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Abstract: Four explicit numerical schemes are collected, which are stable and efficient for
the diffusion equation. Using these diffusion solvers, several new methods are constructed
for the nonlinear Huxley’s equation. Then, based on many successive numerical case
studies in one and two space dimensions, the least performing methods are gradually
dropped out to keep only the best ones. During the tests, not only one but all the relevant
time step sizes are considered, and for them, running-time measurements are performed.
A major aspect is computational efficiency, which means that an acceptable solution is
produced in the shortest possible time. Parameter sweeps are executed for the coefficient
of the nonlinear term, the stiffness ratio, and the length of the examined time interval as
well. We obtained that usually, the leapfrog-hopscotch method with Strang-type operator-
splitting is the most efficient and reliable, but the method based on the Dufort-Frankel
scheme can also be very efficient.

Keywords: nonlinear PDEs; diffusion-reaction equations; Huxley’s equation; explicit
numerical methods; stiff equations

MSC: 35K20; 35K57; 65M061

1. Introduction

Nonlinear reaction—diffusion partial differential equations (PDEs) have an important
role in modeling different phenomena in many branches of science. We examine Huxley’s
equation [1] in this paper assuming the following format:

ou

— 2 201 —
g—szunL,Bu (1—u). (1)

where & and f are real values that are not negative. We always assume that the initial u
function and the boundary conditions are given, and they will be explained later in this
work. If B = 0, then one has the linear diffusion equation, which is more often called the
heat equation and used to model Fourier-type heat conduction as well, mostly in solid
media. One can observe that Equation (1) resembles Fisher’s equation:

ou

— 2 _
g_av u+ pu(l—u), ()
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but Equation (1) is more nonlinear than Equation (2) since the nonlinear component is
simply quadratic here. On the other hand, a somewhat expanded version of (1), commonly
also referred to as the Huxley equation [2], is

%—?:avzu—}—ﬁu(l—u)(u—'y), 3)
where 7y is in the unit interval. In this work, we always take v = 0 to recover Equation (1).
Equation (2) is also commonly referred to as the FitzHugh-Nagumo equation [3], but this
phrase is also used to refer to more generic equations. For instance, it was shown [1] that
equations like (1) or (3) that contain a cubic response term may be better to use to represent
how a new, beneficial recessive gene spreads in a population that reproduces sexually
than Equation (2) with a quadratic reaction term. In biological tissues, where the equation
explains the passage of electrical impulses along nerve fibers, they are also appropriate [4]
for simulating the propagation of neural pulses.

Several clever methods are proposed to solve these and similar PDEs, such as the
shifted Chebyshev spectral collocation method [5], semi-analytical methods [6,7], the
homotopy perturbation method [8], different versions of physics-informed neural networks
(PINNS) [9,10], the weighted average method [11], and exact as well as nonstandard finite
difference schemes (NSFD) [12]. Most of these approaches are constructed and tested for
specific circumstances where the media are homogeneous, and/or the number of space
dimensions is small, and the spatial mesh is uniform and consists of not very many nodes.
There are some counterexamples, e.g., when a partially implicit scheme [13], coarse-grain
models [14], or the asymptotic theory [15] were used in heterogeneous media, but these
can be considered as exceptions. Nevertheless, under the mentioned specific circumstances,
the weak points of the proposed algorithms do not always manifest. Moreover, some of
these algorithms were developed aiming, most importantly, high accuracy. However, in
most applications, there are non-negligible inaccuracies in the input data, and the models
themselves contain simplifications that can cause even a few percent deviation from the
measurements. Due to these limitations, the main goal should not be to press down the
relative errors below, e.g., 108, but to develop methods which are, on the one hand, fast
in higher dimensions as well, and, on the other hand, robust, i.e., reliable for all possible
parameter combinations.

Most explicit numerical algorithms have a severely constrained stability region [16]. If
the time step size is greater than a certain threshold, often called the Courant-Friedrichs—
Lewy (CFL) limit, the solution is predicted to explode even for the linear diffusion or
heat equation. The heterogeneity in the physical media implies a space-dependent «
coefficient [17], which results in a high stiffness ratio and a relatively small CFL limit for
the explicit approaches. This is especially well-known when one uses the method of lines,
where the PDE is first spatially discretized, and an ODE solver, such as a Runge-Kutta
(RK) scheme, solves the resulting system of ODEs. This is true for low-order explicit
schemes, such as the FTCS (forward-time central space) or semi-explicit [18] methods,
as well as higher order techniques, including the standard fourth-order RK method and
Strong-Stability-Preserving Runge-Kutta Methods [19,20].

Although step size restrictions may occasionally be necessary, implicit approaches,
such as the technique called shifted airfoil collocation, proposed by Anjuman et al. [21]
for nonlinear drift-diffusion—reaction equations, offer superior stability qualities [22]. The
most restricting problem is that implicit methods need the solution of a system of nonlinear
algebraic equations, which can take a lot of time and memory if the system is big, which is
typical in two or three space dimensions. Despite this, implicit techniques are frequently
used to solve these and similar equations [23], for example, backward implicit and Crank-
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Nicolson (CrN) schemes with and without linearization [24]. Rufai et al. proposed a
novel hybrid block method for the FitzHugh-Nagumo equation with time-dependent
coefficients [25]. Their method is also implicit, and the Newton method is used to handle
the nonlinearity. Furthermore, in the case of high stiffness, the diffusion term is occasionally
even considered exactly [26]. Manaa and Sabawi [27] solved Equation (3) using the CrN
and explicit (Euler) methods. They found that although the explicit technique requires
shorter execution times, the CrN method is more accurate and does not have significant
stability problems, as was to be predicted. A finite-difference numerical scheme with good
qualitative properties was proposed by Macias-Diaz for the Burgers-Huxley equation [28].
However, his algorithm only has favorable features for short time step sizes below the
CFL number since he employed the explicit Euler time discretization for the diffusion
factor. This also applies to most NSFD algorithms, which were applied, for example,
for the Fisher and Nagumo equations [3,29,30] and for cross-diffusion equations [31,32].
Our research group constructs and tests explicit numerical methods possessing excellent
stability properties. A couple of these methods have been known for a long time, but
they have been used for nonlinear PDEs containing a diffusion term only a few times,
much less than they deserve. For example, the Dufort-Frankel scheme was successfully
applied for the two-dimensional Sine-Gordon equation [33]. The nonlinear term is treated
by a predictor—corrector-type operator-splitting. Gasparin et al. also applied the Dufort-
Frankel scheme to nonlinear moisture transfer in porous materials [34]. The odd—even
hopscotch method was utilized to solve the Frank-Kamenetskii equation by Harley [35].
These algorithms always showed a good performance; nevertheless, their investigations
were usually not continued. Furthermore, in most scientific works, where the performance
of numerical methods is tested, the parameters, such as the constants «, f and the space and
time step size Ax are fixed, and only a small number of numerical methods are compared.
Our goal in this work is to extensively investigate the performance of some methods for
Huxley’s equation under a large number of parameter combinations, for example, for
less-stiff and very stiff systems. Hence, in Section 2, the spatial discretization of Equation
(1) is performed not only for the most basic one-dimensional system with constant o but
also for the most general case. In Section 3, we review four numerical methods that were
proven to be very efficient when applied to the diffusion equation. All of these diffusion
solvers are explicit and unconditionally stable in the linear case. In Section 4, we construct
numerous ways to handle the nonlinear reaction term, as well as briefly present methods
that will be used for comparison purposes. With these, we gain more than 40 different
numerical methods to test for Huxley’s equation. In Section 5, we perform the first round
of the numerical experiments, which constitutes five concrete case studies. Based on the
comparison of the errors for several time step sizes, we exclude most of the methods from
further investigation and keep only 13. In the second round of numerical experiments
in Section 6, three case studies are performed in large two-dimensional systems with
running time measurement to choose the top seven most efficient methods. Only these
seven methods are used in Section 7 to examine how their performance depends on some
parameters, such as the strength of the nonlinear reaction term and the CFL limit of the
system. Section 8 provides a summary of the findings and suggests methods that should
be used under specific circumstances.

We do not know any other work in which so many methods are tested for such a
large number of parameter combinations for any nonlinear PDE. The best few among these
tested methods are very efficient and reliable, and they have never been applied to Huxley’s
equation before. These are the main novelties in our work.
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2. The Studied Equation and the Spatial Discretization

We start by discretizing the pure diffusion or heat equation because the reaction
term is entirely local. The first step is the simplest and most standard discretization by
equidistant nodes x; = x; + (j —1)Ax, j=1,...,N, (N —1)Ax = L of the space interval
x € [x1, xy = x1 + L]. The second spatial derivatives are subjected to the well-known
central difference approximation, leading to the well-known ODE system

du; x

T sz(”i—l —2u; +ujtq) (4)

for the nodes with indexi = 1,...,N — 1. The M matrix, which is tridiagonal in the
one-dimensional example, contains only a few of nonzero elements as follows:
20 . o . o .
miy = —E (1 <1< N), mjit] = A2 (1 <i< N), mij_1 = A2 (1 <i< N) (5)
The boundary conditions (BCs) specify the first and last row. For example, the first
and last nodes’ time development will be provided directly in the case of Dirichlet BCs;
thus, my1 =1, myn =1, my; =0 (i > 1), my; =0 (i < N). The matrix form of the ODE
system (4) can be reformulated as follows:

au

where U = (uy,...,uy)". Our goal includes performing experiments in general cases
where the geometrical and material characteristics of the simulated system are different
in different spatial regions. It is necessary to adapt space discretization and subsequent
techniques to reflect this generality level. If the media property « is dependent on the space
variable while we remain in 1D, the PDE

o
of  Jx ox

can be used. We can discretize the parameter « and, simultaneously, du/dx to obtain

1 { < Ax) u(x; — Ax) — u(x;)
y Dx 2 Ax

u
ot

+“<xi N Ax) u(x; + Ax) — u(x;)

2 Ax

The average diffusivity between cell i and its (left) neighbor may be denoted by «; ;1.
In practice, it can be approximated by its value between these two nodes. With this, we have

du; 1 Uit1 — Ui Ui 1 —Uj
aui L, o
dt — Ax < T A TR T A

This is a generalized version of Equation (4). We can build a highly adaptable
resistance—capacitance model by taking cells into account rather than nodes. The vol-

ume of these cells can be expressed as V; = Ax in the case of a one-dimensional equidis-
tant mesh. A cell’s capacity is equal to its volume in the case of the most basic diffu-

sion: C; = V; = Ax. Between two cells, the resistance may be calculated simply as
Ri i1 =Rip1i = ﬁ, i=1,...,N—1. A generalized ODE system for the time deriva-

tive of each cell variable u in one space dimension can be obtained using these:

duj _ wig — Ui Uig — U
dt  Rii1CG  RijinG

(7)
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It is easy to see that this RC model with Equation (7) is indeed a generalization of
the original model based on equidistant nodes, in which Equation (4) expressed the time
development of the node variables. Hence, if a numerical method works for the general RC
model, it will work for the special case as well. Furthermore, Equation (7) can be expressed
in the same matrix form as Equation (6), but with entries that depend on the resistances
and capacities.

We will also work in two space dimensions, where the numbering of the cells begins
along the x-directional (horizontal) rows starting from 1 to Ny and then along the x-axis
again from Ny + 1 to 2Ny, and so on. Now, an ODE system (7) can be straightforwardly
generalized to two space dimensions as follows:

duj  uiq —uj | Ui — U UioNx — Wi Ui Nx — U Uj — U

== = + + + = . 8)
dt R;;i1C; R;i1Ci R;ii-nxCi R; it NxCi ]; R;;C;

The last equation is valid since the resistances are infinity for non-adjacent cells.
Additional information about the discretization using this resistance—capacitance model
can be found, for example, in [36].

In 2D numerical experiments, we usually take zero-Neumann BCs into account. The
RC model will implement these in a straightforward manner: the matrix components
that are responsible for conduction across the borders vanish when those resistances are
regarded as infinite. In this instance, the conserved quantity is represented by the system
matrix M’s zero eigenvalue. All other eigenvalues M are negative due to the Second Law
of Thermodynamics. The eigenvalues with the (nonzero) least and highest absolute values,
respectively, are indicated by Ay and Apax. The standard definition of the problem’s
stiffness ratio is SR = Apax/Apun. In addition to it, the CFL limit CFL = |2/Apax]|
provides an accurate estimate of the maximum time step size that can be used for the
semi-discretized linear diffusion problem (4), (7), or (8) using the explicit Euler (first-order
explicit RK) scheme. Similar threshold time step sizes can be obtained for higher-order
explicit RK schemes, such as for the fourth-order RK schemes: CFLgrg4 ~ 1.392 - CFL. This
CFL threshold and the stiffness ratio will be utilized in this paper to describe how difficult it
is to solve the problem. We must emphasize again that the unconditionally stable schemes
employed in this work have no time step size restrictions for the linear diffusion problem
due to stability considerations.

The simplest uniform discretization

o tini +nh, te [tini tfin] n=1 ... T hT = tfin o tini_
will always be used for the time variable.

3. The Examined Diffusion Solver Methods

We provide essential details regarding the algorithms that solve an equation without
the nonlinear term. Since we mostly employ the more general forms in this study, only they
are required.

For the 1D equidistant mesh, such as in Equation (1), the standard mesh ratio of

r = z—ﬁﬁ is used in many publications and textbooks. In the case of the general mesh, the

following notations are going to be used:

and A" =h) L. 9)



Mathematics 2025, 13, 207 6 of 36

While the second quantity reflects the status and influence of the neighbors of cell i,
the first quantity is the generalization of the mesh ratio.

1. The first method is called the CCL algorithm, which is the abbreviation for Constant-
Constant-Linear neighbor. It is a one-step but three-stage method recently published
by our group [37], where the constant-neighbor (CNe) formula is applied in the first
and second stages. The first stage is a predictor with a h/3-sized time step:

Al
u€ = u?e* ri/3 + 7(1 e 7’1‘/3)_

1
1 n
1

Then, the first corrector stage comes

A€
uiCC =ulle” 2i/3 4 — (1 —e” 2”/3).
T

Finally, a full time step is taken with the linear-neighbor (LNe) formula in the
third stage:

1

CC _ pn — CC _ pn
un_,'_l _ u?e_ r? + (A:,l _ Ai Ai ) 1-— e i Ai Ai

21773 s

1

During the calculations, the A; quantities must be refreshed after each stage:

u$ u€ uc< nee
AC = 1 i-1 4 il ) and ASC = L R " 5 respectively. The CCL
i GA\R .1 ' Rl i GA\R i1 R ) P y

method has third-order temporal accuracy, and, similarly to the following three methods, it
is proven to be unconditionally stable for the heat equation.

2. The Dufort-Frankel (DF) method is a classic example of the explicit and stable meth-
ods [38] (p. 313), which is second-order in time. We adapted it to the general case,
where the following formula must be used:

1
il _ (1 —ri)uf —I-ZAZ-' (10)

Hi 147

As can be seen, it is a two-step, one-stage method (the formula includes u?*l). Since it

is not self-starting, the calculation ]

so-called UPFD (unconditional finite difference) formula for this purpose:

must be performed by another method. We use the

0
1Y + A;
u;y = 112 (11)

3. The original odd—even hopscotch (OOEH) method was discovered more than 50 years
ago [39]. It requires a special spatial and temporal structure. In essence, the mesh
must be bipartite, i.e., it is divided into two parts, the so-called odd and even nodes
(or cells), where the closest neighbor of the even cells is odd, and vice versa. First,
the FTCS formula is applied to the odd cells, followed by the BTCS (Backward-time
Central-space) formula, which is based on implicit Euler time discretization. After
every time step, the odd and even labels are switched, as it is illustrated in Figure 1.
The equations used are as follows:

First stage : u?” = (1—ryull + A;. (12)

w4 Avew
1+ T

n+l _

Second stage : u! , (13)
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where the new concentration data are used to calculate A" in the same manner as A; in
Equation (12), essentially making the implicit formula explicit.

4. The recently invented leapfrog-hopscotch (LH) approach [40] also requires the odd-
even space structure. Moreover, it has a structure made up of many full time steps and
two half time steps. Using the initial values, the calculation begins by taking a half-
sized time step for the odd nodes. Full time steps are then taken strictly alternately for
the even and odd nodes until the last time step is reached, which should be halved for
odd nodes to reach the same final time point as the even nodes, as shown in Figure 1.

X
t| . Odd Even £zo
At < 1 2 -
2 1
1 2
2 1
(OOEH) structure (LH) structure e s

Figure 1. The structures of original odd—even hopscotch (OOEH), leapfrog-hopscotch (LH), and
Dufort-Frankel (DF) methods.

Since the first stage’s time step is halved, the following general formula is applied:

1 04+ A%/2
up = Mt A2 (14)
! 1+1’1‘/2

Next, for the even nodes, a full time step is made using

1
1 (A —ri/2)ud + A?

e 1
ul e A 15)

Full time steps, in the same manner, are then taken for the odd and even nodes in
turn, where always the most recently obtained values of the neighbors are used to calculate
the new A; values. Lastly, the computations for the odd nodes must be closed using a
half-length time step.

Jr_ (A =ri/Au 24 Al (16)
! 1+ r; /4 ’

According to most of the numerical experiments in our previous works, the LH method

is the most efficient among the explicit methods that are unconditionally stable to the linear
diffusion equation.

The favorable properties of these algorithms are formulated in the following theorems,
which were proved in the original papers.

Theorem 1. The CCL, OOEH, DF, and LH schemes are unconditionally stable when applied to
the spatially discretized linear diffusion equation aa—”t‘ = & V2u, which means that the solution is
bounded for arbitrary values of & and the time step size.



Mathematics 2025, 13, 207

8 of 36

Theorem 2. The OOEH, DF, and LH schemes have second-order while the CCL method has third-
order convergence when applied to the spatially discretized linear diffusion equation %—”t‘ =a Vu.

4. The Incorporation of the Nonlinear Term and Further Methods Used
for Comparison

4.1. Operator-Splitting Treatments of the Nonlinear Term

We consider the impact of the Huxley and diffusion terms separately during a time
diff
i

completely via the diffusion solvers mentioned in the previous subsection, which we briefly

step. We obtain a concentration value u{™ after taking into account the diffusion term
represent by p = ufif for brevity. The form pu? — pu® can be used to express the local
reaction term. We perform a selective substitution of u by the p values in each of the
12 potential ways:

1. Bup — Bup 2. Bup — pu® 3.pu — Bu’p

4. Bp* — pu® 5. Bu? — pu® 6. Bp? — pu’p 17)
7. pu* — Bup® 8. pp* — pup* 9. pup — pup*

10. pu® — Bp® 11. Bup — Bp® 12. Bp> — Bp®

Each of the obtained expressions is then inserted into the right-hand side of a simple
ODE to approximate the time development of # due to the reaction term during the actual
time step. In this way, we obtained 12 initial value problems (IVPs), such as

du _ _ 2
at = Bpu— ppus,
{ u(t=0)=ul=p  telo, h

Then, we attempt to solve these IVPs in an analytical way with Maple software. The
solution is found in nine cases and not found in three cases, i.e., 4, 5, and 12. During
the preliminary numerical tests, we observed that there are five cases (6,7, 9, 10, and 11)
where the scheme does not behave well: the error is large, sometimes due to instabilities.

Hence, only the remaining four cases are displayed here in Table 1 and will be used in the
remaining part of this paper.

Table 1. The solutions of the remaining four treatment cases.

Treatment Substitution Solution
t Bup — pup utt = cd T, (18)
ulgliff+(1_ulgliff>e*1‘i Bh
t Bup — pu’ Wit — i (19)
i \/Mdiff+(1_udiff)e—2u:_iiffﬁh
ts Bu® — pu’p u"tl = i (20)
! ((ug‘iff) -ﬁh)f(ug‘iff-ﬁh)ﬂ
. i\ 2
ts pr* — pup? W =1 — (1 — udiff) e~ (4B (o7

When simple operator-splitting is used, a time step begins with the diffusion being
treated using one of the algorithms specified in Section 3. Then, as a substitutional step, one
of the four procedures (18)—(21) is performed to assess the increment due to the nonlinear
term. However, we also apply Strang-splitting, which entails executing one of the processes
(18)—(21) once prior to and again subsequent to the computation of the diffusion effect,
both with a halved time step size. This indicates that 1 — h/2 needs to be substituted
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in (18)-(21) in the first and last stages, and in the first stage, u!' stands instead of ufhff in
(18)—(21).

Unfortunately, during the preliminary test, we were not able to obtain useful methods
when these operator-splitting approaches were combined with the DF scheme. Therefore,
only the CCL, OOEH, LH, and (as we will describe later) the CrN diffusion solvers will be

combined with the operator-splitting approach.

4.2. Further Treatments of the Nonlinear Term

The following treatments are inspired by our previous work [41], where they were
elaborated and applied to the linear reaction (convection) term and the nonlinear radiation
term. For further details of the logic of their derivation, the reader should consult that paper.
Since the CCL method is a three-stage method with completely different formulas than the
OOEH, DFE and LH methods, we were not able to combine it with the following treatments.

1. Inside treatment.

In this case, the Huxley term is evaluated at the beginning of the actual time step
to obtain Bh - (u}’)2 (1 —u!") and inserted during the space and time discretization of the
equation. It is multiplied by the time step size / to assess the increment due to the Huxley
term. In this approach, the nonlinear term turns up in the numerator of the formulas, as
listed below.

e LH method:

Bl (W) (1= ul) /24 A2

: Lol
First stage : u; " = 147,72 (22)
2 n
o (=ri/2) w405 Bl (u)” - (1 —ul) + A;
Second stage : u;"" = 151,72 . (23)
e  DF scheme:
n n 2 n
- ot WA B () (1—uf)
First, UPFD step : u;"" = 15 2r . (24)
1T—r)u 1+ 2A; + Bh - (ul)*- (1—u”
All other steps : u?“: ( Ui+ 24+ ph- (uf)” - ( l). (25)
1 + 7
¢ OOEH:
First stage : u "' = (1 — r;)ul + A; + ph - (- (1 —ulh). (26)
2
" Ai+Bh- () (1 —ult
Second stage : u"*! = ul + At ph- ()" ( ul). (27)

i 147
2. Pseudo-implicit treatment (PI).

This case is similar to the previous one, but one of the u;-s is evaluated at the end of
the time step; thus, ph - (u?)z (1 — u?’“) is inserted instead of ph - (u?)2 (1 —ul"). When
we rearrange the formula to express ul’-H'l, the nonlinear term appears in the denominator

as well. The goal of this trick is to enhance stability.
e LH method:



Mathematics 2025, 13, 207 10 of 36
o1+ Bh-u/2)+ A;/2
First stage : u?“ _ U (L+ph-ul/2) +2 i/ . (28)
T+7i/2+ Bh- (ul)"/2
" (1—r;/2+ Bh- A
Second stage : u?“ _ U (L= ri/2+ph-uf) + (29)
147/24 Bl - (ul')?
e  The Dufort-Frankel (DF):
1+ Bh- A;
First step : u"“ uf - (14 phuf) +2 (30)
147+ Bh- (ul')
1T—r)u 1+ Bh- (ul)” +2A4;
All other steps : u'™! = (= riJuy” + ph- (1 ) + ) (31)
1 +7r;+ Bh- (uZ")
e OOEH:
u - (1—r;+ph-u) + A;
First stage : u”+1 ul-(1-rithp Mlz) + 2 (32)
1+ ph - (u})
u - (1 h-ult A;
Second stage : u'*! = - (L4 P up) + 8 (33)

147+ ph- (ur)?

3. Mixed treatment

Mixed treatment means that simply the average of the previous two expressions
Bh - (u! ) (1—u!") and Bh - (u?)2 (1 — u?“) is inserted during the discretization. This
treatment was proved to be successful in our previous work [41] for the convection term.

In this case, we have the following formulas.

e LH method:

v (1405 Bh-ul') - (1—ul/2) + A;/2
147+ ph- (u”)2/4

1
ul - (1—r;/24+ph-u?) - (1—u?/2)+ A
Second stage : u?“: P i ) ( i )
14ri/24 Bh- (u)"/2

First stage : u}

e  The Dufort-Frankel (DF):

o u (U Bheuf) - (1—u/2) + A
147+ Bl - (ul)?/2

First step : u}

All other steps : u;

w1 (U= 2Bk (u)? (1 ul/2) +24;

147+ ph- (ur)
e OOEH:
(1= hout-(1—u/2)+ A
Firststage:u?Jrl:ul ( ri)+ B u; n(z ”z/ )+ i
14 Bh- (u)"/2

uf - (14 ph-uf) - (1—ul/2)+ A
Second stage : M?+1: P4 ph-uf)-( i )
T+ri+ph-(ul)"/2

(34)

(35)

(36)

(37)

(38)

(39)
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We note that these treatments will be subjected to intensive numerical tests, but the
analytical investigation of the constructed methods is out of the scope of this paper.

4.3. Methods Used for Comparison Purposes

We employ the so-called classical version of the fourth-order Runge-Kutta (RK4)
method [42] (p. 737) for comparison’s sake when the running time is measured for large-
sized systems. Applying it in the most standard way to our system that is spatially
discretized, we have

KL= AT — 4 Bhe (u?)? - (1—ul),

1 (w72 w4k /2 ) =yt 1
then A! = x o + o and urppmp(i) = ull +k;/2.
. 12 ;
k2 = Al —rurpap (i) + Bh - (uremp (i)™ (1 — urpmp (i), then
2 o (w2 ul R /2
Al - C,‘ Ri/ i—1 + Ri, i+1 and

MTEMp(i) = Mln + k12/2
kz3 = Alz — r?uTEMP(i) + ‘Bh . (MTEMp(i))2 . (1 — uTEMp(i)), then

3 n 3
3 bWtk | itk N 13
Ai = C,( Rt + % and MTEMP(Z) =U; +ki‘

i, i+1

And, finally,

k? = A? — V?MTEMPU) + ,Bh . (uTEMP(i))Z ’ (1 B uTEMP(i))’and
w1 = ul (k4262 + 23 + k%) /6.

1

Along with the RK4, the two-step Adams-Bashforth [43] method (AB2) is also tested
in Section 5. As far as we know, the performance of the explicit and stable methods has
never been compared to the standard explicit multistep methods.

We will also extensively test an implicit method, which is the widely used Crank-Nicolson
(CrN) scheme. It is well known that applying Equation (6) leads to the matrix equation

(1 — ZM) urtt = (1 + ZM) ur,
N———— N———
A B

where [ is the unit matrix of size N X N. Since A and B are time-independent in the
current work, one can spare running time by calculating Y = A~!B prior to the first
time step. In this way, only a single matrix multiplication must be performed in each
time step: U""! = Y U". The CrN method will be combined with the simple and Strang
operator-splitting treatments of the nonlinear term listed in Section 4.1.

The next set of methods belongs to the family of the nonstandard finite difference
methods. They are developed to solve nonlinear PDE (1) in one space dimension with
« = 1 and using an equidistant mesh. Four nonstandard finite difference techniques using
the following formulas were proposed in paper [3]:

(1—2H)u!+Hul\y +¢o ((1-+7) (u

)22+(u§11)3/2)

7

NSFD1: u!*! = — ,
1+Bygo-+3/26¢2 (uf'; )
1-2H)u+Hu!
NSFD2 : u*1 = e Ll E—
1+ﬁ7¢zfﬁ(1+“r)¢2u7+3ﬁ¢2(u?) .
NSFD3 u;’lJrl — (1—2H)u§1+Hu;’il+/S¢2(u?) +2(1+ry)(u;‘) ,
1+ﬂv¢z+zﬁ¢z(u?) . )
a1 (2H)ufHu 4B (L) () (uf) /2
NSFD4 : u!'*! =

L+Bypa+3/2gn (ul')’
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where ¢, = 'ﬂ%, P = 1*9; & Py = ‘3&%, and H = 2. The positivity and
boundedness of these schemes have been analytically shown. These are not, however,

unconditional; the most crucial condition is H < J, which is similar to the typical CFL limit
for the explicit Euler method.

When we perform running time measurements in large 2D systems, we also employ
odel5s for comparison purposes. This solver is included in MATLAB, where 15s means a
one- to five-order numerical differentiation formula with variable step and variable order
(VSVO) that was designed for stiff problems.

5. First Round of Numerical Experiments: Verification and Selection
Based on Errors

The following formula is used to compare the numerical solutions u].n“m generated by

the solver under examination with the analytical reference solution ujref at the final time i
in order to determine the maximum numerical errors:

_ ref (/fin) _  num ( fin
Error(Le) = 121;);\{ U (t ) 1 (t ) . (40)
The average error is also very similar:
1
Error(Ly) = N ) M]-ref(tﬁn) — " (tn ) |- (41)

1<<N

We refer to the third kind of error as the energy error as it has an energy dimension in

u}'ef (tﬁn) _ u?um (tﬁn) )

As we already mentioned, our goal is to assess the performance of the methods not

the context of the heat conduction equation:

Error(Energy) = Z G (42)

1<j<N

only for one concrete time step size but for many. Hence, starting from a very large
time step size, we calculate the above-defined errors for a series of decreasing time step
sizes. This series of time step sizes usually starts from T/4 and has S elements, where the
next element is obtained by taking half of the previous one. Then, we compute the three
kinds of aggregated error, AgErr(L«), AgErr(Ly), and AgErr(Energy), as the mean of the
logarithm of these errors as follows:

S
AgErr(Leo) = % 21 log(Error(Le)),
5=
s
AgErr(Ly) = é 21 log(Error(Ly)) (43)
s=
S
AgQErr(Energy) = % Y. log(Error(Energy)).
s=1

Finally, the average of the three different AgErr errors is determined:

AgErr = - (AQErr(Le) + AgQErr(Ly) + AQErr(Energy)), (44)

Wl

and this Agerr quantity is used to evaluate the overall accuracy for the small, medium,
and large time step sizes for many possible combinations. It should be noted that the
method is very accurate when AgErr is negative and has a big absolute value. In the case
of instabilities, the u values can be too large for MATLAB to handle, and ‘NaN’ symbols

010

appear instead of numbers. In these cases, the error is substituted by 10" as a penalty
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for unstable behavior. This ensures that the aggregated errors are numbers that can be
comparable to other errors.

5.1. Experiment 1: One Space Dimension Using an Exact Solution

In this and the following experiment, PDE (1) with « = 1 will be solved on the domain
(x, t) € [x1, xn] x [f™, #iN]. The following analytical solution [1] (p. 34) serves as the

e\/gx+§t
B,y B
e\gﬁft +c

By evaluating this function at the time and space locations that correspond to the initial

reference for validation.

oxact (x, t) — (45)

time u(x, 0) and the boundaries u(x1,t), u(xn,t), respectively, the initial and Dirichlet
boundary conditions are determined.

In Experiment 1, x; =0, xny=500 = 2, #ini — 001, #in = 0.1, and the space step size
Ax = 0.004. The nonlinear coefficient is p = 2, and c = 19 in Equation (43). Figures 2—4
show the maximum errors as a function of time step size for different method combinations.
The aggregated errors for different diffusion solvers and treatments of the Huxley term
are shown in Figure 5 and Table 2. Since the errors go down with the time step size, the
methods can be considered verified.

=4 CCL-t1
-/~ CrN-t1
@ LH-t1
5 OOEH-t1
10 [-4-- cCL-t2
=4—:CrN-t2
=&~ LH-t2
OOEH-t2
~ % - CCL-t3
=% CrN-t3
= %= LH-t3
OOEH-t3
-< - CCL-t8
—<=CrN-t8
~<t ‘LH-t8
OOEH-t8

Error

1073

il
107
Time step size

Figure 2. Maximum errors as a function of time step size / for different operator-splitting treatments
in the case of Experiment 1.
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Error

1072

~#% CCL-t1-St
—7- CrN-t1-St
co@-o LH-t1-St
OOEH-t1-St
4 CCL-t2-St
—4— CrN-t2-St
—-&— LH-t2-St
OOEH-t2-St
- % - CCL-3-St
—H— CrN-t3-St
- % - LH-t3-St
OOEH-t3-St
- <l - CCL8-St
=<=CrN-t8-St
~<t LH-8-St

OOEH-t8-St

107

1073
Time step size

Figure 3. Maximum errors as a function of time step size for different operator-splitting treatments
with Strang-splitting in the case of Experiment 1.

I ..; - LH-inside =% -DF-mix
1 7 |~——DF-inside OOEH-mix
107 i OOEH-inside 7 NFSD1
o ~%-- LH-PI - % ‘NFSD2
_7:" ~4-- DF-PI -+ -NFSD3
OOEH-PI --4--NFSD4
10°F ~ % -LH-mix

10°°
Time step size

Figure 4. Maximum errors as a function of time step size for the remaining methods in the case of
Experiment 1.
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Figure 5. The aggregated errors (AgErr) for different diffusion solvers and treatments of the Huxley
term in the case of Experiment 1.

Table 2. The aggregated error (AgErr) values for different treatment of the methods in the case of
Experiment 1.

Treatment of the Nonlinear Term

Methods t t ts ts t1-St t2-St t3-St ts-St  Inside PI mix
AgErr
CCL —-2270 -2316 2213 2283 -—23.00 -—-2333 -—22.66 —23.10 - - -
CrN —22.00 —22.44 2134 2224 2210 2233 2173 2221 - - -
LH —2673 3129 2729 3238 2592 3042 -2951 —-30.87 —40.58 —-39.08 —39.90
OOEH  -30.81 -2713 —-2540 -29.60 —-29.62 —26.71 —27.85 —2891 —4155 -3829 -37.44
DF - - - - - - - - —42.17 -39.01 —40.18

5.2. Experiment 2: One Space Dimension Using an Exact Solution, Larger Final Time

Here, PDE (1) is discretized on the x1 = 0, xn_s00 = 2, ™ = 0.01, and " = 0.9
domain using the space step size Ax = 0.005, S = 10. The nonlinear coefficient is § = 3
and ¢ = 179 in Equation (43). The aggregated errors for different diffusion solvers and
treatments of the Huxley term are shown in Figure 6 and Table 3. The maximum errors
as a function of time step size for different method combinations are presented in the
Supplementary Materials (see Figures S1-53).

The main conclusion of the first two experiments is that the operator-splitting treat-
ments yield larger errors than the other (inside, PI, and mixed) treatments, with the excep-
tion of OOEH-inside. The NSFD schemes sometimes give very small errors, but they are
completely unreliable. Since the systems are not stiff here, the implicit CrN method has no
advantage compared to the other methods.
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Figure 6. Aggregated errors (AgErr) for different diffusion solvers and treatments of the Huxley term

in the case of Experiment 2.

Table 3. The aggregated error (AgErr) values for different treatment of the methods in the case of
Experiment 2.

Treatment of the Nonlinear Term

Methods t t t3 ts t1-St ty-St t3-St tg-St Inside PI mix
AgErr
CCL —8.19 —8.19 —8.19 —-8.17  —8.20 —8.20 —8.20 —8.19 - - -
CrN —23.21 —2243 -2140 —-23.00 -—2291 —2254 2219 2283 - - -
LH —18.84 —22.87 —20.62 —23.18 —1888 —23.16 —21.51 —2349 —3449 -3346 —33.93
OOEH —1584 —-1153 —-1484 -1651 —1536 —11.07 —-1490 —16.05 —21.05 —-3459 -—-34.51
DF - - - - - - - - —33.66 —32.53 —33.01

5.3. Experiment 3: Stiff 2D System

Employing the capacity—resistivity model described in Section 2, we have two space
dimensions from this point. Using a log-uniform distribution, we produce random values
for the resistances and capacities as follows:

Ci _ 10(acfbc»mnd) , R.;i= 1O(aRx7bRx»mnd) LR, =

y,i 1O(aRybey-mnd). (46)

We create highly varied test problems by changing the @ and b values. The variable rand is
MATLAB-generated random numbers within the unit interval. From this point, the reference
solution is provided by the ode15s solver of MATLAB with a very stringent tolerance (10~11)
to ensure accuracy. The used mesh size and final time are N, = 31, N, = 13, fin — 03
while =83andac = 3, bc = 6, agy = 1, bry = 2, ag; = 1, br; = 2. These variables
give SR =9.1- 108 and CFL = 1.7 - 10~5. The initial concentration function is the sum of a
smooth function and some random numbers:

0 1

U = ———=+0.2 x rand.
(i+4)
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Figures 7 and 8 show the maximum errors as a function of time step size for different
method combinations. The maximum errors for different operator-splitting treatments with
Strang-splitting are presented in the Supplementary Materials (Figure S4). The aggregated
errors for different diffusion solvers and treatments of the Huxley term are presented in
Figure 9 and Table 4.

10' e : T R |
== CCL-t1 ]
—V—CrN-ﬂ ]

—o LH-t1
OOEH-t1

10° -4 CcCL-t2 e
—4—CrN-t2 i

—4- LH-t2
OOEH-t2

107 - % - CCL-t3
—%= CrN-t3

- %~ LH-t3
OOEH-t3

-<-CCL-8

10™ f—<—CrN-t8

—-<t -LH-t8

OOEH-t8

Error

10-3 L

I-V L i L L n O ] R N i i L P O ;
1073 1072
Time step size

Figure 7. Maximum errors as a function of time step size for different operator-splitting treatments in
the case of Experiment 3.

1010 || === L H-inside .
DF-inside
OOEH-inside

=4~ LH-PI
DF-PI
OOEH-PI

=% -LH-mix

=% -DF-mix
OOEH-mix

Error

1051 .

1 1
10° 10
Time step size

Figure 8. Maximum errors as a function of time step size for the remaining methods in the case of
Experiment 3.



Mathematics 2025, 13, 207 18 of 36

The treatments

t1 t2 t3 t8 t1-St t2-St  t3-St  t8-St  inside Pl mix

-11

-13

-15

-17

AgErr

-19

-21

23 ]

25 ]

=#=CCL - CrN
=27
LH OOEH I

29 ‘
—+-DF

-31
Figure 9. The aggregated errors (AgErr) for different diffusion solvers and treatments of the Huxley

term in the case of Experiment 3.

Table 4. The aggregated error (AgErr) values for different treatment of the methods in the case of
Experiment 3.

Treatment of the Nonlinear Term

Methods t t ts ts t1-St t2-St t3-St ts-St  Inside PI mix
AgErr
CCL -20.14 1784 2125 1730 -1729 -1494 -18.08 —14.43 - - -
CrN -1749 1581 —18.64 —1526 —1524 1349 1629 —12.96 - - -
LH -1835 -—-16.52 —-19.55 1597 —-1591 —-14.03 -17.05 1348 —1524 1286 —13.99
OOEH -829 592 892 803 78 —487 858 719 5260 —-8.04 472
DF - - - - - - - - —28.86 —14.41 —16.53

One can see that the DF-inside combination shows the best performance since its
convergence rate is the highest. On the other hand, the operator-splitting treatments behave
much better than before, especially the t1, t3, and t3-Strang treatments.

5.4. Experiment 4: Non-Stiff System with Strong Nonlinearity

The used mesh size and final time are Ny = 21, N, = 11, and #in — 0.9, while
B=29andac =0, bc =0, agy =0, bry =0, ag, = 0, and bg, = 0. These variables
give SR = 3.5- 10 and CFL = 0.25. The random component in the initial concentration
function is slightly larger than before:

ud = # + 0.5 x rand

L /(i+6)

Figure 10 shows the maximum errors as a function of time step size for different
operator-splitting treatments. These errors for different operator-splitting treatments with
Strang-splitting and for the remaining methods are presented in the Supplementary Ma-
terials (see Figures S5 and 56). The aggregated errors for different diffusion solvers and
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treatments of the Huxley term are shown in Figure 11 and Table 5. The results show that
in this case, the treatment of the nonlinear term is much more important than that of the
diffusion term. This is logical since the coefficient B is large, while the problem is easy to
solve from the point of view of diffusion. The large value of § has another consequence:
the “force” acting on u towards its maximum value 1 is large. Since the final time is also
quite large, the values of u are getting very close to 1. When this happens, the importance
of the diffusion process decreases, which further reinforces the previously mentioned effect
and decreases the calculation errors below 10~ for short time step sizes. The DF-inside
method, which was the most accurate in the previous experiment, is unstable here for
almost all time step sizes, and that is why its error is large.

CCL-t1 X
=7 CrN-t1 2
e LH-H T
OOEH-t1 j ]
CCL-t2 e
—4—CrN-t2 R
--¢-- LH-t2 7
OOEH-t2 e
- *-CCL-t3 /
k= CrN-t3
- - LH-t3
OOEH-t3
-<-CCL-t8
—4=CrN-t8
~< ‘LH-t8
OOEH-t8

10°

Error

y 1 1 1 1
102 107"
Time step size

Figure 10. Maximum errors as a function of time step size for different operator-splitting treatments
in the case of Experiment 4.

Table 5. The aggregated error (AgErr) values for different treatment of the methods in the case of
Experiment 4.

Treatment of the Nonlinear Term

Methods t t t3 ts t1-St ty-St t3-St tg-St Inside PI mix
AgErr
CCL —113.64 —81.17 —-8591 —-107.26 —11742 —-90.35 -—96.61 —112.29 - - -
CrN —113.61 —81.18 —85.694 —-107.28 —-11737 —-90.36 —96.60 —112.31 - - -
LH —113.03 —-81.11 —-85.61 —106.92 —117.76 —90.95 —98.35 —112.68 —78.67 —84.96 —101.67
OOEH  —113.89 —-81.21 —86.00 —107.51 -—-11771 —90.41 -9656 —11256 —-78.22 —84.61 —101.21
DF - - - - - - - - 201.37 —79.19 —66.52
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Figure 11. The aggregated errors (AgErr) for different diffusion solvers and treatments of the Huxley

term in the case of Experiment 4.

5.

5. Experiment 5: Medium Stiffness and Nonlinear Coefficient
The used mesh size and final time are N, = 17, N, =12, and tfin — 0.5, while g =13,

and ac =2, bc =4, ary = 2, bry = 4, ar, = 2, and br, = 4. These variables give
SR =2.4-10° and CFL = 3.7 - 10~*. The initial concentration function is:

+ 0.7 X rand.

1

! (i+11)

Figure 12 shows the maximum errors as a function of time step size for different
operator-splitting treatments. The maximum errors as a function of time step size for
different operator-splitting treatments with Strang-splitting and for the remaining methods
are presented in the Supplementary Materials (see Figures S7 and S8). The aggregated
errors for different diffusion solvers and treatments of the Huxley are presented in Figure 13

and Table 6.
Table 6. The Aggregated error (AgErr) values for different treatment of the methods in the case of

Experiment 5.
Treatment of the Nonlinear Term
Methods t t) ts tg t1-St t,-St t;3-St ts-St  Inside  PI mix
AgErr

CCL —3456 —27.81 —2944 —-2993 3750 —-31.79 —34.38 —33.48 - - -

CrN —-33.99 2756 —29.16 —29.66 —3641 —-31.10 —-34.06 —32.76 - - -
LH —-33.89 —-2761 -30.01 -—-2953 -—-37.65 —31.92 —-3496 3351 -—-30.16 —25.10 -—28.19
OOEH —27.14 —2248 —2441 2474 —2832 —2482 2687 —26.81 8212 —20.16 -—13.03
DF - - - - - - - - —3494 —-2522 —-28.72
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Figure 12. Maximum errors as a function of time step size for different operator-splitting treatments
in the case of Experiment 5.
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Figure 13. The aggregated errors (AgErr) for different diffusion solvers and treatments of the Huxley
term in the case of Experiment 5.

5.6. The Summary of the Five Experiments

The simple sum of the aggregated errors for different diffusion solvers and treatments
of the Huxley term are shown in Figure 14 and Table 7. Based on these results, we select
the following 15 methods for further examination: LH-t1, LH-t1-Strang, LH-t3-Strang,
LH-t8-Strang, LH-inside, LH-mix, DF-PI, DF-mixed, OOEH-PI, OOEH-t8-Strang, CCL-t1,
CCL-t1-Strang, CCL-t8-Strang, CrN-t1, and CrN-t1-Strang. We note that since simple
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operator-splitting is calculated faster than Strang-splitting, we are slightly biased towards
the simple splitting to give them a further chance in the next section, where running time
will be measured.

The treatments
H2q 12 3 8 t1-St  2-St  t3-St 8-St inside :P] mix
-146
-150
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-170
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-178

AgErr
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-202

-206
210 \ s
214 }’
-218

22 | —-CCL -%-CrN LH OOEH -®-DF

-226

Figure 14. The aggregated errors (AgErr) for different diffusion solvers and treatments of the Huxley term.

Table 7. The aggregated errors (AgErr) for different treatment of the methods.

Treatment of the Nonlinear Term

Methods t t t3 ts t;-St t,-St t3-St ts-St  Inside  PI mix
AgErr
CCL —199.23 —158.18 —166.65 —185.49 —203.41 -—168.61 —179.93 —191.49 - - -
CrN —210.30 —16942 —-176.24 —197.44 -214.03 —179.82 —190.87 —203.07 - - -
LH —210.84 —179.40 —183.08 —207.98 —216.12 —190.48 —201.38 —214.03 —199.14 —195.46 —217.68
OOEH  —195.97 -14827 —159.57 —186.39 —198.87 —157.89 —17476 —191.52 —6.09 —185.69 —190.91
DF - - - - - - -

- 61.74 —190.36 —184.96

6. Second Round of Numerical Experiments: Selection by the
Performance with Running Time Measurements in 2D

6.1. Experiment 6: Non-Stiff System

In this section, the systems are much larger to make running time measurements
meaningful. Here, the used system size is Ny = 201 and N, = 60. In order to create a
system with a relatively low stiffness ratio, we set C; = R,; = R,; = 0.01, which is
equivalent to a uniform mesh with constant . These parameters yield CFL = 2.5-107>,
SR = 3.99 - 10%. Meanwhile, the final time is ti" = 0.3, while the coefficient of the reaction
term is § = 9. The initial concentration is given by the continuous function:

u) =09- cos(Z&) -cos(?lgiy).

The tic-toc function in MATLAB is used to measure the running times. All the running
times are measured on a desktop computer with an Intel Core i7-13700 (24 CPUs) and 64 GB
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RAM is used. The calculations are completed more than one time; then, the average running
times are determined to reduce the impact of the random fluctuations. The obtained
maximum errors are shown as a function of the running times in Figure 15. One can see
from the figure the LH-t1, LH-t1-Strang, and LH-t8-Strang methods are more efficient than
other methods when low or medium accuracy is required. The solvers RK4 and odel5s
provide extremely high accuracy but with longer computation time. The aggregated errors
for different methods in Experiment 6 are presented in the Supplementary Materials (see
Table S1).

S
]
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10 = === cCL-t1 DF-inside
LH-t1 LH-inside
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10 DF-PI -0 Ode15s
1 1L s aaaal L s aaaal 1 P
102 107" 10° 10!

Running time

Figure 15. Maximum errors as a function of the running time for Experiment 6; non-stiff system.

6.2. Experiment 7: Moderately Stiff System

In this case, the system size and the final time used are Ny = 101, N, = 120, tin — 0.8
and B = 21, while the exponents are ac = ary = agy = 0 and bc = bry = bg, = 2.
These variables give SR = 8.6 - 10° and CFL = 7.2 - 107°. This indicates that the system
is moderately stiff only. The initial concentrations contain random numbers in the unit
interval as follows:

0_03. XY yr :
u; =03 COS(Nx 2) COS(Ny2> +0.6 - rand.

In Figure 16, we show the errors as a function of running times. The aggregated
errors for different treatments of the methods in the case of Experiment 7 are presented
in the Supplementary Materials (see Table S2). One can see when the stiffness increases,
the LH-t3-Strang method is the most efficient, closely followed by LH-t1, CCL-t1-Strang,
LH-t1-Strang, LH-t8-Strang, OOEH-t3-Strang, and DF-mix.
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Figure 16. Maximum errors as a function of the running time for Experiment 7; moderately stiff system.
6.3. Experiment 8: Very Stiff System

Now, the used system size is Ny = 101, N, = 100, and the exponents are
ac = 3, bc =6, agx = 3, bry = 6, agy, = 2, and bg, = 4. These parameters pro-
vide the values SR = 1.3- 1019 and CFL = 1.2 - 105, which means that the system is rather
very stiff. The final time is #in — (0.7, and the coefficient of the reaction term is B =7.The

initial concentrations also contain random numbers in the unit interval:

0_02.cos[ —2) . cos( LT :
u; =0.2 cos(Nx2> COS(NyZ) +0.7 - rand.

In Figure 17, we present the maximum errors as a function of the running times. The
aggregated errors for different treatments of the methods in the case of Experiment 8 are
presented in the Supplementary Materials (see Table S3).

Based on these and the previous experiments, we choose the top seven methods to
include the following combinations: LH-t1, LH-t1-Strang, LH-t3-Strang, LH-t8-Strang,
CCL-t1-Strang, OOEH-t8-Strang and DF-mixed.
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Figure 17. Maximum errors as a function of the running time for Experiment 8; very stiff system.

7. Third Round of Numerical Experiments: Parameter Sweep for the Top
Seven Methods

7.1. Experiment 9: Sweep for the Size of Capacities and Resistances

The used system size and final time are Ny = N, = 31 and tfin — 0.8, while g = 3.7
and S = 17. Let us simulate a system that consists of two homogeneous parts. In the second
half, the material properties are different, which is reflected by smaller capacities and the
resistances. We assume

Ci=Ryi=Ry;=1ifi <N/2
Ci:Rx,i:Ry,i:‘g ifi>N/2,

where ¢ € {1,0.3,0.1,0.03,0.01,0.003,0.001, 0.0003,0.0001}. This means we first run the
simulation using the first value of ¢, register the errors, decrease ¢ to 0.3 without changing
any other parameters, run the code again, etc. The initial concentration function is a smooth

27X T
! N, Ny

If the capacities and resistances are decreasing, the physical process of diffusion

function as follows:

becomes faster. To follow these faster changes, a shorter time step size should be used
due to the decreasing CFL limit. However, we keep the set of the used time step sizes
fixed; therefore, we experience an increase in the errors with decreasing ¢. The interesting
fact is that this increase is very different for the different methods: the worst is for the
OOEH method and much less for the other methods. In Figure 18 and Table 8, we present
the aggregated errors as a function of the ¢ in the case of Experiment 9 for the top seven
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methods. One can see that with the exception of the original hopscotch method, the
algorithms perform well even in the case where the CFL limits for the explicit RK methods
are extremely low.

— ;
e L H-t1

== 'CCL-t1 -Strang
LH-t1-Strang

=]~ LH-t3-Strang

—{#--LH-t8-Strang

or OOEH-t8-Strang ||

DF-mix

ial . R | L | L el

1074 107 1072 10" 10°

Figure 18. Aggregated errors (AgErr) as a function of the ¢ in the case of Experiment 9 for the top
7 methods.

Table 8. Aggregated errors (AgErr) for different () values of the top 7 methods.

(¢) Values
1 0.3 0.1 0.03 0.01 0.003 0.001 0.0003 0.0001

Methods CFL limit

25x1073 23x1072 25x1071 23x107% 25x107° 23x107% 25x1077 23x107% 25x107°
AgErr

LH-t1 —54.37 —55.40 —50.99 —49.28 —46.94 —43.33 —39.64 —34.71 —29.14
CCL-t1-St —59.30 —58.32 —49.19 —44.57 —36.27 —26.45 —22.70 —21.31 —20.89
LH-t1-St —59.44 —60.09 —56.68 —53.58 —49.93 —45.50 —41.19 —35.74 —29.70
LH-t3-St —58.22 —57.87 —55.90 —53.00 —49.56 —45.21 —41.00 —35.63 —29.64
LH-t8-St —54.33 —55.33 —53.15 —50.63 —47.42 —43.46 —39.59 —34.57 —28.94
OOEH-t3-St —54.15 —53.59 —48.76 —40.67 —27.42 ~10.89 0.62 13.06 16.93
DF-mix —51.78 —53.62 —49.72 —47.20 —43.83 —39.40 —35.12 —29.60 —23.77

7.2. Experiment 10: Sweep for the Stiffness Ratio

Now, in this section, we can add a new parameter y to generate a wide scale of random
values for the C and R quantities as follows:

C; = 107(172mnd), Ryj= 107(1727011’!01), Ryi — 10’y(172mnd),
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where v € {0, 0.33, 0.66, 1, 1.33, 1.66, 2, 2.33, 2.66, 3, 3.33}. The used final time is
Hin — 0.4, the system size is Ny = Ny = 21, and S = 13, while § = 3.7. The initial
concentration function is as follows: u? = 1%1 + 0.4 - rand. The aggregated errors as a
function of the stiffness ratio in the case of Experiment 10 for the top seven methods are

shown in Figure 19 and Table 9.

10

L84 LS. S S S 4 S S 2 e S S S R ) e e 4

s LH-t1

= 'CCL-t1-Strang
LH-t1-Strang

~<—LH-t3-Strang 1

—i#- LH-t8-Strang
OOEH-t8-Strang
DF-mix

o

Ll PRI il Rt sl PRI Ll

104 108 108 10'°
Stiffness

Figure 19. Aggregated errors (AgErr) as a function of the stiffness ratio (SR) in the case of Experiment
10 for the top 7 methods.

Table 9. Stiffness ratio (SR), CFL limit (CFL), and aggregated error (AgErr) values for different values
of gamma () and different treatments of the top 7 methods.

Gamma (y) values

0 0.33 0.66 1 1.33 1.66 2 2.33 2.66 3 3.33

Stiffness ratio

356.12 824.31 3122.74  26x10* 13x10° 99x10° 58x10° 12x10% 867x10% 1x 100 157 x 10!

Methods
CFL limit
0.25 0.11 0.043 0.008 0.0029 0.00077 0.00016 33x107° 1x107° 1.88x107° 3.83x 1077
AgErr Errors

LH-t4 —53.72 —52.94 —52.42 —50.99 —49.70 —47.38 —45.18 —42.28 —40.22 —36.34 -33.73
CCL-t1-5t —58.69 —57.86 —57.51 —55.19 —53.35 —46.52 —44.84 —39.10 —29.25 —27.56 —23.21
LH-t;-St —58.78 —57.88 —57.55 —55.74 —54.21 —51.38 —49.05 —45.61 —43.60 —39.02 —36.61
LH-t3-5t —60.63 —60.28 —59.25 —58.61 —55.25 —52.18 —50.83 —47.05 —44.38 —41.05 —37.63
LH-tg-St —54.30 —53.42 —53.11 —51.51 —50.09 —47.65 —45.63 —42.52 —40.36 —36.62 —33.87

OOEH-t3-S5t  —53.83 —52.02 —50.77 —46.08 —41.55 —29.38 —25.40 —14.93 —7.30 —0.29 9.83

DF-mix —60.50 —58.94 —56.44 —53.77 —49.79 —47.36 —46.31 —41.42 —37.97 —36.29 —32.96

This experiment reinforces that it is generally true that the performance of the OOEH
algorithm declines much more severely with a decreasing CFL limit and increasing stiffness
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than the other methods. From these two experiments, one could conclude that this state-
ment, albeit to a much lower extent, is true for the CCL method. However, this would be a
hasty judgement since, in Experiment 3, increased stiffness resulted in a relative advantage
for the CCL method.

7.3. Experiment 11: Sweep for the Nonlinear Coefficient B

In this case, we use the coefficient of the Huxley term e {0, 0.15, 0.4, 1, 3, 8, 14, 27, 40,
64, 90, 125}, where the system size and final time are N, = N, = 21, tin — 0.2, and
S = 14, while the exponents are ac =1, bec =2, apy =1, bry =2, ag; =1, and bg, = 2.
The initial concentration function is given as u) = (z-&iz) + 0.3 - rand. In this experiment,
however, a problem arises when the value of § is large. In these cases, the values of the u
function are forced to approach unity very closely due to the Huxley term, which is always
positive for u values in the unit interval. Hence, a method can be accidentally accurate if
it yields the u}’ = 1 function, which is the only equilibrium point of the equation. This
distorts the results and the evaluation of the performance of the methods. To avoid this, we
change the boundary conditions in two points of the system to 1; = uy = 0. This means
that we apply fixed Dirichlet boundary conditions, but only for these two cells; the other
boundaries are still subjected to zero-Neumann b.c.-s. This is implemented by modifying
the loop for the cells from i = 1:N to i = 2:(N-1).

In Figure 20 and Table 10, we present the aggregated errors as a function of the third
root of the B parameter for the top seven methods. One can see that the initially significant
differences between the methods almost vanish with increasing 8, and two groups of the
methods appear. The group with the smaller error always uses the t1-Strang or t3-Strang
treatments, and the rest of the treatments constitute the other group. Nevertheless, the
difference between these two groups is quite small. One can also observe that the initial
disadvantage of the OOEH method (which is due to the moderate stiffness of the problem)
vanishes because, for large values of , the treatment of the nonlinear term is much more
important than that of the diffusion term.

Table 10. Aggregated errors (AgErr) for different B values of the top 7 methods.

Nonlinear coefficient (B) values

Methods 0 04 1 3 8 14 27 40 64 90 125
AgErr
LH-t1 -96.91 —86.67 —82.34 —76.83 —65.32 —52.89 —-4335 -3293 2920 -30.15 3246 —31.94
CCL-t1-St -110.79  -99.27 —92.40 —84.49 —71.00 —57.56 —48.05 3751 3378 3451 3698 —36.39
LH-t1-5t —96.91 —93.76 —89.49 —83.03 —70.55 —57.71 —4819 3756 —33.87 3465 —37.15 —36.66
LH-t3-St —60.06 —95.00 —91.58 —86.47 —73.94 —61.25 —50.83 3856 3448 3497 3736 —37.00
LH-t8-5t —96.91 —92.38 —87.17 —80.02 —66.69 —53.31 —43.72  -33.15 2943 -30.13 3254 —32.05

OOEH-t3-5t —70.26

—71.68 —71.64 —68.32 —60.09 —50.74 —4282 3244 -29.03 —-2959 3198 -31.67

DF-mix —88.96

—84.34 —80.97 —77.12 —69.43 —57.44 —46.28  —-33.84 2950 —29.83 3186 —32.18
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Figure 20. Aggregated errors (AgErr) as a function of parameter j in the case of Experiment 11 for
the top 7 methods.

7.4. Experiment 12: Sweep for the Final Time T

In this case, we gradually increase the final time, ie., i € {0.01,0.03, 0.1, 0.3, 1, 3,
10, 30, 100}, while the system with all of its parameters is kept fixed. The used system size
is Ny = Ny = 21, S = 13, while p = 4.3. The exponents are ac = dagy = agr; = 1,
bc = brx = br; = 2. The initial concentration function is given as:

27tx Ty
u? =04- (cos( N, ) -cos(Ny> +1> + 0.2 - rand.

Since for large final times, the u values become very close to 1, as in the previous

example for large values of 5, we apply the same boundary conditions as in Experiment
11. Moreover, the series of time step sizes start from T/4; thus, the set of the used time
step sizes is shifted with the final times. This choice, which is made to avoid extremely
long running times, yields gradually increasing aggregated errors for most of the methods.
Figure 21 and Table 11 show the aggregated errors as a function of the final time T in
the case of Experiment 12 for the top seven methods. One can see that when T exceeds
1, there is a temporary decrease in the aggregated errors. This is because, by this time,
the simulated system approached the stationary state very closely, and, therefore, the fine
differences in the transient simulation by the different methods decay. The maximum errors
as a function of time step size for T = 100 in the case of Experiment 13 for the top seven
methods are presented in the Supplementary Materials (see Figure S9). One can conclude
that the DF scheme has a relative advantage when the task is to approach accurately the
stationary states.
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Figure 21. Aggregated errors (AgErr) as a function of the time in the case of Experiment 12 for the top
7 methods.

Table 11. Aggregated errors (AgErr) for different time values of the top 7 methods.

Time values

Methods

0.01 0.03 0.1 0.3 1 3 10 30 100
AgErr

LH-t1 —83.62 —72.45 —58.54 —45.34 —34.22 —42.25 —42.19 —35.09 —27.93
CCL-t1-St —90.71 —77.15 —62.42 —49.17 —38.07 —44.72 —44.65 —37.94 —30.95
LH-t1-St —88.29 —75.78 —62.27 —49.34 —38.31 —44.91 —43.96 —36.63 —29.75
LH-t3-5t —85.63 —72.79 —58.84 —4591 —35.26 —41.57 —34.44 —25.78 -17.15
LH-t8-St —84.891 —72.21 —58.36 —45.25 —34.13 —40.78 —40.69 —34.31 —27.51
OOEH-t3-5t —82.79 —69.28 —55.19 —42.71 —-32.21 —35.71 —31.81 —25.05 —19.92
DF-mix —77.89 —66.16 —53.36 —40.93 —30.33 —37.02 —54.47 —46.05 —37.85

7.5. Experiment 13: Sweep for the Initial Function Wavelength

The parameters of this experiment are the following: Ny = N, = 21, tin — 04,5 =15,
B=52,ac=1, bc =2, agy =1, bry =2, ag; =1, and b, = 2. The initial concentration
function is a sum of the components. Here, and for the rest of this paper, we return back
to fully zero-Neumann b. c.-s. The first component with weight w is a smooth long-wave
cosine function, while the second component with weight 1-w is the shortest possible
wavelength function:

wW=w- (cos(zlz;xx) ~cos(:g) —|—1) +(1-w)- (O.5~ (—1)i+1).

where w € {0, 0.05, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 0.95, 1}.
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Figure 22 and Table 12 show the aggregated errors as a function of w in the case of
Experiment 12 for the top seven methods. The maximum errors as a function of the time
step size for w = 1 in the case of Experiment 13 for the top seven methods are presented in
the Supplementary Materials (see Figure 510). This experiment shows that the accuracy of
the methods only slightly depends on the initial function.

-32 T T T T T T T T T

s LH-t1 LH-t1-Strang —E-- LH-t8-Strang DF-mix
5 = 'CCL-t1-Strang =<}~ LH-t3-Strang OOEH-t8-Strang |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Wavelenght of U

Figure 22. Aggregated errors (AgErr) as a function of the wavelength in the case of Experiment 13 for
the top 7 methods.

Table 12. Aggregated errors (AgErr) for different wavelength values of the top 7 methods.

Wavelengths
Methods 0 0.05 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 0.95 1
AgErr

LH-t1 —4510 —4540 4640 —4730 4853 —4992 4881 4680 —4470 4394 4390 4412 —44.00
CCL-t1-St —4694 —4721 —48.07 —4850 —4930 —49.74 —49.60 —48.80 —47.99 —4750 4760 —47.60 —47.70
LH-t1-St —4726  —4759 —4844 4890 —49.65 —50.08 —49.84 —49.07 —48.14 —47.65 —4777 4782 —47.80
LH-t3-5t —42.77  —4277 —4286 —43.07 —4340 4345 4251 4199 —41.64 —4150 —4138 —4130 —41.20
LH-t8-St —4340 4372 —4457 4499 4570 4611 4577 4496 4399 —4350 —4358 —43.65 —43.60
OOEH-t3-St  —40.70 —41.70 —4248 —42.80 —4340 —43.70 —4340 —42.67 —4199 —41.81 —4256 —43.01 —4240
DF-mix —3454 3430 3450 3470 -35.00 3523 3474 3430 3390 -3370 -3346 3320 —32.60

7.6. Experiment 14: Sweep for the Wavelength of the  Function

In reality, the reactions can be influenced by the properties of the media, such as
temperature, which can depend on space. Therefore, in this subsection, we examine the
behavior of the numerical methods under circumstances where the nonlinear coefficient
is a function of space. We construct a long-wave and a short-wave random function, and
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the B(x, y) function is the weighted average of these different wavelength contributions
as follows

B(x, y)=5- (w <cos<2£j> -cos(?\r;:) +1> +(1-w) -rand),

where the sweep goes through the parameter values w &{ 0,0.05, 0.1, 0.2,0.3, 04, 0.5, 0.6,
0.7,0.8,09, 095, 1}, and the used system size and final time are Ny = N, = 21, #in — 04, and
S =15. Theexponentsof Cand Rareac =1, be =2, agy =1, by = 2, ag, = l,and br, = 2.
The initial concentration function is as follows: 1Y = 0.25- (cos(%) ~cos(l7\%) + 1) +03-
rand. Figure 23 and Table 13 show the aggregated errors as a function of the wavelength of
the B function in the case of Experiment 14 for the top seven methods. The general trend is
that the accuracy of the methods is lower when the nonlinear coefficient changes slowly in

space. This is particularly true for the DF-mixed method.

T T T T T T T T T

AgErr
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-54 - <l # LH-t1-Strang
y =<}~ LH-t3-Strang
/ # —{F--LH-t8-Strang
-SSP OOEH-t8-Strang]|

y DF-mix
L 1 1 1 1 1 1 1 1 1
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B Wavelenght

Figure 23. Aggregated errors (AgErr) as a function of the wavelength of the 3 function in the case of
Experiment 14 for the top 7 methods.
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Table 13. Aggregated errors (AgErr) for different values of the wavelength of the 8 function for the

top 7 methods.
Beta (B) wavelengths
Methods 0 0.05 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 0.95 1
AgErr

LH-t1 —44.80 4574 4455 4454 4427 4380 —43.10 —4323 —42.71 —4232 —41.67 —41.54 —4137
CCL-t1-St -56.78 —-55.46  —5441 5257 5131 —49.88 4858 4790 4737 —46.63 —46.07 —4590 —45.71
LH-t1-St —-5715 5576 —5472 5268 —51.27 —49.80 —48.63 —47.80 —47.30 —4654 —4599 —45.82 —45.63
LH-t3-St —-56.22 5362 5262 —49.73 4759 —4638 —4493 4399 4333 4283 —4248 —4232 —42.18
LH-t8-St —5295 5146 5045 —4837 4694 4542 4425 4340 —4291 4213 —4158 —4141 —41.22
OOEH-3-5t —4720 —4640 —4545 —44.07 —43.08 —4213 —41.24 4059 -—40.16 3955 —39.03 —38.86 —38.71
DF-mix —51.58 —48.63 —47.67 —4479 4263 4142 —40.03 -39.11 -3845 3794 3755 3738 3725

8. Discussion and Conclusions

We performed extensive numerical tests to solve Huxley’s equation. The goal was
to explore the performance of some algorithms about which unconditional stability is
analytically proven for the linear diffusion equation; thus, excellent stability properties for
the nonlinear case were expected. For some, but not all, of the methods, these expectations
are fulfilled well.

LH-t1-Strang: According to the numerical tests, the LH with the t1 treatment and
Strang-splitting is generally the most efficient and reliable among the examined methods.
It provides relatively accurate results quite quickly for all the examined sets of parameters,
and no signs of instability are detected, even for extremely stiff systems of strong nonlin-
earity. Hence, non-strict time step size restrictions are necessary only to reach the desired
accuracy, but not for stability considerations.

LH-t1: This combination is usually slightly less accurate than LH-t1 with Strang-
splitting. It can be recommended when the diffusion part of the problem is much harder to
solve than the reaction part, e.g., due to small 3 or large stiffness.

LH-t3-Strang: This combination can also give very accurate results, and sometimes it
is the most efficient. However, in some cases, for example, if the simulated time interval is
long, it is not so reliable.

LH-t8-Strang: Usually slightly less accurate and efficient than the LH-t1-Strang and
LH-t3-Strang combinations. If, however, the geometry of the physical system is complicated
such that the construction of a bipartite mesh is hardly feasible, the hopscotch-type methods
are contraindicated.

OOEH-t8-Strang: The original odd—even hopscotch method can be proposed only for
an equidistant mesh with a constant diffusion parameter. In these cases, this method is
simpler to code than the LH scheme, and its accuracy is roughly the same.

CCL-t1-Strang: This combination is the opposite of the OOEH method from the point
of view that it has a relative disadvantage in the case of a physically homogeneous system
with an equidistant mesh. It is relatively slow but reliable for stiff problems. It should
be used only if the geometry is complicated and the odd—even division of the cells faces
difficulties.

DF-mixed: This combination is much faster and may be beneficially used for com-
plicated geometries. Its accuracy strongly fluctuates; thus, it should be combined with an
error estimator.

CrN: In the studied cases where the geometry is simple and the mesh is rectangular,
the Crank-Nicolson method with operator-splitting has no advantage against the LH
method. Its execution time strongly increases with the system size, so we advise using it
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only when the number of nodes is small. However, in that case, the CrN method without
operator-splitting, i.e., with standard Newton iterations, would be more accurate.

RK4: RK4 should be used if extreme accuracy is required; hence, the above-mentioned
low-order methods are not favorable.

AB2: The performance of AB2 is quite similar to the RK4 method due to its similar
conditional stability. It is a bit less accurate, but it is faster and requires less memory.

In the near future, we plan to compare the performance of our explicit methods with
the following:

(a) Implicit methods (such as Crank-Nicolson) without operator-splitting;
(b) Semi-explicit, semi-implicit, and implicit-explicit schemes;
(¢) Runge-Kutta—Chebyshev methods, which are explicit but have improved stability.

Our most important goal is, however, to extend these ideas to more complicated
nonlinear diffusion-reaction PDEs (such as the FitzHugh-Nagumo equation) and systems
of PDEs.
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