]
. (41)

The interpolating conditions for the polynomials (40) and (41) are

EI I [ f ](ih) + EI I [ f ]((i + 1)h)
2

=
f (ih) + f ((i + 1)h)

2
, i = 0, . . . , n,

EI I
[ f ](0) = f (0),

EI I
[ f ](ih) + EI I

[ f ]((i + 1)h)
2

=
f (ih) + f ((i + 1)h)

2
, i = 1, . . . , n,

respectively.

4.3. Umbral Interpolation Related to Q = ∆p

In [10,11,45,52] the authors introduced a new class of difference finite operators de-
fined as

∆p ≡ ∆p,h =
1
h

m

∑
k=ℓ

akTk, ℓ, m ∈ Z, ℓ < m, p = m − ℓ, ak ∈ IR, h ∈ IR+, (42)

where T is the shift-operator [39], i.e.,

Ty(x) = y(x + h).

In the following, we omit to show the dependence on h in ∆p,h, unless abso-
lutely necessary.

We obtain

∆p y(x) =
1
h

m

∑
k=ℓ

akTky(x) =
1
h

m

∑
k=ℓ

aky(x + kh), ∀y ∈ C∞[0, 1]. (43)

Using a Taylor expansion around h = 0, we have

∆p y(x) =
1
h

∞

∑
j=0

y(j)(x)
j!

hj
m

∑
k=ℓ

ak kj. (44)

In order for ∆p to be a delta-operator, it must satisfy

m

∑
k=ℓ

ak = 0,
m

∑
k=ℓ

k ak = 1. (45)

An operator of the form (42) that satisfies (45) is called a delta-operator of order
p = m − ℓ.

To fix all the constants ak, k = ℓ, . . . , m, we must impose m − ℓ− 1 further conditions.
A possible choice is, for instance [10,11],

γp =
m

∑
k=ℓ

kpak = 0, p = 2, 3, . . . , m − ℓ. (46)
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When the conditions (45) and (46) are satisfied, the operator (44) provides an approxi-
mation of order p for the continuous derivative Dx. In fact,

∆py ≈ y′(x) +
hm−ℓ

(m − ℓ+ 1)!
y(m−ℓ+1)

m

∑
k=ℓ

akkm−ℓ+1, p = m − ℓ.

We note that the delta-operator ∆1 obtained for ℓ = 0 and m = 1, i.e.,
∆1y(x) = y(x+1)−y(x)

h , coincides with the operator defined in (31) up to 1
h .

Setting

b0 = 0, bj = hj−1
m

∑
k=ℓ

akkj, j ≥ 1,

in (44), for the delta-operator ∆p the following representation holds:

∆py =
∞

∑
j=0

bj
y(j)

j!
.

Then, by Theorem 1, we can determine the p.s.
{

pn
}

n∈IN associated with ∆p whose
elements satisfy

p0(x) = 1, pn(0) = 0, n ≥ 1, ∆p pn = n pn−1.

Now, let L be a linear functional with L as in (2). Setting

βk = L(pk), k ≥ 0,

the umbral basis for (L, ∆p) is the p.s.
{

sL
n
}

n∈IN with elements given by (12).
Hence the umbral interpolant for (L, ∆p) is the polynomial

sL
n [y](x) =

n

∑
i=0

L
(

∆i
p y
) sL

i (x)
i!

, (47)

and the related complementary polynomial is

sL
n [y](x) = y(0) +

n

∑
i=1

L
(

∆i
p y
) sL

i (x)− sL
i (0)

i!
, (48)

where the operator ∆i
p is defined by

∆i
p y = ∆p

(
∆i−1

p y
)

, i ≥ 1, ∆0
p = I.

∆2-Umbral Interpolation

As an example, we can consider the case p = 2, with ℓ = −1 and m = 1. In this case,
we obtain the operator of order 2

∆2,h y ≡ ∆2 y =
y(x + h)− y(x − h)

2h
.

Observe that, with reference to formulas (42) and (45), a−1 = −1
2

, a0 = 0, a1 =
1
2

.

We note that for h = 1
2 k, we obtain the classic central difference operator [5], ([17],

p. 191). Hence ∆2,h is an actual generalization of the central difference operator.
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By Taylor expansion, we obtain

∆2 y =
∞

∑
i=1

bi
y(i)

i!
,

where

bi =

{
hi−1 odd i,

0 even i.

Hence we have

∆2 y =
∞

∑
i=1

h2i−2 y(2i−1)

(2i − 1)!
.

The power series associated with the operator ∆2 is

f (t) =
∞

∑
i=1

h2i−2 t2i−1

(2i − 1)!
=

1
h

sinh ht. (49)

From the numerical sequence
(
bi
)

i∈IN, by Proposition 1, we obtain the lower triangular
matrix Bn (B in the infinite case) with elements bi,j as in (5).

Then, using Proposition 2, we obtain the related sequence of
(
bi
)

i∈IN, denoted by(
bi
)

i∈IN, and the matrix Bn (B in the infinite case), which is the inverse (conjugate) matrix
of Bn (B).

For instance, if n = 5, we obtain

B5 =



1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 h2 0 1 0 0
0 0 4h2 0 1 0
0 h4 0 10h2 0 1


,

b0 = 0, b1 = 1, b2 = 0, b3 = −h2, b4 = 0, b5 = 9h4,

B5 =



1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 −h2 0 1 0 0
0 0 −4h2 0 1 0
0 9h4 0 −10h2 0 1


.

The numerical sequence
(
bi
)

i∈IN generates the power series

f (t) =
∞

∑
i=1

bi
ti

i!
, b1 ̸= 0,

which is the compositional inverse of f (t), as in (49). In this case, taking into account that

f ( f (t)) = f
(

f (t)
)
= t,

we obtain
f (t) =

1
h

arcsinh ht =
1
h

ln
(

ht +
√

h2t2 + 1
)

.



Mathematics 2025, 13, 271 20 of 29

Then, the generating function of the p.s.
{

pn
}

n∈IN is

(
ht +

√
h2t2 + 1

) x
h
=

∞

∑
n=0

pn(x)
tn

n!
.

The matrix B allows us to write the expansion of pn(x) in classic monomials. Moreover,
denoting by pn(x) = [x]n,2, we obtain

[x]n,2 =
n

∑
k=0

bn,k xk, xn =
n

∑
k=0

bn,k [x]k,2.

From the analogy of the previous formulas with the well-known formulas

(x)n =
n

∑
k=0

sn,k xk, xn =
n

∑
k=0

Sn,k (x)k,

where (x)n = x(x − 1) · · · (x − n + 1), the coefficients bn,k and bn,k, k = 0, . . . , n, can be
called, respectively, Stirling numbers of the first and second kind of order 2.

From (8) and Proposition 1, we obtain the following determinant form for the elements
of this p.s.

[x]0,2 = 1,

[x]n,2 =
(−1)n+1

∏n
k=0 bk,k

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

x x2 · · · xn−1 xn

b1,1 b2,1 · · · bn−1,1 bn,1

0 b2,2 · · · bn−1,2 bn,2
...

. . .
...

...
...

. . .
. . .

...
0 · · · 0 bn−1,n−1 bn,n−1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

= (−1)n+1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

x x2 · · · xn−1 xn

1 0 · · · bn−1,1 bn,1

0 1 · · · bn−1,2 bn,2
...

. . .
...

...
...

. . .
. . .

...
0 · · · 0 1 0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
. (50)

Hence, the p.s.
{
[x]n,2

}
n∈IN is the (basic) p.s. associated with the delta-operator ∆2.

The p.s.
{
[x]n,2

}
n∈IN can be considered to be a generalization of the falling factorial

sequence of order 2.
The first polynomials [x]n,2 are (see their graph in Figure 4)

[x]0,2 = 1, [x]1,2 = x, [x]2,2 = x2, [x]3,2 = x3 − h2x,

[x]4,2 = x4 − 4h2x2, [x]5,2 = x5 − 10h2x3 + 9h4x.

Figure 4. Polynomials [x]n,2 for h = 1
3 (left) and h = 1

7 (right).
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The polynomials [x]n,2 can be written in the following form

[x]0,2 = 1, [x]1,2 = x, [x]n,2 = x
n−2

∏
j=0

(x − (n − 2j − 2)h), n > 1. (51)

In fact, the polynomials [x]n,2 satisfy Theorem 1 with delta-operator ∆2: [x]0,2 = 1 and
[x]1,2 = x from (50); furthermore, after some calculations, we obtain ∆2 [x]n,2 = n [x]n−1,2.

From the second equality in (50) we have that [x]n,2 is a symmetric sequence [17,53].
We note that for h = 1

2 the p.s.
{
[x]n,2

}
n∈IN becomes the known central factorial p.s.{

x[n]
}

n∈IN ([16], p. 70, [53], p. 8). Therefore, we call
{
[x]n,2

}
n∈IN central factorial p.s. of

order 2.
A detailed study of this sequence will be published later.
Let L be a linear functional with L(1) ̸= 0. The umbral basis for (L, ∆2) is p.s. with elements

d0(x) =
1
β0

,

dn(x) =
(−1)n

βn+1
0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

[x]0,2 [x]1,2 · · · · · · [x]n−1,2 [x]n,2

β0 β1 β2 · · · · · · βn

0 β0 (2
1)β1 · · · · · · (n

1)βn−1
...

. . . . . . . . .
...

...
. . . . . . . . .

...
0 · · · · · · 0 β0 ( n

n−1)β1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.

where βk = L([x]k,2).
According to (47) and (48), the umbral interpolating polynomials for (L, ∆2) are

dn[y](x) =
n

∑
i=0

L
(

∆i
2 y
)dL

i (x)
i!

, (52)

and

dn[y](x) = y(0) +
n

∑
i=1

L
(

∆i
2 y
)dL

i (x)− dL
i (0)

i!
. (53)

To give an explicit expression for dn[y](x) and dn[y](x), we need the powers ∆i
2. After

calculations, we obtain

∆i
2 y(x) =

1
2ihi

s

∑
j=−s

(
i

|j + s|

){
(−1)|j+s|+1 y(x + (2j + 1)h) odd i,

(−1)|j+s| y(x + 2jh) even i,

where s = ⌊ i+1
2 ⌋.

For example,

∆2
2 y =

1
4h2 [y(x − 2h)− 2y(x) + y(x + 2h)]

∆3
2 y =

1
8h3 [−y(x − 3h) + 3y(x − h)− 3y(x + h) + y(x + 3h)]

∆4
2 y =

1
16h4 [y(x − 4h)− 4y(x − 2h) + 6y(x)− 4y(x + 2h) + y(x + 4h)].

Assuming L(y) = y(0) we have

βk = L
(
[x]k,2

)
=

{
hk−1 k = 0,

0 k ̸= 0.
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In this case, we obtain

d0(x) = 1 ,

dn(x) = (−1)n

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

[x]0,2 [x]1,2 · · · · · · [x]n−1,2 [x]n,2

1 0 · · · · · · · · · 0
0 1 0 · · · · · · 0
...

. . . . . . . . .
...

...
. . . . . . . . .

...
0 · · · · · · 0 1 0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= [x]n,2.

The umbral interpolating polynomial (52) becomes

dn[y](x) =
n

∑
i=0

L
(

∆i
2 y
) [x]i,2

i!
= y(0) +

n

∑
i=1

∆i
2 y(0)

[x]i,2
i!

. (54)

Taking into account that [x]n,2 = 0 at x = 0, the complementary umbral interpolating
polynomial (53) coincides with dn[y](x).

Formula (54) is like a Newton expansion ([39] p. 75), so we can call it generalized
Newton expansion for polynomials.

5. Numerical Examples
Now, we consider some test functions f . For each function, we plot the graph of the

error function
en(x) = | f (x)− Pn[ f ](x)|, x ∈ [0, 1],

where Pn[ f ](x) is one of the umbral interpolating polynomials previously considered.
In particular, we compare the error in the approximation of the given function by

the following interpolating polynomials: Bernoulli (24), complementary Bernoulli (25),
Euler (28), complementary Euler (28), Newton [39], complementary Bernoulli of the second
type (37), Boole (40), complementary Boole (41), ∆2 (54) interpolating polynomials.

The comparison is made by setting a tolerance ε and determining the minimum degree
of the interpolating polynomial for which the required tolerance is reached.

The numerical results have been obtained using a Mathematica code.

Example 1. Let us consider the Bessel function

f (x) = J0(x), x ∈ [0, 1].

We fix the tolerance ε = 10 × 10−6.
Figure 5 contains the plot of the error functions in the approximation of the function by means

of umbral interpolating polynomials related to the operator Q = Dx: Bernoulli, complementary
Bernoulli, Euler and complementary Euler interpolating polynomials.

In the case of Bernoulli and complementary Bernoulli polynomials, we obtain an error less
than or equal to the requested tolerance for n = 6, while in the case of Euler and complementary
Euler interpolation, we need polynomials of degree n = 10 in order to reach the same tolerance.

Figure 6 shows the graph of the error functions in the case of umbral interpolating polynomials
related to the operator Q = ∆h: Newton, complementary Bernoulli of the second type, Boole, and
complementary Boole interpolating polynomials

(
h = 1

n

)
. We obtain an absolute error less than

the requested tolerance ε = 10 × 10−6 for n = 5 with Newton and complementary Bernoulli
polynomials of the second type and for n = 6 in the other cases.
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Figure 5. Error in umbral interpolation (Q = Dx).

Figure 6. Error in umbral interpolation (Q = ∆h).

Figure 7 shows the graph of the error function in the case of umbral interpolating polynomial
related to the operator Q = ∆2,h for n = 6 and h = 1

n .

Figure 7. Error in umbral interpolation
(
Q = ∆2,h

)
.

Example 2. Let us consider the function

f (x) = xe
x+1

2 , x ∈ [0, 1].

Let ε = 10 × 10−7.
Figure 8 shows the plot of the error functions in the interpolation by Bernoulli, complementary

Bernoulli, Euler and complementary Euler interpolating polynomials.
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Figure 8. Error in umbral interpolation (Q = Dx).

In the case of Bernoulli and complementary Bernoulli polynomials, we obtain an error less
than or equal to the requested tolerance for n = 6, while in the case of Euler and complementary
Euler interpolation, we need polynomials of degree n = 8 in order to reach the same value of ε.

Figure 9 contains the graph of the error functions in the case of Newton, complementary
Bernoulli of the second type, Boole, and complementary Boole interpolating polynomials when
h = 1

n . The absolute error is less than the fixed tolerance for n = 7 with complementary Bernoulli
polynomials of the second type and for n = 6 in the other cases.

Figure 10 shows the graph of the error function in the case of umbral interpolating polynomial
related to the operator Q = ∆2,h for n = 7 and h = 1

n .

Figure 9. Error in umbral interpolation (Q = ∆h).

Figure 10. Error in umbral interpolation
(
Q = ∆2,h

)
.
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6. Conclusions
A survey on recent umbral interpolation based on a linear functional L and a delta-

operator Q is given. This type of interpolation can be considered a wide subclass of general
linear finite interpolating polynomials considered in [4]. To build the basis of the interpolating
polynomials, we use a matrix-determinant approach, which is more flowing with respect to
the classical theory of Rota et al. Relevant examples are given, some of which generalize the
classic types of interpolation, such as Taylor and Newton interpolations. New cases of umbral
interpolation are also considered. Numerical examples are given which confirm the efficiency
of this type of umbral interpolation. Further theoretical and computational advances are
possible. In fact, new examples and comparisons can be given. Problems like convergence,
bounds of the remainder and numerical stability can be investigated.
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Appendix A. Umbral Interpolation Formulas
Tables A1 and A2 summarize the cases of umbral interpolation previously considered.
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Table A1. Umbral Appell interpolation.

Appell-Taylor

Q L( f ) interpolatory conditions polynomials

Dx f (x0) An[ f ](i)(x0) = An[ f ](i)(x0) = f (i)(x0), i = 0, . . . , n An[ f ](x) = An[ f ](x) = f (x0) +
n

∑
i=1

f (i)(x0)
(x − xo)i

i!

Appell-Bernoulli

Q L( f ) interpolatory conditions polynomials

Dx

∫ 1

0
f (x) dx

∫ 1

0
f (i)(x) dx =

∫ 1

0
Bn[ f ](i)(x) dx, i = 0, . . . , n Bn[ f ](z) = f (z),∫ 1

0
f (i)(x) dx =

∫ 1

0
Bn[ f ](i)(x) dx, i = 1, . . . , n

Bn[ f ](x) =
∫ 1

0
f (x) dx +

n

∑
i=1

[
f (i−1)(1)− f (i−1)(0)

]Bi(x)
i!

Bn[ f ](x) = f (z) +
n

∑
i=1

[
f (i−1)(1)− f (i−1)(0)

]Bi(x)− Bi(z)
i!

Appell-Euler

Q L( f ) interpolatory conditions polynomials

Dx
f (0) + f (1)

2

En[ f ](i)(1) + En[ f ](i)(0)
2

=
f (i)(1) + f (i)(0)

2
,

i = 0, . . . , n
En[ f ](z) = f (z),
En[ f ](i)(1) + En[ f ](i)(0)

2
=

f (i)(1) + f (i)(0)
2

,
i = 1, . . . , n

En[ f ](x) =
n

∑
i=0

f (i)(0) + f (i)(1)
2

Ei(x)
i!

En[ f ](x) = f (z) +
n

∑
i=1

f (i)(0) + f (i)(1)
2

Ei(x)− Ei(z)
i!

Appell-Bernoulli of the first kind

Q L( f ) interpolatory conditions polynomials

Dx
1
2

∫ 1

−1
f (x) dx

1
2

∫ 1

−1
f (i)(x) dx =

1
2

∫ 1

−1
Bn[ f ](i) dx, i = 0, . . . , n Bn[ f ](z) = f (z),

1
2

∫ 1

−1
f (i)(x) dx =

1
2

∫ 1

−1
Bn[ f ](i)(x) dx, i = 1, . . . , n

Bn[ f ](x) =
1
2

∫ 1

−1
f (x) dx +

1
2

n

∑
i=1

[
f (i−1)(1)− f (i−1)(−1)

]Bi(x)
i!

Bn[ f ](x) = f (z) +
1
2

n

∑
i=1

[
f (i−1)(1)− f (i−1)(−1)

]Bi(x)−Bi(z)
i!



Mathematics 2025, 13, 271 27 of 29

Table A2. Umbral ∆ interpolation.

Newton interpolation

Q L( f ) interpolatory conditions polynomials

ine ∆h f (x0) ∆i
hPn[ f ](x0) = ∆i

h f (x0), i = 0, . . . , n Pn[ f ](s) = Pn[ f ](s) = f0 +
n

∑
i=1

(s)i
∆i

h f0

i!
, s =

x − x0

h

Generalized Bernoulli of the second kind interpolation

Q L( f ) interpolatory conditions polynomials

∆h

[
D ∆−1

h f
]

x=0

(
BI I

n [ f ]
)′
(ih) = f ′(ih), i = 0, . . . , n BI I

n [ f ](0) = f (0)(
BI I

n [ f ]
)′
(i h) = f ′(ih), i = 1, . . . , n

BI I
n [ f ](x) = h

[
∆−1D f

]
x=0

+
n

∑
i=1

i−1

∑
j=0

1
hii!

(
i − 1

j

)
(−1)i−1−j f ′(jh)BI I

i (x)

BI I
n [ f ](x) = f (0) +

n−1

∑
i=0

f ′(ih)
[

BI I
i [ f ](x)− BI I

i [ f ](0)
]

Generalized Boole interpolation

Q L( f ) interpolatory conditions polynomials

∆h
f (x) + f (x + h)

2

EI I
n [ f ](ih) + EI I

n [ f ](0)
2

=
f (ih) + f ((i + 1)h)

2
, i = 0, . . . , nEI I

[ f ](0) = f (0),
EI I

n [ f ](ih) + EI I
n [ f ](0)

2
=

f (ih) + f ((i + 1)h)
2

, i = 1, . . . , n

EI I
n [ f ](x) =

n

∑
i=0

f (ih) + f ((i + 1)h)
2

E I I
i (x)

Ei(x)
i!

En[ f ](x) = f (z) +
n

∑
i=0

f (ih) + f ((i + 1)h)
2

[
E I I

i (x)− E I I
i (0)

]
∆2 interpolation

Q L( f ) interpolatory conditions polynomials

∆2,h f (0) ∆i
2dn(0) = ∆i

2 f (0), i = 0, . . . , n dn[ f ](x) = dn[ f ](x) =
n

∑
i=0

L
(

∆i
2 f
) [x]i,2

i!
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