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Abstract: This paper examines fractional multi-time scale stochastic functional differential
equations that, in addition, are driven by fractional noises. Based on a specially crafted
fixed-point principle for the so-called “local operators”, we prove a Peano-type theorem on
the existence of weak solutions, that is, those defined on an extended stochastic basis. To en-
compass all commonly used particular classes of fractional multi-time scale stochastic models,
including those with random delays and impulses at random times, we consider equations
with nonlinear random Volterra operators rather than functions. Some crucial properties of
the associated integral operators, needed for the proofs of the main results, are studied as
well. To illustrate major findings, several existence theorems, generalizing those known in the
literature, are offered, with the emphasis put on the most popular examples such as ordinary
stochastic differential equations driven by fractional noises, fractional stochastic differential
equations with variable delays and fractional stochastic neutral differential equations.

Keywords: fixed-point principle; fractional calculus; multi-time scales; Peano’s theorem;
stochastic differential equations; Volterra operators

MSC: 26A33; 34A08; 34K50; 34K37; 60G20; 60H20

1. Introduction

Fractional differential equations (fDEs) arise in a quite natural way in many different
problems and have gained considerable popularity and importance in diverse fields of
science and engineering. In the past few decades, fractional stochastic differential equations
(fSDEs), which generalize complex processes both in the stochastic and in the fractional
senses, are used to model the noise driving option pricing, inflation modeling in economics,
the optimal management of populations, plasma physics, etc. Three of the most popu-
lar stochastic processes are frequently used: the fractional Brownian motion (fBm), the
Riemann-Liouville process (RLfBm) and the fractional motion based on the Lévy process
(fLm), which, in fact, is a generalization of fBm.

Whereas stochastic dynamics involving fractional noises are pervasive in the literature,
they do not usually possess the key concept behind time-fractional models, i.e., the systems’
memory effects, and the latter narrows the fields of applications of time-fractional equations
driven by fractional noise. Note that over the last few years, a series of studies have found
that many financial market time series display long-range dependence and momentum.
Long-range dependence has an important feature that explains the well-documented evi-
dence of volatility. The time-dependent viscosity is analyzed from a time series perspective
by computing the elements used to describe stochastic processes in mathematical finance.
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In this context, the viscoelastic effects are an ideal superposition of “purely elastic” and
“purely viscous” elements to describe the stochastic volatility of financial markets. Such
a superposition is often conveniently modeled in terms of the time-fractional Volterra
operators. Also, such hybrid models could be used for heavy-tailed, long-range-dependent
fluctuations in physical systems.

Inspired by a variety of applications of fractional stochastic differential equations, we
think that the time is ripe to start a unified study of these models. Our key idea is to use
the notion of fractional integration in multiple (deterministic and stochastic) time scales
Tj(t),j =1,2,... ,mintroduced in [1]

10 = [ FaT6)

In the paper [1], several independent deterministic scales defined via the Jumarie-type
fractional differentials [2] and one (non-fractional) stochastic component given by the Itd
differential were studied. Recall that the Jumarie derivative is defined for 0 < & < 1 as

£ = ey ap o (1= 96 — £,

and the corresponding integration is given by

[ )@ = [t -9 fs)as.

In our paper, we suggest to extend the multi-scale integration by adding several fractional
stochastic scales via the independent fractional Brownian motions. If we, finally, place the
Caputo differential on the left-hand side, then we arrive at the following general equation,
which covers most of the popular models and which is the main target of the present paper:

a1x(t) = Y- [(F)(O@) + (g) (a8l (1], M

j=1

where d7 is the Caputo fractional differential, (dt)%i are alternative time scale Jumarie dif-
ferentials [2], B]Hj are RLfBm processes with the Hurst indices H iy 0<gqg, G]- <1,0< H i < 1
(G = 1,...,m) and f;, g; are path-dependent, nonlinear Volterra operators; see
Section 2 for more details. Note that RLfBm in (1) can be replaced by fBm, as
fBm = const X (A + RLfBm), where A is a process with absolutely continuous paths
and can therefore be included in the first group of coefficients.

Equation (1) covers several specific conceptual models known in the literature:
(A)g=1,j=1,G; =1,0 < H; <1 (models driven by a fractional Brownian motion);
B)0<g<1,j=1, Gy =1, H = 0.5 (time-fractional models driven by the standard
Brownian motion);

O)0<g<1,j=2,fo=0,H =05,0 < Hy <1 (combinations of (A) and (B));
D)g=1,j=2,G1=1,0< Gy <1, g =0, H = 0.5 (a multi-time scale model).

Model (A) serves as a milestone in financial mathematics in describing an fBm market
environment. The monograph [3] could be used as a source of reference for the results on
this model obtained before 2008. Some interesting results and applications were obtained
in recent publications [4-14].

Model (B) is quite popular as well; see, e.g., [15-23].

Model (C) was examined in [24-26].
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Multi-time scale stochastic differential equations (D), based on the Jumarie differen-
tials [2,27-29], were first introduced and examined in the most cited paper [1]. Recent
qualitative analysis of the Ladde-Pedjeu model, see, e.g., [30], where a non-Lyapunov
stability algorithm was designed for this model, as well as its wide applications in finance,
epidemiology, robotics and networks [31-36], drive us to consider more general models,
i.e., multi-time scale stochastic differential equations driven by fractional noise. In our
analysis, we assume that the fractional differentials on the right-hand side of Equation (1)
are expressed via the standard Lebesgue and It differentials. In the integral form, it
reads as ,

Ji €()(ds) = G; [y &(s)(t—s)%'ds  and

0

JE 2()aBl (s) = T(H; +1/2) [} &(s)(t — )" 2dBy (s),

see [1,3], respectively.

The analysis of the combined model (1) may pose new features which differ from those
described by specific models and provide more insight into the description and explanation
of the underlying phenomena. Also, it is intriguing from the pure mathematical point of
view, as it offers technical challenges to the classical methods, since many of the standard
techniques simply do not work in this setting. For instance, the standard martingale
techniques, used to prove the existence of solutions, is only applicable in some special,
e.g., linear, cases [37].

For stochastic differential equations, several profound generalizations of the classical
Peano existence theorem were suggested. The main technical difficulty was that no solutions
may be available on the underlying probability space, which therefore needs to be changed,
thus giving rise to the notion of a weak solution. We prove the existence of weak solutions of
fSDEs using a convenient fixed-point theorem for the so-called “local operators” [38]. The
theorem was first published in [39], and its detailed proof can now be found in [40]. This
result, in a slightly weaker form, is formulated in Appendix A for the sake of convenience.

This paper is organized as follows. Section 2 contains some preliminaries on function
spaces, lists our assumptions and definitions, along with our motivation and examples.
It also states the main object of this paper. In Section 3, the compactness, tightness and
continuity of all integral operators are examined. Section 4, consisting of four subsections,
contains the main results of this paper. In Section 4.1, we prove Theorem 1 using a specially
crafted fixed-point principle for local operators, which serves as the theoretical basis of
our studies. In Theorem 1, we chose to define the right-hand sides to be abstract nonlinear
and random Volterra operators, in order to put different specific classes of fSDEs under the
same umbrella. Some of these classes are treated in Sections 4.2—4.4, which illustrate the
major findings. In these subsections, the existence theorem is applied to ordinary fractional
stochastic differential equations, fractional stochastic differential equations with delay and
fractional stochastic neutral differential equations, respectively.

Let us remark that the chosen level of generality of the main equation allows for
including a countable number of arbitrary impulses at random times into any considered
model. In addition, delays are not supposed to be continuous, so that our results cover
impulsive delay effects. Some ideas concerning further research are discussed in Section 5,
while Appendix A contains an overview of some relevant results from [40], including the
fixed-point principle formulated in Section 4.1.

The appended bibliography is not intended to be highly comprehensive, and there is no
pretense that all significant aspects of the subject are represented therein. Undoubtedly, we
have overlooked some very relevant papers of which we are cognizant, and unfortunately
others of which we are not aware. To the authors of all such papers, our regrets are
extended herewith.
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2. Preliminaries

Let T = [to, tp + T|] be an arbitrary closed subinterval of the real axis and
B = (Q,F, (Ft)er, P) 2

be a fixed stochastic basis with a non-decreasing, right-continuous filtration ()<, con-
taining complete (with respect to the measure P) o-subalgebras of the c-algebra F. The
corresponding expectation will be denoted by E. A Bor(7) ® F-measurable stochastic
process ¢(t) = ¢(t,w), t € T, is called Fi-adapted [41] if (¢, -) is Fy-measurable for all
t € T. Here Bor(T) is the o-algebra of all Borel subsets of 7.

The stopping time on B is the mapping 7 : () — 7T satisfying the property {w € Q) :
T(w) <t} € Fiforany t € 7. Any stopping time T generates the o-algebra

Fe={ACQ: An{t <t} e Fiforallte T}.

e |.|is the matrix norm on R™*".

e 1, is the indicator of the set A.

e X s the separable normed space with the norm ||.||x.

e Forany separable metric space S, the set P(S) of all (equivalence classes of) measurable
functions x : (2 — S (also referred to as random points in S) is again a metric space
equipped with the topology of convergence in probability; note that if X is a separable
normed space, then P(X) becomes a linear metric, but not locally convex, space; to
simplify the notation, we always disregard the difference between equivalence classes
and their representatives considering the latter as elements of the space P(S) as well.

e Bounded subsets A C P(X) can be described as follows: for any € > 0 there is a ball
B, = {x € X: ||x|| < r} such that

P{x ¢ B,} <¢

for any x € A.

e Cy =C(T;R")is the space of all n-dimensional functions that are continuous on 7.

. Lf’r = LP(T;R") (1 < p < o0) is the space of n-dimensional functions that are p-
integrable on 7 with respect to the Lebesgue measure.

e (g contains all F;-adapted n-dimensional stochastic processes on 7, whose trajectories
almost surely belong to the space C7.

. EPT contains all F;-adapted n-dimensional stochastic processes on 7, whose trajecto-
ries almost surely belong to the space Lé’-.

e Incase B is replaced by another stochastic basis B*, we will write C7(B*) and E;;-(B*)
instead of Cy and £$-, respectively, so that Cy = C(B) and £} = C?-(B).

Remark 1. The equivalence classes of stochastic processes from C1 and EPT can be identified with
the equivalence classes of F-measurable mappings from Q) to Cy- and LY., respectively. This enables
us to equip the former spaces with the topologies of convergence in probability in the Banach spaces
consisting of the respective trajectories.

The following classes of operators will be systematically used in this paper.

Definition 1. A mapping F : X — Y, where X, are two spaces of functions defined on T, is
called a Volterra operator if for any t € T and almost all s € [to, t], the equality x1(s) = x2(s)
(x1,xp € X) implies that (Fx1)(s) = (Fxz)(s).
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The main equation to be studied in this paper is

x(t) = x(to) = 3

ﬂﬂ(ﬁxt—ﬁW’%%xﬂﬂd&+Lat—@m’%qxﬂﬂdWﬂ®>, ®)
where x(t) (t € T) is an Fs-adapted stochastic process. To extend areas of applications
we assume that b; and ¢0; are nonlinear random Volterra operators rather than functions
to cover the wide classes of fSDEs used in multiple applications. It is quite important to
remark that integrations in Equation (3) are treated as operators with singular kernels and
not as the integrals with respect to the fractional Brownian motion [3].

Note that by putting bjx = G;T~1(q) fjx, 0jx = T (q)T "1 (H; + 3)gjx, a; = Gj + g — 1
and B; = Hj+g — %, we obtain the integral counterpart of fSDE (1). This follows from
the representation formulas for the involved differentials, see [1,3,42], respectively. In
particular, by a solution of fSDE (1), we understand an adapted stochastic process x(t)
satisfying the integral Equation (3) with b; and 0; defined in the above way.

The initial condition for Equation (3) reads as

x(tp) = xo, 4)
where x( is an J; -measurable random point in R".

3. Basic Properties of the Integral Operators with Singular Kernels

In this section, we study qualitative properties of the integral operators I* (« > 0) and
JP B> %). Some of the properties of the deterministic operators I* can be found in the
literature, see, e.g., [43], but we prove them for the sake of completeness and because a
similar technique is later used to study the stochastic operators JF.

We define the integral operator I* by

U%ﬂﬂz[}bﬂylwﬂk(a>m. 5)

Here u is a function defined on 7 and taking values in R". It is well known (see, e.g., [42])
that the integral (5) exists if u € Llr.

Proposition 1.

1. The operator I* is compact as an operator from LlT to LlT.
2. Ifa > 1, then the operator I* maps Lg- to Cy forany p > 1.
3. If0 <& <1, then the operator I* maps LPT to Cr ifand only if p > %

Proof. To simplify the notation, assume below that tp = 0and T = 1.

Part 1. Put
v—2 k
Su(t) = Z *1[k+71 kﬁ)(t) (6)
k=0 1% v

Consider a linear integral operator
o gu(t) a—1 =
() = [ (=9 uls)ds = L s v () [

k
Each of the operators [’ (t —s)*~1u(s)ds is compact as an operator from L} to

LY([%£L, E£2]); R", as their kernels are continuous on [0, §] x [&81 &2 [44] [Ch. XL.3].

Hence, I : LlT — L%— is compact as well.
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On the other hand, for an arbitrary u € Llr

1% = B )ull = fo ] o g, ,0() (¢ = )% Tu(s)ds|
< fo [8()lds fo Lig, () (¢ —9)* "t
< ullpy sup fo Lg, e (s)(t —s)*tat

s€[0,1]

t:s+% L

(t=s)*
=t = Zellul,

1 _
S ||MHL,17_ Sup f() 1[5,5+%](t)(t - S)lx 1dt — ||u||L'17' X
5€[0,1] v

Hence, || I* — I{j‘HLlT — 0as v — oo, so that I : LI — L1 is compact.

Part 2. We prove the property of continuity in ¢ for parts (2) and (3) simultaneously, and
this proof essentially mimics the one offered in [44] [Ch. XI.3], although the corresponding
result there does not formally imply statements (2) and (3) of Proposition 1. We still assume
the interval 7 to be [0, 1] for the sake of simplicity.

For « = 1, the statement is the standard property of the Lebesgue integral. We assume,
therefore, that & # 1. For a given p > max{1; 1}, letr = % Thus, (x —1)r+1 > 0, so
that we can choose 0 < 7y < 1, satisfying

(a—y—1r+1>0. (7)
For a fixed, sufficiently small 1 > 0, we prove that
1 r
L= [ |t =51 00 (8) = (= )" Mg (5)| s < CHY” ®)

for some constant C. This will follow from the following estimates:

t
h = / (t )« Drds < Cih™, ©)
t—2h
t+h
L= / |t+h — s Vrds < G (10)
t—2h
and
t—2h r
b= [ frn—st =@ —stas < g an
0

To check (9), we write

t t
I = / (£ — ) @=1=D7 (¢ — §)7"ds < (21)"" / (t — §)@=1=Drdgs — Cyh7".
t—2h t—2h
The last integral is finite, as (« —y — 1)r > —1 due to (7). A similar argument applies
to (10).
To verify (11), we put ®(t,s) = (a« — 1)(t — s)*~2, and notice that

1 1
/0 D7 (t,5)| (£ — s)1=77ds = |a — 1|’/O (t— 5)@=r+0-r45 < ¢, (12)

as(a—2)r+(1—y)yr=(a—y—1)r>—1.

Now,

I = 5*2’1’ tth)(A,s)d/\’rds

— —2h h - r
< 2007 772 [ (4, ) (A — )TV i,
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because [A —s| > |t —s| — [A —t| > |t —s| — h > 5%, Then, due to Holder’s inequality,

I sz(ﬁgg?g,jg‘Zh DT (A, ) [(A — ) TMrdA x ([ da)p

wr/p ftt+h t—2h |d>r()\ S)|(/\ _ s)(1*7)’dsd/\ < Cohr(’yfl)+r/p+l = Coh"",

_h17

which gives (11) with C3 = Cy due to (12).
Combining estimate (8) with Holder’s inequality yields

1 r/p
@ru)e ) = O < 1 [ uE)ras) <l
Replacing t by t — I we obtain
[Iu(t —h) — I*u(t)|” < Ch7r||u\|’LpT.

Thus, the function (I*u)(t) is continuous.

Part 3. The examples below show that the estimate p > 1 is sharp. We assume that
n=1.

Forany0 < a < landp < 1, leta <y < %to =—1, T =2,u(s) = |s|7. Then,
u e Lé’- as py < 1, but the integral

0 0
(*u)(0) = [ ()" s|7ds = [ [s|*~7 s
-1 -1
diverges,asa —y —1 < —1.

For p = % O<a<l),lettp=—-05T=1and u(s) = Then, u € LT,asthe

\S\"‘ln\S\

integral [ 8655 m is convergent. On the other hand, the integral
0 (—s)a! 0 ds
ruo) = [ e ds= [
(Fu)(0) —05 [s|*In|s| —05 |s|In|s|
is divergent. [J

Now we will examine the stochastic singular operators
t 1
1P = (Pu)(s) = [ (=) ()W) (8> ), 13)
0

where W is the standard scalar Wiener process defined on 7 and u € £3-.
To describe the desired properties of the operator (13), we need two definitions.

Definition 2. Let X and Y be separable metric spaces and A C P(X). A (nonlinear) operator
H: A— P(Y) is called local if

x¥(w) =y(w) for we A as. implies Hx(w) = Hy(w) for w € Aas.
forany x,y € Aand A € F.

Let X be a separable Banach space and P(X) be the (metrizable) space of all F-
measurable random points x : 3 — X. Recall (see, e.g., [41]) that a set K C P(X) is called
tight if for any € > 0 there exists a compact set K C X such that P{w : x(w) ¢ K} < e
whenever x € .
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Definition 3. Let X and Y be two separable Banach spaces. We say that an operatorh : A — P(Y)
defined on a subset A C P(X), is tight (resp., tight—range) [40] [Def. 3.8] if

1. his uniformly continuous on any tight subset of A.
2. h maps bounded subsets of A (resp., the entire A) to tight subsets of P(X).

The next proposition summarizes some basic properties of the operators JF.

Proposition 2.

1. The operator JP is tight as an operator from [,%— to [,%—.

2. IfB > 1, then the operator JP maps E%{Z to C forany q > 1.
3. Ifp<landq> 2/3%1/ then the operator JP maps E%ﬂ to Cr.

Proof. Without loss of generality, we assume 7 = [0, 1].
Part 1. Using the functions gy (t) defined in (6), consider the linear integral operator

— 8O (£ — 5)P-1u(s)dW(s)
= T30 Lkt a2 (1) Jo' (£ = 5)P~ u(s)dW(s).

k
Each of the operators [y’ (t — s)P~1u(s)dW(s) is tight as an operator from £3 to

L2([EL, K21, R, as their kernels are continuous on [0, £] x [&51 K27 [40] [Ex. D.16].

Hence, ]Vﬁ : EZT — E%— is tight as well.

Below we use
1 2
/ v(s)dW(s)| =
0

For an arbitrary u € £2, we have

E

(e[ Pores) ©e )

EP ~ Bl = fo tE]fo g, (1 (5) (¢ = )P Tu()AW(s)|
— th( o1 t—s)z(ﬁ*1)|u|2(s)ds)
< Ellul, sl[lp i 9t -2

se
_ 2p-1
< Effullp2 SuP] I Loy (O)(E = s)?P~2dt = WEH”HLZT-

se€[0,1

Hence, E||J? — ]5 I 2= 0 as v — oo. Thus, the sequence {I,/,3 } of local and tight operators

converges to the operator If, and this convergence is uniform on the sets {u € ng
E||ul| 2 < r}, r > 0. Therefore, this convergence is also uniform on the sets £2- N P(B;),
where B, C Lgf is a ball of radius r centered in 0. By Proposition A4, the operator JF :
EZT — EZT is tight as well. Due to the continuous embedding of the space LZT into the
space LlT, any tight subset of E%— is tight in ElT. This proves the tightness of the operator
P - £%- — E%-.

Parts 2 and 3. For B = 1 the sample continuity in ¢ is the standard property of It6’s
integral. We assume therefore that g # 1. For a given g > max{1; 2[31—71}, letr = o= L. Let
us, in addition, choose 0 < 7y < 1 satisfying 2r(f — vy —1) +1 > 0 and 6 > 0 satisfying
26y > 1. As in the case of the operator [*, we may assume that the parameter / below
is positive.
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Using the standard estimate for Itd’s integral and Holder’s inequality yield for some
M >0,

E|fy ™ (4 h =) Tu(s)aw(s) — [t fs)ﬁ_lu(s)dW(S)r
/
< ME(fJ (£ =)y (5) = (= )P 11, <s>]2u2<s)d52‘5 i

2r (5/(2?’
= M(fo1 [(f +h—s)P 1, (s) = (F=5)P 1y (S)} ds)

/
><E(f01 uzq(s)ds)é (zq).

By (8), :
2r
/O [(t +h—s)P Mg (s) — (E=9)P Mgy (S)} ds < Ch*7".

Hence,
5 R
E|(7Pu) (£ + 1) = (FPu) (1) < MCIPT™/ COE|[ul,, = MCIPE ],
T T

As 298 > 1, the stochastic process (JPu)(t) satisfies Kolmogorov’s criterion, accord-
ing to which it is sample continuous provided that |[ul| 2 is bounded almost surely
T

(which guarantees that E\|u||‘z < ©o0). For an arbitrary u € ng’, take v € N and put

2

g

uy (t) = my(u(t)), where 7, is the projection of the space Lqu onto the ball in this space of

radius v centered on the origin. Then, u, € E%f’ and [Jul| 2 < v almost surely for any v.
T

Therefore, (JP uy)(t) is sample continuous for all v € N. On the other hand, for an arbitrary
e > 0, thereis v € N such that PQ, < ¢, where O, = {w € Q: uy(-,w) # u(-,w)}. As
the operator J# is local (see Appendix A), we obtain (JPu)(-,w) = (JP(uy))(-,w) is sample
continuous for almost all w € QO — O,. As e > 0 is an arbitrary positive number, the
stochastic process JPu has almost surely continuous paths, i.e., it is sample continuous. [J

4. Main Results
4.1. Existence of Weak and Strong Solutions

In this section, we consider main Equation (3), taking for granted the following
assumptions:

(A1) Wy(t),..., Wy(t) are the standard scalar Wiener processes, not necessarily independent,
defined for t € T on the stochastic basis (2).

(A2) Foreachj=1,...,m, p; =1ifa; > 1and p; > 0}—]1f0 <waj<1lgq=1ifp; > land
q]‘>2ﬁj%1if%<ﬁ]’<1.

(A3) b;(-,w) : LT — L?, oi(,w) : LT — LZqu (w € Q) are random continuous Volterra
operators (j =1,... ,m), which for any u € LF are Fi-adapted stochastic processes on T .

Equation (3) is endowed with the initial condition (4).

It is well known (see, e.g., [45]) that even ordinary scalar stochastic differential equa-
tions with continuous coefficients may require different probability spaces to host their
solutions. One of the constructions was suggested in the seminal paper [46], where the
underlying probability space was replaced by its product with the space of trajectories,
e.g., with the space of continuous functions. In our paper, we utilize this approach using
more general extra factors. This explains the following terminology:
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Definition 4. The expansion B* = (Q*, F*, (F}")teT, P*) of the stochastic basis (2) will be called
acceptable if it satisfies the following properties:

1. QOF is defined by O* = Q x Z, where Z = ]K[ Z(") equipped with the product topology,
m=1

and Z™) are all copies of either the space LPT or the space C1 and v may be any natural value
or oo;

2. The marginal measure P}, is the limit point (in the narrow topology) of a sequence of random
Dirac measures (SRk(w), where ay € Z (k € N);

3. F*and F} are the P*-completions of the o-algebras F @ Bor (Z) and F; ® (g') " (Bor (Zt))

p

(Zy = ﬁ Zt(m), (t € T)), respectively, where Zt(m) are copies of either the space L[to ] 0" the
m=1 ,

space Ciy, -

It is important to remark that this is a particular case of the classical definition
of a weak solution. Yet, we will only use acceptable expansions, i.e., those in the
sense of Definition 4, of the underlying probability space to construct weak solutions of
Equation (1). An abstract counterpart of this notion can be found in [40] [Sec. D.5].

Definition 5. Let A denote either Lig— (1 < p < o0)or Cr and an operator H : A — A
be local and uniformly continuous on tight subsets of its domain. If there exists an acceptable
expansion B* = (Q*, F*, F}, P*) of the stochastic basis (2), where Q* = Q x Z and Z = L} or
Cr, respectively, with the appropriately defined F*, F}, and a random point x* € A* such that
H*x* = x*, where H* : A* — A* is a unique local and continuous extension of the operator H
(see Proposition A5 of Appendix A), then x* is called a weak fixed point of the operator H.

Summarizing this definition, we note that it is only a new probability measure P*
which may vary in all constructions of the extended stochastic basis, while the other
components are given as described in the definition and remain the same. Only this
algorithm will be used in the Fixed-Point Principle below and, later, in Theorem 1.

Definition 5 enables us to formulate a useful fixed-point principle that is used to prove
the main results of this paper.

Fixed-Point Principle. Let A denote either [,g- (1< p<oo)orCr.

1. Ifanoperator H : A — Ais local and tight-ranged, then it has at least one weak fixed point
in the sense of Definition 5.

2. Assume that an operator H : A — A is local and uniformly continuous on tight subsets of
A. If H has at most one weak fixed point for any acceptable expansion B* of the stochastic
basis B, then any weak point of H will be equivalent to a strong fixed point of H, i.e., the one
belonging to A.

The justification (rather technical) of this principle can be found in [40] [Th. 5.2], where
its more general form is offered. Note that this result was first announced in [39].

Returning to fSDE, let us first notice that if # is a stopping time on the stochastic
basis B and if B* is an acceptable expansion of B, then # o ¢ will be a stopping time on
B*, where ¢ : (O* — Q) is the projection onto () if (3* is defined as in Definition 4. In what
follows, we will always write 1 instead of # o ¢, because it usually does not cause any
misunderstandings.
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Definition 6. Equation (3) has a (local) weak solution if there exist an acceptable expansion B*
of the initial stochastic basis B, a stopping time T : QO — T on B*, T > ty P*-a.s., and a sample
continuous, n-dimensional and F; -adapted stochastic process x(t, w*), t € T, w* € QF such that

t

/t(t — s)”‘ffl(b]-x)(s)ds + [ (t— s)ﬁfl(ajx)(s)dwj*(s)> (14)

to to

(1) = (i) = 3

j=1
P*-almost surely on the random interval [to, T|, where
Wi (t,w*) = Wit e(w®)) (j=1,...,n)
are the standard scalar Wiener processes defined on the extended stochastic basis B*.

The fact that W].* are the standard Wiener processes follows from [40] [Ex. D.22].
The main result of this paper is the following Peano-type theorem.

Theorem 1. Let Assumptions (A1)-(A3), hold.

1. Equation (3) has at least one weak solution x(t) satisfying the initial condition (4).

2. If the sup-norm of all weak solutions of the problem (3) and (4) on the interval T is a priori
bounded in probability, then these solutions are a.s. defined on this interval.

3. If for any acceptable expansion B* of the stochastic basis B the initial value problems (3) and
(4) have at most one weak solution on the interval T, then any weak solution on this interval
is strong, i.e., it is defined on the original stochastic basis (2) forall t € T.

Proof. We shall utilize the Fixed-Point Principle formulated above. It will be applied to a
local and tight-ranged operator acting in the space £1-. The outcome will be a weak fixed
point of this operator, i.e., a random point defined on some acceptable expansion of the
original probability space in the sense of Definition 4. We assume that v = 1 in the first part
and v = oo in the second part of the proof.

Part 1. Consider the random continuous projection ., of the space R" onto the
ball B; of radius 1 centered at the random initial value xy(w), and define the truncated
coefficients as

bii(x,w) = bj(Kcld(x,w),w), oip(x,w) = (T]‘(K}U(x,(u),a}).

By construction, bjfl,, 0jy are random continuous Volterra operators acting in LlT and in L%-
(j =1,...,m), respectively, and satisfying the same measurability conditions with respect
to the filtration F; as the operators b; and o;.

Consider the operator

(Hyx)(t) (15)

I
1=z
=
=
Ry

+
N
=~
T
Ry
=

m
l

where

and
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To check that the operator Hj : £1 — ET is local and tight-ranged, we consider the
following superposition operators:

x(w) — b]l(x(w),a)) (16a)
x(w) = 01 (x(w), w) (16b)
x(w) — I"‘ i(x(w),w) (16¢)

By Assumption (A3), the operators (16a), (16b) and (16c) map the space P(L%—) to the
spaces P(Lgi), P(L 2q]) and 73(L1 ), respectively. By Proposition A2, the operators (16a),
(16b) and (16c) are local and uniformly continuous on tight subsets of the space P(L%-).
Moreover, due to the property of adaptedness required by Assumption (A3), they map
adapted stochastic processes to adapted ones, or in other words, they map the space ClT to
the spaces c, ﬁ%ﬁj and L, respectively.

Assumption (A2) combined with Proposition A3 implies that the integral operators
JPi E%— — Llr are local and tight. Hence, by Propositions Al and A2, the operator
Hj : E%— — ElT is local and uniformly continuous on tight subsets of its domain as well.

To prove that the operator Hj is tight-ranged, it remains to show that it maps the space
LY to its tight subset.

According to Proposition 1, the linear integral operator I/ : LlT — LlT is compact so
that the superposition operator (16¢) is tight by Proposition A2. On the other hand, the
superposition operator (16a) maps the entire space ElT onto some bounded subset of Egl.
Hence, the operator U; ; : £l — £l is tight-ranged.

Similarly, the linear integral operator J#i : L2 — L1 is tight by Proposition 2, and the
superposition operator (16b) maps the space ﬁZT onto some bounded subset of [,ZTLU . Hence,
the operator Vj; : LY — £l is tight-ranged.

We have, therefore, proven that the operator H; : £%— T in (15) is local and
tight-ranged.

Now, by the Fixed-Point Principle, there exists an acceptable expansion

B' = (0!, F', F,ph,

of the stochastic basis B, where Q! = QO x Z and Z = Llr, and a weak fixed point
x1 € L1-(B') of the operator Hy, where W; is replaced by the Wiener processes on B, as it
is described in Definition 6. Notice that |x; — x| < 1 P'-a.s. by construction. Evidently, this
solution is sample continuous. Hence the stopping time 7 (t) = inf{t : |x1(t) — xo| > 1}
is well-defined and 7, > fg a.s., so that the restriction of x; to the random interval [fy, 7]
solves the initial value problem (3) and (4) on this interval. For the sake of simplicity, we
may still denote this solution by x;. This proves the first part of the theorem.

Part 2. Here, we iterate the procedure from Part 1 by induction. If v > 2 and x,,_; is an
already constructed weak solution defined on an acceptable expansion

vil — (Qvfll}-vfl,};vfllpvfw

constructed as described in Definition 4. The solution x,,_; is assumed to satisfy (3) and
(4) on the random interval [a, T,_1] for some stopping time 7,_1 on B'~! and to obey the
estimate |x,_; — xo| < (v —1) P l-a.s. Put

f(t) _ { X(f) (t > Tv—l)

xv—l(t) (t < Tv—l)
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and define the operator

(Hux)(t)

& m t a;i—1 b d t ‘B'fl d (17)
— 5o+ (S (E =59 (byx) ()ds + [} (£ = 5)P " (07,%) (5) AW (s)

where W]V_l are the standard Wiener processes on BY~!, constructed as explained in
Definition 4, and b;, and 0}, are superposition operators generated by the following
random Volterra operators:

(bjy (x, w))(t) = {

(Gx(- ) (8) = { (5(2(- @) o), ) (t) - (t 2 Ta ()

(0j(xya(w),w))(t) (< Ta(w))

where «x, are random continuous projections of the space R" onto the ball B, of radius
v centered at xo(w). Evidently, the operators b;, and ¢;, satisfy Assumption (A3) with
respect to the filtration (F} ~1). Therefore, as it shown in the first part of the proof, the
operator Hy, : E%—(Bv’l) — L%—(B”’l) is local and tight-ranged. Hence, it has a weak fixed
point x, defined on an acceptable expansion B of the stochastic basis BY~1 constructed
as explained in Definition 4 (i.e., OV = Qv-1x L%—). As before, x, is sample continuous,
so that 7, = inf{|x, — x| > v} is well-defined and satisfies 7, > T7,_1 a.s. Therefore, the
weak fixed point of the operator H, gives rise to a local solution defined on BY for all
t € [to, Tv]. We denote this solution by x, as well. By construction, it a.s. coincides with
xy_1 on the random interval [a, 7, 1] and satisfies |x, — xg| < v P'-a.s. The induction
argument is completed.
Now, by letting v — co we obtain the stochastic basis

B* = (QF, F*, F{,P¥)

to be the projective limit of the sequence of the stochastic bases BY (in particular,
1%
Of = QO x Z, where Z = [[ Z™ and Z(™ are all copies of the space LlT). Accord-

m=1

ing to Definition 4, see also [40] [Ex. D.21], the stochastic basis B* is acceptable. Clearly,
all 7, remain stopping times on B*. Let us, therefore, put x*(t) = x,(t) if t € (1,-1, ],
v € N. Evidently, this stochastic process is sample continuous on the random inter-

val [tp, T), where T = supT, is a stopping time on B* and satisfies the initial value
vEN
problem (3) and (4), where W; are replaced by the standard Wiener processes Wj* on

B*. Moreover, by construction, 7(t) = T if and only if |x* ()| < co P*-a.s. on [t, T]. This
means that if the sup-norm of all local weak solutions of (3) and (4) on the interval 7 is a
priori known to be bounded in probability, then x*(f) is a.s. defined for all tp <t < T.

Part 3. Finally, let us assume that the initial value problems (3) and (4) admit at most
one weak solution on the interval [a, b] for any acceptable expansion B* of the stochastic
basis B. This means that the integral operator on the right-hand side of Equation (3), which
is local and uniformly continuous on tight subsets of the space £, has at most one weak
fixed point in this space for any acceptable expansion B* of the stochastic basis 5. Then, by
the Fixed-Point Principle part 2, any weak fixed point of this operator must be defined
on the stochastic basis B. This fixed point will be a strong solution of the initial value
problems (3) and (4) on the interval 7. O
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Remark 2. Theorem 1 does not formally cover stochastic equations with impulses. However, as
the initial condition (4) is random, we can always include models with a countable number of
random impulses at increasing stopping times in our scheme by simply dividing the interval T into
subintervals, where we can successively apply Theorem 1. This remark is also valid for all equations
considered in the next section.

In the next subsections, we examine some particular cases of Equation (3), the main
tool being Theorem 1. From now on, the Lebesgue measure on 7 is denoted by .

4.2. Ordinary Fractional Stochastic Differential Equations

Consider

x(t) — x(to)

e (= s x s + (- 9P gl x(sawy() Y

on the interval t € 7 under the following assumption:

(B1) The functions fi(w,t,x) and gj(w,t,x) are F @ Bor (T )-measurable in (w, t) for all x € R"
and j = 1,..,n Fy-adapted in w for any t € T and x € R", continuous in x € R" for P ® p-almost
all (w,t) € Qx T and forallr >0

/ (sup |fj(w,t,x)[)Pidt < oo, / sup |gi(w,t, x)|)¥idt < o as.

[x|<r [x|<r

Theorem 2. Let Assumptions (A1), (A2) and (B1) hold. Then, for any initial condition (4),
Equation (18) has at least one (local) weak solution.

Proof. According to Assumption (B1) and the standard properties of the superposition
operator, the random operators

bj(x(+), w) = fi(w, - x(-)) and 0j(x(-), w) = gj(w, -, x("))
satisfy Assumption (A3), which enables us to apply Theorem 1. [

Some conditions for the uniqueness property can be found in, e.g., [47]. Together with
Theorem 1, this yields the existence of strong solutions of Equation (18).

4.3. Fractional Stochastic Differential Equation with Random Delays

Consider
x(t) — x(to)
iz;ﬂl(ft f](S X(Clj( )) ,X(ij(s)))ds (19)
+ fto t— s ﬁ gj(S,x(d1]'(S)),. .. /x(dkj(s)))dwj(s)) (t eT)

under

(B2) The random delays c;j = c;j(t,w) < t, d;jj = djj(w,t) < t (w € Q) are Bor(T) ® F-
measurable stopping times forall tg < t <ty +T,i=1,... ,kj=1,...,m
Equation (19) is equipped with the initial condition (4) and the prehistory condition

xX(s) = ¢(s) (s <to), (20)

where the function ¢ is a Bor(—oo,ty) ® Fy,-measurable and a.s. locally bounded on
Q) x (—o0, ty) stochastic process.



Mathematics 2025, 13, 204

15 of 21

The deterministic fractional delay equations are discussed in the monograph [42]
[Ch.2]. The stochastic fractional delay equations were introduced in [48].

Theorem 3. Let Assumptions (A1), (A2) and (B2) hold. Then Equation (18) has at least one (local)
weak solution for any initial condition (4) and prehistory condition (20).

Proof. To represent Equation (19), together with the prehistory condition (20), as in
Equation (3), we exploit the reduction algorithm, which is described in the monograph [49]
and which consists of moving the prehistory process ¢ to the right-hand side of the equation
in question. Foranyi =1,2,j=1,... ,mand t € T put

o= ) X)) (eii(t) = to) = ] x@5(0) (@) = ko)
and
=4 0 (cij(t) = to) ) O (dij(t) > to)
(7)1 {qo<cij<t>> (egtt) <) P { p(dy(1) () <to)

Clearly, C;j and D;; are bounded linear operators in the space L. Therefore, by Assumption
(B2) and the properties of the superposition operators generated by the functions f; and g;,
listed in the proof of Theorem 2, the random operators

(bjx)(w) = fi(w, (Cojx) (@) + @1j(w,-), ..., (Cyx) (W) + pgj(w, -))

(07)(w) = g;(@, (D12)(@) + (@, ). , (Dig) (@) + i (@, ) )

)
satisfy (B1). By this, the systems (19) and (20) are represented as Equation (3). According
to Assumption (B1) and the standard properties of the superposition operator, the ran-
dom operators b; and 0; satisfy Assumption (A3), which enables us to apply Theorem 1,
ensuring the existence of a weak local solution %(t) ([tg, T]), where T > tj a.s. is a stop-
ping time, that satisfies the initial condition (4). Defining x(t) = %(f)I;) 1] + ¢I(_co ;) and
using Formula (23), we see that x(t), by construction, satisfies Equation (19), the initial
condition (4) and the prehistory condition (20). [

Remark 3. As the delays c;j(t,w) and d;j(t,w) are not supposed to be continuous in t, the
fractional differential Equation (19) includes the case of impulsive delays. This remark also applies
to the fractional neutral differential Equation (24).

4.4. Fractional Stochastic Neutral Differential Equation

Stochastic neutral (non-fractional) differential equations are quite popular in the
literature, see, e.g., [50,51], and the references therein. A deterministic fractional version of
neutral equations was introduced in [42] [Ch. 2.2].

Below, i > 0 is a fixed constant, Z = [tg — h, tg) and J = Z U T . Consider a stochastic
version of the fractional neutral differential equation on 7

d*[x —z(t, x(p1(t)), ..., x(pi(1)))] (24)
= fltx(er(t), .. x(ex(t))dt + LIy gj(t, x(dyj(t)), .., x(dyj(£)))dW(t)

equipped with the initial condition (4) and the prehistory condition

x(t) =¢(t) (tel), (25)
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where ¢ = ¢(t,w) is a Bor(Z) ® Fj,-measurable and a.s. essentially bounded on the Z x ()
stochastic process.
Introduce the assumptions

B3)p=1,4q;=2ifa=1andp > %andqj> Ml—qu% <a<l(=1,...,m).

(B4) The functions f(w,t,x) and gj(w, t, x) are F @ Bor(T )-measurable in (w, t) for all x € R",
Fi-adapted in w for any t € T and x € R", continuous in x € R" for P ® p-almost all (w,t) €
QxTandforallr >0andj=1,.,n

/ (sup |f(w,t,x)|)Pdt < oo and / sup |gi(w,t, X)) idt < o as.

|x|<r |x|<r

(B5) The random delays ¢; = ¢;(t,w) d;; = d;j(t,w) are Bor(T) @ F-measurable stopping times
a.s. satisfying to —h < ¢;(t) <t, tg—h < di]-(t) <tforallty <t <to+T,i=1,...,k
j=1...,m

(B6) to — h < p;(t) < t are scalar Borel-measurable functions defined on T and z(t,x', ... ,x¥)
(t € T, x' € R") is a continuous function with the property

L . o
z(tx', o xF) =zt 2, ) < MY x| forall ¥, % € R"
i=1
forsome M € R,0 < M < 1.
By a local weak solution x(t) (t € J) of (24) we mean a stochastic process, which is a
sample continuous on 7 and which satisfies

x( ) z(t, x(pr(t)), - x(pi(t)) = x(to) — z(to, x(p1(to)), ..., x(pi(to)))
(@) Jy(t=s5)"" 1f (s,x(c1(s)),- -, x(ck(s)))ds (26)
+Z}”1T o) [o(t=3)"""gj(s, x(dl]( )) -, X(dgj(s)))AWS (s)

forall t € [tp — h, T]. Here W* are the standard scalar Wiener processes defined on some
acceptable expansion of the stochastlc basis (2), and T > fg a.s. is a stopping time on this
stochastic basis.

Theorem 4. Let Assumptions (A1) and (B3)—(B6) hold. Then, for any initial condition (4) and the
prehistory condition (25), Equation (24) has at least one (local) weak solution.

Proof. To represent Equation (26) as Equation (3), we first represent it in a form sim-
ilar to (19) from the previous subsection. To this end, consider the deterministic
functional equation

x=Z(xy), ZEy)® =2t x(pi0), .. x(p) -y (teT) @)

in the space L%, where y € L% is an arbitrary function. Due to Assumption (B6),
the operator Z(-,y) is a contraction with the constant M < 1 for ally € L%. In
particular, Equation (27) has a unique solution x = Ky € L% for each y € L7 and
: _7n _
Tim [[Ky — Z"(0, )]} = 0.
Moreover, || Z(x1,y1) — Z(x2,¥2) |0 < M||x1 — %2]|e0 + ||y1 — Y2/ SO that

1ZN (1, y1) = ZN (22, 92) oo = 11 Z(ZN (e, 1), 1) = Z(ZN (22, 92), 92l oo
< MIIZN"H(xn, y1) = ZN 71 (2, 92) lleo + [lya = yalleo
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and iterating this estimate yields

N-1
1ZN (x1,11) = ZN (x2,12) |0 < MN|[x1 — 2300 + EO M|y1 = y2|eo
< MN|xy = x2le0 + 1251 11Y1 — Y2llco-

From this, we deduce the inequality

. M
IKy1 = Ky2ljeo = lim 1Z¥(0,31) = ZN(0,2) oo < Tl = v2llees

which means that the operator K : L% — L% is uniformly continuous. Put (Ku)(w) =
K(u(w)). By construction, K is a (pointwise) limit of the sequence {Z"(0,u)} containing
Volterra operators (as p;(t) < t by Assumption (B6)) which evidently maps F-adapted
processes to Fi-adapted ones. Therefore, K has these two properties as well. Moreover,
the uniform continuity of K : LY — L% implies uniform continuity of K : LS — L%; see
Proposition A2.

A similar argument applies to the vector equation

xo = Zo(xo0,%0), Zo(x0,y0) = z(to, x(p1(to)), ..., x(px(to))) —y(to) (t€ T)

in the space R" ensuring the existence of a unique solution xy = Koy of the latter equa-
tion, continuously depending on yy € R". The corresponding operator Ky, defined as
(Kov)(w) = Ko(v(w)), is continuous as an operator in the space of F;,-measurable random
points equipped with the topology of convergence in probability.

Using the substitutions

y(t) = x(t) —z(t, x(p1(t)), ..., x(px(t))), y(to) = x(to) — z(to, x(p1(to)), - - , x(px(to)))

in Equation (26) and minding that x = Ky and xy = Ky yield the equation

y(t)*y(o)
ft (s, Ky(ea(s)), .., Ky(ex(s)))ds (28)
+Z}”:1T Ha )f (t s)! (S,’Cy(du( $)),- - Ky(dyj(s)))dWi(s)

where y(0) = yo. This equation is similar to Equation (19) from the previous section, the
only considerable difference is the the delay operators on the right-hand side are subject
to an additional operation represented by the uniformly continuous Volterra operator
K : LT — LT . Thus, we can proceed here in a similar manner to reduce Equation (28) to
the main Equation (3) by introducing the operators (21) and the stochastic processes (22)
with the notational adjustments: ¢;j, Cjj, ¢;j, and x will be replaced by ¢;, C;, ¢; and Ky,
respectively, and ¢ will be replaced by ¢(t) — z(t, p(p1(t)), ..., @(pr(t))) (ko — h < t < to).

Following the scheme from the previous section, we define the operators by : L3 — LPT

and g : LT — Lquj by putting

(b1y)(w) =

Ya)f(w, (CIKy) () + ¢1(w, ), ..., (CkKy) (w)) + ¢i(w, -)), 29)
(ojy)(w)

-
I (@)gj(w, (D1jKy) (@) + 1w, ), ..., (DgKy) (w)) + (@, ).

It is straightforward to check that the operators by and o; satisfy Assumption (A3). By
Theorem 1, Equation (3) with by and ¢} defined by (29) has a weak local solution 7(t), which
is defined on some interval [ty, T|, T > t a.s. is a stopping time, and which satisfies the
initial condition y(0) = yo. Putting y(t) = 7(t)Ijs, -] + ¢I(1,—ns,) We see, as in the previous
subsection, that y = K(yI7 + ¢I7) will be a local weak solution of Equation (28) satisfying



Mathematics 2025, 13, 204

18 of 21

the conditions y(ty) = yo and y(t) = @(t) —z(t, p(p1(t)), ..., @(pk(t))) (to —h < t < tp).
By construction, the stochastic process x = Ky satisfies Equation (24) on the interval [fy, 7],
the initial condition (4) and the prehistory condition (25). O

5. Conclusions

There is abundant literature on ordinary stochastic models driven by fractional Wiener
processes, whereas for the combined models, the literature is scarce. The major model in
this report covers wide classes of stochastic fractional-time differential equations with the
driving fractional Wiener process, including equations with random bounded, unbounded
and impulsive delays, neutral equations and equations with random impulses at random
times. Using a specially crafted fixed-point theorem for local operators, we proved new
existence theorems. This method is general and helps to avoid martingale-based techniques,
which are inapplicable for our models. The existence of the solutions were obtained under
rather mild assumptions. The compactness and tightness of all integral operators were
examined; these results can be used for qualitative analyses of other classes of fractional
stochastic models. The techniques offered in this report could be applied to similar analyses
for the following cases:

1.  Time-fractional stochastic differential equations driven by the fractional Levy noise,
e.g., the fractional Poisson-like noise.

2. The existence of strong solutions for {SDEs by applying Okinawa’s uniqueness theo-
rem or its generalizations.

3. fSDEs with other types of fractional differentials, e.g., those with the time-dependent
Hurst parameters.
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Abbreviations

The following abbreviations are used in this manuscript:

fDE Fractional differential equations
fSDE Fractional stochastic differential equations
fBm Fractional Brownian motion

RLfBm Riemann-Liouville process, i.e., fractional Brownian motion of the Riemann-Liouville type

fLm Fractional motion based on the Lévy process
e.g. exempli gratia (for example)
ie. id est (that is)

Appendix A. Fixed-Point Theorem and Main Properties of Local and
Tight Operators

To describe the properties of local and tight operators, in particular, to formulate
the fixed-point theorem used to prove the main result of this paper (Theorem 1). Recall
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that local, tight and tight-ranged operators are defined in Definitions 2 and 3, and that
the continuity of operators in the spaces of random points is understood in the sense of
convergence in the probability of the sequences of random points. The results of this section
are proven in [40], unless the proofs are explicitly offered below.

Proposition A1. The following statements are straightforward:

1. Afinite linear combination of local operators is local.
2. A composition of local operators is local.

Proposition A2. Let F : X x () — Y be a Carathéodory function, where X, Y are separable metric

spaces, and define the superposition operator Hr by x(w) — F(x(w),w).

1. The operator Hp : P(X) — P(Y) is local and uniformly continuous on tight subsets of
P(X); in particular, Hp is continuous.

2. The operator Hp maps tight subsets of P(X) to tight subsets of P(Y).

3. If, in addition, F(-,w) : X — Y is a.s. compact (resp., compact-ranged), then the operator
Hp : P(X) — P(Y) is tight (resp., tight-ranged).

Proposition A3. Consider the linear integral operators I* : L%— — L%— and JP : L%— — L%— from
Propositions 1 and 2, respectively.

1. For any a > 0, the superposition operators x(w) — I*(x(w),w) are local and tight as
operators acting in the space Elr.
2. The operators JP are local and tight for any B > %

Proof. The first statement follows from Propositions 1 and A2. The second statement
follows from Proposition 2 and the property of locality of the Itd integral [40] [Ex. D.7]. O

Recall that B, = {x € X : |[x[|x < r}. In the next proposition, X = L.

Proposition A4. If a sequence of local and tight operators H,, : Lg- — P(Y), where1 < p < o0
and Y is a separable Banach space, converges to an operator H, and the convergence is uniform on
any subset [,z— NP (By) (r > 0), then H is also local and tight.

The space [ﬁg- can be replaced by more general spaces; see [40] [Prop. C.2].
Let B* = (QF, F*, (F{)ie7, P*) be any acceptable expansion of the stochastic basis (2)
and ¢ : " — Q) be the corresponding measurable projection.

Proposition A5. Let A denote either EPT (1 < p < ) orCyand an operator H : A — A
be local and uniformly continuous on tight subsets of A. Then, for any acceptable expansion B*
of the stochastic basis B (see Definition 4), there exists a unique local and continuous operator
H* : A* — A”* that extends the operator H. The extension H* is uniformly continuous on tight
subsets of the set A*, where A* is either £$i* (1 < p < o) or C%, respectively.

Proposition A6.

1. IfHp:P(X) — P(Y) is the superposition operator generated by a random Carathéodory
map F(-,-) : QO x X = Y, and X and Y are separable metric spaces, then the unique local
and continuous extension of Hr to the space of all random points x : (O* — X is given by
(Hpu)(w") = F(c(w?), u(w")).
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2. If B* is an acceptable expansion, A = EZT and B > %, then the stochastic operators JP

EZT — EZT admit the unique local and continuous extension to the space A* given by

P u)(s) = [ (=) Tuls)aw* (),

to

where W*(t, w*) = W(t,c(w")) is the standard scalar Wiener process on the stochastic

basis B*.
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