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Abstract

In this paper, we develop a fully discrete finite element scheme, based on a second-order
backward differentiation formula (BDF2), for numerically solving the three-dimensional
incompressible Navier—Stokes equations. Under the assumption that the fully discrete
solution remains bounded in a certain norm, we establish that any smooth initial data
necessarily gives rise to a unique strong solution that remains smooth. Moreover, we
demonstrate that the fully discrete numerical solution converges strongly to this exact
solution as the temporal and spatial discretization parameters approach zero.

Keywords: incompressible Navier-Stokes equations; BDF2 scheme; finite element method;
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1. Introduction

Consider the 3D incompressible Navier-Stokes equations

otu~+u-Vu—uAu+Vp =0,
{t B P= wheax o1, (1)

divu =0,

where Q C R is a convex polyhedral domain, which satisfies compatibility conditions
and has smooth boundary 9Q), u = u(x,t) € R3 and p = p(x,t) € R are unknown velocity
field and pressure, respectively, 1 > 0 represents the viscosity coefficient of the flow. We
consider system (1) subject to the following Dirichlet boundary condition

(%, 8)]a0 = 0, 2)

and the initial condition

u(x,0) = u(x), forxc Q. 3)

As usual, one imposes the condition [, p(x, t)dx = 0 for the uniqueness of pressure.
The three-dimensional incompressible Navier-Stokes equations serve as a cornerstone
mathematical framework in fluid dynamics, with broad applicability across scientific and
engineering disciplines such as meteorology, aerodynamics, and oceanic modeling. It is
worth noting that the global existence of weak solutions to system (1) can be traced back
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to the work of Leray [1] and Hopf [2]. However, the global existence of strong solutions
to system (1) with general smooth initial data remains an open challenge, primarily due
to the strong nonlinearity and complex structure of the equations. A common approach
to circumvent this difficulty has been to assume that the initial data is sufficiently small.
Under such smallness conditions, several classical works have successfully established
global well-posedness. For instance, Fujita and Kato [3] proved global existence for small
initial data in H*(R3) with s > % Subsequent improvements and extensions were obtained
by Kato [4] in L3 (R3 ), by Cannone [5] and Planchon [6] in Besov spaces, by Koch and
Tataru [7] in the larger space BMO ™!, and by Lei and Lin [8] in the Lei-Lin space. In
addition, significant progress has been made on regularity criteria for strong solutions
to the 3D incompressible Navier-Stokes equations; we refer the reader to [9-12] and the
references therein for further details.

Over the past several decades, a wide variety of numerical methods have been
developed for approximating solutions to the incompressible Navier-Stokes equations.
For instance, finite element methods are discussed in [13-17], finite difference methods
in [18-20], Lagrange—Galerkin methods in [21-23], and spectral methods in [24-26]. It is
important to note that previous convergence analyses of numerical schemes for the 3D
Navier-Stokes equations have universally relied on the assumption that an exact smooth
solution exists. This naturally leads to the question: if a numerical solution remains
bounded in certain norms, what does this imply about the regularity of the true solution?
To date, two relevant studies have addressed this issue: one by Li [27] and another by Cai
and Zhang [28]. Both works show that for any M > 0, there exist positive constants Ty
and & such that, provided the time step T < ) and the mesh size & < hy;, bounded-
ness of the numerical solution in specific norms implies both the existence of a unique
smooth solution to the continuous problem (1)-(3) and the convergence of the numerical
approximation to this true solution. The primary distinction between the two lies in the
temporal discretization: Li employs a backward Euler scheme, whereas Cai and Zhang use
a Crank—Nicolson approach.

In this paper, we study a numerical method based on a second-order backward differ-
entiation formula (BDF2) for time discretization and finite elements for spatial discretization.
As a widely adopted approach (see [29-34] and references therein), the BDF scheme pro-
vides higher-order temporal accuracy and improved stability over the backward Euler
method. Furthermore, unlike the Crank—Nicolson scheme, the BDF2 method is a linear
fully implicit scheme that is straightforward to implement and computationally efficient,
as only linear systems need to be solved at each time step. Compared to the work of Cai
and Zhang [28], our analysis requires weaker qualitative assumptions on the solution u of
problem (1)—(3). Specifically, we only assume the same regularity conditions as in Li [27],
yet still achieve higher-order convergence estimates comparable to those in [28].

Remark 1. We note that the existence of weak solutions to the three-dimensional incompressible
Navier—Stokes equations was established in seminal works by Leray [1] and Hopf [2]. Specifically, for
an initial condition uy € L*>(Q) with V - ug = 0, where Q C R is either a bounded domain or the
whole space, they proved the existence of a unique weak solution u in the space L*(0, T; L>(Q2)) N
L%(0, T; H'(Q)). However, due to the presence of the nonlinear convective term u - Vu, standard
PDE techniques are insufficient to derive higher-order a priori estimates. Consequently, it remains a
major open problem and one of the seven Millennium Prize Problems to establish, without restrictions
on the initial data, the existence of a strong solution u € L (0, T; H*(Q))) N L?(0, T; H*1(QQ))
for any integer k > 1.

In mathematical analysis, a common strategy to circumvent this difficulty is to assume the
initial data are sufficiently small, which allows the conclusion of global strong solutions. In



Mathematics 2025, 13, 3236

30f13

numerical analysis, an alternative approach is taken: by assuming the numerical solution remains
bounded in certain discrete norms, one can deduce the existence of a strong solution to the continuous
problem. In this sense, the boundedness assumption on the numerical solution in our work plays a
role analogous to the smallness assumption on the initial data in classical theoretical studies.

The remainder of this paper is structured as follows. Section 2 introduces necessary
notations and preliminary results, and states the main theorems. The detailed proof of the
main result is then presented in Section 3.

2. Notations and Main Results

We employ standard notation for Lebesgue and Sobolev spaces. For any p € [1, o]
and K > 0, let P?(Q)) and WK? (Q)) be abbreviated as L? and WX?, endowed with the norms
| - lr and || - ||y, respectively. When p = 2, we denote H* = W2 with norm || - || .
The norm and inner product in L?(Q)) are written simply as || - || and (-, -).

Define the space of zero-mean square-integrable functions as

1L2(Q) = {v e [2(Q)] /dex - o}.

Let Wg’p(ﬂ) denote the closure of C°(Q2) in WFP(Q) and let H5(Q) = Wg’Z(Q).
Furthermore, the vector-valued Sobolev spaces are denoted by W57 (Q)) = (Wk?(Q)))3,
H(Q) = (H§(Q))% and LP(Q) = (LP(Q))>. The following vector-valued Sobolev spaces
will be used frequently in the following:

D(Q) = {v € CF(O)%: divo = 0},
.(Q) = The completion of D(Q) in L*(Q)),
H' (Q)) = The completion of D(Q) in H(Q),
H(Q) = H' (Q) " H3(Q),
H'(Q) = The dual space of H' (Q)).
In this paper, for convenience, we denote by || - ||y, the norms of both W*?(Q) and

WE?(Q), denote by | - || g« the norms of both H¥(Q2) and H*(Q), and denote by | - ||» the
norms of both L¥(Q)) and L?(Q2). Denote the norm of H ™' by || - ||l g-1-

Let J, be a quasi-uniform triangulation of the convex polyhedral domain (),
consisting of tetrahedral elements Kjj = 1/, where the mesh size is defined as h =
max1 <j <] diam(lC]-). In order to discretize problem (1)—(3), we need to use a finite
element space X, x V;, C H}(Q) x L3(Q) that satisfies

3_3
inf [[o—ops < CH T o], Vo € HY(Q)HTHQ), (4)
Up h
inf [|g—qulli2 < Chlgllen, Vg€ HY(Q), (5)
eV
|(Van,o4)|

19nllr2() £ C  sup , Y €V, (6)

'UhEXh,?J;ﬁEO || vvh ||L2(Q)

for! =0,1and q € [2,6], where C is a positive constant independent of 1. We also need to
assume that
dive, € V), Vo, € X3, (7)

which ensures that the discrete divergence-free functions satisfy the divergence-free condi-
tion pointwise—a crucial property for the numerical approximation of problem (1)-(3).
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Remark 2. The condition specified in (7), namely that div, v, € V}, for all v, € X;, and hence
that discrete velocities are pointwise divergence-free, is only achievable with certain specialized
finite elements, such as the Scott—Vogelius pair on barycentrically refined meshes. Standard MINI
elements do not possess this property, and the original text does not specify any particular element
choice or mesh condition to fulfill this requirement.

Let {t;}}¥ ) be a uniform partition of the time interval [0, T] with mesh size T =

2

Then, for a sequence of functions g, (n =1,2,--- , N — 1), one defines

n+1 __ 4o n—1 B n+1l _ . n
DTg”“ = 38 Zi +g Drg"ﬂ = 7g g ’ Q" = 2g" 7gn—1

~

a BDF2 mixed finite element method of Navier—Stokes problem (1)-(3) is defined as: for
given uj, u, Le Xy, pjp € Vy,, find (u ”*1,;7;“) € X}, X V}, such that

(Dt 0p) 4+ p(Vul ™, Vo) — (W 4 - Vo) — (p) T, Vo) =0, (8)

and
(V-ult,q,) =0, Vo, € Xy, g4 €V, )

where u% := Rju(x) is the Stokes-Ritz projection of u#° onto X},, and u}l can be provided
by a backward Euler finite element method:

(Druy, vp) + p(Vuy, Vo) — (it - Voy) = (p, V- vy) =0, (10)

(V-uj,q,) =0, VYo, € Xy, g, €V, (11)

Then, for the solution u}; given by (8)—(11), one defines the piecewise constant numeri-
cal solution

up(x,t) =up(x), x€Q, te (t_1,tn). (12)
By taking (vp,, q1) = (1!, p/*1) in (8) and (9), note that
2(3a —4b+c,a) = |a]®> — |b|* + [2a — b|*> — [2b — c|* 4 |a — 2b +c|?,
we have
=2,
+ }lHVuZHHLZ =0.

= N 172 + 1120071 — a7 — |20 — 0y + o™ — 20y + 0 7172)

Summing up from the time step ¢; to t,,11, it yields that

1
2l 22 + fl20 ™ — il 2) + E Vo 122 <5 (laglIZ2 + [126), — ] 2)

<3
< Ol 22 + 20 12),
wheren =1,2,--- ,N — 1. Taking (v, q;,) = (u}l, p}l) in (10) and (11), it is easy to see that
i 172 + 267 Va7 < llplI7
Then, based on the above two inequalities, we easily derive that

N
(Iluh“H 2+ (120 = wll2) + pr Y IV < 2] (13)

n=1
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Next, we present our main result in the following theorem.

Theorem 1. For any M > O, there exist positive constants Tyy and hp—both decreasing in M—that
are independent of the solution u, the initial data u®, and the time T, but may depend on the viscosity
coefficient y, such that when

T<T7m, h<hypy, (14)

if a numerical solution uy, - defined by (12) satisfies

llwn, | o (0,7,04) + [0z +1 < M, (15)
then there exists a ungiue strong solution for problem (1)—(3) with reqularity

ueL®(0,T;H?), ome L®(0,T;L?). (16)

In the end of this section, we would like to provide a table of auxiliary functions and
their properties (Table 1).

Table 1. Auxiliary functions and their properties.

Auxiliary

. Properties
Functions p

«: decreasing
function
®: increasing
function

depend on () and does not depend on # and T

depend on Q) and does not depend on u and T, satisfies ®(s) > s

We remark that the constants C in the following are positive constants which are not
only independent of & and 7, but also independent of the unknown solution u.

3. Proof of Theorem 1

Let P : L2 — L* denote the L2-orthogonal projection onto the space of divergence-free
functions. Then, the H2-regularity estimate of linear Stokes equations, as established in [35],
implies that

o]l g2 < Cl[PAD|| ;2 < C|lAv]|;2, Vo € H(C). (17)

Now, we give two Lemmas, which were proved in [27], and will be used in the proof
of Theorem 1.

Lemma 1 ([27]). There exists an increasing function ® : Ry — R such that if u® € H® and
the Navier—Stokes problem (1)—(3) has a weak solution u € L*(0, T; Hz), then the solution has
reqularity (16) and satisfies the following quantitative estimate:
Hattu“B(O,T;H*l) + ||at”||L°°(0,T;L2) + ||atu”L2(0,T;H1)
+ [l 20,;m2) + 1l Lo 0,7:02) + P Il oo 0,751
<O(||ul (0, r04) + 1] ),

where the function ® does not dependent on u and T.

Lemma 2 ([27]). There exists a decreasing function « : Ry — R such that if ud e Hz, then the
strong solution exists on [0, a(||u°|| y2)] and satisfies

e/l oo 0,0y )ity < Nl +1,
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where the function « does not depend on wand T.

To analyze the convergence behavior of the fully discrete scheme, we define the
Stokes-Ritz projection operator (Ry, P,) : H}(Q) x L?(Q) — X, X Vj;:

H(VW =Ry (W, p)), Vo) — (p = Po(W,p),V-v,) =0, VYo, € Xy, (18)

(V ’ RH(W' p)/ ‘Jh) =0, VQh € Vh/ (19)
and the condition [ [p — P (u, p)]dx = 0is imposed to ensure uniqueness. This Stokes-Ritz
projection exhibits the following approximation properties:

]—1,3
IW = Ry(W, p)lla < CH 273 (W] s + [Pl ), (20)

IW = Ry(W, )l + lp = Pu(W, p)ll12 < CH (IW [ grr + [1pll ), (21)
for any (W,p) € H2(Q) x H'(Q),2 < g < 6and | = 0,1. If we assume that X}, is the
divergence-free subspace of X, then Ry, (u, p) € X}, Py(u, p) € V}, and

u(V(u—Ry(u,p)),Vo,) =0, Vo, € Xy, (22)

(p—Pu(u,p),V-vy) = (V(u—Ry(u,p), Vo), Vo, € Xy, v, € V. (23)

Since the Stokes operator is independent of the pressure; hence, the term || p|| ;: can be
removed in (21). Therefore, we have [27,28]

1_3
271 |W = Ry(W, p)l|es + W = R (W, p) [ < CH' W[, (24)

lp = Pu(W, p)l2 < CH(IW [ g2 + [[pll ) (25)

We also introduce the following inverse inequality [28]:

[onllyyer < CH™ 55570 ol lwma, 0<m<k<oo,1<q<p<oo (26)

where v;, € Xj, or V}, and n is the spatial dimension.
Next, one proves the main results of Theorem 1. Define the positive constant M in
Theorem 1 as
M := Huh,T

Le(0,T;L4) T [[#°| 2 + 1. (27)

Hence, the condition ®(s) > s in Lemma 2 can be transformed as ®(M) > M > 1. In
the following, to obtain the main results, we state a primary claim:

Claim 1 ([27,28]). Foreachk = 0,1,-- -, N, there exists a unique strong solution
blueu € L™(0, t; H?) ﬂ L%(0, tey1; H?),
of system (1)=(3) such that |luy - — u|[ ;g .14y < 1.

. : I 5
Note that u{ is the Stokes-Ritz projection of u°, we have [|u) — u||;4 < Coh# ||u°|| 42
for some positive constant Cy. Hence, if

I < (CoM)™% < (Col[u||;2) 3,
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then Claim 1 holds for k = 0. Further, according to ([27], Lemma 1), we easily see that
Claim 1 also holds for k = 1. Then, one assumes that Claim 1 holds for k < n, which implies

||u||L°°(0,tk;L4) + || 2

Lwan,e = wll oo (0 p18) + Nl o010y + 180112 (28)

Sl + ||1/lh,-( |H2 S M.

0
(o 1t) 1 1

Employing Lemma 2 in conjunction with the inductive hypothesis and inequality (28),
we conclude that there exists a unique strong solution u € L®(0, t,,; H?) W' (0, t;; L.2)
defined in interval (0, t;) can be extended to (0, tx 1), i.e.,

Problem (1)-(3) has a unique strong solution

u € L0, tery; H?) (L0, tyn; H), (29)

satisfies
ottt 20,1y + 108l o0 ir2) + 19020, i

el ey + 120 o iy + 1P (o)

. (30)

SCD(HMHLZ(OJHLA) + “u HHZ)

<P(M).
Under the regularity (30), the solution u satisfies
(Deu™™,vp) — (™, 0" - Vo) + u(Vu,0) — (p"1, V -vy,) = (7, 0) + (BT, Vo), (31)
(V-u"tq) =0, (32)
forn=1,2,---,k, where

Fln-‘rl — Dru”H _ atun-‘rl, (33)
F27’l+1 = i"® u'rl+1 4 un-i-l ® un—O—l, (34)

and the truncation errors of temporal discretization satisfies

k k
Yo Tl EE Y Tl B
n=1 n=1
<C|Dzu" ! — pu™t! ”%Z(o,tm;H*l) +Cll(@" —u") @t H%Z(O,karl}Lz) (35)

<CTH (B a0 1, i) 1l ooy, ey 9 a0 i)
<Ctiot (M),

where the Taylor formula is used to get the second-to-last inequalities.
Assume that

eg-ﬁ-l — Rhun—H _ uz-i-l, e;—&-l = Ph(un+1, n+1) _ n+1'

p Py
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Subtracting (31) from (8), then we derive that
(Deeyoy) + pu(Veytt, Vo) — (e, V - 0p)
=(F" o) + (B, Vo) + (De (R — 1), 0y)
+ (" = Rt @t - Vo) + (e, - Vo) 36)
+ (", (8" — Ryd") - Vo) + (", 8l - Voy,)
7
=) ILi(vp).
i=1
Subtracting (32) from (9) yields
(Vi q,) =0. (37)

Taking v, = e}*! and q;, = ezﬂ in (36) and (37), respectively, summing them up, we

deduce that

1 192 2 1 2 —12 1 —1)2
ol 12 = lleillTa + 112e5™ = enlla = 125 —en Iz + llew™ +2e5 — e [172)

6 (38)
+ull Vet = ) Lilen™).
i=1

Based on (24) and (25), the terms on the right-hand side of (38) can be bounded as

L) = (P, en™ ) < CIEY3 + ¢ Veu |2, (39)
L(ey™) = (B, Veu"1) < CBTH[Z: + el Veu" |7, (40)

13(ez+1) :(DT(RhunJrl _ un+l),ez+l)
<Ch| D™ || g [legy I 2
<Ch||Deu™ ||| Vel | 12

<e|| Vet T2 + CH2 || D™ 7,

(41)

(e) =( — Ry, i Vet
< = Ry o[Vl 2
< = Ry |Vl 2 2)
<Chlw 1 | V4" 2| Ve 2
<e| Vet |2 + CH2 Do B |V 2o,
(el ™) = (ep, i - Vep't) =0, 3)
To(el ) =(u", (8" — Ryt") - Ve )
< "~ Ry ]| Vel
<Cla IV (@ = R 2 Vely 2 (a4)
<ClIVu 2l Vel 2

<el|Vey ™7 + CH2 (| Vay 1T 18" |3,
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I7(€':,+1) :(unJrl’éZ . VeﬁJrl)
=—(ey ey Vet + (R, 8- Vet
=(Ry" 1,8 - Ve )
<[[Rp" [ 8321 Ve ]2
<CIIRyu" M llEn T 1V I 2

<el|VerH 1Pz + CllulBagey,, p 12012,

(45)

Supposing that ¢ = %, adding (38)—(45) together gives

1
2T
+2ef — et Y 2,) + p| Vel 2,

<C(|FEFY2 0 + | B 2,) (46)
+ CH (| Dea™ |2 + ([ 2o | VA 125 + | Va2 100 2)

(Ilei 172 = lleillZ2 + 12¢5 ™ — el fz — l12el — en™ 172 + fles™

- CllulBey,, 20122

Note that

tn tn
Vu" = —/ Vu(t)dt + 1/ (s — ty—1)0:Vu(s)ds. (47)
T tn—1 T t—1

Using (30) and (35), we arrive at

k
Y r(IFHE L+ IET7) < cot (M), (48)

k
Z T”DTun-H” 1 < CHatuHLZ (0,tx41 ;HY) < CCI)Z(M), (49)

n=1

and

k
Y (" Gl Va3 + Va2 181 F2)
n=1

k
<l £ 9+ 19 -

<CO (M) (IVul22(0,, a2+ T10VH22 g ooy + TNV + [00]2)
<CP*(M).

Plugging (48)—(50) into (46), one obtains
1 1 2 : 12
(lei ™ 01F2 + 12e ™ = eillfe) + 1 3 Tl Ver iz
n=1

(51)
<

NI~ N|=

k
(lleallZ2 + l12e;, — eull72) + COHM) (T8 + 12) + CT Y ulfnig, oy 2]z

n=1

Cai and Zhang [28] proved that

lealI?2 + prl Vey |72 < CO*(M)(2* + 1), (52)
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as T < 11, where 7y is a positive constant. We remark that M, which is only depends on the
L*-norm of numerical solution and the H2-norm of the initial data, satisfies (27). Therefore,
by (51) and (52) and Gronwall inequality, we find that

k
max ([le 13 + 1265 = 23172) + 20w ) ([ Ver i

n=1

<k
( T|u||%°°(0,tn+1;H2)>¢4(M)(T4+h2)
(53)

§exp(C||u||Loo (Ot 1H2))¢4(M)(T4+h2)
Sexp(

CO?(M) )@ (M) (v* + 1)

<exp (C<D4( )) (T4 + K?).

Next, applying the inverse inequality [[e 1|4 < Ch~i |21 2 and the Sobolev
embedding inequality |ef||,s+ < C||Ve!*!| 2, we have the following inequality:

max ||e"+1|| <m1n<Ch 2 max ||e"+1||L2,C max |V€ﬁ+1|Lz>
0<n<k 0< 0<n<k

§Cmin(h*%,7*2) <
O=n n=0

u 54
max e 2, +7 )" ||Vez+1||§2+r|v@},||§z> (54)
<exp(C,d*(M)) (T2 + h?),

where we have used (52) and (53) in the above estimates. Furthermore, for any t € (ty, t;11]
andn =0,1,---,k, we have

max lu— Ry 7o < max (2flu(t) — a7y 20" = RtT)
te(tnrtnﬂ] te (tn/tn-H]

2 2 1 12
<Ct°|[0u]| © (tstn1;HY) +Clla" = Ry |3

+ Pl 01, 1) ©5)

2 2
<Ct”||0¢ul| (0,4 1;H1)

<CP*(M)(T> + h?)
<exp(Cr@*(M)) (T2 + h?).

Combining (54) and (55) together gives
1
2 = T 0,10 < XP(CPHM)) (T +12), (56)

that is
2
||uh,'r - u||L°°(0,tk+1;L4) <1, (57)

as T2+ h2 < exp(—C3®*(M)).
Assume that

T = min{q)(M),Tl, % exp( C23 @4(M)> },
ho = rnin{ (COM)_%, % exp(72C3<I>4(M)) }

Then, on the basis of (29), (30) and (57), the mathematical induction of Claim 1 is
complete. Consequently, the existence and uniqueness of the strong solution

u e L0, T; H?) (\W"*(0, T; L?)
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is proved, which satisfies

el Lo 0,7;04) < Nunell oo, rsee) + 1

Then, we complete the proof of Theorem 1.

4. Conclusions

Existing studies on the convergence of numerical methods for the three-dimensional
incompressible Navier-Stokes equations typically assume the existence of a sufficiently
smooth exact solution. However, due to the nonlinear convective term and the intrinsic
complexity of the equations, the global existence of strong solutions—in either bounded or
unbounded domains—remains a major open problem. This raises a fundamental question:
if a numerical solution remains bounded in certain norms, what can be deduced about the
regularity of the true solution?

Partial answers were provided by Li [27] and Cai and Zhang [28], who showed for
the backward Euler and Crank—Nicolson schemes, respectively, that boundedness of the
numerical solution in specific norms implies the existence of a unique smooth solution to the
continuous problem (1)-(3), and guarantees convergence of the numerical approximation
to this strong solution.

In this work, we extend this analysis to the BDF2 scheme and prove that, under
similar boundedness conditions on the discrete solution, there also exists a unique smooth
solution to the continuous problem, and that the numerical solution converges to this
strong solution. It should be noted that the primary aim of this paper is to establish the
theoretical connection between the strong solution of the Navier-Stokes system and the
numerical solution of the BDF2 discretization. Since numerical experiments and practical
implementations of the BDF2 scheme have already been discussed in works such as [36,37],
we do not focus on numerical examples here.

Author Contributions: Formal analysis, J.C.; Investigation, Z.Z.; Writing—original draft, EL. All
authors have read and agreed to the published version of the manuscript.

Funding: This project is supported by the Excellent Undergraduate Basic Research Project of Leicester
International Institute, Dalian University of Technology.

Data Availability Statement: The data presented in this study are openly available in Research-
Gate at https:/ /www.researchgate.net/profile/Fengnan-Liu. Further inquiries can be directed to
Dr. Fengnan Liu (liufengnan@dlut.edu.cn).

Conflicts of Interest: The authors declare no conflicts of interest.

References

1. Leray,]. Sur le mouvement d’un liquide visqueux emplissant I'espace. Acta Math. 1934, 63, 193-248. [CrossRef]

2. Hopf, E. Uber die Anfangswertaufgabe fiir die hydrodynamischen Grundgleichungen. Math. Nachr. 1951, 4, 213-231. [CrossRef]

3.  Fujita, H.; Kato, T. On the Navier—Stokes initial value problem I. Arch. Ration. Mech. Anal. 1964, 16, 269-315. [CrossRef]

4. Kato, T. Strong LP-solutions of the Navier-Stokes equations in R” with applications to weak solutions. Math. Z. 1984, 187, 471-480.
[CrossRef]

5. Cannone, M. Ondelettes, Paraproduits et Navier—Stokes; Arts et Sciences, Diderot Editeur: Paris, France, 1995.

6.  Planchon, F. Global strong solutions in Sobolev or Lebesgue spaces to the incompressible Navier-Stokes equations in R3. Ann.
Inst. Henri Poincare 1996, 13, 319-336. [CrossRef]

7. Koch, H.; Tataru, D. Well-posedness for the Navier—Stokes equations. Adv. Math. 2001, 157, 22-35. [CrossRef]

8. Lei, Z.; Lin, E Global mild solutions of Navier-Stokes equations. Comm. Pure Appl. Math. 2011, 64, 1297-1304. [CrossRef]

9. Guo, Z; Gala, S. Remarks on logarithmical regularity criteria for the Navier-Stokes equations. J. Math. Phys. 2011, 52, 063503.

[CrossRef]


https://www.researchgate.net/profile/Fengnan-Liu
http://doi.org/10.1007/BF02547354
http://dx.doi.org/10.1002/mana.3210040121
http://dx.doi.org/10.1007/BF00276188
http://dx.doi.org/10.1007/BF01174182
http://dx.doi.org/10.1016/s0294-1449(16)30107-x
http://dx.doi.org/10.1006/aima.2000.1937
http://dx.doi.org/10.1002/cpa.20361
http://dx.doi.org/10.1063/1.3569967

Mathematics 2025, 13, 3236 12 of 13

10.

11.

12.

13.

14.
15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

Kukavica, I.; Rusin, W.; Ziane, M. An anisotropic partial regularity criterion for the Navier-Stokes equations. J. Math. Fluid Mech.
2017, 19, 123-133. [CrossRef]

Zhou, Y. On regularity criteria in terms of pressure for the Navier-Stokes equations in R3. Proc. Amer. Math. Soc. 2006,
134, 149-156. [CrossRef]

Zhou, Y.; Pokorny, M. On the regularity of the solutions of the Navier-Stokes equations via one velocity component. Nonlinearity
2010, 23, 1097-1107. [CrossRef]

Donea, J.; Giuliani, S.; Laval, H.; Quartapelle, L. Finite element solution of the unsteady Navier-Stokes equations by a fractional
step method. Comput. Methods Appl. Mech. Eng. 1982, 30, 53-73. [CrossRef]

Fortin, M. Finite element solution of the Navier-Stokes equations. Acta Numer. 1993, 2, 239-284. [CrossRef]

He, Y.; Sun, W. Stabilized finite element method based on the Crank-Nicolson extrapolation scheme for the time-dependent
Navier-Stokes equations. Math. Comput. 2007, 76, 115-136. [CrossRef]

Heywood, J.G.; Rannacher, R. Finite-element approximation of the nonstationary Navier-Stokes problem I. Regularity of solutions
and second-order error estimates for spatial discretization. SIAM ]. Numer. Anal. 1982, 19, 275-311. [CrossRef]

Si, Z.; Wang, J.; Sun, W. Unconditional stability and error estimates of modified characteristics FEMs for the Navier-Stokes
equations. Numer. Math. 2016, 134, 139-161. [CrossRef]

Chien, J.C. A general finite-difference formulation with application to Navier—Stokes equations. J. Comput. Phys. 1976, 20, 268-278.
[CrossRef]

Nikitin, N. Finite-difference method for incompressible Navier-Stokes equations in arbitrary orthogonal curvilinear coordinates.
J. Comput. Phys. 2006, 217, 759-781. [CrossRef]

Yang, J.; Li, Y,; Kim, J. A practical finite difference scheme for the Navier-Stokes equation on curved surfaces in R3.J. Comput.
Phys. 2020, 411, 109403. [CrossRef]

Bermejo, R.; del Sastre, P.G.; Saavedra, L. A second order in time modified Lagrange—Galerkin finite element method for the
incompressible Navier-Stokes equations. SIAM J. Numer. Anal. 2012, 50, 3084-3109. [CrossRef]

He, Y. Euler implicit/explicit iterative scheme for the stationary Navier-Stokes equations. Numer. Math. 2013, 123, 67-96.
[CrossRef]

Siili, E. Convergence and nonlinear stability of the Lagrange-Galerkin method for the Navier-Stokes equations. Numer. Math.
1988, 53, 459-483.

Heywood, J.G. An error estimate uniform in time for spectral Galerkin approximations of the Navier-Stokes problem. Pac. J.
Math. 1982, 98, 333-345.

Malik, M.R,; Zang, T.A.; Hussaini, M.Y. A spectral collocation method for the Navier-Stokes equations. J. Comput. Phys. 1985,
61, 64-88. [CrossRef]

Shen, J.; Tang, T.; Wang, L.-L. Spectral Methods: Algorithms, Analysis and Applications; Springer Science: Berlin, Germany, 2011;
Volume 41.

Li, B. A bounded numerical solution with a small mesh size implies existence of a smooth solution to the Navier-Stokes equations.
Numer. Math. 2021, 147, 283-304. [CrossRef]

Cai, W.,; Zhang, M. Existence of smooth solutions to the 3D Navier-Stokes equations based on numerical solutons by the
Crank-Nicolson finite element method. Calcolo 2024, 61, 36.

Chen, R;; Yang, X.; Zhang, H. Second order; linear, and unconditionally energy stable schemes for a hydrodynamic model of
smectic-A liquid crystals. SIAM J. Sci. 2017, 39, A2808—-A2833. [CrossRef]

Cheng, K.; Wang, C.; Wise, S.M. An Energy Stable BDF2 Fourier Pseudo-Spectral Numerical Scheme for the Square Phase Field
Crystal Equation. Commun. Comput. Phys. 2019, 26, 1335-1364. [CrossRef]

Li, Y.; Yang, ]. Consistence-enhanced SAV BDF2 time-marching method with relaxation for the incompressible Cahn-Hilliard-
Navier—Stokes binary fluid model. Commun. Nonlinear Sci. Anumer. Simul. 2023, 118, 107055. [CrossRef]

Yan, Y.; Chen, W.; Wang, C.; Wise, S.M. A Second-Order Energy Stable BDF Numerical Scheme for the Cahn-Hilliard Equation.
Commun. Comput. Phys. 2018, 23, 572-602.

Yang, X.; Zhao, J.; Wang, Q.; Shen, J. Numerical approximations for a three-components Cahn-Hilliard phase-field model based
on the invariant energy quadratization method. Math. Models Methods Appl. Sci. 2017, 27, 1993-2030. [CrossRef]

Yao, C.; Wang, C.; Kou, Y.; Lin, Y. A third order linearized BDF scheme for Maxwell’s equations with nonlinear conductivity
using finite element method. Int. J. Numer. Anal. Model. 2017, 14, 511-531.

Dauge, V. Stationary Stokes and Navier-Stokes system on two-or three-dimensional domains with corners. Part I. Linearized
equations. SIAM . Math. Anal. 1989, 20, 74-97. [CrossRef]


http://dx.doi.org/10.1007/s00021-016-0278-1
http://dx.doi.org/10.1090/S0002-9939-05-08312-7
http://dx.doi.org/10.1088/0951-7715/23/5/004
http://dx.doi.org/10.1016/0045-7825(82)90054-8
http://dx.doi.org/10.1017/S0962492900002373
http://dx.doi.org/10.1090/S0025-5718-06-01886-2
http://dx.doi.org/10.1137/0719018
http://dx.doi.org/10.1007/s00211-015-0767-9
http://dx.doi.org/10.1016/0021-9991(76)90081-4
http://dx.doi.org/10.1016/j.jcp.2006.01.036
http://dx.doi.org/10.1016/j.jcp.2020.109403
http://dx.doi.org/10.1137/11085548X
http://dx.doi.org/10.1007/s00211-012-0482-8
http://dx.doi.org/10.1016/0021-9991(85)90061-0
http://dx.doi.org/10.1007/s00211-021-01172-0
http://dx.doi.org/10.1137/17M1119834
http://dx.doi.org/10.4208/cicp.2019.js60.10
http://dx.doi.org/10.1016/j.cnsns.2022.107055
http://dx.doi.org/10.1142/S0218202517500373
http://dx.doi.org/10.1137/0520006

Mathematics 2025, 13, 3236 13 of 13

36. Chu, T.; Wang, J.; Wang, N.; Zhang, Z. Optimal-order convergence of a two-step BDF method for the Navier-Stokes equations
with H! intial data. J. Sci. Comput. 2023, 96, 62. [CrossRef]

37. Isik, O.R,; Yuksel, G.; Demir, B. Analysis of second order and unconditionally stable BDF2-AB2 method for the Navier-Stokes
equations with nonlinear time relaxation. Numer. Methods Partial Differential Equ. 2018, 34, 2060-2078. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.


http://dx.doi.org/10.1007/s10915-023-02270-x
http://dx.doi.org/10.1002/num.22276

	Introduction
	Notations and Main Results
	Proof of Theorem 1
	Conclusions
	References

