. mathematics

Article

The Next Terracini Loci of Segre—Veronese Varieties and Their
Maximal Weights

Edoardo Ballico f

check for
updates

Academic Editor: Irina Cristea

Received: 5 September 2025
Revised: 26 September 2025
Accepted: 1 October 2025
Published: 2 October 2025

Citation: Ballico, E. The Next

Terracini Loci of Segre-Veronese

Varieties and Their Maximal Weights.

Mathematics 2025,13,3166. https://
doi.org/10.3390/math13193166

Copyright: © 2025 by the author.
Licensee MDP], Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license

(https:/ /creativecommons.org/
licenses /by /4.0/).

Department of Mathematics, University of Trento, 38123 Trento, Italy; edoardo.ballico@unitn.it
* The author is a member of Gruppo Nazionale per le Strutture Algebriche e Geometriche e loro Applicazioni of
Istituto di Alta Matematica, 00185 Rome, Italy.

Abstract

We describe all Terracini loci of Segre—Veronese varieties with at most roughly double
the points of the minimal one. In this range we compute the maximum of all weights
of the Terracini sets. To prove these results we use cohomological tools (residual exact
sequences) applied to some critical schemes associated with a Terracini set and containing
all of its points. We expect that these critical schemes will be a very useful tool for other
related problems.

Keywords: Terracini locus; Segre—Veronese variety; zero-dimensional scheme; weight of a
Terracini set; partially symmetric tensors
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1. Introduction

In recent years several papers have studied the Terracini loci of embedded varieties ([1-7]).
For a long time they were studied only for general subsets of an embedded variety, because for
general subsets they are related to the dimensions of the secant variety of the embedded
varieties via the Terracini lemma ([8,9]). According to [3] they are considered for any finite
union of smooth points of an embedded variety. We recall their definition.

Let X C P’ be an integral and non-degenerate n-dimensional complex projective
variety. For any zero-dimensional subscheme Z C PP", let (Z) denote the linear span of Z,
i.e., the intersection of all hyperplanes of P" containing Z with the convention (Z) = P’,
if there is no such a hyperplane. Note that the zero-dimensional scheme Z is linearly
independent if and only if dim(Z) = deg(Z) — 1. Let X;eg denote the set of all smooth
points of X. For all p € Xyeg let 2p be the degree 1 + 1 of the zero-dimensional subscheme
of X with (Z,)? as its ideal sheaf. Note that deg(2p) = n + 1 and that (2p) is the Zariski
tangent space T, X of p at X. Since dimT,X = n, 2p is linearly independent. For all
positive integers x and all integral quasi-projective varieties W, let S(W, x) denote the set
of all subsets of W with cardinality x. For all S € S(Xreg, x) set 25 := Upes2p. We have
deg(2S) = (n+ 1)x, and hence, min{r, (1 + 1)x — 1} is the expected dimension of (25).
We say that S is a Terracini set of X or of the embedding X C P" and write S € T (X, x) if
dim(2S) < —1+ min{r, (n + 1)x — 1}, i.e,, if (2S) # P" and dim(2S) < (n+1)x — 2.

Outside the Terracini locus, a certain differential is injective by the Terracini Lemma in
its general form ([8], Cor. 1.10). This observation is used to show that, outside the Terracini
sets, a certain decomposition is locally unique. As an example we explain the case of the
Segre variety X. Let T be a tensor with a format associated with X and with tensor rank x.
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A tensor decomposition of T with x addenda corresponds to a unique S € S(X, x), and if
S ¢ T (X, x) for each tensor T’ near T (in the Euclidean or in the Zariski topology), there
is a unique S’ € S(X, x) near S such that T’ has a tensor decomposition associated with
S" and no other tensor decomposition near S. Hence, the tensor decomposition near T is
well-behaved for small numerical errors. Our main results are for Segre—Veronese varieties,
which are related to the additive decompositions of partially symmetric tensors.

LetY =P" x - - - x P" be a multiprojective space as in Theorems 1 and 2. Fori =1,...,k
let ¢; be the multi-index (ay, ..., a;) € N such that a; = 1 and aj = 0forall j # i. A reduced
curve C C Y is said to have multidegree (ay, ..., a;) if a; = deg(Oc(e;)) for all i.

Theorem 1. Fix an integer k > 2, and positive integers x, n;, and d;, 1 < i < k. Set n :=
ny+ -+ ng, t = min{dy, ..., dy}, and assume that x < t+ 1. Set Y := P" x .-« x P,
Letv:Y — ", wherer = -1+ Hé‘:l ("":l_d" ), be the Segre—Veronese embedding of Y of multidegree
(dy,...,dx). Fix a positive integer x < t + 1 such that (n +1)x < r+ 1. Take A € S(Y,x).
We have v(A) € T (X, x) if and only if one of the following cases occur:

(i) ie{l,...,k} suchthat deg(ANL) > [d;/2] + 1 for some curve L of multidegree €;.

(i) i,j€{1,...,k}suchthati # j, d; = dj = t,and x =t + 1, and there is a reduced and
connected curve D C Y of multidegree €; + €j such that A C D; if D is reducible, then x is
even, Sing(D) ¢ A, and every irreducible component of D contains 1+ x /2 points of A.

(ii)) x =t + 1, and there is a plane contained in one of the rulings of Y with d; = t such that A is
contained in a conic C (perhaps reducible or a double line) of this plane; if t = 1, then C is a
double line; if C is reducible and t > 1, then x is even, Sing(D) ¢ A, and every irreducible
component of D contains 1 + x /2 points of A.

See Remark 7 for a discussion of case (iii) (if C is not smooth, it overlaps with case
(1)). The statement in (ii) is chosen to avoid overlapping with case (i). Theorem 1 implies
the well-known fact that 7(X,x) = @ if 2x < t+ 1 ([7], Cor. 4.7). It is known that
T(X,1+ [t/2]) is as described in case (i) with d; = t, with the small assumption that t =1
for at most one index i ([6], Proposition 7.4).

For each zero-dimensional scheme Z C P, set w(Z) := deg(Z) — 1 — dim(Z) with
the convention (@) = @ and dim® = —1. For all integral and non-degenerate varieties
X C P, let wmax (X, x) denote the maximum of all integers deg(2S) — 1 — dim(2S) for all
S € 5(Xreg, x). This is related to the weight considered in [1]. By definition of the Terracini

locus, S € T (X, x) if and only if (25) # P" and w(2S) > 0.

Theorem 2. Take k, n;, d;, n, v and t as in Theorem 1, with the only modification being that we
allow the case k = 1. Assume that x < t.

(a)  We have wmax(X, x) = max{0,2x — t — 1}.
(b) Take v(A) € S(X,x) with 2x > t+ 2. We have w(2v(A)) = wmax(X, x) if and only if
thereisi € {1,...,k} such that d; = t and a curve L C Y of multidegree €; such that A C L.

In Section 2 we give the preliminaries. A key concept is the generalization of the
critical scheme of a Terracini set ([2,10]). It is a key notion for the proofs of Theorems 1 and 2
(see Lemma 1). We hope that it will be useful in other situations in which linearly dependent
zero-dimensional schemes arise (as a tool or as the main subject).

In Section 3 we prove a cohomological result on the defectivity of zero-dimensional
schemes of a multiprojective space (Proposition 1). This result is proven using several
lemmas, each of them being a particular case of Proposition 1.
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Section 4 contains the proofs of Theorems 1 and 2. Theorem 1 easily follows from
Proposition 1. The proof of Theorem 2 is cohomological and use tools and ideas similar to
the ones needed to prove Proposition 1.

Section 5 contains several examples on the weights of certain Terracini sets.

In the last section, Section 6, we discuss the previous literature and explain the main
results of this paper and our hopes for the use of the critical schemes obtained in Lemma 1.

The interested reader may/should extend Theorem 1 to other varieties. The Veronese
varieties (used for the additive decomposition of multivariate forms) are too easy and
have been extensively studied (they are the case k = 1 of the variety arising in Theorem 1).
The case of Grassmannians, i.e., the case of skew-symmetric tensors, seems promising
and useful. A reasonable project is the extension of Theorem 1 to a large set of integers
x > t + 2. In the statement of Theorem 1, several integers, k, 11, ..., 1y, and dy, . . ., d, occur.
Recall that t := min{dy, ..., d;}. We assume that k > 2. The key integers are the integers
dq,...,d;. Assume, for instance, that d| < dp < --- < d;, so thatt = dy. For d, > t and,
say, x < 2t, the list should be short. For dy = d; and d3 >> d, the list of cases should be
longer, but still reasonable. The interested researcher should see how we handle the case
k = 2. It would be useful to follow, in that order, the lemmas we used for the case k = 2 of
Proposition 1 (Lemmas 4-8). Then we prove Theorem 1 through induction on the integer
k. For d3 > d; this inductive part should be easy to adapt (see the proof with induction
of Proposition 1). Theorem 2 should be easier to adapt to other varieties X C P" without
having the equivalent of Theorem 1 for the embedded variety X.

2. Preliminaries

We work over an algebraically closed field with characteristic 0. The definitions and
proofs do not depends on the characteristic, but even the usual definitions of Veronese
varieties and Segre—Veronese varieties are a bit different for positive characteristics, say, for
characteristics of at most max{d, ..., d}.

Remark 1. The maximum in the definition of wmax (X, x) exists, because we obviously have
deg(2S) = x(dim X + 1) for all S € S(Xreg, X).

We need to compute double points or the double of a finite set S when the set S is
contained in the smooth locus of different varieties. If p € Creg let (2p,C) denote the
zero-dimensional subscheme of C with I;%,C as its ideal sheaf. For all S € S(Creg, x) set
(25,C) := UPGS(ZP,C). If CC Xand S € Creg N Xreg, then (25,C) = CN(2S,X), where N
denotes the scheme-theoretic intersection.

Notation 1. Foreachi € {1,..., k} let 7t; : Y — P"i be the projection on the i-th factor of Y, and
let €; be the element (ay, . .., a;) € NF such that a; = 1 and aj = 0 forall j # i. Now assume that
k > 2. Foreachi € {1,...,k} let Y; be the product of all P"i, where j # i. Let ; : Y — Y; bea
map which forgets the i-th component of each point of Y. For each irreducible curve C C Y, the
multidegree of Y is the element (by, ..., by) € N¥ such that b; = deg(Oc(e;)). For each reduced
curve T C Y, the multidegree of Y is the sum of the multidegrees of the irreducible components of T.

Remark 2. Let C C Y be a reduced curve with multidegree (by, ..., by). If C is irreducible, then
b; = 0if and only if 7t;(C) is a point. If C is reducible, then b; = 0 if and only if 7;(C) is a finite
set. If C is reducible, but connected, 1t;(C) is connected. Thus, for a connected curve we have b; = 0
if and only if #m;(C) = 1.

Take S € T (X, x). Recall that we have S € S(Xieg, x). The set S is said to be minimal
if ' ¢ T(X,#S) for all " C S ([2], Definition 2.3). Since (25) # P" according to the
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definition of Terracini set, S is minimal if and only if dim(2S’) = (1 + dim X)#S’ — 1 for all
S’ C S. Every Terracini set S € T (X, x) contains S; C S, S; # @, which is Terracini and
minimal. The set S; may not be unique (Example 1). A zero-dimensional scheme Z C Xieg
is said to be critical for S if Z,.q C S, each connected component of Z has at most degree
2, dim(Z) < deg(Z) — 2, and dim(Z’) = deg(Z’) — 1forall Z' C Z. Obviously, Z C Xreg
and deg(Z) < 2x. Each critical set Z satisfies dim(Z) = deg(Z) — 2 ([2], Lemma 2.11).
Every Terracini set has at least one critical scheme ([2]). Easy examples show that critical
schemes may not be unique (Example 1). If S is minimal, then each critical scheme Z of
S satisfies Z,.q = S ([2], Lemma 2.12). Hence, if S is not minimal and S; C S is minimal,
a critical scheme W of S; (which is a critical scheme of S, too) satisfies W,.q = S1 € S. A
non-minimal Terracini set S may have a critical scheme Z such that Z,.q4 = S (Example 1).

Example 1. Fixintegersd > 2and x > 2+ [d/2]. Let vy : P? — P’, where r = (déz) —1,be
the order d Veronese embedding of P?. Set X := vy(IP?). Take a line L C P? and set R := vy(L).
Take any S € S(R,x), say, S = vg(A), with A C L. Since d > 2, h%(Zpr(d)) > 0. Since
x > 1+ [d/2], K (ZTha(d)) = W(Zpr(d)) = (g) Hence, dim(2S) = (g) < 3(x —1). Hence,
S € T(X,x). Every S C S with #S1 = 1+ [d/2] is a minimal Terracini set. It is easy to
check that no other subset of S is a minimal Terracini set. Now assume that x = 2+ [d/2]. Note
that W' (Z4(d)) = 0. With the notation of [2], we have A € T (2,d; x)1. If we want to construct
examples of type v;(B) with B € T (2,d;z), it is sufficient to take d > 4 and set B := AU {p}
with p € P2\ L.

Remark 3. Let X C P" be an integral and non-degenerate variety. Take zero-dimensional sub-
schemes W and Z of X such that Z C W. Set z := deg(Z) and w := deg(W). We have
(Z)y C (W) and dim(W) < dim(Z) + w — z. Hence, if (Z) = P’, then (W) = P", while if
dim(W) = w — 1, then dim(Z) = z — 1.

Remark 4. We have dim(2p) = deg(2p) — 1 for all p € Xreg. Hence, according to Remark 3 we
have dim(Z) = deg(Z) — 1 forall Z C 2p.

Remark 5. Let X C P" be an integral and non-degenerate variety embedded by the complete linear
system |Ox(1)|. For each zero-dimensional scheme Z C X, we have deg(Z) — 1 — dim(Z) =
h(Zz(1)) — h'(Ox(1)). Since dim Z = 0, we have h'(Z,Oz(1)) = 0 for all integers i > 1.
The long cohomology exact sequence of the exact sequence

0—-Z7(1) = Ox(1) = Oz(1) =0
gives 1*(I7(1)) = h*(Oz(1)).

The following lemma is a key tool in proving Theorems 1 and 2. It is a generalization
of the definition of the critical scheme of a Terracini set introduced by K. Chandler ([10])
and was used in [2] (Definition 2.3 and Lemma 2.9).

Lemmal. Let X C P" bean integral and non-degenerate variety. Let W C X be a zero-dimensional
scheme. Let S C Xreg be a finite set such that SNW = @ and w(W U 2S) > w(W). Then there is
a zero-dimensional scheme E C X such that E,oq C S, each connected component of E has a degree
of at most 2, w(WUE') = w(W) forall E' C E, and w(WUE) = w(W) + 1.

Proof. Through induction on the integer x := #S (for all possible zero-dimensional
schemes) we may assume that w(25' UW) = w(W) forall S’ C S. Fix p € S and set
S" == S\ {p}. Since w(2p U25'UW) > w(25' UW), we have T,X N (25 UW) # Q.
Since the linear space T, X is the union of all lines of T, X containing p, there is a zero-
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dimensional scheme v C 2p such that deg(v) < 2 and (v) N (25 UW) # @. Hence,
w(2S'U (v UW)) > w(W). Ifw(v UW) > w(W) we take E = v. f w(v UW) = w(W) we
apply the inductive assumption to S” with respect to the scheme v UW. [

Lemma 2. Take S € T (X, x). There is a scheme Z C 2S such that Z,.q = S, each connected
component of S has at most a degree of 2, and either Z is a critical scheme of S or dim(S) < x —2
and Z = S.

Proof. If dim(S) < x — 2, by definition we take Z = S. Now assume that dim(S) = x — 1.
According to Lemma 1 we get a zero-dimensional scheme Z such that Z,.q4 = S, each
connected component of Z has a degree of at most 2, Z.q4 = S, and dim(Z) = deg(Z) —2. O

3. A Cohomological Tool

This section is devoted to the proof of Proposition 1, which is essential for the proof
of Theorem 1. The proof of Proposition 1 is a chain of lemmas, each of them proving a
particular case of Proposition 1.

Fix an integral projective variety X, an effective Cartier divisor D of X, and a zero-
dimensional scheme Z C X. The residual scheme Resp(Z) of Z with respect to D is
the closed subscheme of X, with Z : Zp as its ideal sheaf. We have Resp(Z) C Z and
deg(Z) = deg(Resp(Z)) +deg(Z N D), in which Z N D is the scheme-theoretic intersection.
For all line bundles £ on X, we have an exact sequence,

0— IResD(Z) X ﬁ(—D) —I; L — IZﬂD’D X £|D — 0,

often called the residual exact sequence of D.
The case deg(Z) < 2d + 1 of the following lemma is as in [11] (Lemma 34).

Lemma 3. Fix a positive integer d. Let Z C P", where n > 2, be a zero-dimensional scheme such
that deg(Z) < 2d + 2. We have h'(Zz(d)) > 0 if and only if either there is line L C P" such that
deg(ZNL)>d+2ordeg(Z) =2d+2,and Z is contained in a plane conic C C P" (we allow
the case where C is a reducible conic or a double line).

Proof. The “if” part follows from Remarks 3-5. Hence, it is sufficient to prove the “only
if” part.

Set z := deg(Z). If d = 1, then deg(Z) < 4. Since h'(Zz(1)) > 0, Z is contained in a
plane. Every degree 4 zero-dimensional scheme of P? is contained in at least two conics,
it may be reducible. Hence, the lemma is true if d = 1, and we may use induction on the
integer d.

The lemma is easy and well-known if n = 2 ([12], Remarques at p. 116). Assume that
n > 2 and that the lemma is true in lower-dimensional projective spaces. Let H C P" be
a hyperplane such that w := deg(Z N H) is maximal. If w = z, then we use the inductive
assumption on n. Now assume that Z ¢ H. If h'(H,Zzny (d)) > 0, then we use the
inductive assumption on n to get the existence of a line L C H such thatdeg(LNZ) > d + 2.

Now assume that h'(H,Zz~y p(d)) = 0. The residual exact sequence of H gives
nt (Zresyy(z)(d — 1)) > 0. We have w > dim[Opx(1)| = n. Hence, deg(Resy(Z)) =
z—w<2d+2—-3=2(d—1)+ 1. The inductive assumption on d indicates the existence
of a line R such that deg(R N Resy(Z)) > d + 1. Taking a hyperplane containing R, we get
w >d+1+ (n—2),and hence, deg(Resy(Z)) < d, a contradiction. [J

Lemma 4. Set Y = P! x P'. Fix integers by > 0and by > 0. Fix D € |Oy(1,1)| and a
zero-dimensional scheme Z C D. We have h'(Zz(b1,by)) = h'(D,Zzp(by,by)). We have
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h'(Zz(b1,by)) > 0 if and only if either deg(Z) > by + by +20r D = JURwith | € |Oy(1,0)],
R € |0y(0,1)|, and either deg(Z N ]) > by +2o0rdeg(ZNR) > by + 2.

Proof. We have h'(Zz(b1, b)) = h'(D,Zz,p(b1,b2)) because
W(Oy(by —1,bp — 1)) = K2(Oy(by —1,b, —1)) =0

according to the Kiinneth formula. Since h'(Oy(b; — 1,bp — 1)) = 0, we have
h°(D, Op(by,by)) = by + by + 1. Assume that deg(Z) < by + by + 1. If D is irreducible,
then D = P! with deg(Op(by, b)) = by + by, and hence, h' (D, Zz p(by,by)) = 0 according
to the cohomology of line bundles on P!. Assume that D = J U R with | € |Oy(1,0)|,
R € |0y(0,1)], and deg(Z N R) < by + 1. Consider the residual exact sequence of R:

0 = TResg(z) (01,02 = 1) = Z7(b1,b2) = Zraz,r(b1,b2) = 0 )

Since deg(RN Z) < by + 1, we have h!'(R,Zrnzr(b1,b2)) = 0. Hence, the long co-
homology exact sequence of (1) gives h!(Zpes,(z)(b1,b2 — 1)) > 0. Since Z C JUR,
we have Resg(Z) C ]J. We have h! (Zresg(z) (b1, b2 — 1)) = hl(],IResR(Z)J(b1,b2 - 1)),
because h'(Oy(by — 1,by — 1)) = h*(Oy(b; —1,b; — 1)) = 0. We get the inequality
deg(Resg(Z)) > by + 1, and hence, deg(Z N ]) > by + 1. Assume thatdeg(ZNJ) < by +1,
and hence, deg(Z N J) = by + 1. Using the residual exact sequence of |, we get the in-
equality deg(Resj(Z)) > by + 1. Hence, deg(Z) > by + by + 2, contradicting one of our
assumptions. [

Lemma 5. Fixintegersdy >dy > 1. Let Z C Y := P! x P! be a zero-dimensional scheme such
that deg(Z) < 2dy + 2. We have h'(Zz(d1,d2)) > 0and h*(Zy (dy,d2)) =0 forall Z' C Z if
and only if one of the following cases occurs:

1. deg(Z) =dy+2and thereis L € |Oy(0,1)| such that Z C L;
2. deg(Z) =dy+2andthereis R € |Oy(1,0)| such that Z C R;
3. dy=dy,deg(Z) =dy +dy+2andthereis D € |Oy(1,1)| such that Z C D.

Proof. The “if” part follows from Remarks 3-5. Hence, it is sufficient to prove the “only
if” part.

Let v be the Segre—Veronese embedding of Y. First assume that d; = do = 1. Hence, we
have deg(Z) < 4. If deg(Z) < 3, then v(Z) shows that deg(Z) = 3 and that Z is contained
in a line of one of the 2 rulings of v(Y). Now assume that deg(Z) = 4. We determine that
Z is contained in D € |Oy(1,1)|. Since no degree 3 subscheme of v(Z) is contained in a
line, D is smooth and we are in the third case of the lemma.

The same proof works if d; = 1 and dp > 1.

Hence, we may assume that d; > 2 and use induction on the integer d;.

Take D € |Oy(1,1)| such that e; := deg(Z N D) is maximal. Set Z; := Resp(Z).
If K'Y (Zznp(d1,d2)) > 0, then it is sufficient to use Lemma 4. Hence, we may assume that
W (Zzap(d1,d2)) = 0, ie., W' (D,Zznp p(d1,d2)) = 0. Hence the residual exact sequence
of D gives h'(Zz, (dy —1,d, — 1)) > 0. Let Z’ C Z; be a minimal scheme such that
hW(Z(dy —1,dy — 1)) = 0. Since dim |Oy(1,1)| = 3, e; > 3. Hence, we get the inequality
deg(Z') < deg(Z) —e; < 2(d; — 1) + 1. Hence, the inductive assumption indicates
that either deg(Z’) = d; + 1 and there is a line L € |Oy(0,1)| such that Z C L, or
deg(Z') = dy + 1 and there is R € |Oy(1,0)| such that Z C R. Since deg(Z') > d; +1,
the definition of e; gives e; > dq + 2. Hence, deg(Z;) < dy, a contradiction. [
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Lemma 6. Set Y := P! x P2. Let Z C Y be a zero-dimensional scheme such that deg(Z) < 4.
We have h'(Zz(1,1)) > 0 if and only if one of the following cases occurs:

(i)  Thereis a curve L C Y of bidegree (1,0) such that deg(ZNL) > 3;

(ii) Thereis curve R C Y of bidegree (0,1) such that deg(Z N R) > 3;

(iii) dq = dy, deg(Z) = 2dy + 2, and there is a reduced and connected curve D C Y of bidegree
(1,1) such that Z C D;

(iv) deg(Z) =4, and Z is contained in a plane contained in the second ruling of Y.

Proof. The “if” part follows from Remarks 3-5. Hence, it is sufficient to prove the “only
if” part.

The very ampleness of Oy(1,1), the structure of the lines of the Segre variety, v(Y)
and the fact that v(Y) is scheme-theoretically cut out by quadrics cover all cases with
deg(Z) < 3. Assume that deg(Z) = 4. If neither (i) nor (ii) is true, then (v(Z)) is a plane.
Take H € |Oy(0,1)| such that w := deg(H N Z) is maximal. We have w > dim |Oy(0,1)| =
2, and hence, deg(Resy(Z)) = 4 — w < 2. Consider the residual exact sequence of H:

0—>IRESH(Z)(1’0) —)Iz(l,l) _>IHQZ,H(1/1) —0 (2)

If W'(H,Z;nnn(1,1)) > 0, then we use Lemma 5. Note that elements of the pro-
jective space |Op1,p1(a,b)| seen as curves have bidegree (b,a) and that each element
|Op1,p1(1,1)] is connected and with no multiple components. Hence, we may assume
the equality h'(H,Zznp 1(1,1)) = 0. The long cohomology exact sequence of (2) gives
! (Zresyy(2)(1,0)) > 0. Hence, w = 2 and deg(7r1(Resy(Z))) = 1. Hence, there is M €
|Oy(1,0)| containing Resy (Z). If Z C M, then we are in case (iv). If ' (Zzp(1,1)) > 0
and deg(Z N M) < 3, then we are in case (i). Thus, we may assume the equality
Y (Zzpm(1,1)) = 0. The residual exact sequence of M gives h' (Zresy (2)(0,1)) > 0. Hence,
deg (2 (Resp(Z))) = 1. Since dim |Oy(0,1)| = 2, we get w > 3, a contradiction. [

Lemma 7. Set Y := P™ x P" with ny + ny > 3. Let Z C Y be a zero-dimensional scheme such
that deg(Z) < 4. We have h'(Z(1,1)) > 0 if and only if one of the following cases occurs:

(i)  Thereis a curve L C Y of bidegree (1,0) such that deg(ZNL) > 3;

(ii) There is curve R C Y of bidegree (0,1) such that deg(Z N R) > 3;

(iii) deg(Z) = 4, and there is a reduced and connected curve D C Y of bidegree (1,1) such that
Z C D;

(iv) deg(Z) =4, and Z is contained in a plane contained in one of the rulings of Y.

Proof. The “if” part follows from Remarks 3-5. Hence, it is sufficient to prove the “only
if” part.

Based on the structure of lines in v(Y) and the fact that v(Y) is scheme-theoretically
cut out by quadrics, we may assume that deg(Z) = 4 and h'(Z;/(1,1)) =0 forall Z' C Z.
We use induction on the integer n; + 1y, with the case n; + np = 3 being true accord-
ing to Lemma 6. First assume n; > 3 for some i, say, n; > 3. Take H € |Oy(0,1)|
such that w := deg(H N Z) is maximal. We have w > dim|Oy(0,1)] = np, > 3.
Hence, h! (Zresyy(z)(1,0)) = 0. Hence, the long cohomology exact sequence of (2) gives
W'(H,Zznp,1(1,1)) > 0. Hence, Z C H. Based on the inductive assumption, Z is contained
in a plane contained in a ruling. Now assume that n; = n, = 2. Take M € |Oy(1,0)|,
where ¢ := deg(Z N M) is maximal. If Z C M, then we use Lemma 6. If Z ¢ M, then we
get h! (Zresy(2)(0,1)) > 0 with deg(Resp(Z)) = 4 — ¢ < 2. We get deg(Resp(Z)) =2 and
deg (71 (Resp(Z))) = 1. Hence, w > 3, a contradiction. [
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Lemma 8. Set Y :=P™ x P" with ny +ny > 3. Let Z C Y be a zero-dimensional scheme such
that deg(Z) < 4. We have h'(Zz(1,t)) > 0 for some t > 2 if and only if one of the following
Cases 0CCurs:

(i)  Thereis a curve L C Y of bidegree (1,0) such that deg(ZNL) > 3;
(i) t=2,deg(Z) =4, and there is curve R C Y of bidegree (0,1) such that deg(Z N R) > 4;
(iti) deg(Z) = 4, and Z is contained in a plane contained in the first rulings of Y.

Proof. The “if” part follows from Remarks 3-5. Hence, it is sufficient to prove the “only
if” part.

According to Lemma 5 we may use induction on the integer nq + np. Hence, we
may assume that Z is contained in no lower-dimensional multiprojective spaces. Since
h'(Zz(1,1)) > 0 and we may apply Lemma 5 for the case n; = 1, = 1, we are in case
(i), (ii), (iii), or (iv) of Lemma 7. Case (i) or case (iv) for the first ruling concludes the
proof. Assume the existence of a curve R of bidegree (0,1) such that deg(RNZ) > 3.
Take H € |Zy(1,0)|, where w := deg(Z N H) is maximal. If n, > 2, we have Z C H
and we use the inductive assumption. Assume that n, = 1 and w = 3. Since Oy(1,0)
is globally generated, i (Zgesy,(7)(1,0)) = 0. The residual exact sequence of H gives
W'(H,Zzn1(1,t)) > 0. Since k' (Zr(1,t)) = 0, we get K (R, Zznr r(1,t)) = 0, contradicting
the assumption t > 2. If n; > 2, and Z is contained in a plane G of the second ruling, we use
the fact that h' (Z5(1,t)) = 0 and that h'(G,Z;,6(1,t)) = 0, unless t = 2 and Z is contained
in a line contained in G and, hence, is of bidegree (0, 1). Now assume that Z is contained
in a reduced and connected curve D C Y of bidegree (1,1). Since h!(Zp(1,t)) = 0 and
t > 2, we determine that D is reducible, say, D = L1 U Ry, with L; of bidegree (1,0) and
R; of bidegree (0,1). We determine that either deg(ZNL;) > 3ordeg(Z) =4,t=2,and
ZCRy. O

Lemma 9. Fix integers ny > 1, ny > 1, and dy > dy > 1. Set Y := P™ x P"2. Fix a zero-
dimensional scheme Z C Y such that deg(Z) < 2dy + 2. We have h' (Zz(dq,d>)) > 0 if and only
if one of the following cases occurs:

(i)  Thereis a curve L C Y of bidegree (1,0) such that deg(ZNL) > dy +2;

(ii) Thereis curve R C Y of bidegree (0,1) such that deg(Z N R) > dy + 2;

(iii) dq = dy, deg(Z) = 2dy + 2, and there is a reduced and connected curve D C Y of bidegree
(1,1) such that Z C D;

(iv) deg(Z) = 2dy + 2, and there is a plane contained in one of the rulings of Y such that Z is
contained in a conic (perhaps reducible or a double line) of this plane; if the ruling is the latter,
then dr, = d;.

Proof. The “if” part follows from Remarks 3-5. Hence, it is sufficient to prove the “only
if” part.

The case n; = ny = 1 is true according to Lemma 5. Note that elements of
|Op1,p1(a,b)| seen as curves have bidegree (b, 1) and that each element of |Op1  p1(1,1)] is
connected and with no multiple components.

Hence, we may assume that 11 4+ np > 3 and use induction on the integer 11 + n,.
We may also use induction on the integer 17 + 1,. Hence, we may assume that Z ¢ Y’
with Y/, a proper multiplrojective subspace of Y. To handle a case in which Y’ has a unique
factor, P, we use Lemma 3.

Set z := deg(Z). Let v/ be the Segre embedding of Y. The case d; = 1 is true
according to Lemma 8. Hence, we may assume that d; > 2 and use induction on the integer
min{dy,dy}.
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(a) Assume that np > 2. Take H € |Oy(0,1)] such that w := deg(Z N H) is maximal.
If Z C H, then we use the inductive assumption on 711 + 1. Hence, we may assume that
Resy(Z) # @. Since h%(O0y(0,1)) = ny +1, w > ny > 2. Consider the residual exact
sequence of H:

0— IResH(Z) (di,dy —1) = Iz(d1,d2) = Zunz,H(d1,d2) — 0 3)

If ! (H,Zznp 1 (d1,d2)) > 0, then we may use the inductive assumption on dim Y. Hence,
we may assume that h'(H, Tz~ y(d1,d2)) = 0. The long cohomology exact sequence of
(3) gives h! (Zresyy(z)(d1,d2 — 1)) = 0. We have

deg(Resy(Z)) =z —w < min{2dy,2(d, — 1) + 2}.

Since d; > 2 we may apply the inductive assumption on min{d;,d, — 1} and determine
that either there is a curve of bidegree (1,0) with deg(Resy(Z) N L) > dq + 2 (concluding
the proof in this case because Resy(Z) C Z) or there is a curve R of bidegree (0,1) such
that deg(R NResy(Z)) > dy or dy —1 = dq, deg(Resy(Z)) = dy +dy + 1, and there
is a connected curve of bidegree (1,1) containing Resy(Z). The last case is excluded,
because w > 1.

Assume the existence of a curve R of bidegree (0,1) satisfying the inequality
deg(Resy(Z) N R) > da + 1. Since R has bidegree (0,1), mpz : R — P"2 is an embed-
ding with a line 77 (R). Since R is the complete intersection of n, — 1 elements of |Oy(0,1)],
the maximality of w givesw > dy +1+ (np —1). Hence, z —w < 2dy +2 —dy —np < dp +1,
a contradiction.

(b) Now assume that 11, = 1, and hence, n; > 2. The proof of step (a) works with
no modifications if dy = dj using the first ruling instead of the second one. Hence, we
may assume that d > dy. Since h'(Zz(dq,dz)) > 0, we have h!(Z;(dy,d1)) > 0. Hence,
the case of the lemma just proven shows that we are in case (i), (ii), (iii), or (iv) of the
lemma, with case (iv) being the first ruling. Hence, there is a line R C Y of bidegree
(0,1) such that deg(RNZ) > d; + 2. Take M € |Oy(1,0)| such that e := deg(Z N M)
is maximal. If Z C M, then we use the inductive assumption on the integer dimY.
Hence, we may assume that Z ¢ M. Since 71 (R) is a point and deg(RNZ) > d; +1,
e>dy+1+ (ng —1) =dy + ny. Hence, deg(Resp(Z)) < dy + ny. Since dp > 2, the induc-
tive assumption on the minimum of the 2 partial degrees gives 1! (Zgqs w(z)(d1—1,d2)) =0.
Hence, the residual exact sequence of M gives h'(M, Zzrn m(d1,d2)) > 0. We conclude
using the inductive assumption on the dimension of the biprojective space. [

Proposition 1. Fix positive integers k, n;, and d;, and 1 < i < k. Set t := min{dy, ..., d;}.
SetY :=P™ x -.. x P™. Let Z C Y be a zero-dimensional scheme such that deg(Z) < 2t + 2.
We have h' (Z7(dy, ..., dy)) > 0 if and only if one of the following cases occurs:

(i) Therearei € {1,...,k} such that deg(Z N L) > d; + 2 for some curve L of multidegree €;;

(i) Therearei,j € {1,...,k} such thati # j, d; = di =t, deg(Z) = 2t + 2, and there is a
reduced and connected curve D C Y of multidegree €; + € such that Z C D;

(iti) deg(Z) = 2t + 2, and there is a plane contained in one of the rulings with d; = t of Y such
that Z is contained in a conic (perhaps reducible or a double line) of this plane; if the ruling is
the latter, then dy = dj.

Proof. The “if” part follows from Remarks 3-5. Hence, it is sufficient to prove the “only
if” part.

Set z := deg(Z). Let v be the Segre embedding of Y. The case k = 1 is true according
to Lemma 3. The case k = 2 is true according to Lemma 9. Hence, we may assume that
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k > 2 and that the proposition is true for multiprojective spaces with at most k — 1 factors.
For multiprojective spaces with k factors, we use induction on the integer n := 1y + - - - + ny.
Fixi € {1,...,k} and take H € |Oy(€;)| such that w := deg(Z N H) is maximal. If Z C H,
then we may use the inductive assumption on the integer dim Y. Hence, we may assume
that Resy(Z) # @. Consider the residual exact sequence of H:

0— IResH(Z)(dll .. .,dk)(—ei) — Iz(d1, . ,dk)
= Innzu(dy, ..., dy) — 0 (4)

If h'(H,Zzng u(d1, - -.,dx)) > 0, then it is sufficient to use the inductive assumption on
n. Thus, h! (Zresyy(z)(L, -+, 1)(—€;)) > 0. Note that we have deg(Resy(Z)) = z — w and
w > dim |Oy(g;)| = n;.

(a) Assume that t = 1. Let v/ be the Segre embedding of Y.

(al) Assume that d; = 1 for all i. The case z < 2 is true because v’ is an embedding,
while the case z = 3 is true according to the structure of lines of the Segre variety v/(Y).
Now assume that z = 4. First assume that w = 3. Since Resy(Z) is a single point and
Oy(1,...,1)(—e¢;) is globally generated, h1<IResH(Z) (1,...,1)(—€;)) = 0, a contradiction.
Now assume that w = 2. Since h! (Zresyy(2)(L,- .., 1)(—€;)) > 0, we determine that the
degree 2 zero-dimensional scheme H N Z is mapped to a point, p. Since n; > 1, there
exists U € |Ipe,(z)(€i)|, satisfying the inequality deg(U N Z) > deg(Resy(Z)) = 2,
a contradiction. Now assume that w = 1. Since w > n;, we get n; = 1 and determine
that ;7 : Z — P! is an embedding. In particular Z is curvilinear. Since we excluded
all other cases, using the other rulings we get Y = (P!)k. Since Tz L — P! is an
embedding, 777 : Z — Y = (P1)k~1 is an embedding. Since hl(Yk,I,]k(Z)(l,...,l)) >
W'(Zz(1,...,1)) > 0. The inductive assumption on k indicates that 77 (Z) C (P')¥ is in case
(i) or (ii). First assume that it is in case (i) with, say, i = 1. The set 77, L(R) is isomorphic
to P! x P! and deg(Z N7, ' (R)) = 3. Take a multiprojective space U containing 77, ' (R).
Since h! (Zresy(z)(@1, - - -, ax)) = 0 for all (ay, ..., ar), the residual exact sequence of U gives
W(Zzau(1,...,1)) > 0. Hence, we are in case (i) for some L containing Z U U.

Now assume we are in case (ii). The set T := 77, 1(D) is a surface of multidegree (1,1,0)
contained in (P1)3, seen as the product of the i-th, j-th, and k-th factor of Y. If k > 3 there is
a multiprojective space strictly contained in Y and containing (P!)3, concluding the proof.
Now assume that k = 3. T is a divisor of Y, and as a divisor it has multidegree (0,0,1). Since
nt (Zresy(2)(1,1,0)) = 0, the residual exact sequence of T gives W(T,Zznr7(1,1,1)) > 0.
First assume that D is smooth. Hence, D =2 P! and T = P! x P! with Op(1,1,1) = Or(2,1).
Apply Lemma5to ZNT.

Now assume that D is singular, say, D = L1 U Ly, with L1 of multidegree (1,0,0) and
L, with multidegree (0,1,0). Set T; = L;. If deg(Z N T;) > 3 for some i = 1,2, then we are
in case (i). Assume that deg(Z N T;) = 2 for all i, and hence, Z N T} N T, = @. The surface
T1 (resp. Ty) is an element of |Oy(e2)]| (resp. |Oy(e1)]). The residual exact sequence of
T, gives hl(IZmTl (0,1,1)) > 0. Hence, Z N T; is contained in a curve Ry of multidegree
(1,0,0). Using Ty, we determine that Z N T is contained in curve R, of multidegree (0,1,0).
Hence, Z C R{ URy.

(a2) Assume that t = 1, but that there exists at least one i € {1,...,1} such thatd; > 2.
Since h'(Zz(dy, ..., dy)) < hY(Zz(1,...,1)), part (al) indicates that we are in case (i), (ii), or
(iii), except that for case (i) we only know that deg(Z N L) > 3, which is not enough if d; > 1.
Assume that deg(Z N L) = 3. Note that 77;(L) is a point for all j # i. Since k > 2, there is
j # i. Take any M € |Z1(€;)|. Since deg(Resy(Z)) < 1, hl(IResM(Z)(l,. -, 1)(—€j)) = 0.
Hence, the residual exact sequence of M and the inductive assumption on n show that
Z N M satisfies the lemma.



Mathematics 2025, 13, 3166

11 of 17

(b) According to step (a) we may assume that t > 2 and that the proposition is true
for all multidegrees (ay,...,a;) such that 1 < min{ay,...,a;} < t—1. Take i, H, and w
as before with h! (Zresyy(z)(d1, - -, di)(—€i)) > 0. If either w > 2 or d; > t, we use the
inductive assumption on t. Since w > n;, we conclude, unless Y = (IP’l)k and d; = t for all t.
Take U € |Oy(1,1,0,...,0)| such that ¢ := deg(U N Z) is maximal.

Assume for the moment that i (U, Zynz z(t, ..., t)) = 0. The residual exact sequence
of U gives h! (Tpes,(z)(t = 1,t = 1,,...,t)) > 0. Since ¢ > dim |0y(1,1,0,...,0)| = 3,
the inductive assumption gives i € {1,...,k} and a curve L

Now assume that k' (U, Zynz z(t, - - ., t)) > 0. We have U =2 D x (P')k — 3 for some
D € |Opi,p1(1,1)]. As in step (a) we handle the 2 cases for the possible types of reduced
curves D, smooth or reducible. If D is smooth, we have Oy(1,...,1) & Oy (2t,,...,1).
If D is singular, U is the union of 2 multiprojective spaces whose intersection is a codimen-
sion 1 multiprojective space. [

Remark 6. Take Z as in Proposition 6. In case (i) we have d; + 2 < 2t 4 2. Assume we are in case
(ii), and hence, deg(Z) = 2t + 2. The reducedness of D may be omitted, because every curve of
multidegree €; + €; is reduced by the assumption i # j. If n =2, ie.,if Y = P! x P!, every curve
of bidegree (1,1) is connected, but if n > 2, many curves €; + €; have 2 connected components.
Take D connected components of multidegree €; + €; containing Z. Assume that D is reducible,
say, D = LU R, with L of multidegree €; and R of multidegree €;. Note that D is isomorphic to
a reducible conic. If we are not in case (i), then deg(LNZ) < t+1and deg(RNZ) < t+ 1.
Hence, deg(LNZ) = deg(ZNR) =t+1and LN R ¢ Z,q. The same applies in case (iii) if
the conic is reducible. Now assume that the conic is a double line 2L. If we are not in case (i), then
deg(ZNL) <t-+1. Hence,deg(LNZ) =t+1.

4. Proofs of Theorem 1 and 2

Remark 7. Take case (iii) of Theorem 1 with C singular. If C = 2L is a double line, then A C L,
and hence, this case is covered by (i). If C is reducible, then deg(2A N C) > 2t + 2 implies that one
of the irreducible components of C is as in case (i).

Proof of Theorem 1. According to Lemma 2 there is a minimal scheme Z C 2A such that
Zeq = A, Z = Aif dim(A) < deg(A) —2, and dim(v(Z)) = deg(Z) — 2 if dim(A) =
deg(A) — 1. Fix such a scheme. According to Proposition 1 and Remark 6, one of the
following cases occur:

(i) Therearei € {1,...,k} such thatdeg(ZNL) > d; + 2 for some curve L of multide-
gree €;;

(i) Therearei,je€ {1,...,k} suchthati #j,d; = di =t, deg(Z) = 2t + 2, and there is a
reduced and connected curve D C Y of multidegree €; + €; such that Z C D;

(iii) deg(Z) = 2t + 2, and there is a plane contained in one of the rulings with d; = t of Y
such that Z is contained in a conic (perhaps reducible or a double line) of this plane.

In Proposition 1 it is “if and only if”. However, in our cases, to determine that
v(A) € T(X,x) we need to check if h%(Zo4(dy,...,dg)) # 0. In all cases we have
W(Zya(dy,...,d;)) > O for the following reasons. In case (i) we have deg(L N2A) >
2#(ANL) > d; +2. In case (ii) we have deg(D N2A) > 2t + 2. In case (iii) we have
deg(CN2A) > 2t + 2. Thus, we may use Remarks 3 and 5. The condition (v(24)) # P is
satisfied, because deg(2A) = (n + 1)x < r+1and k! (Zya(dy,...,dy)) > 0. O

Proof of Theorem 2. First assume that t = 1, and hence, x = 1. Remark 4 gives w(2S) = 0.
Thus, we may assume that f > 1 and use induction on the integer ¢. We use induction on
the integer k. For a fixed k we use induction on n := dimY.
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(a) Assume that k = 1. First assume that n = 1. We use the fact that
W (P, Z,(t)) = max{0,deg(Z) — t — 1}

for all zero-dimensional schemes Z C Pl. Hence, we may assume that n > 2 and use
induction on the integer n. Fix A € S(P", x) such that h!(Z,,(t)) is maximal, and take a
hyperplane H C P" such that y := #(A N H) is maximal. Since H is smooth, the definition
of the residual scheme gives Resy(2A4) = 2(A\ ANH) U (AN H). Consider the residual
exact sequence of H:

0 = Ly a\anmyuanm) (t —1) = Toa(t) = Zaroa,a(t) =0 ®)

Assume that t = 1, and hence, x = 1. Since Opx (1) is very ample, h'(Z5,(1)) = 0 for all
p € P". Since any point of P" is contained in a line, the case t = 1 is true. Hence, fork =1
we may assume that t > 1 and use induction on the integer . Remark 5 gives

W (Tyaanmu(anmy) (E— 1)) = 0.

First assume that y = x, i.e, A C H. Since x < t, we have h!(Z4(t — 1)) = 0
(Lemma 3). Since h?(Z4(t — 1)) = 0, the long cohomology exact sequence of (5) gives the
equality 1! (Zy4(t)) = h'(H,Zy4(t)). Hence, it is sufficient to use the inductive assumption
on n. We proved that if A is contained in a line L, then h'(Z,,4(t)) = max{0,t + 1 — 2x}.

Now assume that y < x. Since y < x, the maximality condition of H implies that
H = (AN H). Since dim |Opx (1)| = n, wehavey > n > 2.

(al) Assume that h! (Zo(a\anmyuanu(t —1)) = 0. The long cohomology exact
sequence of (5) gives the equality h'(Zo4(t)) = h'(H,Zanpn(t)), because we have
W? (Zo(a\anm)yuanmy) (F = 1)) = 0 (Remark 5). Based on the inductive assumption on
n, we obtain the inequality h' (H, Zany 5 (t)) < max{0,2y — 1}, contradicting the assump-
tion 2x > t + 2 for part (b) in the case of x collinear points and in the case of 2x < t +1,
proving that h!(Z4(t)) = 0.

(a2) Assume that hl(Iz(A\AmH)uAmH(t —1)) > 0. According to Lemma 1 there is a
zero-dimensional scheme Z such that Z,.q4 C A, each connected component of Z has at
most degree 2, each point of A N H is a connected component of Z, h!(Z(t — 1)) > 0, and
W(Zz(t—1)) =0forall Z' C Z. We have deg(Z) < 2(x—y)+y =2x —y < 2(t —1).
Lemma 3 indicates the existence of a line R such that deg(RNZ) >t + 1.

(a2.1) First assume that R C H. Since each connected component of Z has at most
degree 2, and it has degree 1 if it is contained in H, a line is uniquely determined by 2 of its
points and R C H by assumption, with deg(Z) < 2, Z = Z4. Since deg(Z) > t + 1, we
get t =1, a contradiction.

(a2.2) Now assume that R ¢ H. Since deg(RN H) < 1, R contains at most 1 point
of the set AN H. Hence, Z,q contains at least [t/2] points of A\ AN H. Note that
we have the inequality #(Z,,q "R) > [t/2] + 1. Let M be a hyperplane containing R,
with ¢ := #(M N S) being maximal among the hyperplanes containing R. As in step (al)
we get a contradiction if /! (Zo(a\anmyuanm(t —1)) = 0. Hence, we may assume that
! (Zo(a\anmyuanm(t — 1)) > 0. According to Lemma 1 there is a zero-dimensional scheme
7' such that Z! ; C A, each connected component of Z' has at most degree 2, each point
of AN M is a connected component of Z, h!(Z/(t —1)) > 0, and h'(Zz(t — 1)) = 0 for
all Z"" C Z'. Note the inequality deg(Z') < 2(x —¢) + ¢ =2x—¢ < 2(t —1). Lemma 3
indicates the existence of a line R’ such that deg(R N Z") > t 4 1. Since t > 1, Z , contains
at most one point of AN M. Hence, R’ # R. Since deg(RN R’) < 1, we have the inequality
x> =14 (1+[t/2])+ (1 + [t/2]) > t, a contradiction.
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(b) According to step (a) we may assume that k > 2 and use induction on k and .
Recall that ¢ > 1 and that we use induction on f. Fix j # i. Since 7;(L) is a point, there is
H € |Z;(€j)|. Take H such that b := #(A N H) is maximal. Since H is smooth, we have an
equality Resy(24) = 2(A\ ANH) U (AN H) in the schemes. Consider the residual exact
sequence of H:

0 = Dy a\anm)u(anm)) (@1, - - - d) (=€) = Loaldy, ..., dy)
— Throaa(dy, ..., dg) — 0 (6)

(b1) Assume thatd; = fand A C L. We have x < t and t > 2. Thus, we obtain
W (Za(dy, ... ,dr)(—€j)) = 0even if d; = t (Proposition 1). Hence, in this case, through
induction on 1, we have h'(Z,4(t)) = max{0,2x — t — 1}. Note that we use the case k = 1,
because if 7; = 1, the multiprojective space H has only k — 1 positive-dimensional factors.

(b2) Assume that either d; > tord; =tand A ¢ L. Seta := #(A N L). By assumption,
a>[di/2]+1>[t/2].

First assume that A C H. Proposition 1 gives h'(Z4(dy,. -, dx)(—€j)) = 0 even
if di—1 = t —1. Hence, the long cohomology exact sequence of H gives the equal-
ity hl (IZA(dl/ ce rdk)) = ]’ll (HIIHO2A,H(d11 e /dk))' The inductive assumption giVGS
W (H,Zyroan(dy, ..., dp)) < max{0,2x — t + 1} with equality if 2x > t + 2 if and only if
thereish € {1,...,k} (with h # jif n; = 1) such that d, = t and a curve R of multidegree
€, such that A C R. Since R # L by assumption and #(R N L) < 1, we get a contradiction.

Now assume that A ¢ H. If h! (Lo(a\anm)u(anmy) (@1, - - di)(—€)) = 0, we get a
contradiction in the same way.

Now assume that hl(IZ(A\AﬁH)U(AﬁH)) (d1,...,dk)(—€j)) > 0. According to Lemma 1
there is a zero-dimensional scheme Z such that Z,.q4 C A, each connected component of Z
has at most degree 2, each point of AN H is a connected component of Z, and the following
inequality /' (Zz(dy, . .., di)(—€j)) > Oholds. Setb := #(AN H). We have b > a, and hence,
2 —=b)+b=2x—-b<2t—1—[t/2] <2(t —1) + 1. According to Proposition 1 there is
aninteger h € {1,...,k} and a curve C of multidegree €;, with deg(CNZ) > d;, +2if h # j,
and deg(CNZ) >d,+1ifh =j. Since H D L, C # L. Hence, deg(LNC) < 1. We get
x> —-1+#ANL)+#(ANC) > -1+ [(d,+1)/2] +1+ [d;/2] > t, a contradiction. [

5. Examples

In this section we describe the geometry and weights of the sets arising in Theorem 1
and the weight of some other set. We show that for x = ¢ + 1 and k > 1, the description of
the possible weights is very rich. Fix positive integers k, n;, and d;, and set n := nj +- - - +ny,
t := min{dy,...,d;},and Y := P" x ... x P". We allow the case n = 1, i.e., Y = PL
If k > 2, we permute the integers dy, ..., dy to get d; < --- < dj. Hence, there is an integer
e such that d; = tif and only if i < e. We write Y = Y’ x Y” with Y, the product of the first
e factors of Y and Y”, and the product of the last k — e ones, with the convention that Y”
isapointife = k. Set m := dimY’ = ny + - - - + n,. Let m : Y — Y’ denote the projection,
with the convention that 77 is the identity map if e = k.

Remark 8. Recall that w(2S) = 0if#S = 1 (Remark 4) and that for k > 1a finite set A € S(Y, x),
x > 2, is contained in a curve of multidegree €; if and only if #71;(A) = 1 for all j # i, and 7;(A)
is contained in a line. The latter condition if always satisfied if either x = 2 or n; = 1. Note that if
the curve exists, the integer i is uniquely determined by A.

Example 2. Take n =1, and hence, Y = PL. Forall positive integers t and x and all A € S(]P’l, x),
the cohomology of line bundles on P! gives the two equalities h°(Zy4(t)) = max{0,t +1 — 2x}
and W' (o4 (t)) = max{0,2x — t — 1}.
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Example 3. Take t = 1. First assume that k = 1. We have h°(Zy4(1)) = 0 for all x > 0 and all
A € S(P", x), and hence, w(2v(A)) = (n+1)(x — 1).
Now assume that k > 2 and x = 2. Take A € S(Y,2).

(a)  Assume that there is no i < e such that A is contained in a curve of multidegree €;. According
to Theorem 1 (which was proven in step (a)) we have w(2v(A)) = 0.

(b)  Assume that e = k and that A is contained in a curve L of multidegree €; for some i. Fix
j # i. Since #7;(L) = 1, there is H € |ZL(e;)|. Since 7y : L — P™ is an embed-
ding, #A = 2.and A C L, we have h'(ZA(1,...,0)) = 0. Hence, h' (Zp4(1,...,1)) =
hO(Y;, I, (4y(1,...,1)) according to Remark 5 and the long cohomology exact sequence of H.

Mj
Iterating this trick we get the equality w(2v(A)) = h! (P™, Zr,(a)) = ni. Hence, we obtain
w(2v(A)) = n;.

(c)  Assume the existence of i < e such that A is contained in a line L of multidegree €;. First
assume that e < k. Hence, there is H € |Zy (ey)|. Since Oy(dy, ..., dy)(—€;)) is very ample,
W(Z4(dy,...,di)(—€;)) = 0. Hence, Remark 5 and the long cohomology exact sequence
of H give the equality of the integers h' (I (dy, . .., di)) and W' (H, Zioan),u(d, .., dy)).
Repeating this construction we get h' (Ioa(dy, ..., dy)) = hl(Y’,IZH(A)(l, ..., 1)). Step
(b) gives the equality w(2v(A)) = n;.

Example 4. Fix integer t > 3, x >y > Osuch that [t/2] +1 <y < tand x —y < [t/2].
Let L C P", where n > 2, be a line. Fix A € S(P",x) such that # ANL) = y. In this
example we prove that h'(Zya(t)) = 2y —t—1. Set F := ANLand E := A\F. Since
#(F) =y > [t/2] + 1, wehave h°(L, Iy pa(t)) = 0, and hence, h* (L, Zproa 1 (1)) = 2y —t — 1.
Thus we want to prove the equality h* (Zy4(t)) = h* (L, Zproa L(t)).

(a)  In this step we check that h' (Zyp p(t — 1)) = 0. Assume that h' ((a)Zapop(t — 1)) > 0.
According to Lemma 1 there is a zero-dimensional scheme W such that W,eq C F, each
connected component of W has at most degree 2, and h' (T p(t — 1)) > 0. Since we have
deg(W) <2(x —y),deg(WUF) <2x —y < 2(t—1) + 1. Since h' (Zyy r(t — 1)) >0,
Lemma 3 indicates the existence of a line R such that deg(RN (WUF)) > t+ 1. Since
LN (WUF) = F and we assumed that y < t and R # L, we obtain the inequality
deg(RNL) < 1. Thus, we get deg(W N R) > t. Since each connected component of W has
at most degree 2, we get x —y > [t/2], a contradiction.

(b)  First assume that n = 2. In this case it is sufficient to use the residual sequence of L and the
fact that W' (Zop p(t — 1)) = 0. Now assume that n > 2. Take a general hyperplane H O L.
We have HN A = F, and hence, Resy (2A) = 2E U F. Since h' (L up(t — 1)) = 0, it is
sufficient to use the long cohomology exact sequence of H and induction on the dimension of
the projective space.

Example 5. Fix integer t > 5and x >y > Osuch that [t/2] +1 <y <t,

(n,t) ¢ {(2,6),(3,6),(4,5),(4,6)}

and (n+1)(x —y) < (""172). Let L C P", where n > 2, be a line. Tuke F C L such that #F = y.
Take a general E € S(P",x —y) and set A := EUF. We prove the equality h' (T (t)) =
2y — t — 1. To adapt the proof of Example 4, it is sufficient to prove that h' (T p(t — 1)) = 0.
Since y < t, we have h' (Zp(t — 1)) = 0 (Lemma 3). Since F C L, the residual exact sequence of a
general hyperplane containing L shows that it is sufficient to prove that h' (Ir (t — 2)) = 0. This
is true according to the Alexander—Hirschowitz theorem ([9]).

In the next example we compute w(2S) in case (iii) of Theorem 1 when the conic C
is smooth.
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Example 6. Take t > 3. Let C C P", where n > 2, be a smooth conic. Take A € S(C, x) with x <
2t — 3. Fix A € S(C, x). In this example we check that h' (T, 4 (t)) = max{0,2x — 2t — 1}. Since
C = P!, deg((24,C)) = 2xand deg(Oc(t)) = 2t, we have h' (C Iya,0),c(t)) = max{0,2x —
2t — 1}. Since h' (Z¢(z)) = 0 for all z, we get h! (Zoa,c)(t)) = max{0,2x — 2t — 1}. Hence,
Remarks 3 and 5 give h' (Ty4(t)) > max{0,2x — 2t — 1}.

(a) Assume that n = 2. We have the residual exact sequence of C:

0= Za(t—2) = Loa(t) = Zpac)(t) = 0 (7)

IfhY(Za(t —2)) = 0, then it is sufficient to use Remark 1 and the long cohomology exact sequence
of (7). Now assume that h'(Z(t —2)) > 0. By assumption, t > 3 and #A < 2(t —2) + L.
Hence, there is a line L C P2 such that #(LNA) > t. Since t > 3, and C is an irreducible conic,
the theorem of Bezout gives a contradiction.

(b) Assume that n > 2. Taking a general hyperplane H containing the plane spanned by C, we
get an exact sequence:

0= Za(t—1) = Loa(t) = Zioa,m)(t) = Zoa,my),u(t) — 0 8)

As in step (a) we get W' (Z4(t — 1)) = 0. Hence, Remarks 3 and 5, with induction on n, give the
equality h' (o4 (t)) = max{0,2x — 2t — 1}.

Example 7. Fix integers t and x such that t > 3 and x < 2t — 3. Fix lines L,R C P" and
n > 2 such that L # R and LN R # @. Take the finite set A C LU R such that L N R and
the finite set B C L UR such that LN R € B. Set a; := #(LN A) and a := #R N B, and
by :=#(L N B) and by := #(R N B). Note that #A = a1 + ay and #B = by + by + 1. If t is odd
we take a1 = ay = (t+1)/2. If t is even we take by = by = 1+ t/2. Note that these are the
only case for sets A and Bwith#A > t+ 1, #B >t +1,2#(ANL) <t+1,2#(ANR) < t+1,
2#(BNL) <t+1,and 2#(BNR) < t+1. Set C := LUR. We have h°(C, Oc(t)) = 2t + 1.

(a) Assume that t odd. In this part we prove the quality h'(Zy4(t)) = 1. Note that
we have deg(C N2A) = 2a; +2a, = 2t + 2. We have hO(L,I(z(AmL),L(t)) =
(R, Ty(anr),r(t)) = 0. A Mayer-Vietoris exact sequence gives n(c, Zoance(t)) = 0.
Since deg(C N2A) = 2t + 2, we have h'(C, Typnc,c(t)) = 1. Then as in Example 6, we
get h'(Tha(t) = 1.

(b)  Assume that t is even. In this part we prove that h* (T4 (t)) = 2. Note that this is different
from the result for x = t+ 1 computed for a smooth conic in Example 6. Let (C) be the
plane containing C. Since C is singular at the point LN R, (2(LN R, (C)) C C. Hence, we
obtain deg(2C N B) = 2t 4 3. We have h°(L, (2(BNL),L)(t)) = h°(R, Zy(pr) r (t)) = O.
A Mayer-Vietoris exact sequence gives h°(C, Topnc,c(t)) = 0. Since deg(CN2A) = 2t +2,
we obtain the equality h' (C, Tyanc,c(t)) = 2. Then as in Example 6, we get h* (T4 (t)) = 2.

Example 8. Assume t > 2. In this example we take x = t+ 1 and find A such that
W (Zya(dy,...,dy)) = 1. Assume that k > 2, with dy = dp = t, and (ifk > 2) d; > t for
alli > 3. Let C C Y be a smooth and connected curve of multidegree €1 + €;. Fix A € S(C, x). We
have C =2 P! and deg(Oc¢(t, t,d3,...,dy)) = 2t. Hence,

]’ll(C, ICQZA,C(tr t,ds,... ,dk)) = max{O, 2x — 2t — 1}.

Note that C is contained in a unique multiprojective space, the product of all 7t;(C), and that this
multiprojective space is isomorphic to P! x P!,
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(a) Assume that k = 2 and nqy = ny = 1. Consider the residual exact sequence of H:
O%IA(tfl,tfl)%IZA(t,t)—)ICQZAlc(t,t)*)O 9)

Since C is irreducible, every curve of bidegree (0,1) or of bidegree (1,0) intersects C in a degree 1
scheme. Since #A = t + 1, and no curve of multidegree (1,0) or (0,1) contains at least 2 points
of A, Lemma 5 gives h' (Z4(t —1,t — 1)) = 0. Hence, Remark 5 and the long cohomology exact
sequence of (9) give h' (To4(t,t)) = 1.

(b) Assume that k = 2 and nq + ny > 3, say, ny > 2. According to step (a) we want use
induction on the integer ny + ny to prove that h' (o4 (t,t)) = 1. Take H € |Oy(0,1)| containing
C. Consider the residual exact sequence of H:

0= Za(t,t = 1) = Lra(t,t) = Tyroau(t,t) = 0 (10)

The inductive assumption gives h'(H, Tyrpa p(t,t)) = 0. Note that every curve of bidegree
(1,0) or (0,1) contains at most one point of A. Since x = t + 1 and t > 2, Lemma 9 gives
W' (H,Zyrpau(tt)) = 0. Hence, Remark 5 and the long cohomology exact sequence of (10) give
W (Zoa(t 1) = 1.

(c) Assume that k > 2. According to steps (a) and (b), we may use induction on the integer k.
Since #11(C) = 1, there is M € |Zc(€x)|. We have Resp (2A) = A. As in step (a) we see that
Il (Za(dy,...,dx)(—ex)) = 0. Hence, induction on k (case ny, = 1), induction on n (case ny > 1),
and the long cohomology exact sequence of the residual sequence of M give h' (o4 (d1, . . ., dy)) = 1.

Example 9. Assume thatt > 3,k > 2 and dy = dy = t. In this example we take x =t + 1 and
find E and B with h'(Zye(t,t,...,dy)) = 1 (case where t is odd) and h* (Zpp(t,t,...,dy)) = 2
(case where t is even). Let L C Y be a curve of multidegree €1 and R C Y a curve of mul-
tidegree €y such that LN R # @. Thus, LN R is a single point. Set C := L UR. Note
that h°(C, Oc(t,t,dy,...,dy)) = 2t +1. If t is odd, take E C C such that # ENL) =
#(RNL) = (t+1)/2. Notethat LNR ¢ E. If t is odd, take B C C such that RNL € B
and #(ENL) = #(RNL) = 1+ t/2. Note that #E = #B = t + 1. Since E is contained in the
smooth locus of C, we have deg(C N 2E) = 2t + 2. Since L N R is the unique singular point of C,
Cisnodal,and RN L € B, we have deg(C N2B) = 2t + 3. Set A := E if t is odd and A := B if t
is even. Thus,

ho(L/ILﬂ:ZA(t/ t/ .. '/dk)) = hO(L/ILﬂzA(tr t/ . */dk)) =0.

Hence, a Mayer—Vietoris exact sequence gives h°(C, Zcrpac(tt, ..., dy)) = 0. Hence, we obtain
the equality h*(C,Zcrpac(tt, ..., dy)) = deg(CN2A) — 2t — 1, which is 1 for odd t and 2
for even t.

(a) Assumethatk = 2 and ny = ny = 1. To quote the proof of step (a) of Example 8, it is sufficient
to prove that h' (Z4(t — 1,t — 1)) = 0. This is true according to Proposition 1, because L
and R are the only lines intersecting C at at least 2 points, and #(ANL) = #(ANR) =
[(t+1)/2] <t+1

(b)  Assume that k = 2 and ny + ny > 1. We draw the same conclusion as in case (b) of Example
8, because we proved that h' (T, (t —1,t —1)) = 0.

(c)  Assume that k > 2. Since C is connected and #7t;.(L)) = #mx(R) = 1, we have #71;,(C) = 1.
We take M as in step (c) of Example 8 and draw the same conclusion.

6. Discussion

In recent years the Terracini loci 7 (X, x) of an embedded projective variety X C P"
have been studied in several papers [1-7].In [6] Galuppi, Santarsiero, Torrance, and Turatti



Mathematics 2025, 13, 3166 17 of 17

studied them for many embedded varieties X. In each of their X, they computed the first
integer xg such that the Terracini set 7 (X, xo) is non-empty and described the geometry of
the set 7 (X, x9). The Segre—Veronese varieties are among the varieties considered in [6].
In our paper we restrict the study to the Segre-Veronese varieties and describe 7 (X, x)
roughly for all x < 2xg — 2. For these x values we describe the maximal weight of the
elements of 7 (X, x), extending some ideas in [1] to all Segre-Veronese varieties. Our
proofs use a very useful and far reaching extension of the notion of critical scheme of the
elements of 7 (X, x) used in [2]. We expect that it is useful not only for the Terracini loci
of other varieties, but also for describing the geometry of other sets of linearly dependent
zero-dimensional schemes. In the last section we give some examples to show how to use
these cohomological tools.

The extension of this paper to other embedded varieties could be very interesting,
for instance, Grassmannians, which are related to skew-symmetric tensors. Theorem 2
may be extended to other varieties without having an extension of Theorem 1. One only
needs to know the integer xy appearing for that embedded variety. Looking at [6] may
help. It may be possible to extend Theorem 1 to the same variety, in a multiprojective
space, but for higher x, for instance, for x < 4xg. The statement of Theorem 1 contains a
multidegree (dy, ..., dy). The end of the Introduction contains a roadmap for the extension
in terms of the entries of the multidegree.
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