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Abstract

This paper investigates the leader-follower consensus problem for T-S fuzzy multi-agent
systems with positive constraints by designing observer-based control protocols, where the
T-S fuzzy model is mainly used to characterize the nonlinearity in the system. First, a stable
system is chosen as the leader. Then, a fuzzy observer that satisfies the positivity condition
is constructed for follower agents. Meanwhile, an observer-based fuzzy controller design
is proposed using a matrix decomposition approach. On this basis, the positivity and
asymptotic consensus of the system are achieved by a set of sufficient conditions in the
form of linear programming. Subsequently, an unstable system is chosen as the leader. A
virtual target is introduced. By means of the co-positive Lyapunov function and linear
programming approach, an observer and controller are designed to ensure both positivity
and practical consensus of systems. Compared to existing literature, the consideration
of positivity constraints and the linear programming-based observation-control scheme
expand the application scope of multi-agent systems while reducing the computational
burden. Finally, two illustrative examples are provided to verify the effectiveness of the
obtained results.

Keywords: leader-following consensus; T-S fuzzy positive multi-agent systems; co-positive
Lyapunov function; linear programming

MSC: 93D50

1. Introduction

Over the past few decades, multi-agent systems (MASs) have garnered significant
attention due to their extensive applications in various domains such as industrial pro-
cesses [1], sensor networks [2], the military [3], etc. A system whose states and outputs
are always non-negative is called a positive system [4]. A controller design approach was
proposed in [5] for continuous-time delay positive systems. Using homogeneous linear
matrix inequality (LMI), the consensus of positive MASs (PMASs) was considered in [6]
under a hierarchical control protocol. Generally speaking, the study of nonlinear systems is
extremely challenging owing to their inherent high complexity [7,8]. T-S fuzzy model is
widely recognized as an effective approach to nonlinear problems since it holds rigorous
mathematical structure and excellent nonlinear processing capability [9]. It has gained great
popularity in the research on nonlinear MASs [10]. In [11], a distributed event-triggering
method was presented. There has been some research on T-S fuzzy MASs such as the

Mathematics 2025, 13, 3146

https:/ /doi.org/10.3390/math13193146


https://doi.org/10.3390/math13193146
https://doi.org/10.3390/math13193146
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com
https://orcid.org/0009-0004-6357-1043
https://orcid.org/0000-0001-8867-6504
https://orcid.org/0009-0006-8924-3675
https://doi.org/10.3390/math13193146
https://www.mdpi.com/article/10.3390/math13193146?type=check_update&version=1

Mathematics 2025, 13, 3146

20f27

consensus of MASs [12], the leader-following consensus under spoofing attacks [13], etc.
However, there is still much room to study T-S fuzzy PMASs (TS-PMASs). To the best of
the authors” knowledge, there is no suitable consensus framework on TS-PMASs.

An important topic is to achieve consensus among a group of agents with one agent
acting as the leader. The leader moves independently of others and is unanimously followed
by the rest. Consensus between the leader and the followers is called the leader-following
consensus. Leader-following control has extensive applications such as robot tracking
control [14], unmanned aerial vehicle (UAV) formation control [15], missile guidance and
control [16], etc. Compared with the leaderless consensus, leader-following consensus is
generally considered to be more practical [17,18]. In leader-following control, the designed
controller not only ensures consensus among the MASs but also guides the states of the
following agents to track the trajectory of the leader system. Leader-following consensus of
higher-order MASs was considered in [19], where a consensus protocol was designed using
local information and the leader-following consensus was addressed for both fixed and
switching interaction topologies. In [20], the output consensus of MASs with direct graph
was studied based on an event-triggered strategy. The predefined-time consensus tracking
problem of second-order MASs was investigated in [21]. In [13], an event-triggering scheme
was proposed for MASs and faster leader-following consensus was achieved by adjusting
fewer errors. A feasible robust leader-following control strategy was proposed in [22] for
positive nonlinear systems with disturbance. For directed dwell time switching networks,
the leader-following consensus of a group of positive agents was investigated in [23]. The
positive consensus was considered in [24] for a class of MASs with average dwell time
switching. However, the consensus of leader-following TS-PMASs is still an open issue,
which motivates us to carry out this work.

In practical applications, system state is usually not directly measurable. Hence,
an observer that relies on the system output should be proposed. A distributed control
scheme was proposed in [25] using adaptive distributed observers to solve the cooperative
output regulation problem of MASs. Observer-based asynchronous event-triggered control
protocols for multi-agent systems under injection attacks were proposed in [26] to achieve
bipartite consensus. The distributed containment control framework resistant to attacks was
established for multi-agent systems under denial-of-service attacks [27], without utilizing
any global information about the network topology. The observer-based leader-following
consensus of discrete-time PMASs over time-varying graphs was proposed in [28]. In [29],
the consensus of fractional PMASs was addressed. However, few efforts are devoted to the
observers’ design of TS-PMASs. In particular, linear programming (LP) and co-positive
Lyapunov functions (CLFs) are regarded as popular approaches in dealing with the issues
of positive systems. Therefore, this paper attempts to construct a new observer-based
control protocol for leader-following consensus of TS-PMASs by virtue of CLF and LP.
Naturally, some issues need to be discussed: How to construct a fuzzy observer for TS-
PMASs? How to guarantee the leader-following consensus and positivity of TS-PMASs?
And how to design the control protocol and observer gain matrices? These questions
further motivate us to carry out this research.

Existing design approaches of observer and control protocol of general systems are not
suitable for positive systems. In addition, it is also challenging to study the combination
issues of positivity constraints, TS-MASs, leader-following consensus, as well as fuzzy
observer and controller. To make up for the previous work, this paper is devoted to the
observer-based controller design and leader-following consensus of TS-PMASs. The main
contributions lie in the following three aspects:

(i) A novel fuzzy observer is constructed for TS-PMASs. Compared with the observer
designs in [26,27], this design not only considers fuzzy models that can handle nonlinear-
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ities and uncertainties, but also improves the design flexibility of the observer by using
multiple gain matrices. In brief, the designs in [26,27] are a special case of the present
design in this paper.

(ii) Unlike the conventional consensus controllers in [23,24,28], this paper designs
a set of fuzzy observer-based consensus controllers and introduces a target item for the
leader’s control. Furthermore, the controller gain design proposed in this paper introduces
an improved matrix decomposition technique and it reduces the computational burden.

(iii) The literature [6,28,29] also solves the consensus problem of PMASs, where the
conditions that ensure system consensus and positivity are presented in the form of a linear
matrix inequality. In this paper, the derived conditions for positivity and consensus are
formulated in LP. This approach is not only more suitable for positive systems, but also has
lower conservatism and computational burden.

Additionally, we also provide a comparison between this paper and existing works in
Table 1. The comparison highlights the advantages and innovations of this paper.

Table 1. Comparison with existing works.

Item/Method This Paper [23] [10] [20,26,27] [6,24,29]
Positivity v v X X v
Leader-following v v X v X
T-S fuzzy model v X v X X
LP v v X X X
v X X X X

Unknown leader input

The rest of this paper is organized as follows: Section 2 provides some preliminaries.
Section 3 proposes the main results. Then, two illustrative examples are presented in
Section 4. Finally, Section 5 concludes the paper.

Notations R", R'l, R"*", N, and N7t represent the sets of n-dimensional vectors, n-
dimensional non-negative vectors, n x m dimension real matrices, non-negative integers,
and positive integers, respectively. The symbols A" and ® represent the transpose of A
and the Kronecker product, respectively. ||v[|; is the 1-norm. For a matrix 2l = [a;;] € R",
2l = 0 (A = 0) means that a;; > 0 (a;; > 0) holds fori,j = 1,2,--- ,n.

Graph theory A directed graph is utilized to depict the communication structure of TS-
PMASs. A directed graph W = (M, ®, O). An adjacency matrix O = [o;;] C R™*"™. If
agent i can receive information from agent j, then (i,j) C © and o;; = 1, otherwise 0;; = 0.
It is assumed that the directed graphs in this paper are not self-looping, which implies that
0;; = 0. The Laplacian matrix £ = [[;;] € R"™*"™ for this directed graph, where l;; = }_I"; 0;;
and l;j = —ojj, i # j. Denote d; (i =1,...,N) as the connection constant between the
leader and the follower i, where d; = 1 if the leader can communicate with the follower i,
otherwise d; = 0.

2. Preliminaries

Assumption 1. In the context of leader-following control, all following agents are only able to
directly obtain the measured output of their immediate neighbors.

Definition 1 ([30,31]). If the system is deemed positive, for any non-negative initial condition, all
states and outputs remain non-negative.
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Lemma 1 ([32]). A matrix 2 is Metzler if and only if there exists a constant A such that A + Al is
a non-negative matrix, denoted as A + AI = 0.

Lemma 2 ([30,31]). Consider a continuous-time system

o(t) = Av(t) + Bu(t),

the above system is called a positive system, if and only if A is Metzler, B = 0, and € = 0.

A leader model is defined as follows:

Xo(t) = Aoxo(t),

yo(t) = Coxolt), @

where xp € R" and yp € R1 are the state and the output; Ay € R™" and Cy € R7*" are
the system matrix and output matrix. It is assumed that Ag is Metzler and Cy > 0.

By Lemma 2 and the assumption on the system matrices in system (1), it is easy to
deduce that the leader system (1) is positive.

Considering follower agents with nonlinear dynamics, the follower model can be
given based on interval type-2 (IT2) fuzzy set theory [33] as

Rule 7: IF f;(x(t)) is M} and fa(x(t)) is M, - - -, and fy(x(t)) is M, THEN

xi(t) = Axi(t) + Bui(t),

vi(t) = Cxi(1), @

where x; € R", u; € RF, and y; € RY are the system state, the input, and the output,
respectively. A € R"*", B € R"*?,and C € R7*" are the system matrices. ]\715 isan IT2
fuzzy set of rule r corresponding to the function f7(x(t)),{ =1,2,--- ,¥,r=1,2,--- ,@,
¥ and @ € N'". The firing strength of the rth rule is the following interval sets: W, (x(t)) =
[w, (x(t)), @, (x(t))], where

¥ b4
w,(x(t)) = [ T gy (fe(x(1))) 2 0, @ (x(t)) = [ ] g (f(x(£))) = 0.
=1 ¢ ;=1 ¢

w,(x(t)) and w,(x(t)) denote the lower and upper grades of membership, respectively.
ﬁME (fz(x(t))) > 0and p it (fz(x(t))) > 0 represent the lower and upper membership
e
functions (LUMFs), respectively. Since ﬁﬁlg (fz(x(t))) > o (fz(x(t))), then w,(x(t)) >
e
w,(x(t)) for all r. The IT-2 TS-PMASs is defined as follows:

1i(t) = X @r(x(8)) (Arxi(t) + Brui(t)),

vi(t) = X2, @ (x())Crx; (1), (3)

where @ (x(t)) = a,(x(t))w, (x(t)) + & (x(1)) @, (x()) = 0, ¥r, 52, @, (x(H) = 1,0 <
a,(x(t)) <1,and 0 < @,(x(#)) < 1 are nonlinear functions and exhibit the property of
a,(x(t)) + @ (x(f)) =1 for all r. It is assumed that A, is Metzler and B, = 0, C, = 0.

By Lemma 2, it can be derived that system (3) is positive based on the assumptions on
system matrices.

Definition 2. System (2) is said to be consensus if the following statements hold:

(i)  System (2) is positive;
(ii) tgl-?oo |lxi () — xo(t)|1 =0,i € N.



Mathematics 2025, 13, 3146

5o0f 27

Definition 3. System (2) is said to be the practical consensus if system (2) is positive and fulfills
thT l|lxi(t) — xo(t)||1 < hfori € N, where h > 0.
—+00

Remark 1. For general MASs [34], only condition (ii) in Definition 2 is required to achieve
leader-following consensus. However, due to the positivity, it is necessary to satisfy both (i) and
(ii) in Definition 2 when considering the consensus of PMASs. Positive systems are used in some
practical applications because these variables represent actual physical quantities that cannot be
negative (such as concentration, water level, height, etc.). Therefore, it is necessary to investigate
the leader-following consensus of PMASs.

Remark 2. A definition of leader-following asymptotic consensus for TS-PMASs is presented in
Definition 2. This definition has been widely used in leader-following research. For example, the
higher-order leader-following consensus has been studied in [20,21]. Different from Definition 2,
the tracking error tEToo ||x;(t) — xo(t)||1 in Definition 3 converges to a constant greater than 0.

This practical consensus can improve the safety of agents. If all agents only achieve asymptotic
consensus, the system is vulnerable to attacks when the attacker can identify an individual path
through agents. However, in real-world scenarios, each agent follows a distinct trajectory, making it
difficult for an attacker to target all agents, even if the paths of some are compromised. Therefore, the
leader-following practical consensus is more robust and practical than the traditional asymptotic
consensus approach.

3. Main Results

For the leader-following consensus of TS-PMASs, we consider the following two cases:
(i) leader-following asymptotic consensus and (ii) leader-following practical consensus.

3.1. Leader-Following Asymptotic Consensus

The goal of this subsection is to design a new positive observer and consensus con-
troller based on T-S fuzzy models to achieve asymptotically leader—follower consensus.
Figure 1 shows the control block diagram for this subsection.

| T-S fuzzy modeling |

Positive agent i
Actuator i IT-2 Fuzzy - i (t)

— . <—| Sensor i |---

observer i 1

!

| i

Leader . ! i
0] L :
IT-2 Fuzzy i

i

]

i

Positive agent / Positive agent m

i | controller i Matrix decomposition
i | technique

£;(t), 9:(8)

{ Communication network ;—

Figure 1. The fuzzy observation-control framework on T-5 PMASs (1) and (2).

Since some states of agents in the real world are often unmeasurable, and considering
the nonlinearity of agents, a fuzzy state observer needs to be designed. To this end, the IT-2
fuzzy state observer for agent i can be formulated as

(1) = Xy @r(f(t))(GiA (£) + Byui(t) + Lo (9i(£) — vi(t))),

7i(t) = X0 @ (2(4))Cri (1), 4
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where £; € R", §; € RS, and u; € RP are the state of the observer, the output of the
observer, and the input of the observer, respectively. L, and G, are the gain and system
matrices to be designed.

Remark 3. In [29], the consensus control problem of positive fractional-order multi-agent systems
was studied. Among them, the conventional Luenberger observer was designed to estimate the
unmeasurable state of the agents. In the design of observer (4), the IT2 type T-S fuzzy model
is combined to deal with nonlinearity and uncertainty and the observer gain G, is additionally
designed to increase the flexibility of the observer design. This makes observer (4) more general
than that in [29] . Additionally, in the simulation part of Theorem 1, a comparison of the observer
performance under different disturbances and parameter uncertainty conditions is provided. The
simulation results also further verify that the fuzzy positive observer proposed in this paper has
better reliability and robustness than the existing observer design [29].

For each fuzzy rule, observer-based control protocols should be designed. Conse-
quently, the control protocol for IT-2 fuzzy rules can be defined as follows:
Rule s: IF g1 (%(t)) is Nf and g (%(t)) is Ng, -+, and g,(%(t)) is N3, THEN

ui(t) = K jen,[0]ij(£i(t) — 2;(t)) + Pdi(xo(t) — £i(t)) + F(§:i(t) — vi(t),

where N 5 is an IT-2 fuzzy set of rule s corresponding to the function gs(£(t)),d = 1,2,--- ,0,
s=1,2,---,x 0,k € N. The firing strength of the sth rule is the following interval sets
M;(2(t)) = [mg(£(t)),ms(£(t))], where

0 0
my(2(1)) = [T g, ((2(6))) 2 0, ms(2(1)) = [T g (g5(2(1)) = 0.
5=1 5=1
my(£(t)) and 7s(%(t)) denote the lower and upper grades of membership, ﬁﬁg (g5(2(8))) >
Oand p g, (85(%(t))) = 0 denote LUMFs, respectively. Since 71y (g5(£(t))) > s (g5(%(1))),
—Ns s —Ns
then 75 (£(t)) > mg(%(t)) for all s.
Then, the IT-2 T-S fuzzy control protocol is designed as

ui(t) = L s (£(£)) (K jeZM,- [o]ij(%i(t) — £;(#)) + diPs(x0(t) — %i(t)) )

+E(0:i() —vilt)),

where K;, Ps, Fs are the controller gain matrices to be designed.

K
0 = o G 20 + B ) o &) =1
0<B, (£(t)) < 1,and 0 < B,(£(t)) < 1 are nonlinear functions and satisfy the prop-
erty B (£(t)) + Bs(£(t)) = 1 for all s. For convenience, let }:i_; 7s(£(t)) = 75 and

T wr(2(t) = @y
Define the errors: ¢;(t) = xo(t) — £;(t) and gq;(t) = xo(t) — x;(t). The corresponding
observer-based consensus error and actual consensus error are expressed as

éi(t) = wys(Aoxo(t) — Gr&;(t) — d;iByPs(xo(t) — ;(t)) — By Fs(9;(t) — yi(t))
= Ly(9i(t) = yi(t)) — Ljem, [o]iBrKs (%i(t) — £;(t)))
= ﬁ,ﬁsfuq((Ao — GV)X()(f) + (Gr —d;B,Ps + BrFSCq + Lqu)ei(t)
- (BrFqu + chq)‘li(t) + ZjeM,- MijBrKs (ei(t) — ej(t)))
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and

qi(t) = @rﬁls(AOxO(t) - Arxi(t) - diBrPs(xO(t) - J?i(t)) - BrFs(?i(t) - yi(t))
- ZjeMi [O]z‘jBrKS(fz‘(t) - f](t)))
= wtiswy ((Ag — Ar)xo(t) + (Ar — BrFsCy)qi(t) + Ljem,[0]ijBrKs (ei(t)
—¢j(t)) + (BrFsCq — diB,Ps)ei(t)).

Denote Xy(t) = (xoT(t),...,xJ(t))T,q(t) = (q?(t),...,q;(t))T,e(t) = (elT(t),. —en ()T By
(1), (6), and (7), it follows that

Xo(t) = (In @ Ag)Xo(t), 8
é(t) = wymswy((In ® (Gr + ByFsCq + L,Cy) — D ® B, Ps 4+ L @ B,K;)e(t) 9
—In® (B FSCq +L Cq)q( ) + L, ® (Ag — Gr)X()(t)),
and
q(t) = w5y ((In ® ByFsCy — D ® B, Ps + L ® By K )e(t) (10)
+ I @ (Ao — Ar) Xo(t) + Iin @ (Ar — B,FsCy)q(t)).
Combining (8)-(10), the original closed-loop system is written as
F(t) = WpiitsWy Arsg F (1), (11)

Arsq Brsq C; T
where Argg = | Drsy Ergg Fy | and F(t) = (e7(1) g7 (1) XJ (1)) with
0 0 G

Arsg = In @ (Gr + B;FsCy + L,Cy) + L® B,Ks — D @ B, P,
Bqu =—I,® (BrFSCq + chq), C,=I,® (AO _ Gr)/

Dqu :£®BTKS+IM®BTFSCq_D®BrPS, G: Im®A0,
Equ =1, ® (Ay — BrFqu),]Fr =1, ® (AO _ Ar)/

and their diagonal and non-diagonal elements being:

A — G, — d;B,P, + B,F,Cy + L,Cy + (0];:B,Ks, AY) = —[o];;B.Ks,

jEM;
B = B,EC,~ L,C,, BY) =0, C) = 4y~ G, ) =0,

]D)z(’;zq) = BrFqu —d;iB,Ps + jeM; [0 ] By Ks, Dgs) = _[O}ijBrKs/

E{) = A, — BEC, EY) =0, F¥) = 4y— 4, B =0,
Gl = Ay, GUI) = 0.
Theorem 1. Under given constants & > 0,0 < B1 < B, and 0 < y1 < 7y, if there exist

constants & > 0, A > 0, R3"" pector v = 0, R" vectors zg,ls) =0,2zps = 0,Zks < 0,25 <0,
z}((‘s) =< 0, and R1 vectors zé’r) ~ 0,2 <0, zj(fs) =0, z¢s = Osuch that

Ir

;-1: 1(i) (i)T—éln ﬁzdmaxBrZ I)ng +ﬁ2B72 P‘ fs) C‘7

)T O ()T (12a)
B 19207y + BolmaxBr 2P 102007 4 AT = 0,

BB Xl 152 o+ oy 12 T Cy <0, (12b)

A =By 12 ) Cy+AI =0, (12¢)
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Bl 152 Cy — dmaxBr Sy 1520+ hanBr £ 172" - 0, (12d)

? 1 Z;E?r> —ag1+ C;;r Z?:1 Zl(;) + 'YZC,;ers - dmax'YZZps + (')“ZZmax - 'Ylein)st <0, (126)

Algr—Cl v 2 — 7€) 24 <0, (12f)
Ag(g1+82+83) — iy zé’}) +ag1 — Al g2 <0, (12g)
11 < 1B (g1 +82) <120 X110 g1 <6, <17 g1 < Bo, (12h)

Zgyls) = Zps, Zj(rls)

hold forr € {1,2,--- ,@},s € {1,2,--- ,x},and q € {1,2,--- ,@}, the observer (4) and the
system (11) are positive, and the leader-following consensus of the system (11) is reached under the

< Zfe 2z 22 R Bt =12, pi=12,..,m,A0 =Gy, (120)

observer and controller with gain matrices

On

Z p ks Z p ps , F 2 f ’
A 151025;” S 12)4) o1, (13)
r — =1 (T 7 Fr — =1 - _(HOT_ 7
i=1 11(11)Tg1 i=1 1£,'Wg1

where the initial conditions satisfy e;(0) = 0, Ag > Ay, and x;(0) = 0.

Proof. First, we prove the positivity of the closed-loop system (11). By (12h) and (13),

we have

p 1007 4007 (i)zl@r

zZ
1
i=1 ﬁl — i=1 11Tr - Z 7

b W s W0 o, D07,
e W—Ziﬂ AR

Using (12a), it derives that

] 1(i)z<i)T—5In )T

wrmswq( = — dmaxBr E Zps
(1) (OT
+B, Xy 12 T Co+ Ty P Cy o+ Imax B Ty 124 T+ AT) = 0.

Furthermore, it can be obtained that
W, msWq(Gy — diByPs + B;FsCy + L,Cy + Yiem; [0];jB/Ks) + AT = 0,

which means that @, 75w, (G, — d;B;Ps + B,FsCy + L,Cy + Yiem; [0];jBrKs) is Metzler. By
(12b), it is clear that

. po10,(OT o 17T
wrmswq BVZ 110 fs Cq _Zi:l ﬁlr

Then, w,mswy(—B,FsCqy — L,Cq) > 0. From (12c), it deduces that

Cy) = 0.

Wymswy(Ar — By 2 p fs Cq +Al) =

Thus, W, isw,(Ar — By FsCq) + Al = 0. Using Lemma 1 gives that @, 75w, (A, — B,FsCy) is
Metzler. From (12d),

@yt (By Ty 12} Cy = dmaxBy £y 1320 T + I Br X, 124 T) - 0,

which means that @, 5w, (B;FsCq — dmaxBrPs + ImaxBrKs) = 0, i.e., ]D)%l) > 0. Together
with z,((ls) =< 0 gives AS;/ ) = ]D)Eé] [ [0];jB;Ks = 0. Then, the matrices A%’), Exlq), and Gﬁ?,;
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are Metzler and Aﬁéf,} =0, ng) =0, (Cgij ) =0, ]D)%lq) =0, Dg;j ) =0, FSU ) > 0. Therefore, the
closed-loop system (11) is positive by Lemma 2.
Next, we discuss the consensus of system (11). Construct a CLF:

v(t)=F(t)o, (14)
where
v="(v],0,,03) , v1=(8],...,81) , v2=(83,.-.8 ), v3=1(g3,...,83 ) -
————— —_——— —_——
m m m

Then, the derivative of the CLF can be written as

AL DL 0\ (o

V() = (o %mT) | BL By 0 ||o
(C;r FT GT 03
0, (15)
= (e()Ta() Xo(0)T) | ©

= (e(t)T@1+4() 7@ + Xo(t) O3,
where ©; = A,,v1 + Dyy,02, @2 = B/j,v1 + E) 05, and ©3 = C/ vy + F/ 03 + G ' v3. Then,

7

@ = (2 8% . LB T = (A%, AT
Q3= (e!,a%,...,orh)T
with
= (G +C/L7)g1+ (C/ BB} —diP/B + LK B — piK] B)(31+ 82),
g =A 82— CiL g1 —C/F B (g1+8), i = Yjens 0lijr i = Yicps 0ljiv
W= Aj(81+82+83)—G/g1—Al g i€ M.
Together with (12h), (12i), and (13), it follows that

40T 51

Gl g1 = (T 2 ) T = By 2y — By o S Tz — g
C, BBl (g1+g2) = ’YzCTZfs,ﬂliPsTB;r (81 +82) = dmaxY2Zps, (16)

CTLTg = CT i= 1zl(r),ll~KSTBrT(g1 +82) = ImaxV2Zks/
pZK B (gl JFgZ) = PminY1Zks-

By (12e), (13), and (16), it holds that

B\ = (G +C) L)g + (CTPTBT diP[ B} + Y.\ 0]iKS B

Srsq =

_ZjeMi[ ]jiKs Br )(gl +g2)

(17)

which means that ®; = A;';qvl + ]D);';qu =< 0. Combining (12f), (13), and (16) yields that

A =Alg—Cl LI g1 — CJETB] (g1 +g2) <0. (18)
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Thus, we obtain @, = ]B%,qum + ]Erquvz =< 0. Using (12g), (13), and (16), it follows that

o) = A (g1 +g+83) — Glg1— Al g2 <0. (19)

Therefore, ©3 = (C;r U1+ IF;F vy + G Tv3 < 0. In view of the above analysis, it is straightfor-
ward to deduce that V(t) < 0. Finally, the consensus of system (11) is reached. [

Remark 4. In [22], the tracking control with external disturbance was investigated for T-S fuzzy
positive systems in terms of LMI. This paper adopts LP to solve the consensus condition. This is
because the existing literature [4,30] has indicated that CLF and LP are more effective than LMI
when addressing issues related to positive systems. Inspired by [4], the gain matrix design for the
observer and controller is optimized in this paper. On the one hand, this method avoids scaling
the gain matrix, thereby reducing the conservativeness of the system. On the other hand, a more
efficient control strategy is designed to improve overall performance. In Theorem 1, the expression of
167,07

the optimization gain matrix is as follows: L, = Y} 4 1”(1.)ZT” ; compared with the expression of the
81

previous gain matrix Fs = Zle lg)zj(fs) T the latter requires an additional condition: z](fs) = zgs
Remark 5. It is worth noting that due to the positivity condition, system (11) needs to satisfy
Ao > Ay. In fact, the direction of the inequality can be arbitrary. It depends on the definition of
the consensus error q;(t). In Theorem 2, q;(t) = x;(t) — xo(t). At this time, in order to ensure
the positivity of the system, system (38) should satisfy A, > Ag. Moreover, although the given
conditions Ay = A, and A, '~ Aq enable leader-following consensus for TS-PMASs, there are still
certain limitations compared with general multi-agent systems. This is also a point that we need to
continue to improve in future research.

Note that the leader’s dynamic in (1) is a positive system and does not consider control
inputs. Further, Corollary 1 investigates the leader—follower consensus control problem
of general multi-agent systems, where the leader possesses control inputs. The general
system here means that the matrices Ag and By do not need to meet the conditions similar
to the positive system. A leader model is defined as follows:

Xo(t) = Aoxo(t) + Bouo(t), (20)

where xg € R" and ug € R? are the state and the input, respectively. Ay € R"*" and
By € R"*? are the state and input matrices with matching dimensions. Then, the control
protocol is defined as

ug(t) = Qoxo(t), (21)
where Qg the controller gain matrix to be determined later. Using the same steps as
(6)-(10) gives

F(t) = AF(t), (22)

Arsq Brsq (Cr T
where Arsg = | Dysg Brgy Fy | and F(t) = (eT(t) g7 (1) X] (t)) with
0 0 G

Cr =In®(Ag+BoQo — Gy),Fy = Iy ® (Ag + BoQo — Ar), G = Iy ® (Ao + BoQo),

and their diagonal and non-diagonal elements being
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A = Ag+ BoQo — Gr, F\") = Ag + BoQo — Ar, G = Ag + ByQy,
ci —o, F =0, G4 =0,

Corollary 1. Under given constants « > 0,0 < B1 < B2, 0 < 71 < Y2, and 0 < €1 < €, if
there exist constants & > 0, A > 0, R3™" pector v = 0, R™ vectors zgs) / Zps, z,((;), Ziss Z ‘(70) ,and R1

vectors zgir), zl(:), zj(fs), Zfs such that conditions (12a)—(121), (13), and

e2Ao+Bo Xl (1))21") + AL = 0, (23a)
e2Pado — e Ty (1) 24) T — 81,) + BaBo ), (15240 T) - 0, (23b)
e2do —e1Ar+ By Xl (120 1) = 0, (23¢)

Al (g1+g+8)+X, qO —-Yi Zgr +ag1— Al g <0, (23d)

B Y 11297 <o, (23e)

i 1§f)zl(;) C, =<0, (23f)

B,y 1} ngc -0, (23g)

B, YP 10207 -0, (23h)

Box! 1)zl " <0, (23i)

e1 <1y BJ (g1+82+83) < &2 (23))

hold forr € {1,2,--- ,@},s € {1,2,--- ,x},and q € {1,2,--- , @}, then the observer (4) and
the system (11) are positive and the leader-following consensus of the system (11) is reached under
the observer and controller with gain matrices

100,07

Q=X # (24)

TBJ (91+82+83)

where the initial conditions satisfy e;(0) = 0, x;(0) = 0,and 1 =1,2,--- ,p,i=1,2,--- ,n

Proof. From (12a)—(12d) and (23e)—(23i), it is easy to obtain that A,s; and [E,s; are Metzler,
Bysq = 0 and Dys; = 0. From (23a) and (23i), it holds that Ao + ByQp is Metzler, which
means that G is Metzler. By (23b) and (23c), it yields that w, (£(t)) (Ao + BoQo — A;) = 0
and @, (%(t)) (Ao + BoQo — G,) >~ 0, which gives that C, = 0 and F, > 0. Therefore, the
error system (22) is positive by Lemma 2.

Construct a CLF:
V(t) = FT(t)o, (25)
where v = (v],0),05)", vy = &, ,..08), v = (g,...,87)", and v3 =
S——— ———
m m
(¢3,---,83)". Using the same steps as (15) and (16), we derive that @; =
N——

m
(Or7, 027, ...,0m )T, where

W= AJ(1+82+83) + QI BJ (31+82+83) — G g1 — Al ga,i € M.
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Using the same steps as (17)-(19) and (23d), it yields that (Ag + BoQo — A,) " (g1 + $2) +
(Ao + BoQo) "g3 < 0, which gives that

@3 =C v +F v, +G o3 <0. (26)

Based on (17), (18), and (26), we can obtain V(t) < 0. Then, the consensus of system (22)
is achieved. [

Remark 6. Different from the literature [35], a controllable leader model (20) is introduced.
Meanwhile, the results presented in Theorem 1 are extended for general systems. Actually, a
controllable leader system has greater autonomy and enhanced adaptability to changing operating
conditions and environments. On the other hand, a system without a controller lacks the ability to
actively adapt and optimize. In addition, the matrix Ay is not required to be stable in Corollary 1,
which increases the applicability of the leader system.

3.2. Practical Consensus

In this subsection, the control input of the leader is considered. Similarly, Figure 2
provides the control block diagram under the practical consensus framework to illustrate
the design ideas of this subsection.

T-S fuzzy modeling

[}

i | Virtual target | Actuator i | | IT2 Fuzzy Ei(t)l
i Xg observer i ensor! i i

1

i o (8 240D t '
{7 Leader IT-2 Fuzzy | :
E controller i Matrix decomposition i
i S—— | technique .
! !
S N X I I

_{ Communication Q

Figure 2. The practical consensus framework on T-S PMASs (27) and (2).

The dynamic of the leader is described as

Xo(t) = Aoxo(t) + Bouo(t),

27
yo(t) = Coxol(t), o

where xg € R", yo € RY, and ug € RY are the state of the leader system, the output of the

leader system, and the input of the leader system, respectively. Ag € R"*", By € R"*?, and

Cp € RT*™" are the system matrices. It is assumed that A is Metzler, By >~ 0, and Cy > 0.
Similar to Section 3.1, the IT-2 fuzzy state observer of agent i is designed as

JACi(ﬂ = ZEr(ArJ?i(t) + Brui(t> + Lr(ﬁi(t) - ]/i(t))), (28)

where £; € R" and §j; € R are the state and output of the observer, respectively. L, is the
observer gain matrix to be determined.



Mathematics 2025, 13, 3146 13 of 27

Then, the IT-2 T-S fuzzy control protocol and the controller of the leader can be
designed as

up(t) = Koxo(t) + Loxg,
ui(t) = ”N/ls(Ks ZjeM[ } ( z( ) (t)) (29)
+ d;Ps (2;(t )—xo(f))+ ( ( ) —yi(t)) + Qsxg),

where x; is the target vector, Ko, Lo, K, Ps, Fs, and Qs are the controller gain matrices to
be designed.

Define three errors: e;(t) = £;(t) — x;(t), q;(t) = x;(t) — xo(t), and go(t) = xo(t) — x.
Then, the observer error, tracking error, and target error are expressed as

éi(t> = wrwq(Ar + Lqu)ei(t), (30)
4i(t) = @piis@q((Ar — Ao — BoKo)xi(t) + B/Ks ¥ jem,[0]ij (£i(t) — £;(t))
+ d;B,Ps(e;(t) 4 qi(t)) + ByFsCye;(t) 4 (Ao + BoKo)gi(t) + (BQs — BoLo)x),
(31)
and

go(t) = (Ao + BoKo) (xo(t) — x5) + (Ao + BoKo + BoLo)x;- (32)

By (27) and (29), it holds that
Xi(t) = ZZ)yﬁ’lswq(Arxi(t) + BrFquei(t) + BrKs ZjEMi [O]lj(fl(ﬂ — 32]<t)) (33)

+d;B, P (ei(t) + l]i(t)) =+ BrstS)-

e(t) = (e1 (1), e (D), Go(t) = (89 (1), 80 (D), a(t) = (a1 (), ... qm ()",
x(t) = (e (8), 2 (D)7, X5 = (57,0 xgT) T

By (30)—(33), we can derive that
é(t) = @@y (In ® (Ar + LyCye(t)), (34)

q(t) = wrmswq(( (A AO - BOKO) + E (9 BrKs) ( ) (,C, &® BrKS
+D ® B, Ps + Iy ® B;FsCy)e(t) + (Iin @ (Ag + BoKp) (35)
+ D ® B, Ps)q(t) + In ® (B;Qs — BoLo) X;),

Go(t) =1L, ® (AO + BoKO)Go(t) + I, ® (Ao + BoKp + B()Lo), (36)
and
xX(t) = wpiitsy((Im ® Ar + L @ ByKs)x(t) + D ® By Psq(t) + (£ @ B:Ks @7)
+D®RBPs+ I ® BrFqu)e<t) +In® BrQsXE)k)-
By (34)—(37), it follows that
F(t) = WpitsWy Arsg F () + Wy1i1s Qs (1) XG, (38)
A 0 0 0
_ | 0 B (Crsq Drs _ T T T T T .
where A5y = 0 o0 E o |’ F(t) =(Gy(t)g' (t)e (t)x'(t))',and Qs(t) =
rq
0 I Grsq Hys
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(O () QT (1) 0. 04T (1) T with

A =1, ® (A + BoKy), Brs = Iy ® (Ao + BoKg) + D © B, P,
Crsg = £ @ B,Ks + D ® By Py + Ly @ ByFsCy, By = L @ (A, + L,Cy),
Dys = Ly ® (A, — Ag — BoKo) + £ © B,Ks, Fys = D ® B, P,
Grsqg = L @ B,Ks + D @ B,Ps + Ly ® B,FsCy, Hys = Ly @ Ay + L ® B,Ks,

and their components, including diagonal and non-diagonal elements, being

QN(t) = Ly ® (Ao + BoKo + BoLg), O%(t) = In ® (B,Qs — BoLo), Qf(t) = Iy ® B,Qs,
Al = Ay + BoKy, AW =0, B = Ag + ByKo + d;B,P;, BY =0, Cll) = —[o];;B,Ks,

ci) — B,F,C, + e, [01iBrKs + diB, P, D) — A, — Ag — BoKy + Y [0lyBrKs,
DY = —[o];;B.Ks, B = A, + 1,Cp, BY =0, F¥) = 4;B,P, Y =0,

Gli) = BECy+ Yy [0lyiBrKs + diB Py, GLY) = —[o]ijB K, HiY = ~[o]B,K,,
HEY = A+ Y, [olyBKs.

Theorem 2. Under given constants pq > 0,4y > 0,0 < oy <&y, ap > 0,03 > 0, and ag > 0, if
there exist constant A > 0, R¥™" vector v = 0, R" vectors zgs) =0,zps = 0,2k <0, 25 <0,
z,((ls) <0, z]((i)) <0,z <0, zl((’)) =0,z >0, z‘(/s) =0, Zgs > 0, R17 vectors zl(;) <0z, <0,

zj(fs) =0, Zfs > 0 such that

Ag+ByY) 1;) ,E‘O)T +AT =0, (39a)

Ay + IaxB, X7 10207 4 AT = 0, (39b)

Byt 1207 Cy o+ anaBr 2 1“ T dmaxBr X 190200 =0, (390)
Ay —Ag—Bo X 19207 4 LB YF, “z,ﬂf -0, (39d)

17 g4, + 20, 10207 ¢, + A1 - 0, (39%)

Apxt +Bo X/ z,((ngg + By z’” 12007 x: -0, (39f)

By 1020 s — B P 102 T o, (39g)

Af g1+ aszio + pigr < 0, (39h)

A g2+ aazpo + dmax®1zps + 12 < O, (39i)

RquTZfs + Imax®1Zks — Pmin&1Zks + Imax@1Zps + Algs+ CqTer + 1183 <0, (39)

A;r (gZ + g4) - A(")ng — A4 Zpo + lmaxalzks — Pmin&1Zks + #1894 < 0, (391()
Ag 81+ a3z + a2zj0 + T1Zgs — H28a < 0, (39])
1) B, a,1) B (g1 —
a <T p Br (82 +g42 <Toc1, p By (81— 82) <z, (39m)
1,By81 <a3, 1, By g <ay,81 —8 >0,
A zps,zj(ﬁs) < 240 2 X 245 2s 22V < Zp, (390)

Z]((g j ZkOIZl((l)) j ZlO/Zl(:«) i Zlp, L = 1/2/' te /p/i = 1/2/"' N,
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hold forr € {1,2,--- ,@},s € {1,2,--- ,k},and q € {1,2,--- ,@}, the observer (28) and the
system (38) are positive, and the leader-following practical consensus of the system (38) is reached
under the state observer and controller with gain matrices

T T
=l 120 Ko =5 170 P =Y zps,Psz 12",

(0,07 Y 12>zl, 0T

Qs=X111yz¢ L, = o JLo=Y"

(40)

where the initial conditions satisfy e;(0) = 0, q;(0) > 0, and go(0) > 0.

Proof. First, we prove the positivity of the closed-loop system (38). Based on (39a), it
follows that Ag + By X/, 15207 4 AI = 0. Then, Ay + ByKo + AI = 0. By Lemma 1, it
can be obtained that Ay + BOKO is Metzler. Using (39b), it derives that

W, s (Ay + ImaxBr Z z](cs) +AI) =

Thus, it can be derived that the inequality w, (A, + Yiem [o]i]-BrKs) + AI = 0 holds,
which means that @175 (Ar + Ljem, [0]ijB-Ks) is a Metzler matrix. By (39¢), it yields that
7t (By Fy 152 Cy o+ lmaxBr Xy 1240 T + dinanBr X 1200 1) - 0.

Furthermore, we have w, 5w, (B, FsCy + Yiem; [O]ijBrKs +d;B,Ps) > 0. From (39d), it can
be readily deduced that

wrhis(Ar — Ao — BoKo + Ljem, [0]ijBrKs) = 0,

which means that DI = 0. By (3%), it is easily obtained that @,w, (A, + L,Cq + AI) = 0,
which means that @, @, (A, + L,C;) is Metlzer. Using (39f) and (39g), it derives that Q!(t) >
0 and O (t) = 0. Combining with condition B, > 0, z,(cls) < 0, and z,(;s) > 0, we can obtain
ClL =D = —[0];jB,Ks > 0 and O (t) = Iy ® B;Qs > 0. From the above analysis, the
matrices A, Bys, Eyy, and H,s are Metzler and A gy = 0,05 = 0, Frs = 0, Gysg = 0, Qs (t) > 0.
Therefore, the closed-loop system (38) is positive by Lemma 2.

Next, consider the consensus of system (38). Consider a CLF:

V(t)=F (), (41)
with T T T . T\T T TNT
v=(v1,05,03,04) , 01=1(81,---,81) (&2,---/8)
m m
v3=(83,--.8) 4= (8d,---.84)"
—— ——
m m
Then, the derivative of CLF along F(t) is
V() =FT () A0+ Qk(Hv
U1 01
1% 1%
= (650 aT W e O W) ALy | |+ X5 (T O (0t ()| 7 w2)
U4 U4

= GJATvl +q ( )(Brzvz + IE‘rsv4) +e (t)( rquZ + E;;UB + G;Eqvél)
+xT(8) (D02 + Hyog) + X5 (Q ()01 + OF (o2 + O (£)os).
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Then, one has
@O, e = (AT + uy1,)01,

(YWDT, YT = B vy +F Loy + g Lnva,
e, n(’”)T) ]DTvz + H,sv4 + 1 Invy,
VT, xmTT = (C;gqu + Emv3 + Grqu4 + p1Invs,
(A(l)T, e ,/\(M)T)T = QlT(t)‘Ul + Q%J(t)vz + Q‘g(t)m — Ualpvy,
where
T = Af g1 + Kq By g1+ 181,
Y@ = AJ g2+ KJ By g2+ d1P B (2 + 84) + 1132,
nl) = Al (g2+81) — Ag g2 — K By g2+ LiK{ B/ (82 + 84)
— piK{ B (82 + 84) + 184,
XD =C/E Bl (2+84) + K, B (82 + 84) — piK{ B (32 + 84)
+d;iP B, (24 84) + A/ g3+ C; L, 83+ 1183,
AD = AJ g1+ Ky By g1+ Lg By (31— 82) + Q) B (§2+84) — jaga,i € M
with l; = Yiep, [0]ij and p; = Yy, [0]ji- By (39m), (39n), and (40), one can obtain

Kq Bg g1 = zro1, By &1 < aazio, Ko By g2 = zko1y By g2 < tazio,
LiKS B/ (g2 + 84) = Imax®iZks, diP B, (82 + 84) < dmax@12Zps,
Qs BT(g +84) X @zgs, Lo By (81— 82) < wmazig, (43)
Cq E' B (82+84) =G, zf5, Cj L/ g3 =C, 2y,
( ) =

0iK{ B (32 + g4

Pmin&1Zks-

By (39h) and (43), it holds that AJ g1 + K By g1 + #181 < 0, which means that (A]; +
#1lm)v1 < 0. By (391) and (43), it holds that

YW = Af g» + K By g2+ d1PI B/ (82 + 84) + 11 g2 < 0,
which means that IB%ZTZUQ + w1 lyor + F4Tzv4 =< 0. Combining (39j) and (43) yields that

X(i) = CL]TFSTB;r (82 +g4) + jeM,; [O]insTB;r(gZ +g4) - ZjeM,' [O]jiKsTB;T(gZ +g4)
+dnP B (824 84) + A/ g3+ C) L g3+ p1gs <0,

which implies that B%vz + E;—303 + G4T37’4 + u1lnv3 < 0. Using (39k) and (43), it follows that

m) = A7 (g2+80) ~ A g2~ K By g2+ Y e, 101K B/ (82 + 84)
=Y e [0)iKS B (2 + 84) + p1ga < 0,

which gives that ]D>2T402 + ]HI4T404 + p1Lyvs < 0. Using (391) and (43), it follows that
AD = AJ g1+ K] By g1+ L By (81— 82) + Q) B (2 +g4) — 42ga <0,
which gives that

Q' (t)oy + Q3 (Hvr + QO (H)og — polnvy < 0.
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Therefore, (42) can be further written as

V() < —mGjovr—pq' (t)vy —pre’ (H)vs — 1 Xy (H)og + pa Xy o4
Then, we have V() < —pu1V(t) + pp X T va. It further gives that

V(t) < e Mty (o) + e*m(t*to)(%XgTvlem(t*to) _ %XSTZM)

= e M)y (1) — &XafTv(e*M(t*to)) + &XSTU
H1 M1

Then, lim; ,o V(t) < h, where h = %X*Tm. By (42), we have V(t) = F'(t)v >
Gy (o1 > aGy (1)1 > ag (t)1y = al/go(t)||1, where & is the minimum element of
v1. Therefore, we have lim; o &||g0(t)[[1 < 7. Then, lim;; oo | x0(t) — x§|[1 < 7. By Defi-
nition 3, the system (38) can reach the positive leader-following practical consensus. [J

Remark 7. In [34,35], the leader-following consensus was considered based on condition (ii) of
Definition 2, where the states eventually converge to 0. Compared with [34,35], the system (38)
adds an additional item. When the additional term is zero, the state of the system can converge to a
definite value x. However, due to the existence of IT-2 fuzzy rules, B,Qs — BoLg cannot be equal
to 0. Owing to the positivity of the system, the additional item in (38) needs to be greater than 0 and
the leader-following practical consensus is achieved in terms of Definition 3.

Remark 8. This paper primarily addresses the leader—follower consensus problem for T-S PMASs.
It is worth noting that, if multiple leaders are considered, the problem becomes one of containment
control. Based on the design analysis and discussion in Theorems 1 and 2, it is straightly deduced
that the proposed IT-2 T-S fuzzy model and observer-based control scheme can be extended to the
case of multiple leaders. On the other hand, the consensus framework presented in this paper
has a certain degree of robustness to external disturbances. This property stems from IT2 T-S
fuzzy model underlying the observer and controller designs, which offers a powerful mechanism
for handling uncertainties and nonlinearities. However, in the presence of unbounded and multi-
source disturbances, it would be necessary to incorporate additional techniques such as disturbance
observers or Hoo control methods to ensure satisfactory performance.

Next, similar to Corollary 1, the results in Theorem 2 are generalized to general
multi-agent systems in Corollary 2.

Corollary 2. Under given constants y; > 0,4y > 0,0 < a4y < @y, ap > 0,03 > 0, and ag > 0,
(O] (1)

if there exist constant A > 0, RAM pector v = 0, R" vectors zgs), Zps, Zkss Zksr Zrg 1 2R 7 Zk0s 210 -

Z1o, Z,(;s), zgs, and R vectors zl(;), Zly, Z](fls)' Zfs such that the conditions (39a)—(39n), and

Box! 1))z <0,B, /172" <0,B, X 1721 ¢, - 0,
Brz” 102007 - 0,By 7, 102107 <o,
()zfr) C; <0,Byx’, ()zl(o) 0,

B Y, 1‘”) ~0,0=1,2,- ~,p,1—1,2,~~~,n,

hold forr € {1,2,--- ,@0},s € {1,2,--- ,«x},and q € {1,2,- - - , @}, the observer (28) and system
(38) are positive and the leader-following consensus of the system (38) is reached under the state
observer and controller with gain matrices
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0 P11 (0T
E st K - Z 1p k() / Z 1 ps / Z fS 7
OT . T 1( )07 )T (44)
QS - Z qu Lr - 7118' L = Z ZlO .

where the initial conditions satisfying e;(0) > 0, q;(0) > 0, and go(0) > 0.
Proof. The proof of Corollary 2 is similar to Theorem 2 and is thus omitted. [

4. Numerical Examples

A UAV is a vehicle that is not manned but is capable of completing a mission through
remote maneuvering, pre-programmed control, or autonomous control. UAVs are used in a
wide variety of applications, including military, civil, scientific, and recreational. In the field
of drones, leader tracking control refers to the ability of a drone to follow, track a particular
drone, or perform a task related to a specific leader object. The tracking control design of the
leader system and collision avoidance schemes for multiple UAV flights were investigated
in [36]. A nonlinear controller capable of guiding a leader—follower formation of UAVs for
positioning and trajectory tracking tasks was proposed by [37]. With the development of
MASs theory, MASs-based UAV formation control has become a common method to study
UAV control. UAV modeling involves the flight speed of a single UAV, the flight altitude of
the UAV, the UAV heading angle, etc., and these variables have non-negative characteristics.
Therefore, it is more realistic to use the positive system model to describe the UAV. In
fact, in some special cases, the UAV is required to go to a designated area to complete the
corresponding task, which is very consistent with the positive system model that limits
the state to the non-negative quadrant. When performing tasks in such specific areas, if
the general system model is used to represent the UAV, it can cause system redundancy
and resource waste. In addition, when the UAV encounters internal faults or interference
during the mission, the unpredictability of its state and the changing nonlinearity make the
traditional linear modeling method no longer applicable. To solve the above problems, this
paper proposes a UAV cooperative control method based on the T-S PMASs model.

Referring to the literature [38], the motion model of the UAV can be described as

Pxi(t) = vi(t) cos0; cos ¢;,
pyi(t) = vi(t) cos 0; sin ¢;,
Pzi(t) = vi(t) sin6;,
Ui (t) — gsinb;,
. ay;
$i(t) = vi(£) cos 6’
_ azi(t) — g cos b

v;(t) ’

where pyi, pyi, and p.; are the positions of the i-th UAV in the X, Y, and Z directions. v;, 6;,
and ¢; are the flight speed, elevation angle, and azimuth angle of the UAV. Reference [39]
gives a motion model of an unmanned ship and models it as a T-S PMASs. Referring to
the modeling method of [39], the motion of the UAV in the two-dimensional plane can be
considered and a mathematical model can be established for it. Based on this, it is assumed
that the UAV moves only in the X-Y plane, that is, the elevation angle 6; and p,; are set to 0.
Accordingly, the above model can be rewritten as
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pxt(t) = Vi(t) Cos ¢,
pyi(t) = vi(t) sing;, (45)
gilt) = 2.
vi(t)

Then, by using the Taylor expansion at the reference point and the T-S fuzzy theory, the
UAV system (45) can be modeled as T-S PMASs (3).

Example 1. Based on the above analysis, the parameters for systems (1) and (2) can be selected as

—-135 052 055 —-1.613 032 035
Ap=10925 —-145 023 |, A1 = 075 —-185 0.12 |,
0535 0.06 —1.15 0.46 004 —-1.33
—-1.63 039 0.45 0.032 0.24 0.032 0.52
A= 075 -1.85 012 |,B; =003 022 |,B,=10.012 031 |,
046 004 -133 0.024 0.045 0.025 0.052

o _ (002 0212 024) . _ (003 002 0014
171022 005 004/ 7% \0.025 0032 005/

We choose the parameters dmax = 1, Imax = 2, pmin = L, a =1, 1 =1, B =10, 1 = 1.1,
Y2 = 10, and 6 = 1.9. LUMFs and uncertainty-related nonlinear type functions are chosen
2/ a o
as 1 (2(1)) = w(2(1) = § wy(%(1) = T, wy(g(r)) = B 7 (5(1)) =
W (2(1) = %, and W, (X(t)) =1 —w,(%(t)), r = 1,2. The concept of imperfect premise matching
is used to enhance the degree of freedom of controller design. Then, LUMFs and the uncertainty-
related nonlinear type functions of the controller are selected as p_(£(t)) = 2s=12B,(2(t) =
—22(¢) —22(1)

Zs=12m(xt) =1-c¢ 3 LT (R(H) = 1—e 27, my(£(t) = 1 — 0 (£(t)), and
My (%(t)) = 1 — my(X(t)). Moreover, the schematic of UAV and the Laplace matrix of the
communication topology are shown in Figure 3.

Based on Theorem 1, the controller gain matrices and observer gain matrices are obtained:

04446 —9.7782 ~0.5906 —12.5369
Ly = | 03532 —53557|,L, = | —03806 —6.4597 |,
~0.0208 —1.4878 ~0.0255 —1.9688
K, — (—0.0760 00790 —0.1413) <—0.0348 —0.0343 —0.0567)/
~0.0309 —0.0277 —0.0297 ~0.0155 —0.0129 —0.0132
P (0.0329 0.0333 0.0697) |, <0.1469 0.1445 0.2999>’
0.0101 0.0093 0.0102 0.0366 0.0324 0.0341
~25816 0.0624  0.0653 ~25509 0.0678  0.0712
G =| 01069 —26202 00287 |,Go=] 01194 —25951 00309 |,
0.0601 00063 —2.7334 0.0703 00087 —2.6876

o _ (06453 23269\ . (09473 2.8737
17102140 66059)" 2 \02561 6.8144)

The state observation error response curves of all follower agents are plotted in Figures 4-6. As
can be seen from the figures, the state observation errors of the agents converge asymptotically to 0.
This means that the observed states of the agents accurately track their true states, further verifying
the effectiveness of the designed fuzzy observer. Subsequently, Figures 7-9 depict the state response
curves for all agents. The simulation results demonstrate that, under the designed IT-2 T-S fuzzy
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consensus control protocol, asymptotic leader—follower consensus is achieved between the follower
agents and the leader. This demonstrates the effectiveness of the proposed control scheme.

Y -
1 -1 0

L=l0 1 -1

-1 -1 2
*\f( 0 0 0]

o D=|0 0 0
R 0 0 1]
X

Figure 3. Unmanned aerial vehicle.

30 T T

25 ¢

20 |- B

Figure 6. The simulations of £13(f) — x13(t), £23(f) — x23(t), and %33(t) — x33(t).
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Figure 7. The simulations of x (), x11(t), x21 (), and x31 (#).
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Figure 8. The simulations of x(t), x12(t), X2z, and x3p(t).
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Figure 9. The simulations of x3(t), x13(t), x23(¢), and x33(#).

To demonstrate the reliability and robustness of the proposed scheme, comparative simulations
are performed under different disturbances, uncertainties, faults, and switching topologies. The
corresponding steady-state errors of q;(t) and %;(t) — x;(t) are listed in Table 2.

(1) Simulations under different disturbances: Two types of disturbance are considered:
sinusoidal and Gaussian white noise with values of 0.02 x |sin(t)| and 0.02 * |randn()|. randn()
represents Gaussian noise with mean 0 and variance 1. Using the observer and controller proposed
in Theorem 1, the consensus and observation errors are simulated (we set the simulation time
to 40 s). The maximum steady-state error of each state component after 25 s is recorded. The
corresponding results in Table 2 show that the proposed observation and control scheme can still
achieve leader—follower consensus under disturbances of relatively small magnitudes. It is important
to note that the consensus under disturbances is a practical consensus, as the consensus error does
not converge to 0 compared to normal conditions.

(2) Simulations under different uncertainty: The system matrix A,,r = 1,2 is considered to
contain both random and fixed uncertainties. The values are 0.15 x rand(3,3) and 0.13 = ones(),
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respectively. Similarly, the simulation results in Table 2 demonstrate that the performance of the
consensus error and observation error is not affected by small uncertainties. In fact, the uncertainty
value should be selected to ensure that the system matrix with uncertainty is still a Metzler matrix.
If the uncertainty value is large, it will damage the positivity and performance of the system.

(3) Simulations under different faults: To verify the reliability of the proposed work, the system
performance is discussed under constant and exponentially decaying faults. Agent 2 is subjected
to a constant fault ([0.02;0.02;0.02]) or agent 1 is subjected to an exponentially decaying fault
( [e_O'Zt se— 02t e_O'Zt] ). According to Theorem 1, the corresponding consensus error and observation
error performance are obtained in Table 2. Thus, it is found that the proposed controller can still
achieve practical leader—follower consensus under small-amplitude or decaying faults. Excessively
large fault values can undermine system stability.

(4) Simulations under switching topology: Assume that the communication topology between
agents switches periodically between two topologies due to various external factors. The Laplacian
matrix and pinning matrix of topology 1 are shown in Figure 3, and the Laplacian matrix and
pinning matrix of topology 2 are selected as

1 -1 0 1 00
L=]0 1 -1|,D=1]0 0 0
-1 1 0 00

The switching rules between the two topologies are periodic and multiple periods have been
tested. The results presented in Table 2 also demonstrate that the proposed observation-based
control scheme remains unaffected by topology switching and can still ensure the realization of
leader—follower consensus.

Based on the above analysis and discussion, it can be concluded that the control scheme
developed in this paper is robust to small-amplitude uncertainties and switching topologies. It
also demonstrates reliability in the face of small-amplitude faults and disturbances. This further
demonstrates the effectiveness and priority of the proposed approach. Finally, it can be found
that the designed controller and observer are insensitive to small-magnitude uncertain parameters
and disturbances by comparing the steady-state errors under normal, disturbance, and uncertain
conditions. However, they are sensitive to large-magnitude uncertain parameters and disturbances,
which can undermine the system’s positivity or stability.

Table 2. Performance comparisons.

Steady-State Error

Ttems max{q;} max{%; — x; }
Disturbance Sinusoidal 0.457 0.421
White noise 0.559 0.514
Uncertainty Random 0.004 0.004
Fixed 0.003 0.003
Constant 0.673 0.620
Fault
Exponential 0.581 0.541
Switching topology 0.004 0.004

Normal 0.004 0.004
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Example 2. For the system (2), the system matrices are

—-1.78 0.38 1.35 —-1.63 0.39 1.45
Ao = 05 —-19 002 |,A;=| 075 —-185 0.12 |,
0.35 02 —165 0.46 04 —-133
—-1.65 047 1.46 0.032 0.24
A= 055 —1.88 0.13 |,Byp=|0.015 022 |,
0.44 03 —154 0.014 0.025
0.022 0.224 0.023 0.25
By =(0.026 0212],B,=10.021 0.231 |,
0.013 0.035 0.015 0.025

Co— 0.02 022 0.23 Co— 0.03 0.02 0.01
"7 lo12 002 001/ \005 004 002/
We choose the parameters Imax = 2,dmax = 1,Imin = 1, pmin = 2,87 = 0.1, 01 =1, ap =1, a3 =
2,04 = 3,41 = 0.1, pp = 0.2, and x§ = (10.50.3) ". Example 2 takes the same values for the IT-2

parameters as Example 1.
By Theorem 2, the observer and controller gain matrices can be obtained:

Ko — —0.4357 —2.0436 —0.4889 (25107 5.0907 85171
07 | 08607 —1.1258 —0.0468) ° \2.3599 45327 7.491 )’

—0.5177 —0.5566 —0.4560 —0.4178
Ly = | —-03942 —-0.5371 |,Lp = | —0.3375 —0.3945 |,
—0.5285 —0.5594 —0.4427 —0.4168
K = (—0.6958 —0.9792 —0.5525 K — —0.5217 —-0.6717 —0.2775 )
—0.3927 —0.6078 —0.1380 —0.3827 —0.5412 —0.0880

s N2
Py — 0.4806 0.1664 0.1705 P — 1.3184 0.4445 0.4807
17 103681 02468 0077272 (12021 04981 0.4270)"

0.7622 2.2465 0.9087 2.4802

o — 6.1431 0.7730 1.6860 0, - 6.4870 0.9772 2.1606
V7 66327 09727 22186 =% \6.6769 1.0461 2.3553)’
<0.5717 19853 (0.8019 2.2939)
1= 2 = .

Figures 10-12 show the state response curves of the follower agent’s consensus error q;(t)
under the fuzzy consensus controller (29). The error curves of the leader agent and the virtual target
are depicted in Figure 13. As shown in the figure, the consensus error of the agents converges to a
finite positive value under non-negative initial conditions. At the same time, Figure 13 shows that
the leader is able to track the virtual target under the designed controller ugy(t). This also shows that
the leader—follower practical consensus considered in Section 3.2 is achieved, which further leads to
the conclusion that the fuzzy control scheme proposed in Section 3.2 is effective. Additionally, the
observation error response curves of each follower agent are shown in Figures 14-16. It can be seen
from the figures that the observation error of the agent converges quickly to a stable value close to 0.
This once again confirms the effectiveness of the fuzzy observer proposed in this paper.
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Figure 12. The simulations of consensus error q13(t), 423(t), and g33(t).
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Figure 13. The simulations of target error go(#) for the leader.
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=e91(t)
ez1(t)
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Figure 14. The simulations of e11(t), ex1(t), and ez (¢).
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~ca(t)
: ~en(t)
3 * en(t)
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Figure 15. The simulations of e1(t), exx(t), and ez (t).
5L ~ep3(t)
"'62:;(t)
es3(t)
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Figure 16. The simulations of e13(t), ex3(t), and e33(t).

To further prove that the proposed scheme enables the practical consensus of the system to
be achieved, Table 3 gives the steady-state error bounds of consensus error and target error. From
the table, it can be seen that all error states converge to a set of positive values. Combined with
the calculation of 1 in the definition of practical consensus, it can be concluded that the practical
consensus of systems (27) and (2) is achieved.

Table 3. Error bounds of the consensus error and the target error.

State/Item q:(t) hy go(t) hg
Error bounds/Constant 1.862 2.406 0.1926 0.3598

5. Conclusions

This paper has addressed the leader-following consensus problem of TS-PMASs using
an observer-based control protocol. The primary contribution is the development of a
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fuzzy control protocol formulated via LP, which ensures the leader-following consensus
and positivity of the considered systems. Fuzzy state observers are introduced to estimate
system states and their gain matrices are constructed via a matrix decomposition approach.
Moreover, the proposed results are extended to general multi-agent systems. Utilizing
the CLF, the positivity and consensus of TS-PMASs are rigorously guaranteed. Compared
with existing results, the proposed scheme not only reduces the computational burden and
conservatism, but also can handle nonlinearities and uncertainties.

However, there are still issues that need to be resolved, such as turning a single leader
into multiple leaders, considering external disturbance, time delay, faults, etc. Therefore,
we will focus on leader-following consensus under multiple leaders, disturbances, faults,
and delays in the future. On the other hand, the inequality constraints between the leader
and follower matrices are also issues that need to be addressed in the future.
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