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Abstract: Numerical methods are frequently developed to investigate concepts for ap-
proximately solving ordinary differential equations (ODEs). To achieve minimal error
and higher accuracy in approximate solutions, researchers have focused on developing
algorithms using various numerical techniques. This study proposes the application of
Ball curves, specifically the Said–Ball curve, for estimating solutions to higher-order ODEs.
To obtain the best control points of the Said–Ball curve, the least squares method is used.
These control points are calculated by minimizing the residual error through the sum of the
squares of the residual functions. To demonstrate the proposed method, several boundary
value problems are presented, and their performance is compared with existing methods in
terms of error accuracy. The numerical results indicate that the proposed method improves
error accuracy compared to existing studies, including those employing Bézier curves and
the steepest descent method.

Keywords: ordinary differential equations; higher order; error accuracy; Said–Ball curve;
control points; least squares method; residual error
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1. Introduction
Real-world problems in science and engineering often involve mathematical models

described by higher-order ordinary differential equations (ODEs). These equations are typ-
ically solved analytically, numerically, or approximately. When analytical or exact solutions
are unavailable, approximate methods are employed. Numerical methods and algorithms
have been extensively developed to approximate solutions for higher-order ODEs.

Polynomial or piecewise polynomial functions are frequently used for this purpose [1].
By interpolating the function and connecting its values, approximate solutions can be
constructed. Bézier curves are widely utilized for approximating functions, polynomial
functions, and data [2–7]. Control points-based methods, which rely on Bézier curves, have
proven effective and computationally advantageous for solving dynamic systems involving
differential equations [3–9].

Bézier curves are particularly useful for solving boundary value problems (BVPs)
of ODEs and singular nonlinear equations [5,10]. If the desired level of accuracy is not
achieved, the degree of Bézier curves can be increased. Conversely, unnecessary degrees
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can be reduced to minimize computational overhead if the approximate solution is already
acceptable [11].

In the 1970s, the Ball curve’s basis functions were introduced as more efficient and
effective alternatives to Bézier curves [12–16]. Generalized Ball curves share similar proper-
ties with Bézier curves in terms of shape preservation but offer computational advantages,
particularly when using recursive algorithms such as de Casteljau’s [15,17]. Degree raising
and lowering is also more efficient with Ball curves than with Bézier curves [18].

The Ball curve’s control points framework has become a valuable tool for achieving precise
curvature, making the computation of control points an attractive technique. Ball initially
introduced the cubic polynomial function while designing aircraft shapes in the conic lofting
surface program CONSURF [12–14]. Extensions of the Ball curve, such as the DP Ball, Said–Ball,
and Wang–Ball curves, generalize it to higher-degree n polynomials [15,16,19]. Subsequent
studies have focused on theoretical approaches to degree modification for optimizing curve
accuracy [10,15,18–23].

The following equation represents the basis function of the cubic Ball curve, both
mathematically and graphically:

B3(x) =
3

∑
j=0

uj Uj(x), 0 ≤ x ≤ 1, (1)

where U0(x) = (1 − x)2, U1(x) = 2x(1 − x)2, U2(x) = 2x2(1 − x), and U3(x) = x2

represent the basis functions, and uj denote the control points of a cubic Ball curve (see
Figure 1).
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Figure 1. Cubic Ball curve basis functions.

The first advantage of the cubic basis function of Ball curves is that it can be reduced
to the quadratic basis function of Bézier curves when combined with its internal control
points. Secondly, the basis function of Ball curves demonstrates better computational
performance than Bézier curves when represented in a generalized form [15]. As a result,
the Said–Ball curve is slightly more computationally efficient than Bézier curves while
maintaining similar shape-preserving properties [15,24,25].
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Our study aims to achieve the best approximate solutions for ODEs by enhancing
error accuracy through numerical methods. Various algorithms have been developed to
solve higher-order ODEs approximately, with a focus on attaining high accuracy [26–32].
However, challenges such as extensive programming effort, increased human effort, and
computational burden can affect the accuracy of these methods.

In the 1960s, Rutishauser introduced a direct method for solving higher-order ODEs
without reducing them to systems of first-order ODEs [28], offering an efficient alternative
to reduction methods. Earlier, in 1795, Gauss introduced the least squares method (LSM),
one of the first direct approaches, which utilizes polynomial or piecewise polynomial
functions to approximate solutions to higher-order ODEs and discretize integrals [29]. For
solving ODEs, the LSM combined with Bézier curves has been employed as an alternative
to integral discretization and has minimized an objective function to determine the Bézier
curve’s control points [30]. Additionally, the LSM has been successfully applied to various
differential equations in combination with other techniques [4,33–40]. Its simplicity and
ability to improve the accuracy of approximate solutions make the LSM advantageous for
solving higher-order ODEs [3,25,39,41].

To the best of our knowledge, the use of Said–Ball curves combined with the LSM
to improve error accuracy in ODE solutions has not been explored. This research aims
to determine the optimal control points of Said–Ball curves using the LSM for improved
approximate solutions of ODEs.

Specifically, the objectives are as follows:

i. To identify the best control points of Said–Ball curves by minimizing the residual error
through the sum of the squares of the residual function.

ii. To achieve better approximate solutions by substituting these optimized control points
into Said–Ball curves.

iii. To significantly improve error accuracy compared to existing methods.
iv. To establish Said–Ball curve representations with the LSM as a suitable alternative

method, contributing to analytical approximations for solving BVPs of ODEs.

The content of this paper is organized as follows: Section 2 provides an overview of
Bezier curve representations. Section 3 introduces the representations and properties of
Said–Ball curves. Section 4 describes the proposed method, using Said–Ball curves with
the LSM to approximate ODE solutions. Section 5 provides a convergence analysis of the
method. Numerical examples validating the proposed method are presented in Section 6,
followed by the results in Section 7. Finally, Section 8 concludes the study.

2. Bézier Curves
From [30], Bézier curves of degree m can be defined using (m + 1) control points{

bj
}m

j=0 as follows:

B(x) = ∑m
j=0 bjBm

j

(
x − a
b − a

)
, a ≤ x ≤ b, (2)

where bj are the Bézier control points (or Bézier coefficients), and the polynomials of Bézier
curves Bm

j (x) in the interval [a, b] are as follows:

Bm
j

(
x − a
b − a

)
=

(
m
j

)(
x − a
b − a

)j( b − x
b − a

)m−j

In particular,

B(x) =
m

∑
j=0

bjBm
j (x), 0 ≤ x ≤ 1, (3)
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where

Bm
j (x) =

(
m
j

)
xj(1 − x)m−j.

The function B(x) is a parametric Bézier curve if it is a polynomial in the form of
a vector-valued function. Moreover, its control polygon contains of the line segments
bj − bj+1, where j = 0, 1, 2, . . . , m − 1. If B(x) is a scalar-valued function, then the
function y = B(x) is known as an explicit Bézier curve, represented by (x, B(x)).

3. Said–Ball Curves
From [15,22,42,43], Said–Ball curves of degree m are defined as follows:

S(x) = ∑m
j=0 Sm

j (x)vj , (4)

where
{

vj
}m

j=0 are the m + 1 control points,

Sm
j (x) =



(
m−1

2 + j
j

)
xj(1 − x)

m+1
2 , f or 0 ≤ j ≤ m−1

2(
m−1

2 + m − j
m − j

)
x

m+1
2 (1 − x)m−j, f or m+1

2 ≤ j ≤ m
(5)

when m is odd, and

Sm
j (x) =



(
m
2 + j

j

)
xj(1 − x)

m
2 +1, f or 0 ≤ j ≤ m

2 − 1(
m
m
2

)
x

m
2 (1 − x)

m
2 , f or j = m

2(
m
2 + m − j

m − j

)
x

m
2 +1(1 − x)m−j, f or m

2 + 1 ≤ j ≤ m

(6)

when m is even.
Properties:

i. Sm
j (x) ≥ 0, for all j = 0, 1, 2, . . . , m. (7)

ii. ∑m
j=0 Sm

j (x) = 1. (8)

The properties in Equations (7) and (8) demonstrate the convex combination of the
control points. Hence, the Said–Ball curve’s control polygon lies within the convex hull [22].

The basis functions of Said–Ball curves of degrees two, three, four, and five are
presented in Equations (8a), (8b), (8c), and (8d), respectively:

S1(x) = S2
0(x) = (1 − x)2, S2(x) = S2

1(x) = 2x(1 − x),
S3(x) = S2

2(x) = x2;
(8a)

S1(x) = S3
0(x) = (1 − x)2, S2(x) = S3

1(x) = 2x(1 − x)2,
S3(x) = S3

2(x) = 2x2(1 − x), S4(x) = S3
3(x) = x2;

(8b)

S1(x) = S4
0(x) = (1 − x)3, S2(x) = S4

1(x) = 3x(1 − x)3,
S3(x) = S4

2(x) = 6x2(1 − x)2,
S4(x) = S4

3(x) = 3x3(1 − x), S5(x) = S4
4(x) = x3;

(8c)
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S1(x) = S5
0(x) = (1 − x)3, S2(x) = S5

1(x) = 3x(1 − x)3,
S3(x) = S5

2(x) = 6x2(1 − x)3,
S4(x) = S5

3(x) = 3x3(1 − x)2,
S5(x) = S5

4(x) = 3x3(1 − x), S6(x) = S5
5(x) = x3.

(8d)

Figures 2–5 below each show the graphs of the basis functions of Said–Ball curves of
degrees two, three, four, and five, respectively.
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4. Least Squares Method for Solving ODEs
4.1. Exploration of Said–Ball Curve’s Control Points Technique

The Said–Ball curves are proposed as a technique based on their control points, as
the basis function of Said–Ball curves offers better computational capability than the basis
function of Bézier curves.

The strategies involved in the study are as follows:

1. Exploring the optimal control points using the LSM.
2. Computing the control points by minimizing the residual function through the LSM.

Consider the following (2n)th-order ODE:

Lg(x) = ∑2n
i=0 φi(x)

di

dxi [g(x)] = f (x), 0 ≤ x ≤ 1, (9)
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with initial conditions:

di

dxi [g(0)] = ηi, i = 0, 1, 2, . . . , n − 1, (10)

and boundary conditions:

di

dxi [g(0)] = ηi,
di

dxi [g(1)] = ξi, i = 0, 1, 2, . . . , n − 1, (11)

where

L = ∑2n
i=0 φi(x)

di

dxi

is the (2n)th-order differential operator with the polynomial coefficients φi(x) and f (x) is a
polynomial function.

The residual error is measured by minimizing the residual function as follows:

R(x) = Lg(x)− f (x), (12)

The minimization of the residual function is achieved by summing the squares of the
residual values at the control points. This summation becomes zero when the residual
error at all control points is zero, indicating that the approximate solution matches the
exact solution.

To address this, a new algorithm is proposed to obtain the approximate solution of
Equation (9) while satisfying the initial conditions in Equation (10) and the boundary
conditions in Equation (11). The algorithm is described as follows:

Step 1: Represent the approximate solution using Said–Ball curves of degree m, where
m ≥ the order of the differential equation, i.e.,

S(x) = ∑m
j=0 Sm

j (x)vj, 0 ≤ x ≤ 1, (13)

where the (m + 1) control points
{

vj
}m

j=0 = v0, v1, v2, . . . , vm need to be calculated.
Step 2: Compute the residual function RS(x) = Lg(x) − f (x) by substituting

S(x) into Equation (9) while incorporating the initial and boundary conditions given in
Equations (10) and (11). The residual function can be expressed as a polynomial:

RS(x) =
k

∑
j=0

cSj Sm
j (x),

which is represented using Said–Ball curves of degree ≤ k, where

k = max
j

{
m − j + deg

(
φj
)
, deg( f (x))

}
.

Here, cSj are the control points of RS(x), expressed as linear functions of the unknowns
vj, with j = 0, 1, 2, 3, . . . , k.

Step 3: Develop the objective function for Said–Ball curves:

FS =
k

∑
j=0

c2
Sjvj.
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Step 4: Solve for the control points vj by addressing the constrained optimization problem:

minFS =
k

∑
j=0

c2
Sjvj,

subject to the following conditions

di

dxi [g(0)] = ηj and
di

dxi [g(1)] = ξ j,j = 0, 1, 2, . . . , m − 1.

To solve this constrained optimization problem, any suitable method can be applied,
such as the Lagrange Multiplier Method.

Step 5: Substitute the calculated control points vj back into Equation (13) to obtain the
approximate solution of Equation (9).

4.2. Degree-Raising Scheme

In Section 4.1, the control points-based method using the LSM provides an approx-
imate solution to the ODEs. By substituting the values of Said–Ball curve control points
vj back into the objective function Fs, the Euclidean norm of the Said–Ball curve’s control
points can be computed. This enables determining an upper bound for the residual function
Rs(x) based on the values of cj, expressed as

|Rs(x)| ≤ maxj
{∣∣cj

∣∣}, 0 ≤ x ≤ 1. (14)

If the obtained error values are not sufficiently small, the approximate solution does not
meet the expected accuracy level. To address this, the degree of the Said–Ball curve, which
serves as the approximate solution, can be increased. By repeating the process outlined in
Section 4.1 with the updated curve degree, an improved solution can be achieved, meeting
the desired level of accuracy and reducing the error.

4.3. Performance Comparison

The proposed method was implemented in MATLAB-R2020a and applied to solve
BVPs for second-order and fourth-order ODEs. The error metrics, including error accuracy,
maximum absolute error, maximum relative error, and maximum percent relative error
of the exact and approximate solutions based on Said–Ball curves, were compared with
existing methods such as the Bézier curve method [30], the direct inverse method, the
steepest descent method, and FMARI [36].

The formulas for the three types of errors are as follows:

Absolute Error = |Exact Value − Approximate Value|,

Relative Error =
∣∣∣∣Exact Value − Approximate Value

Exact Value

∣∣∣∣,
Percent Relative Error =

∣∣∣∣Exact Value − Approximate Value
Exact Value

∣∣∣∣× 100%.

The method with the smallest error across all metrics is considered the best-performing
approach.

5. Convergence Analysis
A convergence analysis of the proposed technique is conducted based on the Said–Ball

curve’s control points. The analysis focuses on a two-point BVP with a unique C2 smooth
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solution, ensuring the method’s robustness in producing solutions that converge to the
exact values under appropriate conditions.

Consider the following BVP:

Lg(x) = φ2(x)g′′ (x) + φ1(x)g′(x) + φ0(x)g(x) = f (x), 0 ≤ x ≤ 1, (15)

with g(0) = c, g(1) = d, where φ0, φ1, φ2, and f are polynomials in terms of x.
By averaging the control points of Said–Ball curves, the square of the L2 norm polyno-

mial can be approximated over the interval 0 ≤ x ≤ 1 based on the control points of the
Said–Ball curve.

Lemma 1. If the Said–Ball curves represented in the form of a polynomial are

S(x) =
m

∑
j=0

vj,mSm
j (x),

then
1

m + 1∑m
j=0 v2

j,m ≥ 1
m + 2∑m+1

j=0 v2
j,m+1 ≥ 1

m + 3∑m+2
j=0 v2

j,m+2 ≥ · · · ≥ 1
m + n + 1∑m+n

j=0 v2
j,m+n →

∫ 1

0
S2(x)dx, n → +∞,

where vj, m+k are the control points of Said–Ball curves after increasing the degree to m + k.

Proof. By using the degree-raising rule

vj,m+1 =
j

m + 1
vj−1,m +

m + 1 − j
m + 1

vj,m,

hence,

1
m + 2 ∑m+1

j=0 v2
j,m+1

=
1

m + 2

m+1
∑

j=0

[(
j

m + 1

)2
v2

j−1,m +

(
m + 1 − j

m + 1

)2
v2

j,m + 2
j(m + 1 − j)

(m + 1)2 vj−1,m vj,m

]

≤ 1
m + 2

[
m+1
∑

j=1

(
j

m + 1

)2
v2

j−1,m +
m
∑

j=0

(
m + 1 − j

m + 1

)2
v2

j,m +
m
∑

j=1

j(m + 1 − j)

(m + 1)2

(
vj−1,m + vj,m

)]
=

1
m + 1

m
∑

j=0
v2

j,m.

This demonstrates that the sequence{
1

m + n + 1∑m+n
j=0 v2

j,m+n

}
.

is monotonically decreasing and converges as n → +∞ , with the lower bound being zero.
It remains to prove that

∫ 1
0 S2(x)dx is equal to the limit of the above sequence.

Using the definition of the definite integration, we have

∫ 1

0
S2(x)dx = lim

n→+∞

(
1

m + n + 1∑m+n
j=0 S2

(
j

m + n

))
.

From the convergence property of the Said–Ball curves’ degree raising, there exists an
arbitrarily small positive number ε j (j = 0, 1, 2, 3, ..., m + n) such that

S
(

j
m + n

)
= vj,m+n + ε j, j = 0, 1, 2, 3, ..., m + n,
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with
lim

n→+∞
maxj

∣∣ε j
∣∣ = 0.

Hence,

1
m + n + 1∑m+n

j=0 S2
(

j
m + n

)
=

1
m + n + 1∑m+n

j=0

(
v2

j,n+m + 2vj,m+nε j + ε2
j

)
.

Let
εm,n = maxj

{∣∣ε j
∣∣}m+n

j=0 .

Now, we estimate the last two terms in the right-hand side of the equation as follows:∣∣∣∣ 1
m + n + 1∑m+n

j=0

(
ε2

j

)∣∣∣∣ ≤ ε2
m,n

and∣∣∣∣∣ 1
m + n + 1

m+n
∑

j=0

(
vj,m+nε j

)∣∣∣∣∣ ≤ 1
m + n + 1

εm,n
m+n
∑

j=0

∣∣vj,m+n
∣∣

≤ 1
m + n + 1

[
εm,n

m+n
∑

j=0

(
j

m + n
∣∣vj−1,m+n−1

∣∣
+

m + n − j
m + n

∣∣vj,m+n−1
∣∣)]

≤ 1
m + n

εm,n∑m+n−1
j=0

∣∣vj,m+n−1
∣∣ ≤ · · · ≤ 1

m + 1
εm,n∑m

j=0
∣∣vj,m

∣∣.
Hence,

lim
n→+∞

[
1

m + n + 1∑m+n
j=0

(
2vj,m+nε j + ε2

j

)]
= 0.

Thus,

lim
n→+∞

[
1

m + n + 1∑m+n
j=0 S2

(
j

m + n

)]
= lim

n→+∞

[
1

m + n + 1∑m+n
j=0

(
v2

j,n+m

)]
.

□

Theorem 1. Let g(x) be the C2-continuous and unique solution of the two-point BVP (15). The
approximate solution gn(x) constructed using the control points of Said–Ball curves, converges to
the exact solution g(x) as the degree of the approximate solution tends to infinity.

Proof. The proof is divided into several steps:

Step 1.

Given an arbitrarily small number ε > 0, the Weierstrass theorem [25,37,38] guarantees
the existence of a polynomial HK of degree K such that∥∥∥∥djHK(x)

dxj − djg(x)
dxj

∥∥∥∥
∞
<

ε

2
, j = 0, 1, 2,

where ∥.∥∞ denotes the L∞-norm over 0 ≤ x ≤ 1.
However, HK(x) may not generally satisfy the given boundary conditions. By applying

a small perturbation in the form of a linear polynomial ax + b, we construct another
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polynomial GK(x) = HK(x) + ax + b such that GK(x) satisfies the boundary conditions
GK(0) = c and GK(1) = d, and∥∥∥∥djGK(x)

dxj − djg(x)
dxj

∥∥∥∥
∞
< ε, j = 0, 1, 2.

Hence, the residual function can be estimated as follows:

∥LGK(x)− f (x)∥∞ = ∥L(GK(x)− g(x))∥∞
≤ ∥φ2(x)∥∞

∥∥G′′
K − g′′

∥∥
∞ + ∥φ1(x)∥∞∥G′

K − g′∥∞ + ∥φ0(x)∥∞∥GK − g∥∞
≤ (∥φ2(x)∥∞ + ∥φ1(x)∥∞ + ∥φ0(x)∥∞)ε

where ∥φ2(x)∥∞ + ∥φ1(x)∥∞ + ∥φ0(x)∥∞ is a constant.

Step 2.

In this step, we represent the residual in the form of the Said–Ball curve as follows:

R(GK) := L(GK)− f (x) =
m

∑
j=0

vj,mSm
j (x)

From Lemma 1, there exists an integer N(≥ M) such that if n > N, then∣∣∣∣∣∣∣∣∣
m
∑

j=0
v2

j,m

m + 1
−

1∫
0

(R(GK))
2dx

∣∣∣∣∣∣∣∣∣ < ε

=⇒
∑m

j=0 v2
j,m

m + 1
< ε +

1∫
0

(R(GK)
2dx ≤ ε + [(∥φ2(x)∥∞ + ∥φ1(x)∥∞ + ∥φ0(x)∥∞)ε]2.

Step 3.

Now, suppose that gn(x) is the approximate solution of (15) with degree n ≥ N
constructed using the control points of Said–Ball curves. Let

R(gn(x)) = L(gn(x))− f (x) =
l

∑
j=0

cj,lSl
j(x)

with degree l ≥ n ≥ N.
Further, we estimate the Sobolev norm of the difference in the exact solution g(x) and

the approximate solution gn(x) as follows:

∥gn(x)− g(x)∥H2[0,1] :=
1∫

0

2

∑
i=0

∣∣∣∣dign(x)
dxi − dig(x)

dxi

∣∣∣∣2dx

≤ T(|gn(0)− g(0)|+ |gn(1)− g(1)|+ ∥R(gn(x)− g(x))∥2) = T
1∫

0

(
l

∑
j=0

cj,lSl
j(x)

)2

dx ≤ T
l + 1

l

∑
j=0

c2
j,l .

Here, T is a constant. Since the average of the squared residuals at the control points
of the Said–Ball curves is minimized using the control points-based method, the average
value of the approximate solution gn(x) is smaller than GK(x).
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Thus,

∥gn(x)− g(x)∥H2[0,1] ≤ T
l+1

l
∑

j=0
c2

j,l ≤
T

l+1

l
∑

j=0
v2

j,l ≤
T

m+1

m
∑

j=0
v2

j,l

≤ T
(

ε+((∥φ2(x)∥∞ + ∥φ1(x)∥∞ + ∥φ0(x)∥∞)ε)2
)

.

Hence, the approximate solution converges to the exact solution as the degree of the
approximate solution approaches infinity. □

6. Numerical Examples
Four numerical examples from related works were considered to demonstrate the

proposed method. The basis function of the Said–Ball curve was used to approximate the
solution of BVPs involving second-order and fourth-order ODEs, as well as second-order
non-homogeneous ODEs, utilizing the LSM. The results and accuracy, in terms of error,
were compared with those from existing studies.

The maximum absolute error, relative error, and percent relative error between the
exact and approximate solutions based on Said–Ball curves were compared with those
obtained using the Bézier curve method [30], the direct inverse method, the steepest descent
method, and FMARI [36].

6.1. Example 1: [30]

To illustrate the method, a very simple example is considered as the first case.
Consider

y′′ (x)− 6x = 0,y(0) = 0, y(1) = 1.

The exact solution of the above BVP is ye(x) = x3.
Suppose that a degree-2 Said–Ball curve is used to represent the approximate solution.

ya(x) = Sa(x) =
2
∑

j=0
Sm

j (x)vj = v0S2
0(x) + v1S2

1(x) + v2S2
2(x)

= v0(1 − x)2 + v12x(1 − x) + v2x2.
(16)

The residual function is obtained by substituting ya(x) = Sa(x) into the given ODE:

RS(x) = 2v0 − 4v1 + 2v2 − 6
= (2v0 − 4v1 + 2v2)S2

0(x) + (2v0 − 4v1 + 2v2 − 6x)S2
1(x).

The objective function is developed as follows:

FS(v0, v1, v2) = (2v0 − 4v1 + 2v2)
2 + (2v0 − 4v1 + 2v2 − 6)2.

The values of v0, v1, and v2 were determined by applying the proposed technique
with the boundary conditions y(0) = 0 and y(1) = 1, resulting in v0 = 0, v1 = 0, and
v2 = 1.

These control points values were substituted into Equation (16); yielding the approxi-
mate solution as follows:

ya(x) = Sa(x) = x2. (17)

The exact solution and the approximate solution using a degree-2 Said–Ball curve are
presented graphically in Figure 6.
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Figure 6. The exact solution ye(x) (represented by circles with dashed lines) and the approximate
solution ya(x) (represented by stars with dashed lines) for degree 2.

Next, Example 1 is reconsidered by increasing the degree of the Said–Ball curve to 3 to
enhance error accuracy.

ya(x) = Sa(x) = ∑3
j=0 Sm

j (x)vj = v0S3
0(x) + v1S3

1(x) + v2S3
2(x) + v3S3

3(x).
= v0(1 − x)2 + 2v1x(1 − x)2 + 2v2x2(1 − x) + v3x2.

(18)

The control points values of the Said–Ball curve in Table 1 were calculated by applying
the proposed method with the boundary conditions y(0) = 0 and y(1) = 1.

Table 1. Control points values of the Said–Ball curve for Example 1.

Control Points Values

v0 0
v1 0
v2 −0.5
v3 1

Thus, the approximate solution was obtained by substituting the above control points
values into Equation (18).

ya(x) = Sa(x) = 2(−0.5)x2(1 − x) + (1)x2 ⇒ ya(x) = Sa(x) = x3 . (19)

The exact solution and the approximate solution using a degree-3 Said–Ball curve are
presented graphically in Figure 7.

In Example 1, the maximum absolute error of 0.147578 occurs at x = 0.65 within the
interval 0 ≤ x ≤ 1, between the exact solution and the approximate solution of degree 2.
However, when the degree of the Said–Ball curve is increased to 3, the approximate solution
becomes equivalent to the exact solution.
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6.2. Example 2: [30]

((
x2 + 1

)
y′′ (x)

)′′ = x + 1, 0 < x < 1,
with y(0) = y(1) = 0, y′(0) = y′(1) = 0.

The exact solution of the above problem is

ye(x) =
[
336xarctan(x)− 36πx2 + 9π2x2 + 36(ln 2)2x2 − 4πx3 + π2x3 + 4(ln 2)2x3 − 44πx + 168ln 2x

−168ln 2arctan(x) + 44πarctan(x)− 168ln
(
1 + x2)+ 44ln 2ln

(
1 + x2)+ 42πln

(
1 + x2)

−84πxarctan(x)− 88ln 2xarctan(x) + 22πxln
(
1 + x2)−84ln 2xln

(
1 + x2)]

/36
(

4(ln 2)2 + π2 − 4π
)

.

Firstly, Bézier curves of degrees 5 and 8 are demonstrated as existing methods. For the
approximate solution, a Bézier curve of degree 5 is assumed.

ya(x) = B(x) =
5

∑
j=0

bj Bm
j (x)

= b0B5
0(x) + b1B5

1(x) + b2B5
2(x) + b3B5

3(x) + b4B5
4(x) + b5B5

5(x)
= b0(1 − x)5 + 5b1 x(1 − x)4 + 10b2x2(1 − x)3 + 10b3x3(1 − x)2

+5b4x4(1 − x)+b5x5.
(20)

The control points values of the Bézier curve method in Table 2 were calculated with
the boundary conditions y(0) = y(1) = 0 and y′(0) = y′(1) = 0.

Table 2. Control points values of the Bézier curve of degree 5.

Control Points Values

b0 0
b1 0
b2 0.0043
b3 0.0033
b4 0
b5 0
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Equation (21) is an approximate solution of degree 5, obtained by substituting the
control points into Equation (20):

ya(x) = B(x) = 0.043x2(1 − x)3 + 0.033x3(1 − x)2. (21)

Let the approximate solution be the Bézier curve of degree 8:

ya(x) = B(x)=
8
∑

j=0
bj Bm

j (x)

= b0B8
0(x) + b1B8

1(x) + b2B8
2(x) + b3B8

3(x) + b4B8
4(x) + b5B8

5(x)
+b6B8

6(x) + b7B8
7(x) + b8B8

8(x),
= b0(1 − x)8 + 8b1x(1 − x)7 + 28b2x2(1 − x)6 + 56b3x3(1 − x)5

+70b4x4(1 − x)4 + 56b5x5(1 − x)3 + 28b6x6(1 − x)2

+8b7x7(1 − x) + b8x8.

The control points values of the Bézier curve method in Table 3 were calculated with
the boundary conditions y(0) = y(1) = 0 and y′(0) = y′(1) = 0.

Table 3. Control points values of the Bézier curve of degree 8.

Control Points Values

b0 0
b1 0
b2 0.0018082143
b3 0.0036007143
b4 0.0040078571
b5 0.0030312500
b6 0.0013717857
b7 0
b8 0

Therefore, the approximate solution of degree 8 is found as follows:

ya(x) = B(x) = 0.05063x2(1 − x)6 + 0.20164x3(1 − x)5 + 0.280549997x4(1 − x)4

+0.16975x5(1 − x)3 + 0.038409999x6(1 − x)2.

The exact solution and the approximate solution using degree-5 and -8 Bézier curves
are illustrated graphically in Figure 8.

Next, we apply the proposed method to obtain an approximate solution for a BVP
involving a fourth-order ODE.

Initially, we assume that the approximate solution is a Said–Ball curve of degree 5.

ya(x) = Sa(x) =
5

∑
j=0

Sm
j (x)vj = v0S5

0(x) + v1S5
1(x) + v2S5

2(x) + v3S5
3(x) + v4S5

4(x) + v5S5
5(x).

= v0(1 − x)3 + 3v1x(1 − x)3 + 6v2x2(1 − x)3 + 6v3x3(1 − x)2 + 3v4x3(1 − x)+
v5x3.

(22)

The control points values of the Said–Ball curve in Table 4 were calculated by applying
the proposed method with the boundary conditions y(0) = y(1) = 0 and y′(0) = y′(1) = 0.

Therefore, the approximate solution is obtained by substituting the values of the
control points into Equation (22). Thus, the approximate solution of degree 5 is given by
Equation (23):

ya(x) = Sa(x) = 0.04599x2(1 − x)3 + 0.034992x3(1 − x)2. (23)
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Figure 8. The exact solution ye(x) (represented by circles with dashed lines) and the approximate
solution ya(x) (represented by stars with dashed lines) with Bézier curve of degree 5.

Table 4. Control points values of the Said–Ball curve of degree 5 for Example 2.

Control Points Values

v0 0
v1 0
v2 0.007665
v3 0.005832
v4 0
v5 0

The exact solution and the approximate solution using a degree-5 Said–Ball curve are
presented graphically in Figure 9.

Since the approximate solution of degree 5 did not achieve the expected level of
accuracy, the degree of the Said–Ball curve is increased. Assume that the approximate
solution is the Said–Ball curve of degree 8.

ya(x) = Sa(x) =
8
∑

j=0
Sm

j (x)vj

= v0S8
0(x) + v1S8

1(x) + v2S8
2(x) + v3S8

3(x) + v4S8
4(x) + v5S8

5(x) + v6S8
6(x) + v7S8

7(x)
+v8S8

8(x),
= v0(1 − x)5 + 5v1x(1 − x)5 + 15v2x2(1 − x)5 + 35v3x3(1 − x)5 + 70v4x4(1 − x)4 + 35v5x5(1 − x)3

+15v6x5(1 − x)2 + 5v7x5(1 − x) + v8x5.

Then, the control points v0, v1, v2, v3, v4, v5, v6, v7, and v8 are obtained by adopting
the proposed method via minimization of the objective function. Their conditions are
y(0) = y(1) = 0 and y′(0) = y′(1) = 0. (see Table 5).

Therefore, the approximate solution is obtained by substituting the values of the
control points into the above equation. Thus, the approximate solution of degree 8 is
given by

ya(x) = 0.0508853209x2(1 − x)5 + 0.1520830270x3(1 − x)5 + 0.2825622496x4(1 − x)4

+0.1319866298x5(1 − x)3 + 0.0385888955x5(1 − x)2.
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Figure 10 provides a schematic illustration of the exact and approximate solutions of
degree 8.
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Figure 9. The exact solution ye(x) (represented by circles with dashed lines) and the approximate
solution ya(x) (represented by stars with dashed lines) for degree 5.

Table 5. Control points values of the Said–Ball curve of degree 8 for Example 2.

Control Points Values

v0 0
v1 0
v2 0.0033923547
v3 0.0043452293
v4 0.0040366036
v5 0.0037710466
v6 0.0025725930
v7 0
v8 0
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Figure 10. The exact solution ye(x) (represented by circles with dashed lines) and the approximate
solution ya(x) (represented by stars with dashed lines) for degree 8.
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6.3. Example 3: A Non-Homogeneous 2nd Order Linear ODE with BVP [36]

y′′ + 4y = x2 + 3ex,
with y(0) = 0, y(1) = 2.

The exact solution of the above BVP is

ye(x) =
sin(2)

(
10x2 + 24ex − 19cos(2x)− 5

)
+ sin(2x)(−24e + 19cos(2) + 75)

(40sin(2))
.

Firstly, assume the Said–Ball curve of degree 3 is the approximate solution to the
problem in Example 3.

ya(x) = Sa(x) =
3

∑
j=0

Sm
j (x)vj = v0S3

0(x) + v1S3
1(x) + v2S3

2(x) + v3S3
3(x),

ya(x) = Sa(x) = v0(1 − x)2 + 2v1x(1 − x)2 + 2v2x2(1 − x) + v3x2. (24)

Secondly, the minimization of the objective function with the boundary conditions
y(0) = 0 and y(1) = 1 is performed using the LSM. After that, the constrained optimization
problem must be solved in order to obtain the values of the control points for the Said–Ball
curve (see Table 6).

Table 6. Control points values of the Said–Ball curve of degree 3 for Example 3.

Control Points Values

v0 0.0000000002
v1 0.3617523077
v2 0.5333872077
v3 1.9999999952

By substituting the calculated values of the control points of the Said–Ball curve into
(24), the approximate solution of the BVP for the 2nd-order non-homogeneous ODE is
obtained. Hence, the approximate solution of degree 3 is given in Equation (25).

ya(x) = Sa(x) = 0.0000000002(1 − x)2 + 0.7235046154x(1 − x)2

+1.0667744154x2(1 − x) + 1.9999999952x2.
(25)

Figure 11 presents the approximate and exact solutions graphically.
Hence, the error accuracy is not at an acceptable level with the degree 3 Said–Ball curve.

Now, by increasing the degree of the Said–Ball curve to degree 4, assume the approximate
solution of the BVP for the 2nd-order non-homogeneous ODE in the same Example 3.

ya(x) = Sa(x) =
4
∑

j=0
Sm

j (x)vj

= v0S4
0(x) + v1S4

1(x) + v2S4
2(x) + v3S4

3(x) + v4S4
4(x),

= v0(1 − x)3 + 3v1x(1 − x)3 + 6v2x2(1 − x)2 + 3v3x3(1 − x) + v4x3.

(26)

The values of the Said–Ball curve’s control points were determined using the pro-
posed method, along with the given conditions y (0) = 0 and y (1) = 2, after resolving the
constrained optimization problem (see Table 7).
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By substituting the calculated values of the control points of the Said–Ball curve into
(26), the approximate solution of the BVP for the 2nd-order non-homogeneous ODE is
obtained. Therefore, the approximate solution of degree 4 is given in Equation (27).

ya(x) = Sa(x) = 0.0000000002(1 − x)3 + 0.7031951991x(1 − x)3

+3.659190969x2(1 − x)2 + 3.0464649783x3(1 − x)
+2.0000000042x3.

(27)
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Figure 11. The exact solution ye(x) (represented by circles with dashed lines) and the approximate
solution ya(x) (represented by stars with dashed lines) for degree 3.

Table 7. Control points values of the Said–Ball curve for Example 3.

Control Points Values

v0 0.0000000002
v1 0.2343983997
v2 0.6098651615
v3 1.0154883261
v4 2.0000000042

Figure 12 shows the approximate solution of degree 5 and the exact solution graphically.
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Figure 12. The exact solution ye(x) (represented by circles with dashed lines) and the approximate
solution ya(x) (represented by stars with dashed lines) for degree 4.
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6.4. Example 4: A Non-Homogeneous 2nd Order Linear ODE with BVP [36]

y′′ − 2y′ + y = xex + 4,
with y(0) = 1, y(1) = 2.

The exact solution of the above problem is

ye(x) =
1
6

(
x3ex + 17xex − 18ex

)
− 2xe(x−1) + 4.

Firstly, suppose the approximate solution is the Said–Ball curve of degree 3.

ya(x) = Sa(x) =
3

∑
j=0

Sm
j (x)vj = v0S3

0(x) + v1S3
1(x) + v2S3

2(x) + v3S3
3(x),

= v0(1 − x)2 + 2v1x(1 − x)2 + 2v2x2(1 − x) + v3x2. (28)

The values of the Said–Ball curve’s control points were determined using the pro-
posed method, along with the given conditions y (0) = 0 and y (1) = 2, after resolving the
constrained optimization problem (see Table 8).

Table 8. Control points values of the Said–Ball curves of degree 3.

Control Points Values

v0 0.9999999941
v1 0.5627636123
v2 −0.5020055626
v3 2.0000000006

By substituting the calculated values of the control points of the Said–Ball curve into
(28), the approximate solution of the BVP for the 2nd-order non-homogeneous ODE is
obtained. Therefore, the approximate solution of degree 3 is given in Equation (29).

ya(x) = Sa(x) = 0.9999999941(1 − x)2 + 1.1255272246x(1 − x)2

−1.0040111252x2(1 − x) + 2.0000000006x2.
(29)

Figure 13 shows the approximate and exact solutions graphically.
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Figure 13. The exact solution ye(x) (represented by circles with dashed lines) and the approximate
solution ya(x) (represented by stars with dashed lines) for degree 3.
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Thus, the error accuracy between the exact and approximate solutions does not meet
the expected level. Therefore, by increasing the degree of the Said–Ball curve to 4.

ya(x) = Sa(x) =
4
∑

j=0
Sm

j (x)vj

= v0S4
0(x) + v1S4

1(x) + v2S4
2(x) + v3S4

3(x) + v4S4
4(x),

ya(x) = Sa(x) = v0(1 − x)3 + 3v1x(1 − x)3 + 6v2x2(1 − x)2

+3v3x3(1 − x) + v4x3.

(30)

The control points values of the Said–Ball curve in Table 9 were calculated by applying
the proposed method with the boundary conditions y(0) = 1 and y(1) = 2.

Table 9. Control points values of the Said–Ball curve for Example 4.

Control Points Values

v0 0.9999999995
v1 0.6991391125
v2 0.6742822767
v3 0.3137076492
v4 1.9999999680

Thus, the approximate solution is computed by substituting the values of the control
points into (30). Consequently, the approximate solution of degree 4, using the LSM with
the Said–Ball curve, is as follows:

ya(x) = Sa(x) = 0.9999999995(1 − x)3 + 2.0974173375x(1 − x)3 + 4.0456936602x2(1 − x)2

+0.9411229476x3(1 − x) + 1.9999999680x3.

The approximate solution of degree 4 and the exact solution are presented graphically
in Figure 14.
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Figure 14. The exact solution ye(x) (represented by circles with dashed lines) and the approximate
solution ya(x) (represented by stars with dashed lines) for degree 4.
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7. Results and Discussion
The Said–Ball curve is used as a basis function for program development in the mathe-

matical software MATLAB. The approximate solutions for BVPs, including second-order
and fourth-order ODEs as well as second-order non-homogeneous ODEs, are computed
using the Said–Ball curve with the LSM.

The following tables present the highest absolute error, highest relative error, and
highest percentage relative error between the exact and approximate solutions based on the
Said–Ball curves. These results are compared with existing methods, including the Bézier
curve [30], the direct inverse method, the steepest descent method, and FMARI [36] (see
Tables 10–16).

The above tables show that the proposed method significantly improves error accuracy.

Table 10. Comparison of the maximum errors between the proposed method and the existing study
(Bézier curve) for problem 2.

Errors Bézier Curve [30] Proposed Method Error Accuracy Improved

Max Absolute Error 0.0000205000 0.0000030955 0.0000174040
Max Relative Error 0.0696930856 0.0012276801 0.0684654055

Max Percent Relative Error 6.9693085614 0.1227680090 6.8465405524

Table 11. Comparison of the maximum errors between the proposed method and the existing study
(direct inverse method) for problem 3.

Errors Direct Inverse Method [36] Proposed Method Error Accuracy Improved

Max Absolute Error 0.0108610200 0.0011377431 0.0097232769
Max Relative Error 0.0352655193 0.0052109784 0.0300545409

Max Percent Relative Error 3.5265519267 0.5210978390 3.0054540877

Table 12. Comparison of the maximum errors between the proposed method and the existing study
(steepest descent method) for problem 3.

Errors Steepest Descent Method [36] Proposed Method Error Accuracy Improved

Max Absolute Error 0.0108073000 0.0011377431 0.0096695569
Max Relative Error 0.0349771397 0.0052109784 0.0297661613

Max Percent Relative Error 3.4977139730 0.5210978390 2.976616134

Table 13. Comparison of the maximum errors between the proposed method and the existing study
(FMARI) for problem 3.

Errors FMARI [36] Proposed Method Error Accuracy Improved

Max Absolute Error 0.0103579380 0.0011377431 0.0092201949
Max Relative Error 0.0325642234 0.0052109784 0.027353245

Max Percent Relative Error 3.2564223426 0.5210978390 2.7353245036

Table 14. Comparison of the maximum errors between the proposed method and the existing study
(direct inverse method) for problem 4.

Errors Direct Inverse Method [36] Proposed Method Error Accuracy Improved

Max Absolute Error 0.0521528400 0.0030998110 0.0490530290
Max Relative Error 0.0638078279 0.0038462689 0.0599615590

Max Percent Relative Error 6.380782789 0.3846268926 5.9961558964
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Table 15. Comparison of the maximum errors between the proposed method and the existing study
(steepest descent method) for problem 4.

Errors Steepest Descent Method [36] Proposed Method Error Accuracy Improved

Max Absolute Error 0.0521528720 0.0030998110 0.0490530610
Max Relative Error 0.0638078670 0.0038462689 0.0599615981

Max Percent Relative Error 6.3807867046 0.3846268926 5.9961598120

Table 16. Comparison of the maximum errors between the proposed method and the existing study
(FMARI) for problem 4.

Errors FMARI [36] Proposed Method Error Accuracy Improved

Max Absolute Error 0.0521528210 0.0030998110 0.04905301
Max Relative Error 0.0638078046 0.0038462689 0.0599615357

Max Percent Relative Error 6.3807804649 0.3846268926 5.9961535723

8. Conclusions
In this study, Said–Ball curves are represented using the LSM to approximate solutions

for higher-order ODEs. The approximate solution is expressed as Said–Ball curves and
substituted into the given ODEs. We determined the optimal control points of Said–
Ball curves by minimizing the residual error, defined as the sum of the squares of the
residual function. A better approximate solution was obtained by applying these optimized
control points to the Said–Ball curves, significantly improving error accuracy compared to
existing methods.

The computation process is straightforward and does not require external directional
controls. Numerical examples of linear and non-homogeneous linear ODEs are provided
to demonstrate the effectiveness of Said–Ball curve representations. Additionally, we
developed an algorithm and performed a convergence analysis for two-point boundary
value problems based on the control points of Said–Ball curves using the LSM. The proposed
method is versatile and can be applied to solve other types of differential equations.
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