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Abstract: Almost contact complex Riemannian manifolds, also known as almost contact
B-metric manifolds, are equipped with Ricci-Bourguignon-like almost solitons. These
almost solitons are a generalization of the known Ricci-Bourguignon almost solitons, in
which, in addition to the main metric, the associated metric of the manifold is also involved.
In the present paper, the soliton potential is specialized to be pointwise collinear with the
Reeb vector field of the manifold structure, as well as torse-forming with respect to the
two Levi-Civita connections of the pair of B-metrics. The forms of the Ricci tensor and
the scalar curvatures generated by the pair of B-metrics on the studied manifolds with the
additional structures have been found. In the three-dimensional case, an explicit example
is constructed and some of the properties obtained in the theoretical part are illustrated.

Keywords: Ricci-Bourguignon almost soliton; #-Ricci-Bourguignon almost soliton; almost
contact B-metric manifold; almost contact complex Riemannian manifold; torse-forming
vector field; vertical potential
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1. Introduction

In 1981, J.P. Bourguignon introduced the concept of Ricci-Bourguignon flow [1].
Suppose that g(f) is a time-dependent family of (pseudo-)Riemannian metrics on a smooth
manifold M. This family is said to evolve under Ricci-Bourguignon flow if g(t) satisfies
the following evolution equation

De=2p—trg),  30)=g0,
where / is a real constant, p(t) and T(t) are the Ricci tensor and the scalar curvature with
respect to g(t), respectively.

As is known, the solitons of any intrinsic geometric flow on M are fixed points or
self-similar solutions of its evolution equation. The Ricci-Bourguignon soliton (briefly RB
soliton) is determined by the following Equation [2,3]

1
p+§£ﬂg+(/\+ﬁr)g20, 1)

where Lyg stands for the Lie derivative of g along the vector field ¢ called the soliton
potential, and A is the soliton constant. The solution is called an RB almost soliton if A is a
differential function on M [3].
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An RB (almost) soliton is called expanding, steady, or shrinking if A is positive, zero,
or negative, respectively. It is called trivial if the soliton potential ¢ is a Killing vector field,
ie. P Egg =0.

The considered family of geometric flows is a generalization of the famous Ricci flow
for £ = 0, the Einstein flow for ¢/ = %, the traceless Ricci flow for £ = %, and the Schouten

flow for £ = , where m is the dimension of the manifold [4,5].

1

A slightlz}grzncl)le general notion of an RB (almost) soliton is obtained by perturbing (1)
using a multiple of a (0, 2)-tensor field # @ # for a certain 1-form # on the manifold. Namely,
this is an #-Ricci-Bourguignon (almost) soliton (e.g., [6]).

Some recent research by other authors on (1-)Ricci-Bourguignon (almost) solitons is
reported in [7-11].

In [12], the author of the present paper begins a study of RB almost solitons on almost
contact almost complex Riemannian manifolds (abbreviated accR manifolds), exploiting
the presence of a pair of metrics related to each other through the structure of the stud-
ied manifolds.

The rest of this paper is organized as follows. In Section 2, after the present introduction
to the topic, we recall some known facts about the studied manifolds. In Section 3, we equip
the manifold with a Ricci-Bourguignon-like almost soliton whose potential is pointwise
collinear with the Reeb vector field and is moreover torse-forming with respect to the two
Levi-Civita connections. We find properties and expressions of the Ricci tensor and the two
scalar curvatures in terms of the almost soliton parameters. Finally, in Section 4 we give an
explicit example from the lowest dimension that confirms the results.

2. The accR Manifolds

The manifold (M, ¢, ¢, 7, g) is said to be an almost contact B-metric manifold or an
almost contact complex Riemannian manifold (abbreviated accR manifold) if M is a smooth
manifold of dimension (2n + 1), (¢, ¢, 77) is an almost contact structure, and g is a B-metric
on M. This means that ¢ is an endomorphism of the tangent bundle TM, ¢ is a Reeb
vector field, # is its dual contact 1-form, and g is a pseudo-Riemannian metric of signature
(n+1,n) such that

pZ=0, ¢*=—-1+7®E noe=0, (@) =1,

g(ox, py) = —g(x,y) +1(x)5(y), (2)

where ¢ denotes the identity on T'(TM) [13].

In the last equality and further on, by x, y, z we denote arbitrary elements of I'(TM)
or vectors in the tangent space T, M of M at an arbitrary point p in M.

The direct consequences of (2) are the following identities

glox,y) =g(x,9y), g &) =nx), gEd =1 n(V) =0, )

where V denotes the Levi-Civita connection of g.
Each accR manifold has one more B-metric §, which is associated with g through the
(¢, &, 1) structure in the following way

$(xy) = g(x, ) +1(x)n(y). (4)

The studied manifolds are classified into eleven basic classes F;, i € {1,2,...,11}
in [13]. The Ganchev-Mihova-Gribachev classification is made in regard to conditions for
the (0, 3)-tensor F defined by

F(x,y,2) = g((Vx9)y,2)
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and having the following basic properties:
F(x,y,2) = F(x,2,y) = F(x, 9y, 92) +1(y)F(x, 6, 2) +1(2)F(x,,6),
F(x, 9y,8) = (Van)y = g(VL,y). 5)

The intersection of basic classes is the special class Fy defined by condition for the
vanishing of F. It is the class of cosymplectic accR manifolds, where the structures ¢, ¢, 7,
g, § are parallel with respect to V and V.

The classification conditions for F are also related to the Lee forms on (M, ¢,¢,1,8),
i.e., the 1-forms defined as follows:

6(z) = §'F(ei,e,2), 0°(2) = g"F(e;, pe;,2), w(z) =F(E,¢,2), 6)

where (g'/) is the inverse of the matrix (g;;) of g with respect to a basis {¢;;¢} (i =1,2, ...,
2n) of Ty M. Obviously, w(¢) = 0 and 6* o ¢ = —6 o ¢? are valid.

Later in this work, we focus on the accR manifolds from F5, which is the counterpart
of the class of well-known B-Kenmotsu manifolds among almost contact metric manifolds.
The definition condition of F5-manifolds is the following

F(x,y,2z) = —%(f){g(x, oy)n(z) +8(x, 9z)y(y)}-

Therefore, the Lee forms on any F5-manifold satisfy the properties
6=0, 0"=06%()y, w=0.

3. RB-like Almost Solitons with Torse-Forming Potential

In the present paper, we study an accR manifold (M, ¢,¢,7,g). It has a pair of B-
metrics g and § related to each other with respect to the (¢, ¢, 7) structure on M. This gives
us a reason to introduce in [12] a more natural generalization of the known RB (almost)
soliton and #-RB (almost) soliton for the contact 1-form # as follows.

Let us recall that p and 7 are the Ricci tensor and the scalar curvature of M with
respect to g, respectively. Similarly, T is the scalar curvature of M with respect to §. An
accR manifold is said to be equipped with a Ricci-Bourguignon-like almost soliton (briefly
RB-like almost soliton) with potential vector field ¢ if the following condition is satisfied

1 1 <
p+§E19g+§£§§+(A+€T)g+()\+€f)g~=0, ()

where A and A are a pair of functions on M and / is a constant. We denote this object by
(g,8;%;A, A, 0). Inparticular, if (A, 1) is a pair of constants satisfying (7), then (g, & % A, A, £)
is called a Ricci-Bourguignon-like soliton (briefly RB-like soliton) [12].

Note that # ® 17, which is used together with the metric in the definition of the #-RB
(almost) soliton, is in our case included in both the B-metrics ¢ and § as their restriction on
the vertical distribution span(¢).

The following concept was introduced for accR manifolds in [14] and then developed
in several papers (e.g., [12]). An accR manifold (M, ¢, ¢, 1, g) is called almost Einstein-like
if its Ricci tensor p has the following form

p=ag+bi+cy®my, (8)
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where (a,b,c) is some triplet of functions. If 4, b, c in (8) are constants on M, then the
manifold is called Einstein-like. In particular, if b = 0 (b = ¢ = 0, respectively) the manifold
is said to be an #77-Einstein manifold (Einstein manifold, respectively).

3.1. The Soliton Potential Is Torse-Forming

We consider in the present paper the case when the soliton potential is a torse-forming
vector field. A vector field ¢ on a (pseudo-)Riemannian manifold (M, g) is called a torse-
forming vector field if the following condition is satisfied:

Vid = fx+v(x)9, )

where f is a differentiable function on M (called the conformal scalar of 9) and 7 is a
1-form on M (called the generating form of @) [15-17].

Remark 1. Some special types of torse-forming vector fields have been studied by various authors.
Namely, a vector field ¢ determined by (9) is said to be of the following type if the corresponding
specializing condition is satisfied:

- torqued, if y(¢) = 0[18];

- concircular, if y = 0[19];

- concurrent, if f —1 = =0[20];

- recurrent, if f = 0/[21];

- vparallel, if f =y =01(eg., [22]).

In (9), the Levi-Civita connection V of the basic B-metric g is used. For a similar
purpose, we can use the twin B-metric § and its Levi-Civita connection V on the studied
accR manifold. Furthermore, we require that the same vector field ¢ be torse-forming with
respect to 6, i.e., that the following condition be satisfied:

Vi = fx+9(x)0, (10)

where f and ¥ are also a differentiable function and a 1-form on M, respectively. Then
f and 7 are called the conformal scalar and the generating form of ¢ with respect to V,
respectively.

Theorem 1. Let an accR manifold (M, ¢,&,1,g) be equipped with an RB-like almost soliton
(8,8:0;A, A, 1), where O is torse-forming with respect to both ¥V and \. Then, the Ricci tensor of
this manifold with respect to g has the following form in the cases £ # 0 and ¢ = O, respectively:

p(x,y) = —(f + A+ Lr)g(x,y)
+{1+2n+1)0t+ 2n+1)(f +A)

+7(8) +7(98) +1(9)7(E) He(x o) +n(x)n(y)} 1)
- %{W(X)g(ﬂ,y) +r(y)g(0,x) +7(x)8 (8, 9y) +7(y)g(8, ¢x)

+ @) {7 ()n(y) +7y)n(x)}},
o(x,y) = —(f +A)g(xy) — (f + M) {g(x, 9y) +1(x)n(y)}
(1@, +9g6,%) + DB, + 10,90 (12)

+ (@7 (x)n(y) + () (x)}}
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Proof. Applying (9) and (10), we obtain the following expressions for the Lie derivatives
of g and § along ®, which is a torse-forming vector field with respect to V and V:

(Ls8)(x,y) = (Vi y) + g(x, Vy0) = 2fg(x,y) + v(x)g(8,y) + v(y)g(¥,x),  (13)

(L93)(x,y) = §(Vi0,y) + §(x, Vy9) = 2f3(x,y) + 7(x)§(,y) + 7(1)Z(8, x)
=2fg(x, oy) +2fn(x)n(y) + ¥(x){g(8, ¢y) +1(8)n(y)} (14)
+7W){g(®, ¢x) +1(¥)n(x)}.

As a result of substituting (13) and (14) into (7), we obtain the following condition for
an RB-like almost soliton with torse-forming potential:

o(x,y) + (f + A+ L1)8(x,y) + (f + A+ £8){g(x, 9y) + 1 (x)n(y)}
+ %{v(x)g(ﬂry) +7W)g(8 x) +7(x)g(%, py) + ¥(¥)g (8, 9x) (15)

+n(O{7()ny) +¥(W)n(x)}} =0.

Taking the trace of the last equality, we obtain the expression of  in terms of T and
the other parameters of the RB-like soliton. In the case ¢ # 0, we have

f:—%{[l—i—(2n+1)£]7+(2n+1)(f+/\)+f+7x
(16)

+7(8) +3(98) + ()7 }-

Otherwise, i.e., £ = 0 is true, the expression of p in (15) is specialized and taking its
trace with respect to g gives the following result

T=—@n+1)(f+A) = f=A=7(8) = 7(e8) — n(9)7(2) (17)

By substituting (16) into (15), we express the Ricci tensor p without 7 for the case ¢ # 0
as given in (11).
In the case ¢ = 0, the expression of p looks like in (12). O

3.2. The Torse-Forming Potential Is Vertical

It is known that these vector fields, which have a special positioning concerning the
structure under consideration, are naturally distinguished. The almost contact structure
on M gives rise to two mutually orthogonal distributions with respect to g and §, namely
the contact (or horizontal) distribution # = ker(y7) = im(¢) and the vertical distribution
HL = span(¢) = ker(¢).

For this reason, we study the case where the torse-forming vector field ¢ is vertical,
i.e., ® € Ht. Therefore, 9 is pointwise collinear with ¢, i.e., the following equality holds

O =k¢, (18)

where k is a nowhere-vanishing function on M and obviously k = #(9) is true. This means
that we exclude from consideration the case of ¢ being torqued according to Remark 1.
Taking into account (9) and (18), we obtain

dk(x) &+ kVyE = fx+ky(x)¢, (19)
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which, after applying 77 and considering the last property in (3), gives
dk(x) = f(x) + ky(x). 0)

Thus, (2), (19), and (20) imply

Vi€ = —;{i gozx. (21)

Similarly, by virtue of (10) and (18), we obtain successively

dk(x) = fn(x) +ky(x), (22)
Vil = —{ P7x. (23)

Taking into account (21), for the curvature tensor of g, we obtain

R(6,9)6 = — gz {kdf(x) — fdk(x) + Py () } oy

1 (24)
+ 2 {kdf () = fdk(y) + fn(v) | 9x.
As immediate consequence of (24), we obtain the following expression
2
p(&,6) = =75 {Kdf(2) - fak(@) + f*}. (25)

Lemma 1. Let (M, ¢,¢,1,8) be an accR manifold with a vertical vector field © that is torse-
forming with respect to both ¥V and /. Then, the manifold belongs to Fs or to a direct sum of
F5 with F1, Fo, F3, Fe, and Fg. Furthermore, ¢ is recurrent if and only if the component of F
relating (M, ¢, ¢, 11, g) to Fs vanishes, i.e., Fs is restricted to Fy.

Proof. From (21), taking into account (5) and (6), we obtain F(x,y,§) = — % g(x, y), which

implies the following values of the Lee forms of the manifold in the considered case

MQ=Q6N©:M£ w=0. (26)
These results show that the manifold belongs to 1 & F» @ F3 & F5 ® F ® Fpo. In
addition, among the five basic classes in the direct sum above, only F5 can contain such man-
ifolds.
In Fo, F1, F2, F3, Fe, and Fyg, all values of 8(&), 6*(&), and w are zero, which due to
(26) means f = 0 and, therefore, ¢ is recurrent according to Remark 1. [

Lemma 2. Let us consider an accR manifold (M, ¢, &, 1, g) and a vertical vector field ¢ on it. If ¢
is torse-forming with respect to both NV and  with conformal scalars f, f and generating forms -y,
4, respectively, then we have the following

f=f 4=9 Vo=V (27)

Proof. A characterization of all basic classes of accR manifolds in terms of the symmetric
tensor ®(x,y) = ﬁxy — V,yis given in [23]. There, the relation between F and &, known
from [13], is used. Using (21) and (23), and the expressions of ®(x, ) in the mentioned
above five basic classes, we obtain the first equality in (27). Then, due to (20) and (22), we
also obtain the second equality in (27). Therefore, we have the third equality in (27). O
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As a result of (27) and the condition for verticality of ¢ in (18), the expression of p
in (11) is specialized in the following form

p(x,y) = = (f + A+ L1)g(x,y) — {dk(x)n(y) + dk(y)n(x)}
{1+ @n+Dlt+ 2n+1)(f +A) +2dk(E) —2f e (x, 9y)  (28)
+ {14+ @n+ )t 4+ 2n+1)(f +A) +2dk(&) }y(x)y(y)

where we have taken into account ky = dk — fx due to (20). This expression for p does not
imply any restrictions on T.

Given (28), calculating the associated quantity T of T with respect to ¢, which is
defined by T = gYp(e;, pe;), gives

= -2n{(1+ 2n+1)0t+ (2n—1)f + (2n + 1)A +2dk(Z) }.

We pay special attention to the more general case when the potential ¢ is not recurrent,
i, f # 0. This means that the studied accR manifold belongs to F; or its direct sum with
F1, Fa, F3, Fe, and Fpg according to Lemma 1. A subclass of F5 with remarkable curvature
properties is 70, defined by the additional condition d6* = 0 [24].

Proposition 1. Let an accR manifold (M, ¢,&,1,g) belong to Fs, a vector field 9 on M be
vertical, and 9 be torse-forming with respect to both V and V. Then, (M, ¢, &,1,8) belongs to F.

Proof. From (26) follows that 8* = 0*(&)y is valid in Fs5, and vanishes in Fy, 7, F3, Fe,
and Fg. It is easy to see that 6* is closed if and only if the following condition is satisfied

d(6"(¢))(¥)n(y) = d(67(8))n(x)- (29)

The latter necessary and sufficient condition follows due to the fact that # is a closed
1-form in the considered classes.

In the case of a vertical torse-forming potential, the expression of 6*(¢) in (26) implies
the following equalities

d(67(¢))(x) = d(67(2))(&)n(x), d(9*(€))('§)Z%(kdf(ﬁ)—fdk(é‘))- (30)

The first equality of (30) shows that (29) is satisfied and, therefore, the studied manifold
belongs to FY. O

Theorem 2. Let an accR manifold (M, ¢,,1,8) belonging to Fs be equipped with an RB-
like almost soliton (g,§;9; A, A, ?), where the soliton potential ¥ is vertical and torse-forming
with respect to both NV and V. Then, the Ricci tensor of this manifold with respect to g has the
following form:

p(x,y) = —(f+A+L1)g(x,y) — (f+A+ ET)(g(x,y) 1)

+2fn(x)n(y) — dk(x)n(y) — dk(y)n(x),

where the scalar curvatures with respect to g and § are expressed in terms of the potential parameters
as follows:

T T (VR LK@ - KDY, A5 @)
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S GRS NSy L 2Lk 4l + @n 4 1) k()
o\ 1+2nf f k2 f 33)

2n[l+ 2n+ 1)1, 1
11 2002 L Ol A
In the case £ = — %, the following equalities are valid:
Ly

A=—f = {+kdf(© - Fak@)}, (34)

T+T= 2n{—f+5\— 2P+ rar@)] + [2+ (2”k+21)f} dk(g)}. (35)

If € vanishes, the following expressions hold:

= 2 L(FH AR+ 2+ RAFE) — fAKE) ), (36)
A=—r+ i—’; £+ kdf(@)] - {z + Zk’éf] dk(E). (37)

Proof. Let us apply condition (18) as well as the findings in (20) and (27) to (13) and (14).
Then, we obtain the following expressions of the Lie derivatives of ¢ and § along a torse-

forming vertical potential with respect to V and V, bearing in mind (4) and the last equality
in (2):

(Ls8)(x,y) = =2fg(ox, py) + dk(x)n(y) + dk(y)n(x)
=2fg(x,y) —2fn(x)n(y) + dk(x)n(y) + dk(y)n(x),

(L) (x,y) = 2fg(x, py) + dk(x)n(y) + dk(y)n(x)
=2f&(x,y) —2fn(x)n(y) + dk(x)n(y) + dk(y)n(x).

Using (7), (38), and (39), we obtain a consequence of the expression for the Ricci tensor

(38)

(39)

in the case of an RB-like almost soliton with a torse-forming vertical potential, given in (31).
Substituting x = y = ¢ into (31) and using (25), we obtain the following equation for
Tand T:

U+ 7) A+ A+ (nf + 1) k(@) — 5 (kdf(©) + 1) =0 (40)

Conversely, taking the trace of (31) with respect to g, we obtain another relation
between the two scalar curvatures in the following form

1+ Q2n+ 1)l T+ LT +2nf + (2n+1)A + A +2dk(¢) = 0. (41)

The last equality follows also from (16), (18), (20), and Lemma 2.

We solve the system of Equations (40) and (41) regarding T and T and obtain the
expression of the two scalar curvatures of ¢ and §, given in (32) and (33), respectively.

In the case ¢ = — %, Equations (40) and (41) are specialized into the following two
equalities, respectively:

T+E= Zn{A +A+ %(anrkz)dk(é‘) - %(kdf({:) +£2) } (42)

T+ =2n{2nf+ (2n+1)A+ A +2dk(¢)}. (43)
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Comparing (42) and (43), we first obtain the expression in (34) of the soliton function
A in terms of the functions f and k of the potential ¢; and second, the equality in (35) of the
sum of the two scalar curvatures without A.

In the case ¢ = 0, equality (41) implies

T=-2nf — (2n+1)A — A — 2dk(¢). (44)

Formula (44) follows also from (17) when the torse-forming potential ¢ is vertical, ¢
vanishes and the manifold belongs to class F5.

Furthermore, the expression in (32) implies (36) at £ = 0, which we combine with (44)
to obtain the expression of the soliton function Ain (37). O

Corollary 1. Let an accR manifold (M, ¢,¢, 1, g) belonging to Fs be equipped with an RB-like
almost soliton (g,§;0; A, A, £), where the soliton potential © is vertical and torse-forming with
respect to both V- and V. This manifold is almost Einstein-like if and only if k = 11(9) is a constant
on H,ie.,dk = dk(&)n is valid.

Proof. The statement follows immediately from (8) and (31) in Theorem 2, as we have
a=—f—-A—Al1,b=—f—A—{4%,c=2f —2dk(&). O

4. Example on the Cone Over a 2-Dimensional Complex Space Form with
Norden Metric

Let us consider an example of an accR manifold constructed in [25].

First, a two-dimensional manifold N equipped with an almost complex structure
J and a Norden metric ¢’ is given, i.e., ¢’ is a pseudo-Riemannian metric with neutral
signature such that g’ (Jx/, Jy') = —¢'(x',y/) for arbitrary x/, /' € T(TN)). It is well-known
that (N, ], ¢') is a complex space form with constant sectional curvature, which we can
denote, for example, by k'.

Second, we consider the cone C(N') over (N, ],¢'), i.e.,, C(N) is the warped product
R* x; N with metric g generated in the following way

g(("/'“%)' (y’fb%)) =12¢'(x,y') +ab,

where ¢ is the coordinate on the set of positive real numbers RT, and 4, b are differentiable
functions on C(N). Furthermore, an almost contact structure (¢, &, 7) is introduced on
C(N) as follows

q)|ker;7:]/ «5:%, W:dt, q)é‘:O, 1704):0,

It is shown in [25] that (C(N), ¢, &, 77, g) is a three-dimensional accR manifold of the
class F1 ® Fs. This manifold can belong in particular to 5 if and only if | is parallel with
respect to the Levi-Civita connection of g’. However, the constructed manifold cannot
belong to 7, nor to Fy.

If (C(N), ¢, 1,8) is an Fs-manifold, then it is calculated that 0*(&) = 2. It is easy to
check that this manifold belongs to F; 0 since (29) holds.

Let the following basis {e1, €3, e3} be given for each tangent space at an arbitrary point
on the cone:

pe1 =ep, @ep = —e, e3=g,

gler,e1) = —gle,e2) = gles, e3) =1, glei ) =0, i #j.
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Using this basis, the following results were obtained in [25]. The nonzero components
of the curvature tensor R are determined by R(ey, e, e1,€2) = tlz (k' — 1) and the well-known
properties of R. Therefore, (C(N), ¢,&,7,g) is flat if and only if k' = 1 for (N, ], ¢'). The
nonzero components of the Ricci tensor and the values of the scalar curvatures in the
general case are the following

1 2 2
p(er,e1) = —ple, e2) = t—z(k’ -1), T= t—z(k’ -1), T = —a (45)

The results V., e3 = %el, Ve,03 = %ez, Ve,ez = 0 of [25] imply the following formula
for any x on the cone

1
ng = —;q)zx.

Therefore, due to (21), it follows that

In order to satisfy the last condition, we choose the following functions
f=t k=t (46)
Therefore, the following equalities are true, which we need further:
df(¢) =1, dk(g) =2t, dk = 2t dt. (47)

Let us consider the vertical vector field ¢ with k = #2,i.e., due to (18), we have ¢ = t2%.
Moreover, let ¢ be torse-forming with respect to V and V with

f=r=t 7:7:%&, (48)

ie., (9), (10), and Lemma 2 hold.

Then, let (g, $;9; A, AL ) be an RB-like almost soliton with the introduced potential ¢
and { = — % We need to determine the functions A and A in (7).

Since we have n = 1 and ¢ = — 5., the function A must be calculated by (34). By virtue
of (46)—(48), we obtain

A=—f=—t.

Moreover, we have to verify (35). Due to (45), we have T + T = t%(k, —2), and from
(35), (46), and (47), we obtain T + T = 2(3t + A). Therefore, we can choose the following

A= —3t, K =2.

Thus, we specialize (45) for the constructed manifold as follows

1 2 B 2
pler,e1) = —plep, e2) = 2 T = 7 T = a2 (49)

Finally, we check (31) in Theorem 2 for { = — % and obtain

fﬂ%w:=;gw40+(?ﬁ—;)§w40—2hﬂ@nWL

which is consistent with (49) and shows that the constructed manifold is Einstein-like with
coefficients a = tlz, b=2t— tlz, and ¢ = —2t, which support Corollary 1.
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