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Abstract

Connectivity is one of the essential needs in today’s standards in many aspects of life,
starting with personal relationships, education, and remote work and ending with the
security and economy of countries. However, connectivity is susceptible to intentional and
unintentional disruptions, leading to great impact on critical infrastructures. Hence, main-
taining connectivity is a crucial task to sustain the continuous flow of life. The challenge
is to find an optimal recovery plan to reconnect all demands as soon as possible after the
disruptive event, ensuring fairness in the process of reallocating the remaining resources.
In this paper, we present a post-disruption recovery framework for networked systems to
optimize the recovery plan to reconnect the network demands as soon as possible. More
specifically, we introduce an algorithmic approach using a mathematical programming
model that optimally recovers the disrupted arcs of the network while ensuring the highest
connectivity. The proposed approach considers both fairness and efficiency through finding
the MMF (max-min fairness) resource allocation throughout the recovery process. The
proposed approach is tested on a variety of benchmark networks under a set of disruption
levels; then, the results are compared with the maximum-flow model.

Keywords: max-min fairness; the direct progressive-filling algorithm; load balancing; goal
programming; fairness in resource allocation

MSC: 90C11; 90C29; 90C47; 90C90; 91B32

1. Introduction
Critical infrastructure systems, including energy grids, water supply networks, trans-

port corridors, and communications backbones, are the essential machinery that sustains
modern life. They enable economic vitality, social stability, and national security, yet their
importance often becomes most visible in moments of disruption. These systems are capital-
intensive and inherently vulnerable to a wide spectrum of hazards, ranging from natural
disasters to intentional attacks [1–3]. In addition, the growing interconnection among
infrastructure networks, where electricity powers pumping stations, transport facilitates
fuel distribution, and telecommunications support all other services, creates fragility. A
failure in one system can cascade into others, producing widespread consequences [4–8].

Connectivity is particularly crucial in this context. It represents one of the essential
needs of modern society, extending from personal communications and education to
emergency response and national economies. Connectivity, however, is vulnerable to
intentional and unintentional disruptions that can have severe consequences on critical
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infrastructures such as social media, transportation, and emergency services. Hence,
maintaining and restoring connectivity is fundamental to sustaining the continuous flow
of life, either by mitigation or resilience. Mitigation can be utilized to reduce the severity,
impact, or risk on the communication network before the damaging event occurs, thus
enabling prompt recovery. On the other hand, resilience refers to the ability of a network to
endure a disruption and recover from it back to the original level of performance [9], which
can be measured by different approaches that are investigated in the literature [10].

In this study, we adopt the framework illustrated in Figure 1, originally introduced
by [11], which evaluates network resilience using a performance-based function. As shown
in the figure, resilience is characterized along two primary dimensions: vulnerability,
referring to the extent of performance degradation caused by a disruption [12], and recov-
erability, denoting the rate at which the network returns to a target performance level [13].
These dimensions are assessed over time across three key states, namely the original,
disrupted, and recovered phases, using the performance function φ(t).

Figure 1. A depiction of a performance function of a network through different transition states over
time (adopted [11]).

Henry and Ramirez-Marquez [11] defined network resilience, denoted as Я, as the
ratio of a system’s recovered performance to the maximum loss experienced following a
disruptive event ej, with J representing the set of all possible disruptions. Mathematically,
resilience at time t is given by Equation (1), where the numerator φ

(
t
∣∣ej)− φ

(
td
∣∣ej) quanti-

fies the performance regained after the disruption, and the denominator φ(to)− φ
(
td
∣∣ej)

captures the total degradation in performance from the original state at time t0 to the
disrupted state at time td, where td < t.

Яφ

(
t
∣∣∣ej

)
=

φ
(
t
∣∣ej)− φ

(
td
∣∣ej)

φ(to)− φ
(
td
∣∣ej

) , t ∈ (ts, tf) (1)

As defined in Equation (1), the resilience metric Яφ
(
t
∣∣ej ) ranges between 0 and 1,

with a value of 1 signifying that the network has fully recovered to its pre-disruption
performance level. In this study, resilience is assessed using two performance indicators:
maximum flow and the number of connected nodes. Of the many pillars of resilience,
restoration is perhaps the most tangible where plans confront reality [14–16]. Restoration is
not simply “repair”. It is an orchestrated effort to bring essential services back to acceptable
levels under intense pressure, in environments where information is imperfect, conditions
are unstable, and resources crews, equipment, and budgets are lacking [17–19].

Within the broader concept of resilience, restoration is perhaps the most tangible
pillar where planning meets reality. Making restoration decisions in such contexts is rarely
straightforward. In an interdependent system, one sequence of repairs may be technically
possible but strategically flawed because it ignores procedural dependencies [7,8]. Clearing
a blocked arterial road may be useless if live power lines still hang across it. Yet, repairing
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those lines may require access through the very road that remains blocked. This interplay
between systems is often where restoration falters not for lack of will but for lack of coordi-
nation [14]. Historically, restoration planning has leaned heavily on optimization models
that privilege efficiency to maximize total flow and minimize aggregate cost [3,7,14,20–23].
Such objectives are important, but they have their blind spots. Efficiency alone can lead to
inequitable outcomes, with high-demand or central nodes restored quickly, while periph-
eral or less affluent areas wait far longer. Even approaches such as concurrent restoration
repairing several components in parallel do not inherently solve this imbalance unless
fairness is built in from the outset [24].

Here, the concept of MMF offers a principled alternative. MMF seeks to elevate the
least-served demands first, progressively narrowing disparities until no further gain can be
made for one without harming another [24,25]. While this idea has deep roots in fields like
telecommunications, its practical integration into critical infrastructure restoration has been
limited. The reasons are not trivial. Modeling such priorities under real-world constraints is
technically demanding, particularly when interdependencies complicate every scheduling
decision [26].

The work presented in this paper focuses on fairness in restoration, which remains
an underexplored yet critical aspect of post-disruption recovery planning. We introduce
a novel framework that adopts the MMF principle, which prioritizes fairness while still
utilizing available resources to achieve high overall efficiency. At the core of our approach
lies the direct progressive-filling algorithm (DPFA), a new algorithm that, to the best of
our knowledge, has not been previously applied in this context. The DPFA begins by
restoring the links associated with the least-served demands to reestablish connectivity
for as many users as early as possible. It employs a goal programming formulation
with two objectives: the first aims to maximize the flow for non-saturated demands until
constrained, and the second identifies which demands are saturated in each iteration.
This framework is evaluated on benchmark interdependent infrastructure networks under
varying disruption levels and compared against a conventional maximum-flow model.
The maximum-flow model is chosen to be compared with MMF because it represents one
of the most common objectives in flow networks, alongside cost minimization. While
other fairness-based approaches can be considered, the notion of fairness is subjective
and varies based on the objective. MMF stands out as the only fairness criterion with a
clear, well-defined linear formulation compared to other schemes. Hence, other fairness
approaches require non-linear modeling. The results reveal how fairness-oriented planning
can significantly improve both the distribution and speed of recovery. The paper proceeds
as follows: Section 2 surveys the literature on infrastructure restoration and fairness in
resource allocation. Section 3 details the mathematical formulation of the maximum-flow
restoration model. Section 4 discusses DPFA and its mathematical formulation. Section 5
reports on the numerical experiments and results. We conclude in Section 6 with remarks
on broader applicability and directions for future research.

2. Literature Review
In this section, a literature review is presented regarding restoration of networks,

fairness in resource allocation, and then fair restoration.

2.1. Network Restoration

Interdependencies among infrastructure networks can be classified into four cate-
gories [27]: (i) physical, where an output from a network is an input to another one and vice
versa; (ii) cyber, involving dependence on information transmitted through an information
infrastructure; (iii) geographical, where networks are affected by the same local disruptive
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event; and (iv) logical interdependencies, which include all other types of interdependen-
cies. Several studies in the literature have addressed the problem of the restoration of a
system of interdependent infrastructure networks after a disruptive event. Accordingly,
different approaches have been proposed with different objectives: (I) determining the
set of disrupted network components to be restored (e.g., [28]), (II) scheduling a predeter-
mined set of disrupted network components (e.g., [29]), or (III) an integration of objectives
(I) and (II), i.e., prioritizing the restoration of the disrupted components and assigning and
scheduling them to the available resources (e.g., [21]).

For instance, ref. [8] proposed a model that seeks to minimize total disruption, re-
pair, and flow costs by identifying which components to restore, determining their repair
modes, assigning them to crews for individual or concurrent work, and establishing base-
line restoration sequences across scenarios. Similarly, ref. [21] formulated the restoration
decision problem as the task of identifying a combined repair sequence that minimizes
the overall loss of resilience. In addition, ref. [30] aimed to determine optimally which
disrupted links should be restored and in what sequence through a mixed-integer nonlinear
programming (MINLP) model combined with a novel metaheuristic method to provide
robust and efficient solutions.

Building on these efforts, ref. [20] introduced a heuristic-based dispatching rule to
support decision making in both network design and scheduling, while [31] presented
a multi-objective mixed-integer linear programming model that optimizes task sequenc-
ing and crew allocation in interdependent infrastructure networks. Their approach also
identifies points where additional resources can accelerate restoration. Furthermore, a
generalized form of integrated network design and scheduling problems that incorporates
multiple scheduling features, particularly in the context of infrastructure and supply chain
restoration, was proposed in [32]. These features include release dates, flexible release
times, and machines capable of performing multiple functions. However, such studies
focused on objectives other than fairness in restoration, which is the focus of this study.

2.2. Fairness in Resource Allocation

Fairness has been gaining tremendous interest in the past few years. Fairness in
restoration is usually overlooked because the focus is primarily centered around other
objectives such as efficiency, resilience, or profitability. Fairness is implemented in a few
applications in communication networks (see [33,34] for fairness in resource allocation).
MMF is a widely implemented scheme (if not the most) in fair resource allocation, and
the progressive-filling algorithm (PFA) is the well-known approach to achieve it [35]. PFA
prioritizes the lower demands (users of the network) to allocate as equal resources as
possible to all demands. The weakness of the PFA is that it depends on complementary
slackness in identifying the set of blocking demands to be excluded in the next iterations.
Hence, this algorithm cannot be used in network restoration due to its non-convex struc-
ture. Another algorithm called binary search uses a different approach to identifying
the blocking demands, but it requires a limitation of access rates for the algorithm to
work [36]. Ref. [37] proposed a multi-objective optimization function that finds the optimal
quality of service (QOS) and network efficiency simultaneously to find the fairest allocation
as possible. Ref. [34] introduced a distributed algorithm to find fair and dynamic optimal
transport, where every pair of suppliers and receivers compute their solution and update
the transport strategy through iterative negotiation in a decentralized manner.

Fairness in resource allocation has been explored in the literature in a wide range
of applications, such as communication networks, facility location, evacuation and traf-
fic management, air traffic control, and job scheduling. These studies use a variety of
fairness measures, such as basic statistical measures, the Gini index, Jain’s index, and
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unfairness [38–41]. Basic statistical measures such as mean, median, and variance provide
a reliable indication of how resources are distributed among the demands. Additional
measures were discussed by [42], such as the maximum of absolute deviations (MAD),
the sum of squared deviations (SSD), and the sum of absolute deviations (SAD). These
measures can be set as objectives in the mathematical programming models. Nevertheless,
they may result in poor efficiency since they do not exploit unused resources. The SAD
measure is used as a measure of fairness for comparison purposes.

SAD = ∑
k∈K

∑
l∈L

f k
t − f l

t (2)

Ref. [40] developed a function called the Gini index to measure the income inequality
of a society. The Gini index ranges between 0 and 1, with 0 for perfect equality and 1 for an
individual receiving income when all other individuals do not receive any income. Ref. [39]
developed a function derived from the coefficient of variation (COV) that ranges from 1/n
to 1, given that the higher the index, the fairer the resource distribution. The unfairness
measure is a fraction of the maximum difference between the highest and the lowest
resources assigned, given that the lower bound is 1, indicating complete fairness of resource
distribution [38]. The common drawback of these measures is that they are non-linear
functions, so they cannot be used either as objective functions or as constraints in MIP
models unless they are linearized. In our study, we might use any of these measures
to compare the fair resource allocation solution with solutions from other conventional
methods. The approach this paper adopts is MMF, which does not pursue perfect fairness
of resource allocation, as it prioritizes fairness and then utilizes the unused resources to
achieve both fairness and high utilization of resources. Price of fairness (POF) measures
the percentage of loss of utilization after incorporating fairness in the model to indicate the
impact of fairness on the overall efficiency of the system [43]. The POF value ranges between
zero and one, where zero indicates no loss of efficiency when fairness is implemented, and
one indicates all efficiency is compromised to implement fairness.

2.3. Fair Network Restoration

Despite the significance of fairness in network restoration, it has not been extensively
explored in the literature. Ref. [26] used the Kolm–Pollak equally distributed equivalent
(EDE) measure to reflect the restoration inequalities across a system. For every possible
restoration strategy, the EDE measure is calculated for the recovered network performance
distribution to select the fairest restoration strategy for specific nodes or for the overall
network. Ref. [25] proposed two bi-objective models to balance conflicting objectives by
integrating graph signal processing, fairness, and cost in these models. Another study intro-
duced a multi-objective fair distribution and restoration model for enhanced resilience of
supply chain transportation networks [24]. This study proposes a multi-objective non-linear
mixed integer programming to restore disruptions while maximizing the supply chain
network performance in transportation networks. Ref. [44] investigated the enhancement of
resilience of supply chain networks during disruptions through studying the effectiveness
of two fairness-based distribution approaches.

3. The Maximum-Flow Restoration Model
In this section, we discuss the maximum-flow model that restores the network connec-

tivity under the objective of maximizing flow without considering the individual demands
in the network. We have the network graph G = (N, A) with the set of nodes N, the set of
directed arcs A, and each arc a ∈ A, where a = (i, j) and i, j ∈ N. sk and tk are the supply
and terminal nodes of the demand k, respectively, given that Ns is the supply node. set,
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and NT is the terminal node set, where sk ∈ Ns and tk ∈ NT . The source node set Ns ⊆ N,
and the terminal node NT ⊆ N as seen in Table 1.

Max Яφ

(
t
∣∣∣ej

)
=

φ
(
t
∣∣ej)− φ

(
td
∣∣ej)

φ(to)− φ
(
td
∣∣ej

) , t ∈ (ts, tf) (3)

∑j:(i,j)∈A xk
ijt − xk

jit =


f k
t , i f i = sk

− f k
t , i f i = tk

0, otherwise
∀ i ∈ N, k ∈ K, t ∈ T (4)

∑kϵK xk
ijt ≤ Cij ∗ yijt ∀ (i, j) ∈ A, k ∈ K, t ∈ T (5)

yijt = ∑t
t̂=1 zijt̂ ∀ (i, j) ∈ A, t ∈ T (6)

∑t∈T zijt ≤ 1 ∀ (i, j) ∈ A (7)

f k
t − f l

t + dkl
t − dlk

t = 0 ∀ k, l ∈ K, t ∈ T (8)

xk
ijt, f k

t , dk ≥ 0 ∀ (i, j) ∈ A, i ∈ N, k ∈ K, t ∈ T (9)

yijtzijt ∈ {0, 1} ∀ (i, j) ∈ A, t ∈ T (10)

Table 1. Sets, parameters, and decision variables of the maximum-flow restoration model.

N the set of nodes
A the set of arcs
Ns the set of supply nodes
NT the set of terminal nodes
K the set of demands
T the set of time periods required to restore arcs
sk the source of demand k indexed by k ∈ K
tk the terminal of demand k indexed by k ∈ K
ζij the initial status of the arc (i, j), where 1 is fully functional and 0 otherwise
f k
t a continuous decision variable that represents the flow of demand k at time t

xk
ijt

a continuous decision variable that represents the flow of demand k on arc
(i, j) at time t

zijt
a binary decision variable that equals 1 if arc (i, j) is restored at time t and
0 otherwise

yijt
a binary decision variable that equals 1 if the arc (i, j) is operating at time t
and 0 otherwise

The objective of the maximum-flow restoration model (3) is to maximize the flow for
all demands at all time periods. The set of constraints (4) represent the flow conservation
constraints, where node is (i) a terminal node if the incoming flow is greater than the
outgoing flow at node, (ii) a source node if the outgoing flow is greater than the incoming
flow at node, and (iii) a transshipment node if the incoming and outgoing flows are
equal at node. Each demand flows in an independent network; however, the set of capacity
constraints (5) links all the demand flows to one network sharing the same capacity resource,
which ensures that all the demand flows pass through the arc but do not exceed its capacity.
The set of constraints (6) allows the link to send flow after time t when the link is fixed at
time t in the set of constraints (7). The set of constraints (8) measures the difference in flow
between demands as a measure of fairness, as seen in Equation (2). The set of constraints
(9) and (10) denotes the nature of the decision variables.
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4. The Fair Restoration Model
In this section, we utilize the new algorithm, called the direct progressive-filling

algorithm (DPFA), to find the MMF restoration procedure. This approach has not been
explored yet to the best of our knowledge. This starts with restoring the links that affect
the lower or least fortunate demands to bring back connectivity to as many demands as
soon as possible. The algorithm relies on a goal programming approach to achieve MMF.

4.1. The Direct Progressive Filling Model

We have the network graph G = (N, A) with the set of nodes N, the set of directed
arcs A, and each arc a ∈ A, where a = (i, j) and i, j ∈ N. sk and tk are the supply and
terminal nodes of the demand k, respectively, given that Ns is the supply node set, and NT

is the terminal node set, where sk ∈ Ns and tk ∈ NT . The source node set Ns ⊆ N, and the
terminal node NT ⊆ N (Tables 2 and 3).

Max PFLOW = αn (11)

Min PSND = ∑
k∈K

µk
t

(
1 − δk

t

)
d
−

kt
(12)

∑j:(i,j)∈A xk
ijt − xk

jit =


f k
t , i f i = sk

− f k
t , i f i = tk

0, otherwise
∀ i ∈ N, k ∈ K, t ∈ T (13)

∑kϵK xk
ijt ≤ Cij ∗ yijt ∀ (i, j) ∈ A, k ∈ K, t ∈ T (14)

f k
t − θ + d−kt − d+kt = 0 ∀ k ∈ K, t ∈ T (15)

f k
t ≥ αn − Mδk

t ∀ k ∈ K, t ∈ T (16)

f k
t ≥ λk

t ∀ k ∈ K, t ∈ T (17)

yijt = ∑t
t̂=1 zijt̂ ∀ (i, j) ∈ A, t ∈ T (18)

∑t∈T zijt ≤ 1 ∀ (i, j) ∈ A (19)

f k
t − f l

t + dkl
t − dlk

t = 0 ∀ k, l ∈ K, t ∈ T (20)

xk
ijt, f k

t , dk ≥ 0 ∀ (i, j) ∈ A, i ∈ N, k ∈ K, t ∈ T (21)

yijt, zijt ∈ {0, 1} ∀ (i, j) ∈ A, t ∈ T (22)

Table 2. Sets and parameters of the maximum-flow restoration model.

N the set of nodes
A the set of arcs
Ns the set of supply nodes
NT the set of terminal nodes
K the set of demands
T the set of time periods required to restore arcs
sk the source of demand k indexed by k ∈ K
tk the terminal of demand k indexed by k ∈ K
ζij the initial status of the arc (i, j), where 1 is fully functional and 0 otherwise
δk

t a parameter that equals 1 if the demand k is saturated at time t and 0 otherwise
λk

t a minimum bound of the saturated demand k indexed by k ∈ K

µk
t

the weight of demand k used for tie-breaking in the case of non-convex
discrete problems
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Table 3. Decision variables of the maximum-flow restoration model.

f k
t a continuous variable that represents the flow of demand k at time t

xk
ijt

a continuous variable that represents the flow of demand k on arc (i, j) at
time t

αn a continuous variable that represents the maximum flow at iteration n
θ a threshold used to identify saturated demands

d+kt
a continuous variable that represents the positive deviation of demand k
from θ at time t

d−kt
a continuous variable that represents the negative deviation of demand k
from θ at time t

zijt
a binary variable that equals 1 if the arc (i, j) is restored at time t and
0 otherwise

yijt
a binary variable that equals 1 if the arc (i, j) is operating at time t and
0 otherwise

The model has two objectives (11 and 12). The first objective (11) is to maximize the
flow for non-saturated demands simultaneously until blocked by a constraint or a set of
constraints, and the second objective (12) is used to detect the saturated demands. The
algorithm relies on goal programming to identify the set of saturated demands. Hence,
the model is composed of hard and soft constraints. The set of constraints (13) represent
the flow conservation constraints, where node i is (i) a terminal node if the incoming
flow is greater than the outgoing flow at node i, (ii) a source node if the outgoing flow is
greater than the incoming flow at node i, and (iii) a transshipment node if the incoming
and outgoing flows are equal at node i. Each demand flows in an independent network
k; however, the set of capacity constraints (14) links all the demand flows to one network
sharing the same capacity resource, which ensures that all the demand flows pass through
the arc e = (i, j) but do not exceed its capacity. The set of soft constraints (15) can detect the
saturated demands when the negative deviational variables are minimized in the second
objective (12). Note that in the second objective, only the non-blocking constraints’ negative
deviations are minimized with the help of the indicator parameter δk. It is worth mentioning
that being able to minimize the negative deviational variable d−k of the demand k to zero
indicates that the corresponding demand k is non-saturated; hence, it is improvable in the
next iteration. More details are in the next section. The set of constraints (16) maximizes
the flow of only non-saturated demands with the help of the parameter δk. The saturated
demands are excluded from the maximization process because it removes the lower bound
αn if the parameter δk equals 1, given that M is a sufficiently large number. The set of
constraints (17) sets a permanent lower bound for the saturated demands. The set of
constraints (18) allows the link to send flow after the time t when the link is fixed at time
t in the set of constraints (19). The set of constraints (20) is used as a measure of fairness,
as seen in Equation (2). The set of constraints (21) and (22) denotes the nature of the
decision variables.

4.2. The Direct Progressive-Filling Algorithm (DPFA)

The procedure of the DPFA is illustrated in this section using the model (11)–(22).
To initialize the algorithm, the iteration number n is set to 0, the saturated demands

parameter δt
k is set to 0 for all demands, and the lower bound λt

k is set to 0 for all demands,
as seen in Algorithm 1. In the first iteration, step 2, the total flow αn is maximized until a set
of saturated demands is reached. In step 3, problem PSND(θ, δ, λ) is solved to identify the
saturated demands. An ε is added on top of the maximum flow αn to be set as θ, then the
negative deviation from θ of every demand is minimized as seen in constraint (15) through
the objective function (12). The M and ε values used for all examples and experiments in
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this article are set to 1 × 103 and 5 × 10−3, respectively. The value of M is set to greater than
or equal to the maximum capacity of the links so it can compensate for the difference if
some demands are assigned 0 flow and other demands assigned full-capacity flow. On the
other hand, the ε is set to less than or equal to the minimum difference in flow between
the sets of saturated demands (we call it E). The ε value is set significantly lower than the
minimum difference E because it might not be known in advance. The ε could be thought
of as the accuracy of the output if it exceeded the E value. In that case, the algorithm might
stop prematurely, and the output becomes an approximation to the MMF. However, we
will still obtain an MMF solution if the ε is sufficiently small. Setting different values of
ε is illustrated through examples 1 and 2. The demand k is considered improvable if the
negative deviation k is minimized to zero, and it is considered saturated demand otherwise.
In this step, the set of saturated demands is identified, and their parameter δt

k is set to 1. The
weight µt

k used for tie-breaking in the case of non-convex discrete problems gives priority
to specific demands in the second optimization problem, PSND(θ, δ, λ), after maximizing
all demand flows in the first problem, PFLOW(θ, δ, λ). This emphasizes fairness where
all demands are treated equally in the first part of optimization, and then, priorities are
activated in the second part of optimization when the blocking state is reached. The process
is repeated by going back to step 2 until all demands are set as saturated demands. See
Figure 2 for more illustration.

Start 

Read input data (nodes, links, 
capacities and demands) 

Solve the problem 𝑃𝐹𝐿𝑂𝑊ሺ𝜃, 𝛿, 𝜆ሻ 
for the non-saturated demands 

Solve the problem 𝑃𝑆𝑁𝐷ሺ𝜃,𝛿, 𝜆ሻ to 
identify the set of saturated demands 

Set initial parameters 
 𝑛 ൌ 𝜃 ൌ 𝛿𝑡

𝑘 ൌ 𝜆𝑡
𝑘 ൌ 0 ∀𝑘 ∈ 𝐾 

Set the saturated demands 𝛿𝑡
𝑘 ൌ 1 

 

All demands 
saturated? 

∑ ∑ 𝛿𝑘 ൌ |K||T|𝑘∈𝐾𝑡∈𝑇  

Output vector of flows 
is MMF 

End 

Yes 

No 

Figure 2. The flow chart of the DPFA algorithm.
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Algorithm 1: The DPFA algorithm for finding MMF resource allocation and the
associated flow vector

Step 1 Set n = 0, δk
t = 0, λk

t = 0, and θ = 0∀k ∈ K

Step 2
If ∑k∈K δk

t =
∣∣∣K∣∣∣∣∣∣T∣∣∣, stop. Otherwise, set n = n + 1 and find

the maximum αn by solving the problem PFLOW(θ, δ, λ)

Step 3 If δk
t = 0, set λk

t = αn, and θ = αn + ε∀k ∈ K, t ∈ T
Step 4 solve the problem PSND(θ, δ, λ)

Step 5 if d−kt > 0, set δk
t = 1∀k ∈ K, t ∈ T

Step 6 Go to step 2

5. Numerical Experiments
The DPFA is tested on a variety of benchmark networks, as seen in Figure 3. The

benchmark networks are acquired from the survivable fixed telecommunication network
design library (SNDlib) established by Orlowski et al. [45]. The SNDlib provides realistic
telecommunication network data available to the research community for testing and
comparison. These benchmark networks are of different sizes in terms of nodes, arcs, and
demands. The algorithm is used to find the optimal restoration strategy. Hence, we assume
that each network undergoes different disruption sizes ranging from 10% to 40%. These
disruption sizes cover a wide range of potential disruption levels, ranging from minor to
severe ones.

The networks tested are listed in Table 4 given the number of nodes |N|, the number
of arcs |A|, and the number of network demands |K|. The capacity of each arc is assumed
to be 1000 MB/s, and each arc is bidirectional for all networks.

Table 4. The network properties.

Network |N| |A| |K|

Abilene 12 15 132
Atlanta 15 22 210
France 25 45 300
Nobel—U.S. 14 21 91
Janos—U.S. 26 42 108

The results of the DPFA are compared with the maximum-flow model in terms of
connectivity, total flow, average fairness, and computational time. These measures are
highlighted since they play a critical role in disasters. The most important measure is
connectivity since it measures the average percentage of demands connected during the
full disruption and in every stage of recovery, assuming that a user must receive at least
0.256 MBPS to be considered as connected based on the International Telecommunication
Union (ITU). The other measure is the total flow of bandwidth in the network because it
indicates the average amount of bandwidth flow after a full disruption and during every
stage of recovery. The fairness measure is an additional indicator of how the bandwidth
is allocated fairly among the network demands. Although the DPFA allocates resources
in an MMF scheme, additional fairness measures provide more insight and measure the
difference between the tested approaches.
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Figure 3. The five considered networks are Abilene, Atlanta, France, Nobel-U.S., and Janos-U.S.

Firstly, the networks are tested using the maximum-flow model with the objective
of maximizing the flow in every recovery stage. The summary of results is illustrated in
Table 5 for every network, disruption level, and number of disrupted arcs, including a
set of performance measures. The performance measures are the average flow, average
connected demands, and average fairness during the recovery process from the time of
disruption to the recovery of the last disrupted arc. The average fairness and average flow
are very large numbers, so they are scaled to be from 0 to 1. To scale the average flow, it
is divided by the maximum flow possible in the network, given that 0 indicates no flow
and 1 the maximum flow possible. To scale the average fairness, it is divided by the worst
fairness value recorded in both objectives (maximum flow and MMF flow), given that 0
indicates complete fairness, and 1 is the worst recorded fairness. Note that the average
flow decreases with the size of disruption, which is logical when more arcs are disrupted,
leading to less flow in the network. The average fairness measure performs poorly in
the maximum-flow model because its value is close to 1 in most disruption levels for all
networks since this model does not consider fairness in the resource allocation process.
In addition, the average number of connected demands is 0.85 for all networks and all
disruption levels, indicating that 0.15 of the demands are not connected on average.
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The summary of the MMF results is illustrated in Table 6, including every disruption
level for each tested network in addition to the number of disrupted arcs and the perfor-
mance measures used for comparison. Note that the average flow decreases with the size
of disruption, which is logical when more arcs are disrupted, leading to less total flow in
the network. The average fairness measure decreases with the size of the disruption since
the demands that are used to receive higher bandwidth receive less bandwidth because
of fairness. To illustrate, the demands that receive higher bandwidth will receive less
after disruption because part of this bandwidth is assigned to the demands that do not
receive any bandwidth after disruption since the flow is MMF. This allocation results in
more connected demands compared to other objectives compared to the maximum-flow
model. Note that all demands are connected in most disruption levels when the DPFA is
used, with an average of 0.98. The drawback of this approach is that it requires multiple
iterations that increase with the size of the disruption and the size of the network, leading
to a higher computational time compared to the maximum-flow model. Also, the average
price of fairness (POF) is computed for every disruption to measure how much flow is
compromised to achieve the MMF, given that 0 means no flow has been compromised to
achieve MMF, and 1 means all the flow is compromised to achieve MMF.

Table 5. The maximum-flow model results.

Network Disruption
Size

Number of
Disrupted Arcs Average Flow Average

Fairness

Average
Demands
Connected

Comp. Time (s)

Abilene

10% 1 0.94 0.96 0.86 2.39
20% 3 0.85 1 0.74 6.08
30% 4 0.81 0.96 0.72 8.13
40% 6 0.71 0.83 0.70 17.20

Atlanta

10% 2 0.92 1 0.86 4.68
20% 4 0.88 0.99 0.82 43.59
30% 7 0.81 1 0.73 260.50
40% 9 0.74 0.95 0.67 4144.15

France

10% 4 0.98 0.99 0.96 39.13
20% 9 0.95 0.96 0.94 275.34
30% 13 0.97 1 0.94 357.10
40% 18 0.97 0.98 0.95 751.56

Nobel—U.S.

10% 2 0.93 0.76 0.94 2.50
20% 4 0.86 0.85 0.88 13.18
30% 6 0.83 0.86 0.86 155.85
40% 8 0.80 1 0.76 190.89

Janos—U.S.

10% 4 0.92 0.72 0.96 13.04
20% 8 0.89 0.80 0.93 107.95
30% 13 0.84 0.85 0.89 48,493.85
40% 16 0.79 1 0.81 1890.51

Table 6. The MMF model results.

Network Disruption
Size

Number of
Disrupted

Arcs

Average
Flow

Average
Fairness

Average
Demands

Connected

Number of
Iterations

The
Average

POF

Comp.
Time (s)

Abilene

10% 1 0.92 0.89 1 11 0.03 58.06
20% 3 0.81 0.88 0.90 12 0.06 114.66
30% 4 0.69 0.50 0.97 13 0.16 146.27
40% 6 0.55 0.37 0.91 25 0.27 242.55
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Table 6. Cont.

Network Disruption
Size

Number of
Disrupted

Arcs

Average
Flow

Average
Fairness

Average
Demands

Connected

Number of
Iterations

The
Average

POF

Comp.
Time (s)

Atlanta

10% 2 0.88 0.81 1 17 0.05 158.26
20% 4 0.77 0.57 1 22 0.13 355.05
30% 7 0.69 0.56 0.98 26 0.16 1375.24
40% 9 0.58 0.41 0.93 28 0.25 1241.91

France

10% 4 0.97 0.93 1 25 0.01 1822.00
20% 9 0.92 0.85 1 26 0.03 2280.91
30% 13 0.94 0.91 1 30 0.03 3802.98
40% 18 0.94 0.89 1 27 0.03 4892.34

Nobel—
U.S.

10% 2 0.87 0.50 1 14 0.07 60.68
20% 4 0.75 0.33 1 18 0.13 166.89
30% 6 0.72 0.28 1 24 0.15 458.07
40% 8 0.67 0.54 0.94 30 0.18 591.25

Janos—U.S.

10% 4 0.92 0.51 1 36 0.02 483.07
20% 8 0.82 0.47 0.99 41 0.09 1269.74
30% 13 0.73 0.34 1 56 0.14 4754.36
40% 16 0.66 0.43 0.99 62 0.19 24,775.11

The charts in Figure 4 elaborate on the connectivity and the flow for the Abilene
network for each disruption level. Note that when the disruption level is 10%, the network
is still capable of withstanding this disruption and keeps all demands connected when
using the MMF model. On the other hand, the MF model results in connectivity loss of
almost 30% of the demands in the first time period, as seen in Figure 4A. The difference in
flow in not considerable, as seen in Figure 4B, when implementing fairness in comparison to
the maximum flow. When the disruption level is 20%, the MMF recovers the connectivity in
one time period, while the MF model requires four time periods to recover the connectivity,
as seen in Figure 4C, and the difference in flow is minimal, as seen in Figure 4D. This is
similar to the remaining disruption levels showing that the MMF recovers the disconnected
demands in a minimal number of time periods. More charts can be found in the Figure 5
and Appendix A (Figures A1–A3).

The computational time is illustrated for each network and disruption level in both the
maximum-flow and MMF models, as seen in Tables 5 and 6. Note that the computational
time is affected by both the network size and the disruption level. The computational
complexity of the classical network flow model developed by Ford–Fulkerson is O(uvU),
given u =|N|, v =|A|, and U = max(i,j)∈I J

(
Cij

)
, which is polynomial [46,47]. Adding

binary variables makes it NP-hard. The computational complexity of the maximum-flow
model is O(2auvU), where a is the number of disrupted arcs, and the computational
complexity for the DPFA model is O(n2auvU), where n is the number of iterations.

The price of fairness is calculated in every stage of the recovery for all networks. Note
that the price of fairness depends on the network structure. Figure 6 represents the worst
scenario in all tested networks when the POF reaches 0.5 when 40% of the network is
disrupted, and Figure 7 represents the best scenario among the tested networks when the
maximum POF reaches 0.14 when 40% of the network is disrupted. Note that the POF is
lower when fewer arcs are disrupted.
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(E)  (F) 

   
(G)  (H) 

Figure 4. The results of the Abilene network given that (A) is the connectivity of disruption size 10%,
and (B) is the flow of the disruption size 10%. (C) is the connectivity of disruption size 20%, and
(D) is the flow of disruption size 20%. (E) is the connectivity of disruption size 30%, and (F) is the
flow of disruption size 30%. (G) is the connectivity of disruption size 40%, and (H) is the flow of
disruption size 40%.
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Figure 5. The results of the Atlanta network given that (A) is the connectivity of disruption size 10%,
and (B) is the flow of the disruption size 10%. (C) is the connectivity of disruption size 20%, and
(D) is the flow of disruption size 20%. (E) is the connectivity of disruption size 30%, and (F) is the
flow of disruption size 30%. (G) is the connectivity of disruption size 40%, and (H) is the flow of
disruption size 40%.
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Figure 6. The POF for the Abilene network under all disruption levels.

 

0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19

P
O
F

Time10% 20% 30% 40%

Figure 7. The POF for the France network under all disruption levels.

6. Concluding Remarks
To conclude, this study proposes an algorithmic approach that can find the MMF

network restoration plan through the DPFA. A variety of benchmark networks are tested to
illustrate the benefit of implementing the MMF concept on restoration. We found that the
algorithm attempts to connect all network demands from the first stage of restoration, and it
finds the maximum possible number of connected users in every stage. The algorithm also
attempts to find the maximum flow in every restoration stage while prioritizing fairness.
Through the POF, we can observe that the algorithm does not compromise a considerable
amount of flow to achieve the MMF. One drawback of this algorithm is it requires multiple
iterations to find the MMF solution, which leads to a higher computational time in addition
to the NP-hard complexity of this problem.

As for future work, there are several possible extensions for the developed models.

• Future work should develop a formulation capable of identifying the placement of
recovery resources in a manner that remains robust against a wide range of disruptions
with differing probabilities (facility location);

• It is essential to examine recovery in relation to both community resilience and the
geographic distribution of vulnerable populations;

• Future work could incorporate stochastic programming or robust optimization tech-
niques to model uncertainty in disruption magnitude, repair durations, and re-
source accessibility.
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Figure A1. The results of the France network given that (A) is the connectivity of disruption size
10%, and (B) is the flow of the disruption size 10%. (C) is the connectivity of disruption size 20%,
and (D) is the flow of disruption size 20%. (E) is the connectivity of disruption size 30%, and (F) is
the flow of disruption size 30%. (G) is the connectivity of disruption size 40%, and (H) is the flow of
disruption size 40%.
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Figure A2. The results of the Nobel—U.S. network given that (A) is the connectivity of disruption
size 10%, and (B) is the flow of the disruption size 10%. (C) is the connectivity of disruption size 20%,
and (D) is the flow of disruption size 20%. (E) is the connectivity of disruption size 30%, and (F) is
the flow of disruption size 30%. (G) is the connectivity of disruption size 40%, and (H) is the flow of
disruption size 40%.
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Figure A3. The results of the Janos—U.S. network given that (A) is the connectivity of disruption size
10%, and (B) is the flow of the disruption size 10%. (C) is the connectivity of disruption size 20%,
and (D) is the flow of disruption size 20%. (E) is the connectivity of disruption size 30%, and (F) is
the flow of disruption size 30%. (G) is the connectivity of disruption size 40%, and (H) is the flow of
disruption size 40%.
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