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Abstract: In this paper, a class of controlled variational control models is studied by con-
sidering the notion of (g, w) — rr-invexity. Our aim is to investigate a solution set in the
considered interval-valued controlled models. To achieve this, we establish some charac-
terization results of solutions in the controlled interval-valued variational models. More
precisely, necessary and sufficient conditions of optimality are highlighted as part of a feasi-
ble solution. To prove that the optimality conditions are sufficient, we impose generalized
invariant convexity hypotheses for the involved multiple integral functionals. Finally, a
duality result is provided in order to better describe the problem under study. The method-
ology used in this paper is a combination of techniques from the Lagrange-Hamilton theory,
calculus of variations, and control theory. This study could be immediately improved by
including an analysis of this class of optimization problems by using curvilinear integrals
instead of multiple integrals. The independence of path imposed to these functionals and
their physical significance would increase the applicability and importance of the paper.

Keywords: controlled variational models; optimal pair; (g, w) — m-invexity; dual problem;
feasible solution

MSC: 90C26; 90C30; 49N15; 90C46

1. Introduction

Considering interval-valued functions or functionals and the corresponding analysis
may result in easier models which will provide satisfactory accuracy results in practical situ-
ations. In this regard, we mention the research works of Charnes et al. [1], Steur [2], and Urli
and Nadeau [3]. Hanson and Mond [4] established the necessary and sufficient conditions
of optimality in constrained optimization. Chanas and Kuchta [5] considered multiobjec-
tive programming with interval-valued objective functions. Stancu-Minasian [6,7] studied
multiobjective programming models with inexactness in the objective functions and, also,
various approaches in multiple-objective fractional programming governed by set coeffi-
cients in the objectives. Jayswal et al. [8] formulated sufficiency and duality theorems in
some programming problems that had interval values. Along the same lines, Treanta [9]
studied the efficiency of multi-dimensional variational control problems with uncertain
data. Also, Treantad [10] obtained results on solutions in interval-valued extremization
problems with equality and inequality constraints. For other connected ideas, the reader
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can read the works of Peng et al. [11], Wang et al. [12], Xi et al. [13], Saeed and Treanta [14],
Treantd and Saeed [15].

Convexity and its generalizations play an important role in various aspects of
mathematical programming, including sufficient optimality conditions and duality re-
sults (see Hanson [16], Mond and Hanson [17], Arrow and Enthoven [18], Craven [19],
Jeyakumar [20], Antczak [21]). Later, Wu [22,23] studied Wolfe-type duality theorems
associated with an interval-valued programming model. Mandal and Nahak [24] estab-
lished duality theorems (weak and strong) under invexity assumptions. Zhang et al. [25]
analyzed optimality conditions of KKT type for generalized convex optimization with
interval-valued objectives. For further information on the various different ideas explored
in this research area, the reader is directed to [26,27].

In this paper, based on the works of Mandal and Nahak [24], Ahmad et al. [28], and
Treantd and Ciontescu [29], we establish necessary and sufficient optimality conditions for
a class of multi-dimensional interval-valued controlled models involving generalized invex
multiple integral functionals. Moreover, a duality theorem is presented in order to connect
the studied model with a new variational problem. The study of such classes of interval-
valued control problems, by considering generalized invex multiple integral functionals,
represents the main novelty element. The main theorems derived in the paper are new
in the specialized literature. The limitations associated with the existing papers and the
principal novelties of this study are (i) the appearance of mixed-type constraints formulated
in terms of partial differential equations; (ii) the appearance of control variables in the
objective and constraint-type functionals; (iii) the use of Lagrange-Hamilton techniques to
investigate the considered variational control models.

The rest of the current article is divided into the following sections: Section 2 provides
the notations and basic elements such as the notion of generalized invex multiple integral
functionals and the formulation of the controlled model. Also, the associated necessary
Karush-Kuhn-Tucker-type optimality conditions are formulated. In Section 3, we provide
some characterization results of solutions for the considered controlled model, under
generalized invexity assumptions of the involved functionals. In Section 4, we formulate
the final conclusions.

2. Preliminaries

Here, we establish the notations and elements used to formulate the main results
stated in the present study.

Let I be the family of closed bounded real intervals. If V € I, then V = [o!, 0Y], with
ol and oY as the lower and upper bounds for V, respectively. For ol = o/ = 0, we obtain
V = [0,0] = 0 as areal scalar. If V = [oL,0"], W = [bE,bY] € I, we define

() V+W={o+b:oeVandbe W} = [ol+0bE 0" +0Y],
(i) —-V={-0:0eV}=[-0" —0l].
We notice that V. — W = V 4 (—=W) = [oF — bY, o — b]. We also have

() r+V={r+o0:0eV}=[r+olr+04],

[roL, rou] ifr>0
(i) rV={ro:0e€V}= where r € R.

[roY,rol] ifr <0,

Let R" denote the real n-dimensional Euclidean space. The function Q : R" x

R?P — I is an interval-valued continuously differentiable functional; that is, Q(u, u) =
Q ( U1, M2, U UL, UD, ., up) is a closed bounded real interval, for each piecewise smooth
state function y : @ C RY — R", u = u(t) € R", and piecewise continuous control func-
tionu : © = RP, u = u(t) € RP. The interval-valued functional Q can be formulated
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as Q(u,u) = [QL(p,u), QY (u,u)], with QF(u,u), Q%(p, u) two real-valued functionals
defined on R" x R? and satisfy the condition Q% (y, u) < QY (y, u), for each yu = u(t) € R"
and u = u(t) € RP, with t = (t!,--- ,#¥) € ©. Let X be the space of piecewise smooth
state functions y : @ — R" such that y|3e = given and consider it is equipped with the
norm || y [|=|| p [Jeo + || pg lleos pz = g%, & =1,y. Also, let U be the space of piecewise
continuous control functions u# : ® — R?, endowed with the uniform norm, as well.

Next, for V = [OL, ou] and W = [bL, bu] , we use the partial ordering V <p;; W if and
only if ol < bl and oY < bY. Also, we write V <y W if and onlyif V <y WbutV # W.

This means that V <y W if and only if

ol <bt, oY <Y, or
ol <bL, oU < bl or
ol <bt, ot <4
Next, in accordance with Mandal and Nahak [24], we introduce the following def-
initions. We use the following notations: f,(t,0,k) := %(t, 0,k), fu(t,0,k) = %(t, 6,k),
Loi= (L1 ) € RY Loi= (11,1 € R, Q) = [ Fltu(t),u(t)) at - ae,
with f:®@xR"xRP - R, Q: & xU — R.
The following definitions will be used in future work in order to formulate and prove
the main results derived in the present paper.

Definition 1. Consider q, w are two real scalars and f : © x R" x RV — R is a smooth function.
If there exist the functions T : (R" x RP)2 — R", v : (R" x RP)?2 — R?, o : (R" x RP)?2 — R"
and the real scalar 7t € R, with T|ye = v|e = 0, such that the following inequalities

1/ w@uun-0k) _ 1 q(uudk) _ 1w
w(e 1)(>) > q/@fy(t,e,k)(e ly)dt dt

+ :] / Fult,0,1) (7488 — 1, Yt - at¥ 4 | (e, 0, )|, for g #0, w #0,
JO

1 (ew@(w’)*Q(*’rk)) - 1) (>) > /@ Fult,0,6)T (1,0, k)dt: - - - dt?

w

+ /G)fu(t/f),k)v(% u,0,k)dt' - dtV + 7t|lo(u,u,0,k)|%, forqg=0, w+#0,

Q(p,u) —Q(6,k)(>) > ;/@fy(t, 0,k) (eqf(u/uﬂ,k) _ 1}{)(%1 Ly

+ :7 /@fu(t, 0,k) (eqv(u,u,e,k) _ lu)dtl e dt o, 6,k) |2, forq £0, w =0,
Q1) = QWK (>) = [ Fult,0,k)T(pe, 0, kde! -

+/ fu(t,0,k)v(p,u, (),k)dtl AR
€]

+ 7tllo(p, u,8,k)||?, forq=0, w=0

are satisfied, then the real-valued functional Q is named (strictly) (q,w) — m-invex at (6,k) on
X x U with respect to T,v and o.
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Definition 2. Consider q, w are two real scalars and f : ® x R" x R? — R is a smooth function.
If there exist the functions T : (R" x RP)2 — R", v : (R" x RP)2 — R, ¢ : (R" x RF)? — R"
and the real scalar T € R, with T|ye = v|ye = 0, such that the following inequalities

1

. gr(pubk) _ 1., .4

. /@fy(t, 0,k) (e 1,)dit - dt

+ ;/ fu(t,0,k) (eqv(ﬂ,uﬁ,k) _ 1u)dtl codt 4 7|l (u,u,0,K)|*> >0
€]

= (@R _1)(5) >0, forg£0, w#£0,

/ Fult, 0,5)T(1,u,0,k)dt" - - - dt¥y
e)
+ [ Fult 0, 0v (0w, 0,0t di¥ 4 o (,,0,0)| 2 0
)
= %(ew(Q(#,u)*Q(G,k)) — 1) (>) >0, forq=0 w#0,
1
- qr(uubk) _ 1. 3y
p /®fu(t, 0,k) (e 1, )dt' - at
+ ;/ fu(t,0,k) (eqv(u,u,e,k) _ 1u)dt1 oedt + || (u, u, G,k)HZ >0
e}
= Q(p,u)—Q(0,k)(>) >0, forqg#0, w=0,
/fﬂ(t,ﬂ,k)’r(y,u,G,k)dtl...dty—|—/ fu(t,0,k)v(p,u,0,k)dt" - - - dtY
© )
+ 7t)lo (4, u,8,k)|* >0
= Q(u,u) —Q(0,k)(>) >0, forq=0, w=0

are satisfied, then the real-valued functional Q is named (strictly) (q,w) — rt-pseudoinvex at (6, k)
on X x U with respect to T,v and 0.

Definition 3. Consider q, w are two real scalars and f : © x R" x RV — R is a smooth function.
If there exist the functions T : (R" x RP)2 — R", v : (R* x RP)2 — R, ¢ : (R" x RF)? — R"
and the real scalar T € R, with T|3e = v|ye = 0, such that the following inequalities

1 _ 17
- (ew(Q(W‘) Q(6.k)) _ 1) <0= . /@ fult,6,k) (eqT(%Mﬂrk) — lﬂ)dtl o dEY

+ 111 /@fu(t, 6,k) (eqv(”/”ﬂ’k) - 1u)alif1 cdt < —mtllo(p,u,0,k) |7, forqg #0, w#£0,
L ( aw(QUuu)—Q(0,k) _ 1w
(e 1) §0:>/@fy(t,e,k)f(y,u,e,k)dt dt
+/ Fult, 0,00 (i 1,0, K)dt" - - dt¥ < — e o (s, 1,0, k)|, forg =0, w #0,

®
Q(,u) — Q(8,k) <0 = ; / Fu(t,0,k) (eqTWﬂ'k) - 1ﬂ)dt1 oty

®

- ; /@fu(t, 6, k) (e""(“'”'efk) - 111)01131 cedtV < —mllo(p,u,6, k)\|2, forqg#0, w=0,
Qi u) — Q(6,k) <0 = /@f},(t,e,k)r(y,u,e,k)dtl o dp

+/ fu(t, 0, k)v(p,u, 9,k)dt1 o4y
®
< —rtllo(uu,6,k)|?,  forq=0,w=0

are satisfied, then the real-valued functional Q is called (q, w) — rt-quasi-invex at (6,k) on X x U
with respect to T,v and o.
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Remark 1. The exponentials used in the above-mentioned inequalities are considered component-
wise. Also, without loss of generality, in the rest of this paper, we assume that w > 0,q > 0.

Example 1. Consider © = [0,1],f(t,u,u) = In(p? +1) +tu>+u, q = O,w = 1,

T(p,u,0,k) = u—10, v(p,u,0,k) = u—=~k, a(y,u 0, k) = 0 € R. By direct computa-
tion, we obtain the real-valued functional Q(u, u) == [q f( u(t))dtis (g, w) — m-invex at
(0 =0,k = 0) with respect to T, v and o.

In this study, we investigate the primal optimization problem (see also Treanta [9])
driven by an interval-valued cost functional:

(P)  mingy, e { QUi 1) = [Q (), QU ()] |

subject to
Qe(t,uu) <0, t€®,€e=12,...,m

(yg)i :hlg(t,‘u,u), te®,i=12,...,n,¢=12,...,y
Hloe = given,

where Q : X x U — I is a Cl-class interval-valued functional,
V= [ FH (), u(e)dr - a,

:Lﬁmewmwﬂmw%

with f : @ x R" x R — I, f = [fF, fY], a differentiable interval-valued function, g :
OXxR'XR =R, €= 1,2,...,m,h§ tOXR'"XRF 2R, i=1,2,...,n, ¢=1,2,...,y
some given differentiable real-valued functions.

Let Q) be the set of all feasible solutions of (P).

Definition 4 (Treanta [9]). The pair (u*, u*) € Q) is an LU-optimal pair of problem (P) if there
exists no (po, ug) € Q satisfying Q(po, o) <pu Q(p*, u*).

The following result presents the Karush-Kuhn-Tucker-type necessary optimality
conditions associated with (P).

Theorem 1. If (u*,u*) € Q)is an LU-optimal pair of primal variational control problems (P) and
the constraint functions satisfy constraint qualification at (u*,u*), then there exist multipliers
(functions on ®) 0 < YAY e R 0<c €eR e=1,2,...,m and )\f eR,i=12,...,n
¢ =1,2,...,y, such that the next relations

7

u m
P () + U (b, ) + Eléeg%;u,ﬂ*,u*)
€=
o : (1)

he AL .
+y ¥ Afa—};]_(t,y*,u*) +24() =0, i=1n
i—1¢=1

E)L . N au % ae * *
YL () + ML (1 ) + Z Ceane (b7 u)

no Ve 2)
+ ¥ /\~*’(t,‘u*,u*):0/ s=1,p
i=1¢=1

i dug

Cee(t,y*,u*) =0, e=1m 3)
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are fulfilled for all t € ©, except at discontinuities.

Proof. The proof follows in the same manner as in Theorem 6.1 of Treanta [30]. O

3. On Solution Set for (P)

In the present section, we formulate and prove some characterization results of solu-
tions for (P).

Next, by considering only the (g, w) — 7-invexity assumptions of the involved func-
tionals, we state sufficient conditions of optimality for (P).

Theorem 2. Let (u*,u*) € Q), the constraint functions satisfy the suitable Kuhn—Tucker constraint
qualification at (u*,u*), and the relations (1)—(3) from Theorem 1 are satisfied for t € ©, except at
discontinuities. Moreover, we assume that Q* and QY are (q,w) — rry-invex and (g, w) — rrp-invex

m
at (u*,u*) with respect to T,v and o, respectively, and G(u, u) := / Y Zege(t, w)dtt - dtY
S

n Yy
and H(p,u) == /@ Y3 )\?[hig(t, Hu) — (yg)i]dtl -+ -dtY are (q,w) — m3-invex and (q, w) —
i—1¢=1

mty-invex at (u*,u*) with respect to T,v and o, respectively. If vl + YUy + 3+ 4 > 0,
then (u*,u*) is an LU-optimal pair to the problem (P).

Proof. We assume that (y*,u*) is not an LU-optimal pair of (P). This fact implies there
exists (po, tg) € Q, such that

Q(po, uo) <ru Q(u*,u™),

that is,
QL (po,uo) < QF(u*, u*) or QL (mo, uo) < QF(u*,u*)
QY (po, uo) < QY (p*,u*), QY (po, uo) < QY(p*,u*),

or QL (po, uo) < QF(u*, u*)
QY (o, uo) < QU (p*, u*).

Since we have w > 0, by using the properties of exponential functions, we get

{ Led Q" (ko) =Q (1w )} _ 1] < 0

;[ew{Q”(;toruw—Q”(ﬂ*ru*)} -1] <0, o
1 (o0 { Q" (Houo)—Q (u ")} _ ¢ <0

{ 1 [ ow{ QY (os0) QY (" ) } _ 1} <0, >
1 :ew{QL(PO/”O)_QL(V*’”*)} -1/ <0

{ %'ew{Q”(uo,uo)*Q”(u*,u*)} - 1} <0.

Using the (g, w) — 7t1-invexity property of Q' and the (g, w) — rmp-invexity property
of QY with respect to T,v and ¢ at (u*,u*) at (u*, u*), the above inequalities imply

111 /@fﬁ(t,}l*, u*) (eqT(ﬂo,uofﬂ*ru*) _ ly)dtl coodtY
1 -
+5 /@fﬁ(t,y*,u*) (qu(VO'”O'” ) 1l[)¢ilif1 < d¥ + m|o(po, uo,y*,u*)HZ <0,

[11/@fﬁ[(t,y*’u*)(eﬂT(HO/”O/H*r“*) fly)dtl o d
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1 * *
+ /@fuu(t,y*,u*) (emtroton ) — 1, )de' - d + 70y||(pio, o, p, u”) | < 0,

+; /@)fbe(t/#*, u*) (eﬂiv(#o,uo/ﬂ*/“*) — 1u)dt1 e dt + o (po, uo, 1, u) I <0,
;/@ﬁl(t,y*,u*)(eqT(Holuofﬂ*r“*) —1;l)dt1 e d
+111 ./@fﬁl(t,ﬂ*,u*) (qu(ﬂOruo#*/u*) - lu)alt1 s dt + |0 (po, o, ', u)||* <0,
or

1 L gt ) (7 (Hoto ™ u®) _ Lo 4y
q/@fy(t,y Ju )(e ly)dt dt
+; Jo et ) (0 ) 1, Y-t o ) P <0,
1 u * *
- * ) (eIt (Homo ™ ) _ Lo gy
q/@ff‘ (t 1", u )(e ly)dt dt

1 * % *u* * %
+E /@fy(t,y 7 )(e"]’(“"'“o'” ) 1u)alt1 e dt + oo (po, uo, u,u )||2 <0.

Since 7L > 0and yY > 0, from the above inequalities, we get

%'YL Jo £ (6w u) (eﬂf(ﬂoruoﬂ*f”*) - 1;4>dif1 e dty
o Jo fi (bt ) (eq"(l‘o'uo"**'“*) - 1u)dt1 - dtY + R |lo(uo, uo, i, u*) ||
+ 19U o Lt e, u) (emﬂwofﬂ*'“*) - 1y)dtl oty €Y
FLoU Jo fU (e ) (e imson ) 1, )t dpy
+Y 7|0 (po, uo, i, u*)||* < 0.

Next, by considering the feasibility property of (1, ug) to (P), we obtain

Qe(t 1o, up) <0, t€®, e=1,m.

Since we have (. > 0, € = 1, m, the relation (3) and the above inequality involve

m m
dege t VO/”O Z ege t “M u* teo,

e=1 e=1

which implies

m m
/ Y Cege(t, po, uo)dt! - - - dt¥ < / Y Cege(tu*,u*)dtt---dtY, teo,
©c21 S}
Since we have w > 0, by using the properties of exponential functions, we obtain

l [ew{fg Yoy Cege(frﬂoluo)dfl'“dfy*f@ Yoy éege(txﬂ*r”*)dtl“'dty} _ 1:| <0,
w
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and by considering that G(p, u) is (g, w) — m3-invex at (u*, u*), with respect to 7, v and o,
we get

ilo Z Ce e (b, ) (ervlpomon™ ) 1, ) a1 - ap
—+2 f® Z gg (t ]4 u )(eQT(Ho,uo,y*,u*) _ 1u)dtl o d (5)

73| (o, o, 1, u*)||* < 0.

In a similar way, by considering the assumption that H(y, u) is (g, w) — my-invex at
(u*,u*), with respect to 7, v and o, we get

n

y * *
o Z Z )\é‘M(t 1w )(eqf(uo,uo,u ) —ly)dtl---dty

-y - i * 0k
1 fo X 1 AFHETUEN ¢y ) (ertiomon'a) — 1, Yat - ay (©6)
+714|o(po, 1o, 1, u*)||* < 0.

On adding (4), (5) and (6), from the hypothesis that (y'7; + yY7m, + 3+ 714) > 0,
and by considering (1), we get a contradiction. This completes the proof. [

The next result, by considering the (g, w) — m-pseudoinvexity and quasi-invexity
assumptions of the involved functionals, introduces sufficient conditions of optimality
for (P).

Theorem 3. Let (u*,u*) € Q, the constraint functions satisfy the suitable Kuhn—Tucker
constraint qualification at (u*,u*), and the relations (1)—~(3) from Theorem 1 are satisfied for
t € O, except at discontinuities. Moreover, we consider y Lot + YYQY is s (g,w) — m1-

pseudoinvex at (u*, u*) with respect to T, v and o, and G(u, u) : / Z Tege(t, ,u)dtt - - dty
0.
and H(pu,u / Z Z ASTRE (£, u) — (pg))dt" - - dt¥ are (q,w) — mo-quasi-invex and
i=1¢=1

(q, w) — m3-quasi-invex at (u*, u*) with respect to T, v and o, respectively. If r; + 115 + 713 > 0,
then (u*,u*) is an LU-optimal pair for the problem (P).

Proof. Consider (p*,u*) is not an LU-optimal pair of (P) and, consequently, there exists
(po,uo) € Q, such that

Q(po, uo) <ru Q(u*,u™),

thatis,
Q" (po,uo) < Q4 (w,u*) | Q" (o, uo) < Q" (", ")
QY (o, uo) < QY (u*, u*), QY (o, o) < QU (u*, u*),

or QL (po, uo) < QF(u*, u*)
QY (po, uo) < QY (p*, u*).

Since 7% > 0 and 7Y > 0, from the above inequalities, we have
v Q" (po, o) + 71 Q (o, uo) < v Q () + 1 QU (),

or, equivalently,
/(Q[VLfL(f, po, o) + YUt o, uo)]dt" - - - dtY

< /@['rLfL(t,y*,u*) + U Ut u))det - aty.
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Since we have w > 0, by using the properties of exponential functions, it follows

1 {ew{(YLQL(llofuo)-i'“ruQu(Hor”o))—(’YLQL(H*/”*HVUQU(#*M*))} _ 1} <0,
w

which together with the assumption that 7*Ql + yYQ is (g, w) — my-pseudoinvex at
(u*,u*), with respect to 7, v and o, gives

%'YL f® fﬁ(t, ’u*,u*) (eqT(P‘O/uO/V*IL‘*) — lﬂ)dtl o4y
1o o fht ut) (e romon® ') — 1, )dtt -t + 7o (o, o, ") |2
LU o fil () (eI orton™ ) — 1, Vel dpv

P Jo ) o)1) <

(7)

Next, by considering the feasibility property of (o, ug) to (P), we get
Qe(t no,up) <0, t€®,e=1,2,...,m

But we have { > 0,e =1,2,...,m. The relation (3) and the above inequality yield

m m
Z Cege(t, o, o) Z Ce8e(t, ,‘l/l u* te,
which involves
m m
/ Y Cege(t, po, ug)dt! - - - dt¥ < / Y Cege(tp*, u*)dt! - -dtY, te€O.
S| 0.

Since we have w > 0, by using the properties associated with exponential functions,
we get

1 [ew{fe) Yely Cege(tpou)dt! -+t — fo TiLy Lege(tp u*)dt! dt! } 1} <0,
w

which, together with the assumption that G(p, u) is (g, w) — my-quasi-invex at (p*, u*),
with respect to 7, v and o, involves

7 Jo Z éeagg (frli*,u*)(eqT(%‘Or”W*ru*) - 1y)dt1 coedpy
+5 Jo 2 Ce e (7, ) (e (oo ) 1, )i - gy 8)
+700 |0 (o, 1o, 1, u*)||* < 0.

In a similar way, by considering the assumption that H(p, u) is (g, w) — m3-quasi-invex
at (u*,u*), with respect to 7, v and o, we get

1 L. @a(hf":*(ﬂé)i) _— Jo, ) 1...
7lo X LA ) (ermtromon™a) — 1, Yarl - dpv
y —_ * *
—‘—% f@ i Z Agw(t y u )(eqT(}‘O/uOrl’l U ) _ 1u>dt1 . dty (9)
i=1¢=1

+713]|0(po, uo, p*, u*)||* < 0.

On adding (7), (8) and (9), from the hypothesis that (7r; + 712 + 713) > 0, and by
considering (1), we get a contradiction. This completes the proof. O
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Next, we consider the following dual problem associated with the primal optimization
problem (P):

(D=W)  maxggera {QO,k)+G(O,K) + H(®,K) |

subject to
%3{{ (1,6, k)+7u"f (£,0,k) + z G35 (1,0, )

N (10)
+121§§ /\1 ay (t 0,k)+5£(1) =0, i=1n
YR (1,6,K) + 41 (1,6,K) + z Ce 5 (t,0,k)
(11)
—i—Z Z/\lau (t,6,k) =0, s=1,p
i=1¢=1
0lse = given, v+ 44 =1, (12)

where Q, G, H are the same functionals defined in the previous section.

Definition 5. Let (0*,k*, 'y*L, 'y*u, @*,A*) be a feasible solution to the dual problem (D-W). We
say that (0%, k*,*L,*U,¢*, A*) is an LU-optimal point of the dual problem (D-W) if there exists
no (9, k,'y*L, 'y*u, g*,/\*), a feasible solution of the dual problem (D-W), such that Q(0*,k*) +
G(0*,k*) + H(8*,k*) <y Q(8,k) + G(6,k) + H(b, k).

Theorem 4. Suppose that (y,u) and (0,k, v, ¥4, g, A) are some feasible points for (P) and (D-W),
respectively. Also, consider that 'yL > 0,’yu >0and e >0, e =1,m, /\l.é €R, i=1,n,such
that the functional v*QL + Y QY + G + H is (q,w) — rt-invex at (6, k) with respect to T,v and
o, with 7w > 0. Then,

Q(w,u) Z1u Q(6,k) + G(6,k) + H(6, k).

Proof. Suppose, contrary to the result, that
Q(l’l/ M) <tu Q(G/ k) + G(Q, k) + H(B, k)/
that is,

Qb (p,u) < QM(6,k) + [o Xty Cege(t,0,k)dt! - - - dty + [o Yty Ai[hi(t,6,k) — 6;]dt! - - - ary
QY (p,u) < QU(0,k) + [o X0y Cege(t, 0,k)dt - - -dt¥ + [o Y0y Ai[hi(t,0,k) — 60]dt! - - - dtY,

or

Qb(p,u) < QM(6,k) + [ Xy Cege(t,0,k)dtt - - dty + [o Yoy Ai[hi(t,6,k) — 6;]dtt - - - dtv
QY (u,u) < QU(0,k) + [ Xtly Tege(t,0,k)dt! - dty + [o Yty Ailhi(t,0,k) — 6;]dt! - - - dty,

or

QL (u,u) < QL( +f® 1C€ge(t 0,k)dt! - dtV + [o Xy Ailhi(t, 0,k) — 6;]dtt - - - dtY
QY(u,u) < Q k) + Jo Lilq Cege(t, 0,k)dt! - dty + [o X0y Ailhy(t,0,k) — 6;]dt! - - - dtv.
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Since we have 7 > 0,7 > 0 and 7' + 7Y = 1, the feasibility property of (y,u) to
(P) and the above inequalities imply

QL (1) + QU (,u) + [ z Cege(t, pu)dfd - dty
"‘f@ Z Ailhi(t, pu) = (pg)ildt" - -
m (13)
< ALQL(0,K) +YHQU(0,k) + [ L Cege(t, 0,k)di! - -ty
e=1

+f®2/\ (t,0,k) —6;dt! - - - dtvy

From the assumption that 7*QL +9YQY + G + H is (g, w) — m-invex at (6, k) with
respect to T, v and o, we have

1 [ew{(vLQL(WHv“Q“(ﬂ,u)+G(;t,u)+H(w))—(7LQL(9,k)+v“Q“(G,k)+G(9,k)+H(9,k))} _ 1}
w

/fﬂte ) (7R — 1, Yart - d

K

+17L/®f£(t,9 R) (e7h) — 1, )att - d
»y U Ak

/fu (1,6,k)

1 9ge qe(pubk) _ Lo 4
q/@;ge o (1,0,8) (e 1,)d - di

eV (nu,0,k) -1,

(eqr(yuek 1}4 st ..
) drt .

)
)

m
; /® )y Ce%(i’, 0,k) <e‘7"(7"“'9'k) — lu)dtl e dy
e=1

1 &L Fa0h — (o))
+f/ )Y A (1,0,k T k) _ 1 Vgl ... g
970 37¢=1 ' oy ( )( H)
10 & & Fa0h — (o))
- P S A qu(pubk) _ 1. .. a4y
i /@ng TR CCIC L )at! -

+7t||o(p, u, 60, k) ||
The relations (10), (11), 7r > 0, and the above inequality imply the relation
% [ew{(VLQL(M,u)+7”Q”(#,l¢)+G(#,H)+H(M))f(WLQL(WOH”QU(9,k)+G(9rk)+H(9,k))} _ 1]
> 0.
Since we have w > 0, by using the properties associated with exponential functions, we get

YO u) + YMQY () + G, u) + H(p, u)

> yQh(6,k) + 1 QY(6,k) + G(6,k) + H(6,k),

which is a contradiction with (13). O
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Remark 2. We could mention, as potential extensions of the proposed method for various types of
extremization models or domains, the study of posedness and efficiency criteria for similar families
of extremization problems governed by path-independent curvilinear integral functionals (which are
crucial in applications due to their physical meaning (mechanical work)). This is a specific research
question or unresolved issue that could be addressed in future studies to build upon the current
findings. Therefore, we note the applicability of the proposed approach to larger and more complex
extremization problems.

4. Conclusions and Further Developments

A class of controlled variational control models has been studied by considering the
notion of (g, w) — m-invexity and its associated variants. In particular, we have established
some characterization results of solutions in the considered controlled interval-valued
variational models. In this regard, necessary and sufficient conditions of optimality have
been stated for a feasible solution. The latter have been formulated and proved by imposing
generalized invariant convexity hypotheses for the involved multiple integral functionals.
In addition, in the end of the paper, a duality theorem was presented in order to connect the
studied model with a new variational problem. Related to some future research directions
of the current work, let us consider, for instance, a situation in which the partial derivatives
of second-order are included in the studied model.
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