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Abstract: This study investigates the fractional-order Sawada—Kotera and Rosenau-Hyman
equations, which significantly model non-linear wave phenomena in various scientific
fields. We employ two advanced methodologies to obtain analytical solutions: the g-
homotopy Mohand transform method (q-HMTM) and the Mohand variational iteration
method (MVIM). The fractional derivatives in the equations are expressed using the Caputo
operator, which provides a flexible framework for analyzing the dynamics of fractional
systems. By leveraging these methods, we derive diverse types of solutions, including hy-
perbolic, trigonometric, and rational forms, illustrating the effectiveness of the techniques
in addressing complex fractional models. Numerical simulations and graphical representa-
tions are provided to validate the accuracy and applicability of derived solutions. Special
attention is given to the influence of the fractional parameter on behavior of the solution
behavior, highlighting its role in controlling diffusion and wave propagation. The findings
underscore the potential of ¢-HMTM and MVIM as robust tools for solving non-linear
fractional differential equations. They offer insights into their practical implications in fluid
dynamics, wave mechanics, and other applications governed by fractional-order models.

Keywords: Sawada—Kotera equation; Rosenau-Hyman equation; g-homotopy Mohand
transform method (q-HMTM); Mohand variational iteration method (MVIM); fractional-
order differential equation; Caputo operator

MSC: 34G20; 35A20; 35A22; 35R11

1. Introduction

In recent decades, fractional calculus has been demonstrated to have a wide range of
applications in a variety of scientific disciplines. Fractional-order derivatives have shown
strong agreement with experimental data or real-world phenomena, unlike integer-order
derivatives. For example, the non-integer-order derivative more accurately depicts the pro-
cessing of internal friction, the impact of heredity on the characteristics of various materials,
and memory [1-4]. Nowadays, fractional analysis is a crucial tool for describing many
phenomena in engineering, physics, chemistry, and other disciplines across one to three
dimensions. The attention of researchers is drawn to the latest applications of fractional
calculus in many fields, leading to numerous conclusions. Klein—-Gordon equations of
time fractional order [5,6], fractional diffusion-reaction equation [7], biological population
diffusion [8], percolation in porous media [9], fractional model for tuberculosis [10], time
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DLU(p, @) =

LU 544, 0)

fractional modified anomalous sub-diffusion equation [11], dynamical system [12,13], frac-
tional Drinfeld-Sokolov-Wilson equation [14], fractal vehicular traffic flow [15], fractional
KdV Burger-Kuramoto equation [16], space-fractional telegraph equation [17], fractional
Buck master’s equation and fractional diffusion [18,19], all benefit from fractional calculus.
These discoveries have several scientific applications, including the development of the
optimal lighting control approach based on the multi-variable fractional-order extremum
searching method [20-22]. Fractional partial differential equations (FPDEs) are the main
mathematical framework for explaining various physical processes in applied scientific
fields, including engineering, physics, and social sciences [23,24]. Numerous scientific and
technical fields, such as biology, fluid dynamics, chemistry, chemical kinetics and physics,
use modeling in the form of FPDEs systems [25-30].

The time-fractional generalized fifth-order Sawada—Kotera equation and the time/
fractional-order Rosenau-Hyman equation are the subjects of this work. Thus, the applica-
tion of the Mohand variational iteration technique (MVIM) and the g-homotopy Mohand
transform method (q-HMTM) to the problem of the time-fractional Sawada—Kotera equation
and the Rosenau-Hyman equation is the primary topic of this study. The exact solutions are
then contrasted with the numerical approximations produced by this approach.

Examine the following Sawada—Kotera equation of the time fractional order [31]:

2 oU (i, @)
— 45U (lPr@)Tr )

PU(P,@) 15 U (1, @) *U(¢, @)

Yo a3 P P2

where 0 <7 < 1.

This is the Sawada—Kotera equation variant of the fifth order [32-35]. The parameter
that describes the derivative of the time fractional order in this case is 0 < 1 < 1. In the
Caputo sense, the fractional derivative is taken into consideration. The D/, denotes the
Caputo time fractional derivative, and Uy represents ordinary integer-order derivative of
U (P, @) and time is represented by .

With several applications in quantum physics and non-linear optics, the classical
Sawada—Kotera equation is a significant mathematical model that describes the behavior
of long waves in shallow water under gravity and in a one-dimensional non-linear lattice.
It is commonly known that bell-shaped sech solutions or kink-shaped tanh solutions
may be used to represent fluid dynamics and wave phenomena in plasma media. Waves
propagating in opposing directions are also modeled using this equation.

One specific instance of the Gilson-Pickering equation is the Rosenau-Hyman equa-
tion. Gilson and Pickering introduced the Gilson-Pickering equation in 1995. The Rosenau-—
Hyman equation of the time fractional order, which has the following form, is also consid-
ered in this study:

PU(Y,@)  U(p,@) PU(Y,@) U(p, @)

DLU(p, @) —U(p, @) -3 —U(p, @) —"— =0, 2)

ay3 o ap? 9y

where 0 <7 < 1.

The equation was named after Philip Rosenau and James M. Hyman, who conducted
the 1993 compactions” experiment. The Rosenau-Hyman equation provides a simpli-
fied model for examining non-linear dispersion in pattern formation in liquid droplets.
Additionally, it can represent a wide range of engineering and physics problems [36].
The study of compactons using the Rosenau-Hyman equation is particularly valuable in
mathematical physics and applied sciences [37-40]. These applications encourage solving
the equation to explore its attributes further. Various methods, such as the reduced dif-
ferential transform approach [41], the homotopy perturbation method [42], the residual
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power series method, the perturbation-iteration algorithm [43], the Genocchi wavelets
method [44], and the Laplace-Homotopy Analysis Method [45], have been applied to
analyze the Rosenau-Hyman equation.

This paper solves the Sawada—Kotera and Rosenau-Hyman equations using the
variational iteration strategy and the g-Homotopy method with a novel transform called the
Mohand transform. The variational iteration approach [46-52] has been effectively applied
to ODEs [51-63], non-linear polycrystalline solids, and various other disciplines [53-55].
An approximate solution to weakly non-linear systems with one degree of freedom is
obtained by combining the perturbation approach, variational iteration method, variation
of constants method, and averaging techniques.

Liao introduced the homotopy analysis technique (HAM) [64]. An endless mapping
from the starting assumption to a precise response is produced after selecting an auxiliary
linear operator. The auxiliary parameter confirms that the solution has converged. When
n > 1and q € [0,1/n], the ¢-HAM is actually better than g € [0,1] in HAM. Adding the
parameter (1/n)™ causes the solution to converge faster than the traditional HAM [65-68].
Using semi-analytical approaches with a suitable transform reduces the time required
to search for answers for non-linear problems reflecting real-world applications. The
g-homotopy Mohand transform method (q-HMTM) combines the Mohand transformation
with the g-HAM. What sets it apart is its ability to adapt two strong computational strategies
for FDE problems. By choosing the right /i, we may control the convergence area of solution
series across a large acceptable domain.

This study examines the use of the Mohand variational iteration technique (MVIM)
and the g-homotopy Mohand transform method (q-HMTM) to the solution of the fractional-
order Sawada—Kotera and Rosenau-Hyman equations. The Caputo operator defines the
fractional derivatives. The effectiveness of the proposed approach is demonstrated through
solutions to the given problems. Tables and figures illustrate and examine the solutions
of the proposed methods. Existing techniques are used to compare findings from time-
fractional equations with those from integral-order equations. The proposed method is
highly effective for a variety of fractional-order PDEs.

The following is an outline of the rest of this paper: Section 2 explains the Mohand
transform basic ideas, the Methodology of the proposed methods is outlined in Section 3,
Sections 4 and 5 provides the implementation of the methods, and Conclusions are detailed
in Section 6.

2. Mohand Transform Basic Ideas

In this part, we will start by giving a general introduction to the Mohand transform
(MT) and associated concepts.

Definition 1. According to [69], the MT is defined for the function U(@) as follows:
M[U(@)] = R(s) = &2 /Owu(w)e—swazw, k<< k.
An expression of the Mohand inverse transform (MIT) is provided below:
M™R(s)] = U(@),
Definition 2 ([70]). The MT fractional-order derivative is defined as follows:

_ = u0)
MU (@) =R - L

0<n<n
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Definition 3. The following are a few of the MT’s characteristics:
1. MU' (@)] = sR(s) — s?R(0),

2. M[U"(@)] = s*R(s) — s°R(0) — s?R’(0),
3. MU (@)] =s"R(s) — s"1R(0) — s"R/(0) — - - - — s"R"~1(0).

Lemma 1. Suppose U (1, @) be a function with an exponential order. Then, M[R(s)] = U(y, @)
describes the MT as follows:

r—1 . .
MIDZU(p,@)] = S"R(s) — X 57D 1DJU(p,0),0 < y <1, ©)
j=0
where Y = (1,4, -+, ) € RTand n € Nand Dj = D5,.DY. - .D}(r — times)

Proof. To prove the validity of Equation (1), we will employ the induction technique.
To obtain the required result, » = 1 may be used to solve Equation (1).

M[DZU(p,@)] = s?1R(s) — s~ U (¢, 0) — 5" ' DLU(y, 0).

The validity of Equation (1) for r = 1 is demonstrated by Definition 2. Solve Equation (1)
by inserting r = 2.

MID"U(p,@)] = sIR(s) — s*1~'U(y,0) — s" DU (,0). )
Consider the left-hand side of Equation (4):
L.H.S = M[DZU(p, @)). ()
Equation (5) is also represented as
L.H.S = M[DLD U (yp, @)). (6)

Assume

z(p, @) = DLU(p, ). 7)

Equation (7) should be substituted in Equation (6):
L.H.S = M[DJz(y, @)]. 8)
The Caputo derivative results in the following modifications being made to Equation (8):
L.H.S = M[J'7Z (,@)]. 9)
The following modification to Equation (9) is brought about by the RL integral:

M2 (,@)]

L.HS = 0
st—1

(10)
These results are derived from Equation (61) by means of the MT derivative characteristic.

LHS =s"Z(1p,s) — Zi‘fjg), (11)

This result was obtained using Equation (7).



Mathematics 2025, 13, 193 5o0f 23
U(y,0)
=g _
Z(p,s) = s"R(s) q
As M[z(@,¢)] = Z(¢,s). Thus, Equation (11) is also represented as
U(p,0)  DLU(Y,0)
— 2 @
L.H.S = s7TR(s) — iR A (12)
Assume that for r = K, Equation (1) is true. In Equation (1), put r = K.
M[DEU(p, @)] = sKTR(s) Z S1K=D=1pM DMy (,0), 0 < 5 < 1. (13)

j=0

Further, we have to prove that Equation (1) is valid for * = K+ 1. To solve Equation (1),
putr = K+ 1.

K
M[D(K+l U (yp,@)] = §(K+1) ’7R Z (K+1)— 1D]'7Ll(zp 0). (14)
This result is derived from Equation (14).
L.H.S = M[DS"(DE™M). (15)
Let
Do’ = g(y,@).

By employing Equation (15), the subsequent result is achieved:
L.H.S = M[DLg(y, @)]. (16)

Equation (16) is modified by employing Caputo’s derivative and the RL integral.

L.H.S = s"M[DS"u(p, )] — gs(i"i’j?). (17)

Equation (63) can serve as a basis for the formulation of Equation (17).
L.H.S =s"R(s 25’7 =D=1DMU (1, 0), (18)
j=0
An alternate form of Equation (18) is

L.H.S = M[DZU(y,0)].

Equation (1) is proven to hold for r = K + 1 using mathematical induction. For all
positive integers, it has been proved that Equation (1) is true. O

Lemma 2. Let U(1p, @) be an exponentially ordered function. M[U(y, @)] = R(s) denotes the
MT of U(1p, @). The multiple fractional power series (MFPS) is shown as follows in relation to the
Mohand transform:

Z ”7+1’ 0 4
where P = (51,2, -+, Py) €RT, y € N.

Proof. Assume the Taylor series:
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@21

U, @) = o)+ 1 (§) g+ 1) gy 0

Equation (20) yields the following result when MT is applied:

2
MUY, @)] = Ml (y)] +M[h1(1p)r[fjrlﬂ +M[h1(¢)r[2‘21”} L.

Use MT’s characteristics to accomplish this result.

1 lp+1] 1 " I2zp+1] 1

MU, @)] = ho() 5 +h1(¢)r[ﬂ+1]s,7ﬁ 2(4’)@@"'

As a result, the Taylor series in an improved form is obtained. [

Lemma 3. The improved Taylor series in MFPS is as follows, assuming that M[U(y, @)] = R(s)
denotes MT:
ho(p) = lim sR(s) = U(y,0). (21)

S§— 00

Proof. Assume the Taylor series:
h
ho(lp)zsR(s)—M—M—--- (22)
Calculate and simplify the limit given in Equation (21) to obtain Equation (22). [

Theorem 1. Let M[U(yp, @)] be a function. In the MFPS form, R(s) is represented as follows:

Sr17+1 4

R(s) = iohr(il’) s>0,

where P = (Y1, Y2, -+, Py) € R7 and y € N. Then, we have
he(p) = Dy'U(,0),
where Dy = D1.DY. ... DI (r — times).

Proof. Assume the Taylor series:

M) = TIR(s) — stg(y) - 2 T @

The following result is obtained by applying the limit to Equation (23):

) = lim (1 1R(s) — o) — lim "2t 200

5—00 s—oo sl s—yo0 g2

We obtain the subsequent result after simplification:

m(p) = Lm (" R(s) — "o (). (24)

S—00
Lemma 1 introduces the fundamental concepts that are employed to derive the follow-

ing form of Equation (24):

h1 () = lim (sM[DLU(1p, @)](s)). (25)

S—r00

The following is the formulation of Equation (25) that uses Lemma 2 as a basis:
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h1 () = DU, 0).

To obtain the subsequent result, it is necessary to take lim;_.o, once more and apply
the Taylor series.

Pal) = IRG) — () — () — L

Applying Lemma 2 yields the subsequent results:

ha () = lim s(s*'R(s) — s2'hig(y) — s"~ 11y (). (26)

S—00

By employing Lemmas 1 and 3 as a base, Equation (26) can be modified in the follow-
ing manner:

ha () = DAU(,0).

By employing the same procedure, we obtain

ha(y) = lim s(M[DSU(p, )] (5)).

S—>00

In order to achieve this ultimate result, Lemma 3 is implemented.

h3() = DU (,0).

Generally,
() = Do U(y,0).
O

In the subsequent theorem, the improved form of Taylor’s series convergence is
explicated and illustrated.

Theorem 2. In accordance with the application of Lemma 2, the MFTS expression is provided as
follows: M[U(w@, )] = R(s). When |S”M[D((DK+1MM(IP,¢D)H < T, foralls >0and0 <y <1,
the residual Hy (¢, s) of the MFTS and validate the inequality:

T
Hk(,9)] < s 5 > O

s
Proof. Let M[D U (1, @)](s) is defined on s > 0 for r = 0,1,2,--- ,K+ 1 and consider
|sM[D k11U (1, @)]| < T. The resultant relationship may be determined by applying the
revised Taylor series.

K
I
Hi(,s) = R(s) — ) () (27)
The following result can be achieved by employing Equation (27) and Theorem 1:

K DJu(y,0
Hi9) = R(s) = 1 % (28)

Multiply Equation (28) by s(K+1)a+1.
K
S(KH)”HHK(l/J,S) = s(s(KH)”R(S) — 2 S(KH*V)”*ng]L{(tp,O)). (29)

r=0

The application of Lemma 1 results in the following form of Equation (29):
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sKADI H (,5) = sM[DG U (, @), (30)
Take the absolute
sV ()| = [sMIDY (9, @), 1)

The condition of Equation (31) must be implemented in order to achieve the de-

sired result.
T

SKp S Hk(¢,s) < SE (32)

The subsequent result is obtained from Equation (32).

T
|Hk(,s)| < SEDy

This leads to the development of a new criteria for the convergence of the series. [

3. Methodology
3.1. g-Homotopy Mohand Transform Method (q-HMTM)

Let us examine a PDE of a time fractional order that is non-homogeneous and non-linear:
DLU(p, @) + RU(p, @) + NU(p,@) = H(p,@), n—1 <5 <n. (33)
The non-linear and linear operators are denoted by N and R, respectively, while the

Caputo derivative is denoted by DU (1, @). H(y, @) is the source term.
Apply the transformation of Mohand transformation on Equation (33).

MUY, @)] = 5 Z TR0k (,0) + o MIRU(Y, @)] + MINU(p, @)] = M[H(y, @)]] =0, (34)

The non-linear operator is defined as follows:

n—1
Nlg(y, @ia)] = Mio(p.:0)) = G T oo (9 @:0)(0°) + G IMIRo(p, 30
+ MW o(p,@59)] ~ ME(p, )],

(35)

In the present case, ¢ (i, @;q)) with respect to i, @, and g € [O, H is a real-valued
function. A homotopy can be defined as

(1 —ng) Mo, @;q) — Up(p, ®)] = hab(p, @) N [@(¥, @; q)], (36)

where the auxiliary parameter is i # 0 and the initial condition is U.
The succeeding result is valid for 0 and %

1
P(p,@;,0) = U (¢, @), ¢(¢,@; ) =U(p @), (37)

As a consequence of the intensification of g, the solution ¢ (¢, @; q) differs from the
initial condition Uy (1, @) to U (¢, @). By employing the Taylor theorem to define ¢ (¢, @; q)
in relation to g, we can derive the following;:
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P, @;q) = Uo(p, @) + Y Un(p,@)q", (38)

where

m .
u, = L "o @:q)

m aqm |q:0/ (39)

The series (36) converges at ¢ = 1 for the appropriate values of Uy(y, @), n, and .
Subsequently,

1\m
o, @;q) = Up(, @) + Zum po) () (40)

By setting q = 0, dividing by m!, and calculating the derivative of Equation (36) with
regard to the embedding parameter g, the following is obtained:

MU (, @) = Koy 1 (,@)] = 1y (19, @) R (U 1), (41)

The vectors and the auxiliary parameter 7 # 0 are subsequently defined as

U = U, @), Us (9, @), Un(p,@)], 2)
The result of the application of the inverse Mohand transform to Equation (41) is
as follows:
Uy (@) = kol 1 (9, @) + 1M [0, @) Ron (U 1), 43)
1 " Np(y,@;9)]
Rm(ﬁmfl) = (m — 1)| aqm_l |q:0/

] <1
km = 0 ifmsl, (44)

1 if m>1,

Finally, the components of the g-HMTM solution are determined by solving
Equation (43).

3.2. Mohand Variation Iteration Transform Method (MVIM)

Let us examine a PDE of a time fractional order that is non-homogeneous and non-linear:
DIU(p, @) = RU(W, @) + NU(p, @) + H(p, @), n—1<n <n. (45)
Initial condition
U, 0) = Up (). (46)
Take MT of Equation (45).
M[DGU (¢, @)] = M[RU(Y, @) + NU (¢, @) + H(p,@)], (47)

The following can be accomplished by utilizing the iteration property of transform:

Z s1—k-19U(, @) “(”” ) | omo = MIRU($,®) + NU(p,@) + H(p, @)}, (48)
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by employing an iterative process that integrates the Lagrange multiplier (—A(s)),
mol I'U(y,0
Mihya(,@)] = M (p@)] = Ae) M, @) - T 1 ZLEO] g
k=0
Substitute Equation (49) into Equation (48) and take A(s) = — Siq
IU(y,0
Mty (9,@)) = Mta(9,@)] = A(s) [MUa (9, )] Z - 2U(0)
(50)
+ M[RU(p, @) + NU(, @) + H(p, @)]],
Apply MIT on Equation (50).
>U(yp,0)
un 1(1)[]/ ) u(lpr i’/ —k-1
+ M[RU(p, @) + NU(p, @) + H(lp,w)]},
The initial condition is given as
m—1 akU(l/J 0)
_ -1 = n—k—1 ’
Up (@) = M1 [ k;o g S P (52)
The recursive scheme is described as follows:
1 9"U(y,0)
s (9,@) = Up(p,0) + M 1T i ZUB0)
+ M[RU(, @) + NU($, @) + Hw,w)ﬂ,
4. Problem 1
4.1. Solution via g-Homotopy Mohand Transform Method
Consider the time fractional-order Sawada—Kotera equation:
°U(p, @) *U(p, @) SUY, @) *U(p, @) oU (1, @)
Ul T\ s 2 et Chad/ 4
Do (p, @) + a5 + 15U (¢, @) P +15 o0 392 +45U* (¢, @) oy 0, (54)
where 0 <7 < 1.
ICs are given as
U(p,0) = 2k*sech? (kyp), (55)
PU(Y, ® PU(p, @ oU (¢, @) *U (P, ®
MU(p,@)] + s<2kzsech2(k1,b)) + M [(.)(1;”5) +15U(y, @) a(l;% ) 415 (z;fp ) ai;fz )
U (56)
+45u2(¢,@)g‘/;;‘0)] = 0.
The non-linear operators are define as
1, 1Py, @; Po(yp,@;
Nlg(p,@;q)) = Mlg(,@;q)) + s (2Ksech? (ky) ) + 5 M [W + 15¢(lp,w;q)W
(57)

I9(, @;q) P (i, @;9)
+ 15 alp a¢2

29(y, @;
+45(p2(1p,ci);q)q)(lglpwq)},
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and the Mohand operators are define as

M[Un (P, @) — k1 (P, @)] = 1h (P, @) Rom[—Up—1]. (58)
Here,
Ko U, @
Ron[=Upp—1] = M[Upy_1 (1, @)] + (1 - n>s(zk25ech2(k¢)) + M [a;f.f”)
m—1 3 . —1 —1m—1—r
+15 Y. ui(w,w)w”“g#jLw y ‘P @) Pl = @) s g o) (g @)x (59)
i=0 11[) i=0 170 r=0 i=0
aum—l—r—i<lp/ (D):|
Y ’
Un (¥, @) = k1 (p, @) +EM [0 (1p, @) R (—Uyp_1). (60)

Based on the initial constraint of Equation (60), the subsequent result is obtained:

64k heo'l tanh(k)sech? (k)

Z/[ ’ = - ’
a7 4 32k°h@" (cosh(2ky) —2)  (n + k) sinh(2ky)
U (P, @) = 32k’ hosech (klp)( T+ 1) - T+ 1) )

and so on.
In the same way, the remaining components are acquired. The g-HMTM solution of
Equation (54) is subsequently derived.

Ut @) =t + 3 tn() - 6

m=1

o2 o 64K7h@" tanh(ky)sech? (ky) 7 e 32k°h@" (cosh (2kyp) — 2)
U(p, @) = 2k“sech” (k) T+ 1) + 32k” ho'sech (kw)( T2y +1) )
_(n+h) sinh(Zklp)) .
I'(n+1)
The approximate solution Y'N_, 24, (%)m for the valuesnn = 1,7 = —landn =1
converges to the exact solution as N — oo.
U(p, @) = 2k3sech? (k¢ - 16cok5). (64)
4.2. Solution via Mohand Variational Iteration Transform Method
Consider the time fractional-order Sawada—Kotera equation:
5 3 2
DIU(p,@) = - TAW®) g5y, ) TUW D) 5 U 0) TUWQ) _ 450 ) B0) (g5

P> ays 9P P2 ap

where 0 <7 <1.
ICs are given as

U(p,0) = 2k*sech? (kyp), (66)
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The following result is obtained by employing the iterative scheme (53):

FU(p,0 PU, P (¢,
Up1(1p, @) = Un (9, @) + M~ [ Z U agfl )+M[ af;g @) 15un(1p,w)a$€w)
(67)
WUy (9, @) PUn (3, @) 2 U (1, @)
1550 i 45un(¢,w)T]],
To obtain the second approximate solution, put n = 0.
5 3
(@) = (@) + ¢ [ T o1t PO g FLBE) 15, ) )
(68)
15H0(, @) PUo (9, @) 2 auo<¢,w>
5 S U@ =5,
The subsequent result is obtained by simplifying the previous result:
7 2
Uy (P, @) = 2k*sech® (k) + bak @ ta;l(};(f_kl))sech (lpk). (69)
By inserting n = 1, we obtain
5 3
th(y,@) = U () + M [ Z (e 178 UW0) 4 py - THE2) “gf,j@"@) ~ 154 () T @) “;,f;i"”
(70)

15U (¥, @) PUh (¢, @)

3 592 — 45U3 (P, @)

aul('*/]/ (D) ]}
ap N

The final approximate solution that emerges from the simplification is as follows:

64k’ @' tanh (1pk)sech? (k) n 1024k'20%1 (cosh(2ypk) — 2)sech* (k)
I'(y+1) 2y +1)
N 122880k"7@31T (217 + 1) (—11 cosh(2yk) + cosh(4yk) + 12) tanh (ipk)sech® (k)
[(n+1)2I'(3y+1)
11796480k @*1T (31 + 1) cosh(2yk) tanh2(¢k)sech8(¢k)
T(n+1)3T(4ny+1)

Uy (1, @) = 2k*sech? (k) +

(71)

The time fractional-order Sawada—Kotera equation is thoroughly analyzed by com-
paring solutions obtained through the MVIM and q-HMTM methods. The results are
systematically presented in tables and figures to illustrate the effectiveness and accuracy of
the methodologies. Table 1 highlights the comparison of solutions U (¢, @) derived using
MVIM and q-HMTM for different fractional orders 7 of Equation (65). The table reveals
a strong agreement between the two methods, demonstrating their reliability in solving
fractional-order models. Figure 1 provides a graphical comparison of the solution ¢ (¢, @)
for varying fractional orders #: Figure la: Depicts the effect of # = 0.5 on the solution, illus-
trating slower diffusion and wave propagation. Figure 1b: Explores the behavior at 7 = 0.7,
showing enhanced wave characteristics compared to lower orders. Figure 1c: Represents
the case of # = 1.0, corresponding to the classical integer-order scenario, with distinct
waveforms. Figure 1d: Displays a 2D comparison of the solution (¢, @) at @ = 0.1,
highlighting the consistency between methods. Figure 2 showcases both 3D and 2D rep-
resentations of the exact and approximate solutions U (1, @) for @ = 0.1 of Equation (65).
These visualizations emphasize the high degree of accuracy achieved by the approximate
methods, with minimal deviations from the exact solution. Table 2 provides a detailed error
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analysis for the MVIM and q-HMTM methods when applied to U (¢, @) across different
fractional orders 7. The error values are consistently low, confirming the precision and
robustness of both techniques. The table also underscores the superiority of ¢-HMTM in
scenarios with higher fractional orders.

Table 1. MVIM and q-HMTM solution comparison of U (¢, @) for different fractional orders 7 of
Equation (65).

q-HMTM MVIM q-HMTM MVIM q-HMTM MVIM
@ P 71 =20.5 n=20.5 n=0.7 n=10.7 n=10 n=10 Exact
0.2 0.498199 0.498362 0.496888 0.496896 0.495515 0.495515 0.495515
0.6 0.470904 0.471064 0.463191 0.463198 0.458893 0.458893 0.458893
0.01 1.0 0.413022 0.412863 0.401095 0.401087 0.395037 0.395037 0.395037
1.4 0.339165 0.338899 0.325793 0.325780 0.319289 0.319289 0.319289
1.8 0.263793 0.263677 0.251183 0.251177 0.245206 0.245206 0.245206
0.2 0.497472 0.498327 0.498271 0.498344 0.496405 0.496407 0.496405
0.6 0.478504 0.479409 0.469157 0.469227 0.461491 0.461492 0.461490
0.03 1.0 0.426619 0.425924 0.409983 0.409908 0.398644 0.398642 0.398642
1.4 0.355313 0.354062 0.335593 0.335469 0.323131 0.323128 0.323130
1.8 0.279511 0.279000 0.260334 0.260280 0.248720 0.248719 0.248720
0.2 0.495475 0.497329 0.498786 0.499002 0.497200 0.497207 0.497198
0.6 0.482674 0.484728 0.473515 0.473731 0.464020 0.464027 0.464015
0.05 1.0 0.435541 0.434237 0.416929 0.416724 0.402221 0.402214 0.402216
1.4 0.366525 0.364026 0.343482 0.343135 0.326979 0.326967 0.326976
1.8 0.290741 0.289779 0.267828 0.267679 0.252260 0.252254 0.252258
0.2 0.492953 0.496044 0.498803 0.499242 0.497899 0.497918 0.497893
0.6 0.485425 0.488972 0.477054 0.477506 0.466481 0.466499 0.466468
0.07 1.0 0.442528 0.440625 0.422936 0.422549 0.405771 0.405750 0.405757
1.4 0.375696 0.371816 0.350478 0.349803 0.330834 0.330800 0.330823
1.8 0.300116 0.298704 0.274568 0.274285 0.255827 0.255812 0.255822
0.2 0.488624 0.493945 0.498171 0.499106 0.498766 0.498823 0.498752
0.6 0.488078 0.494443 0.481373 0.482372 0.470045 0.470099 0.470007
0.10 1.0 0.450999 0.448303 0.430862 0.430121 0.411042 0.410984 0.411001
1.4 0.387332 0.381265 0.359976 0.358626 0.336627 0.336531 0.336597
1.8 0.312249 0.310232 0.283856 0.283311 0.261226 0.261183 0.261211
Table 2. MVIM and q-HMTM error comparison of U/ (lp,w) for different fractional orders 1 of
Equation (65).
® P |g — HMTM — MVIM|,—os |g — HMTM — MVIM|y—o7 |g — HMTM — MVIM|,—1,
0.2 1.30333 x 1073 7.25768 x 107 5.57427 x 1078
0.6 7.70615 x 1073 6.68658 x 107° 496941 x 108
0.01 1.0 1.19345 x 1072 8.11866 x 10~° 6.60517 x 1078
14 1.33850 x 102 1.29738 x 10~° 1.03557 x 10~7
1.8 126157 x 1072 591413 x 10° 4.80566 x 108
0.2 8.72584 x 104 7.34034 x 107° 1.50875 x 10~°
0.6 9.27635 x 1073 7.07849 x 10~° 1.36853 x 10~°
0.03 1.0 1.67114 x 1072 7.50900 x 10> 1.73553 x 107°
14 1.98440 x 1072 1.23785 x 104 2.74762 x 10°
1.8 1.92310 x 102 548133 x 107° 1.26350 x 10~°
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® ¢ |g — HMTM — MVIM|,—o5 |g — HMTM — MVIM|y—o7 |g — HMTM — MVIM|,;=10
0.2 3.52679 x 1073 215754 x 10~* 7.00207 x 107°
0.6 8.94313 x 1073 2.15402 x 10~* 6.45982 x 10~
0.05 1.0 1.88162 x 1072 2.04378 x 104 7.81329 x 107°
1.4 2.33905 x 102 3.46556 x 104 1.24963 x 107>
1.8 2.30625 x 1072 1.49478 x 1074 5.69200 x 10~
0.2 6.28892 x 1073 439441 x 1074 1.92607 x 107>
0.6 7.91889 x 1073 451808 x 10~* 1.80661 x 107>
0.07 1.0 1.99791 x 102 3.87183 x 104 2.08317 x 107°
1.4 2.58931 x 102 6.75072 x 104 3.36748 x 107°
1.8 258311 x 1072 2.83730 x 104 1.51866 x 107>
0.2 1.04819 x 1072 9.35368 x 104 5.63589 x 10~°
0.6 5.70595 x 1073 9.98903 x 10~* 541592 x 10~°
0.10 1.0 2.08786 x 102 7.41386 x 10~* 5.80746 x 107°
1.4 2.87052 x 102 1.34934 x 1073 9.54873 x 107°
1.8 2.89380 x 102 5.44985 x 1074 423852 x 107°

Figure 1. Different fractional-order comparison of the solution U (¢, @). Part (a) represents the effect

of 1 = 0.5, part (b) represents the effect of # = 0.7, part (c) represents the effect of # = 1.0, and part

(d) represents the 2D comparison of the solution U (y, @) at @ = 0.1 of Equation (65).
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Figure 2. (a) Three-dimensional and (b) two-dimensional representation of the exact and approximate
solution U (, @) for @ = 0.1 of Equation (65).

5. Problem 2
5.1. Solution via g-Homotopy Mohand Transform Method

Consider the time fractional-order Rosenau-Hyman equation:

PU(p, U U U (¢,
Dt (@) ~ Uy, ) G52 s HEBETLD) g, 0)HL2) o, 72)
where 0 <7 <1.
ICs are given as
U(p,0) = —% cosh? (i/;), (73)

3 2
)M}:O.

oy

Non-linear operators are defined as

3 .
Nigp,@ia)] = Mgy @ia)) —s( 5 cost? (4 ) ) + S = g, @i LD 5 2000200)

U,

3
(¢, @:q) I(y, ;4) " " "
B ‘P(lpr@;Q)T}-
and the Mohand operators are define as
M[Um(lp,&?) — ko m,1(¢,w)] = hh(l[),(@)Rm[—)Um,l]. (76)
Here,
k) (8 1 = PUp—1-i (9,
Ron[ U] = Mty ()] - (1 )(3 cot?(§) ) + M [ = E 2l 0) s
(77)
182/[ l[) CD azum 1—i llJ (D m-l aumflfi(lpr@)
31 ! o2 Z Uiy oY }

Un (P, @) = k1 (¥, @) + EM (1, @) R (= Uy _1). (78)
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Based on the initial constraint of Equation (78), the subsequent result is obtained:

2021 (5 sinh(%) +4sinh(lp)>(i)’7

9T (5 +1) ’

ch (35 cosh(%) +78 cosh(%w) +104 COSh(lIJ))@'7
r2y+1)

U (p, @) = —

(79)

1
Uy (¢, @) = ﬁczha)’7 < -

6(5 sinh(%) + 4sinh(1p)) (n+h)
B T(n+1) )

and so on.
In the same way, the remaining components are acquired. The g-HMTM solution of
Equation (72) is subsequently derived.

U, @) =U + i Un (1)m (80)
m=1 n
2 : ' . . [ .
Ul @) choshz(lb> - 2c h(5 smhg<r2(27 —I—;i)smh(q)))wﬂ %Czhwﬁ ( - 6(5 s1nh<2)r—|(—’74—is_1111§1(1p))(n +h)
(81)
ch (35 cosh(%) +78 cosh(%lp) + 104 cosh(t/z))ci)77
- T2y +1) )+

m
The approximate solution y'N_, 24, (%) for the valuesy = 1,7 = —landn =1
converges to the exact solution as N — oo.

Uy, @) = —% cosh? (};(‘” _ cw)). (82)

5.2. Solution via Mohand Variational Iteration Transform Method

Consider the time fractional-order Rosenau-Hyman equation:

PU(Y, @) U, @) *U(P, @) oU(p, @)
U —
where 0 <7 <1.
ICs are given as
_ 8 a2(¥
U(p,0) = 3 cosh (4), (84)
The following result is obtained by employing the iterative scheme (83):
8 U 0 asz/[n 7 az/[n ’ aZun ’
Uy (9,@) = Un(, @) + M [ 2 1 S ¢ Mty ) ) 5 D) T )
Uy (P, @) (%)
n 1/)/09
_H/{H(IP’(D)T]}'
To obtain the second approximate solution, put n = 0.
3 2
Uy (9, @) = Uy (9, @) + M~ [ Z §—k— 19U (9, 0) U(lP 0) + Mo, (o)a UO(IISJ/CD) L 3Mo(¥,@) 0 Uo(lg/@)
oy o ayp 86)
Uy (1,
+uo(¢,w>%]],
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The subsequent result is obtained by simplifying the previous result:

c? (5 sinh(%) —i—élsinh(lp))wl7 (87)
9r(n +1) '

_ 8 osn2( ¥
U (p, @) = 3 cosh <4> +

Insert n = 1 to obtain the following result:

83L{1(1/J,a)) n 3E)L{1 (l/J,(D) 82U1 (IIJ,(D)
o3 oy oyp?

(@) = U (,0) + M [ 5 2 12U g g,
88
al/ﬁ(ll’/@)]], ( )

+Z/[1(7,[J,(«D) alIJ

The final approximate solution that emerges from the simplification is as follows:
2(5ginh (¥ i U
1 c*(5sinh( % ) 4 4sinh(y) |@
Ur (P, @) = 5(—8)ccosh2 Cl;) + ( gI’()n ) )
c (35 cosh (%) + 78 cosh (%) + 104 COSh(I[))) @1
27T (2 +1)

5¢ ( 551nh(%) +39 smh( ) + 10sinh(yp) + 32 sinh(21p))a)3’71"(217 +1)
81T (7 +1)2T (37 + 1) '

(89)

+

The time fractional-order Rosenau-Hyman equation is analyzed in detail using both
the MVIM and q-HMTM methodologies. The results are presented through comprehensive
comparisons and visualizations. Table 3 provides a comparison of the solutions U (¢, @)
obtained using MVIM and q-HMTM for different fractional orders 7 of Equation (72).
The table highlights the consistency and accuracy of the two methods across varying
n values, demonstrating their robustness in solving fractional-order models. Figure 3
illustrates the effect of different fractional orders 77 on the solution U (i, @): Figure 3a:
Depicts the solution behavior for # = 0.5, showing a more diffusive wave pattern. Figure 3b:
Represents the solution for 7 = 0.7, illustrating a transition to more defined wave structures.
Figure 3c: Highlights the solution for # = 1.0, corresponding to the integer-order case,
with the wave profiles becoming sharper and more structured. Figure 3d: Shows a 2D
comparison of the solution U (¢, @) at @ = 0.1, offering a detailed perspective on the
impact of the fractional order on the solutions evolution. Figure 4 provides both 3D
and 2D visualizations of the exact and approximate solutions U (¢, @) for @ = 0.1 of
Equation (72). The graphical representations underscore the high degree of agreement
between the methods, showcasing their precision and reliability in modeling the dynamic
behavior of the fractional system. Table 4 presents an error analysis, comparing the solutions
U(p, @) derived using MVIM and g-HMTM for various fractional orders 1 of Equation (72).
The error values demonstrate the excellent accuracy of both methods, further validating
their applicability to fractional differential equations.
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Table 3. MVIM and q-HMTM solution comparison of U (¢, @) for different fractional orders # of
Equation (72).
q-HMTM MVIM q-HMTM MVIM q-HMTM MVIM
@ P 71 =20.5 71 =20.5 n=0.7 n=10.7 n=10 n=10 Exact
0.2  —0.267089 —0.267089 —0.267217 —0.267217 —0.267305 —0.267305 —0.267327
0.6 —0.271792 —0.271792 —0.272328 —0.272328 —0.272622 —0.272622 —0.272692
001 1.0 —0.281993 —0.281992 —0.282990 —0.282990 —0.283522 —0.283522 —0.283649
14 —0.298047 —0.298044 —0.299606 —0.299606 —0.300437 —0.300437 —0.300639
1.8  —0.320528 —0.320522 —0.322811 —0.322811 —0.324038 —0.324038 —0.324343
02 —0.267014 —0.267013 —0.267109 —0.267108 —0.267251 —0.267251 —0.267314
0.6 —0.271246 —0.271243 —0.271917 —0.271916 —0.272445 —0.272445 —0.272651
0.03 1.0 —0.280936 —0.280930 —0.282233 —0.282232 —0.283203 —0.283203 —0.283579
14 —0.296390 —0.296377 —0.298422 —0.298421 —0.299938 —0.299938 —0.300538
1.8  —0.318134 —0.318106 —0.321071 —0.321069 —0.323301 —0.323301 —0.324206
02 —0.267014 —0.267012 —0.267042 —0.267042 —0.267199 —0.267199 —0.267301
0.6  —0.270933 —0.270927 —0.271612 —0.271611 —0.272272 —0.272272 —0.272611
005 1.0 —0.280297 —0.280283 —0.281661 —0.281660 —0.282889 —0.282889 —0.283510
14  —0.295386 —0.295357 —0.297528 —0.297524 —0.299449 —0.299449 —0.300437
1.8  —0.316706 —0.316647 —0.319765 —0.319758 —0.322578 —0.322578 —0.324070
0.2  —0.267045 —0.267042 —0.266998 —0.266997 —0.267151 —0.267151 —0.267288
0.6 —0.270716 —0.270706 —0.271361 —0.271359 —0.272103 —0.272103 —0.272571
007 1.0 —0.279830 —0.279808 —0.281182 —0.281179 —0.282582 —0.282582 —0.283441
14 —0.294651 —0.294604 —0.296777 —0.296770 —0.298968 —0.298968 —0.300336
1.8  —0.315678 —0.315580 —0.318675 —0.318661 —0.321869 —0.321869 —0.323934
02 —0.267123 —0.267118 —0.266961 —0.266960 —0.267085 —0.267085 —0.267269
0.6 —0.270491 —0.270474 —0.271049 —0.271045 —0.271858 —0.271858 —0.272511
0.10 1.0 —0.279310 —0.279271 —0.280573 —0.280566 —0.282131 —0.282130 —0.283338
14 —0.293830 —0.293749 —0.295823 —0.295808 —0.298263 —0.298262 —0.300186
1.8  —0.314551 —0.314384 —0.317299 —0.317269 —0.320833 —0.320831 —0.323730
Table 4. MVIM and q-HMTM error comparison of ¢ (1/),(0) for different fractional orders 7 of
Equation (72).
® P |g — HMTM — MVIM|,—o5 |g — HMTM — MVIM|,—o7 |g — HMTM — MVIM|,—1,
0.2 1.28355 x 10~* 7.07481 x 107° 545943 x 10~
0.6 5.36366 x 10~* 2.48460 x 108 1.91730 x 10710
001 1.0 9.96743 x 104 5.55279 x 108 428493 x 10~10
1.4 1.55913 x 1073 1.15788 x 1077 8.93505 x 1010
1.8 2.28322 x 1073 2.39517 x 1077 1.84828 x 107
0.2 9.42819 x 107> 7.10673 x 1078 1.47404 x 107°
0.6 6.70136 x 10~* 249581 x 1077 5.17671 x 10~°
0.03 1.0 1.29608 x 1073 5.57784 x 107 1.15693 x 1078
14 2.03085 x 1073 1.16310 x 10~° 241246 x 1078
1.8 2.93532 x 1073 240597 x 107° 499037 x 108
0.2 2.74311 x 107° 2.07755 x 107 6.82430 x 1077
0.6 6.77663 x 1074 7.29615 x 1077 239662 x 1078
0.05 1.0 1.36269 x 1074 1.63060 x 10~° 5.35617 x 1078
1.4 2.13836 x 1074 3.40017 x 107° 1.11688 x 1077
1.8 3.05185 x 104 7.03353 x 10~° 2.31036 x 107
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® ¢ |g — HMTM — MVIM|y—o5 |g — HMTM — MVIM|y—o7 |g — HMTM — MVIM|,—10
0.2 475401 x 107° 421134 x 1077 1.87258 x 108
0.6 6.42608 x 104 1.47898 x 10~° 6.57634 x 108

0.07 1.0 1.34846 x 1073 3.30534 x 10~° 1.46973 x 1077
1.4 2.11898 x 1073 6.89239 x 107° 3.06472 x 107
1.8 298302 x 1073 1.42575 x 107> 6.33962 x 107
0.2 1.63260 x 10~* 8.90666 x 107 5.45944 x 108
0.6 5.54189 x 10~* 3.12793 x 10~° 1.91730 x 1077

0.10 1.0 1.25622 x 1073 6.99055 x 107° 428493 x 1077
1.4 1.97811 x 1073 1.45769 x 107> 8.93505 x 107
1.8 2.71761 x 1073 3.01534 x 107° 1.84828 x 107°

0.0

-0.2

R -0.4
-0.6f

-08r:

- =10

Figure 3. Different fractional-order comparison of the solution I/ (¢, @). Part (a) represents the effect

of 1 = 0.5, part (b) represents the effect of 7 = 0.7, part (c) represents the effect of # = 1.0, and part
(d) represents the 2D comparison of the solution U (¢, @) at @ = 0.1 of Equation (72).

0.0
=01
=02
-03

-05F -
-0.6 [

-0.4 /

<+ Ungp

= Uexact

o< e

Figure 4. (a) Three-dimensional and (b) two-dimensional representation of the exact and approximate
solution U (, @) for @ = 0.1 of Equation (72).
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6. Conclusions

In this work, we explored fractional-order Sawada—Kotera and Rosenau-Hyman
equations using two advanced analytical techniques: the g-homotopy Mohand transform
method (q-HMTM) and the Mohand variational iteration method (MVIM). These method-
ologies, combined with the Caputo fractional operator, provided a powerful framework
for solving complex non-linear fractional differential equations. We successfully derived
hyperbolic, trigonometric, and rational solutions, demonstrating the adaptability of the
proposed methods to various solution forms. The results reveal the significant influence of
the fractional parameter on the behavior of solutions, providing a deeper understanding of
diffusion and wave dynamics in fractional-order systems. Graphical visualizations sup-
ported the theoretical findings, illustrating the practical relevance of the derived solutions
in explaining physical phenomena. This study highlights the effectiveness and reliability
of -HMTM and MVIM as robust tools for analyzing fractional-order equations. These
methods not only simplify the solution process but also provide new insights into the
dynamics of fractional systems, offering applications across diverse fields, including fluid
mechanics, wave propagation, and non-linear dynamics. Future research may extend the
proposed approaches to more complex fractional models and explore their potential in
multidisciplinary applications.
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