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Abstract

Chaotic systems appear in a wide range of natural and engineering contexts, making
the design of reliable and flexible control strategies a crucial challenge. This work pro-
poses a robust control scheme based on the Fractional-Order Backstepping Control (FOBC)
method for the stabilization of non-commensurate fractional-order chaotic systems subject
to bounded uncertainties and external disturbances. The method is developed through
a rigorous stability analysis grounded in the Mittag—Leffler function, enabling the step-
by-step stabilization of each subsystem. By incorporating fractional-order derivatives into
carefully selected Lyapunov candidate functions, the proposed controller ensures global
system stability. The performance of the FOBC approach is validated on fractional-order
versions of the Duffing-Holmes system and the Rayleigh oscillator, with the results com-
pared against those of a fractional-order PID (FOPID) controller. Numerical evaluations
demonstrate the superior performance of the proposed strategy: the error dynamics con-
verge rapidly to zero, the system exhibits strong robustness by restoring state variables to
equilibrium quickly after disturbances, and the method achieves low energy dissipation
with a high error convergence speed. These quantitative indices confirm the efficiency
of FOBC over existing methods. The integration of fractional-order dynamics within the
backstepping framework offers a powerful, robust, and resilient approach to stabilizing
complex chaotic systems in the presence of uncertainties and external perturbations.

Keywords: chaotic systems; fractional-order systems; control and stabilization; backstepping
control; Mittag-Leffler principle

MSC: 93-10

1. Introduction

Numerous natural phenomena exhibit dramatic changes on a large scale while also
displaying intricate, fine-scale irregularities. Such complex behaviors can be effectively
captured by mathematical models of chaotic systems. The dynamics of these systems
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have proven valuable in many applications, ranging from biological systems [1-3] to
telecommunications [4,5], electrical circuits [6,7], viscoelastic materials [8,9], image encryp-
tion [10], chaotic oscillators [11], energy [12], medicine [13], physics [14], and chemical
reactors [15-17].

One of the major challenges in dealing with chaotic systems is ensuring their stability
around a desired operating point or equilibrium. The most common method for analyzing
stability is Lyapunov’s approach, which has been adapted to handle chaotic systems as
well. Moreover, the Mittag-Leffler stability concept offers an alternative framework by
extending Lyapunov’s method with fractional derivatives and integrals [18-20]. This
criterion has proven to be a highly effective tool for studying the stability of fractional-order
chaotic systems (FOCSs). To stabilize FOCSs, researchers have explored a variety of control
strategies. The field has evolved rapidly, with classical and nonlinear control techniques, as
well as artificial intelligence-based methods, drawing significant interest. Selecting the right
controller is crucial; for example, PI controllers have been used to stabilize certain FOCSs
by managing unstable fixed points [21], and the design problem of a finite-time bounded
tracking controller for a class of fractional-order systems with state delays is studied in [22].

In the literature, a wide range of control strategies have been developed for chaotic
systems, including both classical and modern techniques. Controlling nonlinear fractional-
order dynamics when uncertainties are present has been investigated in studies such as [23].
An adaptive sliding-mode control method was proposed for optimizing chaotic supply
chain systems in [24], and impulsive control for wireless text data transmission in FOCSs
was demonstrated in [25]. In addition, comprehensive investigations into stabilization via
backstepping control were presented in [20], while hybrid approaches that integrate fuzzy
logic and neural networks have also yielded promising results [26-28].

Backstepping control, in particular, has emerged as a promising tool for stabilizing
nonlinear systems, making it highly suitable for our study on FOCS stabilization. For
example, ref. [29] explored backstepping for the synchronization and stabilization of FOCSs;
however, their work was confined to systems with identical fractional orders and limited
to a state dimension of three, thus restricting its broader application. Similarly, ref. [30]
developed a backstepping strategy for dual-mass MEMS gyroscopes under event-triggered
conditions, but the approach does not easily extend to other FOCSs.

Other studies, such as [31], have examined uncertain nonlinear fractional-order n-
dimensional systems, but often assume commensurate orders, limiting their real-world
applicability. In [32], the research was centered on linear systems with uniform fractional
orders, whereas [33] focused solely on Rossler-type systems. Likewise, ref. [34] proposed a
backstepping method for FOCS synchronization that was restricted to three-dimensional
cases, thereby impeding its extension to more complex systems.

While many studies emphasize the diverse applications of chaotic dynamics, fewer
works provide in-depth discussions on the control methodologies themselves. To address
this imbalance, the present work places greater focus on control-oriented references, high-
lighting the growing interest in fractional-order control frameworks for handling nonlinear
and uncertain dynamics.

Although data-driven schemes such as sigmoid PID controllers [35,36], BELBIC PID
controllers [37], and neuroendocrine PID controllers [38] have shown promising perfor-
mance in various contexts, they often lack a rigorous analytical foundation and may require
extensive tuning or training data. In contrast, the Fractional-Order Backstepping approach
is rooted in model-based design, providing a systematic step-by-step framework that
leverages Lyapunov stability analysis and the Mittag—Leffler function to guarantee robust
stabilization even under parameter uncertainties and external disturbances [39-42]. This
analytical tractability forms a key gap between the proposed method and data-driven
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controllers, offering formal guarantees of stability that purely data-driven schemes cannot
always ensure. Furthermore, the choice of fractional-order control is well justified by their
proven success in a variety of recent engineering applications, such as load frequency
control in photovoltaic-integrated two-area power systems [43], automatic voltage regu-
lator (AVR) systems [44], and wind turbine generator systems [45], among others. These
applications demonstrate the versatility and effectiveness of fractional-order controllers,
thereby supporting their use in the challenging context of chaotic system stabilization
considered in this paper.

In this paper, we aim to fill these gaps by investigating the control of non-
commensurate fractional-order chaotic (NFOC) systems under uncertainties and external
disturbances using Fractional-Order Backstepping Control (FOBC). Our main contribution
lies in developing a generalized control framework that does not assume identical fractional
orders. By employing the Mittag-Leffler stability criterion along with carefully chosen can-
didate functions incorporating fractional derivatives, we achieve a comprehensive stability
analysis of the overall system.

The main contribution of this study, which sets it apart from previous works, is the
development of a Fractional-Order Backstepping Control strategy that robustly stabilizes
non-commensurate fractional-order chaotic systems in the presence of uncertainties and
disturbances, without relying on simplifying assumptions. The proposed method fully
preserves the nonlinear dynamics of the system and demonstrates its effectiveness even
when the fractional orders used in simulation are significantly less than one.

Overall, this study introduces a generalized and robust control approach tailored for
fractional-order systems. The FOBC strategy is thoroughly developed and applied to the
regulation of NFOC systems in the presence of uncertainties and external disturbances. To
validate the effectiveness of the proposed method, we successfully demonstrate the stabi-
lization and control of two well-known chaotic systems: the Duffing-Holmes system and
the Rayleigh oscillator, considering their fractional-order dynamics under perturbations.
Furthermore, a comparative study with the Fractional-Order PID (FOPID) controller high-
lights the superior performance of the proposed FOBC approach in terms of stabilization
speed, robustness, energy dissipation, and resilience against disturbances.

The rest of the paper is structured as follows: Section 2 introduces the fundamental
concepts of fractional calculus and outlines the key principles of stability analysis. Section 3
details the core contributions of this work, focusing on the control and stabilization of a
general class of NFOC systems in the presence of uncertainties and external disturbances.
Section 4 presents numerical simulations alongside a discussion of the obtained results.
Finally, Section 5 concludes the paper by summarizing the main findings and contributions.

2. Background on Fractional-Order Calculus

Despite being recognized as a mathematical concept for centuries, fractional-order
calculus has only recently started to attract substantial interest for its industrial applica-
tions. By incorporating operators that allow differentiation and integration to be carried
out at non-integer orders, this field broadens and enriches the traditional framework of
classical calculus.

2.1. Fractional-Order Operators
In fractional calculus, the main operator—represented as ,D{'—is defined as follows:
%, Re(A) >0
D=1 1, Re(A) =0 (1)
[H(dT)", Re(r) <0
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In this context, 4 and t set the boundaries for the operation, while A denotes the
fractional order, which can take any real value. There are three primary definitions of
this operator commonly cited in the literature: those by Caputo, Grunwald-Letnikov, and
Riemann-Liouville [46-48].

*  Caputo’s Definition: The fractional derivative in Caputo’s definition is given by

OD?IP(t) = T ,\) fo A+1 At if Aen—1,n] 2)

e  The Grunwald-Letnikov Definition: An alternative fractional-order derivative is
formulated as follows:

D g(t) = AW iy [tﬂ Af( 1) w(t—;[t_”b 3)

d(t - {1)/\ N—oo j=0

e The Riemann-Liouville Definition: The fractional derivative in this framework is
given by

¥(7) . B
th)‘l/J(t):{ F(n A) dt” 0 =)= —r—dt ifA € [n—1,n]

4
dt”v,b() ifA=n @

wheret € Rt,a € R,n € N,A € R™*, ¢(t) is a causal function, and I'(.) is the Gamma
function, given by

I'(1) = /Ooo et dt (5)

To simplify our discussion, we will refer to the fractional-order operator as D* through-
out the rest of the sections.

2.2. Stability Analysis of FOCSs

Ensuring the stability of dynamical systems—particularly those exhibiting chaotic
behavior—is a fundamental aspect of their analysis. Among the many available approaches,
the Lyapunov criterion remains one of the most widely used methods for assessing stability.
Additionally, the Mittag—Leffler criterion plays a crucial role, especially in the context of
fractional-order systems, where conventional methods may fall short.

2.2.1. Lyapunov Stability

Let us consider a nonlinear system defined by

D*s(t) = (s, t) (6)

where ¥, 5, and t are a nonlinear function, a sate vector, and the time, respectively. The
Lyapunov approach is the standard method for analyzing stability in both linear and
nonlinear systems. It uses a Lyapunov function V(s), which is a scalar function that
decreases over time along system trajectories.

If s = 0 is an equilibrium point of Equation (6), and for A = 1 the system reduces to an
integer-order system, then the stability of the system is determined by a Lyapunov function
V : D — R. If V is continuous and differentiable, and if it satisfies V(0) = 0, V > 0 in
D,and V < 0in D, then x = 0 is stable. Moreover, if V < 0 in D, then the equilibrium is
asymptotically stable. The function V is known as a Lyapunov candidate function [49].
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2.2.2. Stability in the Mittag—Leffler Criterion

This criterion is specifically adapted for fractional-order differential equations, where
system dynamics include memory and hereditary properties.

Lemma 1 ([19]). For a function s(t) that is real, continuous, and differentiable, and given that
p = 2", where n is a natural number and 0 < A < 1, the fractional derivative satisfies the
following condition:

D*sP(t) < psP~1(t)D"s(t) (7)
Particularly, when p = 2,
%D)‘sz(t) < s(t)DMs(t) ®)

Theorem 1 ([19]). Fors(t) € Rand 0 < A < 1, assuming that (0,0) = 0, the system described
by equation (6) remains stable under the control input e(t) = d(s) if

sTH(H)Ds(t) = 571 (1) (s,d(s)) <0 9)

For q = 2", where n is a natural number, if 7~ (t)y(s,d(s)) < 0, then the system governed by the
control law e(t) = d(s) is asymptotically stable according to the Mittag—Leffler stability principle.

3. Methods

In this section, we present the design procedure of the proposed Fractional-Order
Backstepping Control (FOBC) strategy for the stabilization of a class of non-commensurate
fractional-order chaotic systems subject to uncertainties and external perturbations. The
method is developed in a step-by-step manner following the backstepping framework,
where each subsystem is stabilized progressively. To guarantee the overall stability of
the closed-loop system, the construction relies on the Mittag—Leffler stability principle,
which is particularly suited to fractional-order dynamics. Careful selection of Lyapunov
candidate functions at each stage plays a central role in the design, ensuring that the
stabilization objectives are systematically achieved while accounting for the effects of
modeling uncertainties and external disturbances.

3.1. System Overview and Problem Statement

Many real-world phenomena exhibit chaotic behavior and are often modeled as non-
linear systems. By incorporating fractional-order dynamics, we can achieve a more precise
representation of these systems. Notably, a considerable subset of them is formulated in
strict-feedback form, which includes several well-known chaotic models such as the Van
der Pol oscillator, Chen’s system, Liu’s system, Chua’s circuit, and the Rossler system.

A proposed class of these fractional-order chaotic systems can be generally expressed
as follows:

{ Dis;(t) = i(Si t) + §i(Si, t)sisn + wi(Si) + vi(t) (10)
D5y (t) = Pu(Su, t) + ¢u(Su, t)e(t) +wn(Sn) + va(t)

where t is the time, i = 1,..., (n — 1), with ¢; # 0, and s; representing the system states.
The vector S; = [s1,52,...,5;| captures the system’s state history, while e(t) denotes the
control signal to be designed. The terms w;(S;) and v;(t) account for bounded parameter
uncertainties and external disturbances, respectively (|w;(S;)| < A; and |v;(t)| < E;, with
A;, E;eRT). Additionally, i; and ¢; are known smooth nonlinear functions, where the
condition ¢; # 0 ensures that the fractional orders remain within the range 0 < A; < 1.

This proposed class of fractional-order chaotic systems is a general nonlinear, strict-
feedback, fractional-order system that
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Exhibits memory effects due to fractional derivatives;

Allows for step-by-step stabilization via backstepping;

Incorporates uncertainties and disturbances;

Provides a unified framework that can represent many well-known chaotic systems
under realistic operating conditions.

The general class of fractional-order chaotic systems proposed in Equation (10) is

designed to capture a wide range of nonlinear and chaotic dynamics while explicitly

accounting for fractional derivatives, parameter uncertainties, and external disturbances.

This structure establishes a flexible modeling framework that can represent many well-

known chaotic systems as special cases.

Van der Pol oscillator: The Van der Pol system is a second-order nonlinear oscillator
characterized by a self-sustained oscillation with nonlinear damping. In the general
model, this corresponds to the case where n = 2, with ¢, and ¢, defining the linear
and nonlinear damping terms, and ¢ capturing the coupling between s; and s,. By
introducing fractional derivatives, the system generalizes the classical Van der Pol
dynamics to a fractional-order setting.

Chen’s system: Chen’s system, a well-known three-dimensional chaotic system, can
be expressed in the proposed form with n = 3. Here, ¢; and ¢; encode the linear and
bilinear interactions among states sy, s, s3, while the fractional derivative orders A;
introduce memory effects that extend the classical integer-order Chen system.

Liu’s system: Similarly, Liu’s system (another three-dimensional chaotic attractor
with a close relation to the Chen and Lorenz systems) can be represented within this
framework by selecting appropriate nonlinear functions, 1; and ¢;. The proposed class
accommodates its structure naturally, with fractional orders offering an additional
degree of freedom to control stability and chaos intensity.

Chua’s circuit: Chua’s circuit is a nonlinear electronic system that exhibits rich chaotic
behavior. Its dynamics include piecewise-linear nonlinearities, which can be modeled
by the functions ; in the proposed formulation. Fractional derivatives further enhance
the description by incorporating hereditary and memory properties often observed in
physical circuits.

Rossler system: The Rossler attractor, characterized by its simple but chaotic spiral
structure, is another three-dimensional system that fits as a subclass of (10). The bilin-
ear terms in the Rossler equations map naturally to the ¢;s;;1 terms in the proposed
model, while nonlinear drift terms appear in the ;. Fractional orders extend this
system into a richer class of dynamics.

This study aims to develop a Fractional-Order Backstepping Control (FOBC) strategy

to guarantee the stability of system (10) using the Mittag-Leffler stability framework.

The control of FOCSs using the proposed FOBC approach is illustrated in Figure 1.

External disturbances
v_i(t)

State variables

control signal

Reference signal Error signal X
x_io(t) + z(t) FOBC elt Chaotic x-itt)
o F——> >
(Equilibrium point) controller system

d_i
Virtual

Virtual control controller

signals
d_i-1

Figure 1. A summary diagram illustrating the stabilization of NFOC systems using FOBC.
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3.2. Design of Fractional-Order Backstepping Control for FOCSs

Using a fractional-order controller instead of an integer-order controller offers several
advantages. It provides a powerful way to represent memory effects, increases the system’s
degrees of freedom, and enables more accurate modeling of physical systems. Addition-
ally, it enhances robustness against uncertainties, strengthens security in communication
systems, and is particularly well suited for encryption applications [50].

To achieve effective control of FOCSs, the following control theorem is presented,
combining fractional-order calculus with the backstepping approach. This method ensures
both the control and stabilization of the system.

Theorem 2. The control law that guarantees the asymptotic stabilization of the system states in
(10), ensuring that s(oo) = 0, is given by

e(t) == m(—knsn + D/\ndnfl - lpn(Sn, t)_ (11)

an—l (Sn—lr t)gn—l + (An + En)g'fl)

Here, d; (j = 1,...,n — 1) represents the designed virtual controls, while the constants k; (i =
1,...,n) are predefined parameters.

The variable transformation is given by e1 = s1. Fori = 2,...,n, it is defined as ¢; =
S; — difl-

Proof of Theorem 2. Step 1: By setting the variable &1 equal to s; in system (10), we obtain
the first subsystem for i = 1:

DMeq(t) = DMsy(t) = 1(Sq, t) + ¢1(S1, t)sz + w1 (S1) + v1(¢) (12)

For this initial subsystem, we choose s, as the control input and d; as the virtual control
input. We then define ¢, as the difference between s, and d;, which gives us the relationship
Sy = € +dq. As a result, Equation (12) can be rewritten as follows:

DMeq(t) = 1(S1,t) + ¢1(S1, ) (e2 + di) + w1 (Sy) + v1(8) (13)

Let the initial Lyapunov function candidate for subsystem (13) be
Lo
Vi(t) = 5l (14)

Since the uncertainties and external disturbances are bounded signals, and based on Lemma 1,
taking the fractional-order derivative of Equation (14) results in the following inequality:

DMV (t) < egDMgy (15)
By substituting Equation (13) into inequality (15), we obtain inequality (16):

DMV (t) e1(P1(S1,t) + ¢1(S1,t) (e2 +dy) + w1 (S1) +v1(t))
e1(P1(S1,t) + ¢1(S1,t)(e2 +d1) + w1 (S1)| + [01(¢)]) (16)

e1(1(S1,t) + ¢1(S1,£) (e2 +d1) + A1 + Ep)

ININIA

For the stability condition based on the Mittag—Leffler criterion to be satisfied, d; must be
chosen according to the form given in Equation (17).
1

= o (ke = (S t) + (A1 +Er)en) an)
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This gives the following result:
D/\1 V1(l’) < P (Sl, t)81€2 — (kl — A — El)s% (18)

In the next step, the coupled term ¢;(Sy, t)e1e2 will be eliminated, and we ensure that
ki > Ay + Eq while driving the error state e, towards zero. According to Theorem 1, the
virtual control d; plays a crucial role in ensuring that the state £; converges to zero over
time, thereby improving the stability of subsystem (13).

Step 2: For the second subsystem, labeled as i = 2, we follow a similar approach,
which leads to

D"2e,(t) = 12(Sa,t) + ¢2(S2, t)s3 + wa(S2) + va(t) — D*2d, (19)

Let us define €3 as the error between the current control s3 and the virtual control d», i.e.,
€3 = 53 — dy. Rearranging this equation gives s3 = €3 + d».
By substituting this expression into equation (19), we get

DAZSZ(t) = l[Jz(Sz,t) + 492(52, t) (83 + dz) + w2(52) +uy(t) — D/\zdl (20)

A possible Lyapunov function for the combined first and second subsystems can be defined
as follows: ,
Va(t) = DMV (1) + o3 21)

Note that [47] D)‘Z(DM—MVl(t)) =DM Vi < §b1(51, f)€182 — (kl — A — E1)€%.
Lemma 1 states that the fractional-order time derivative of this function is given by

D Vao(t) < ¢1(S1, t)eres — (kg — A — El)S% + SzDAZEZ (22)
Substituting Equation (20) into inequality (22) yields inequality (23):

D2Vy(t) < ¢1(S1,t)eren — (ki — Ay — E1)e] +ea(¢a(Sa, ) (€3 +da)+
P2(S2, 1) + wa(S2) + va(t) — DY2dy)
< ¢1(S1,t)erer — (ki — Ay — Eq)ef + ea(@a(Sa, 1) (e3 + da) +
$2(S2,t) + [wa(S2)| + [02(t)| — D'2dy)
< (P] (51, t)€182 — (k1 A E])S% + 82(¢2(52, f)(€3 + dz)-‘r
1P2(52, t) + Ay + E; — D/\Zdl)

(23)

According to Theorem 1, as time progresses, the state &5 gradually approaches zero, guar-
anteeing the stability of the second subsystem (20). This is achieved by choosing d, in the
following form:

dy = m(—kzez — l/Jz(Sz, t) + (Az + E2)82 + D)\Zdl — ¢ (51, t)€1) (24)
By substituting Equation (24) into Equation (23), we obtain Equation (25).

D)\ZVQ(t) < 4)2(52, i‘)£2£3 — (k] A E1)£% — (kz — Ay — E2)€% (25)

The coupled term ¢, (Sy, t)e2e3 will be eliminated in the next step by ensuring that the error
state €3 converges to zero.
If ky > Ay + Ep, then the second subsystem will be asymptotically stable.
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Similarly, a Lyapunov function, as defined in Equation (26), can be introduced, and
the corresponding virtual control law (27) can be derived for any i subsystem, where
i=1,...,n—1

oV 1
Vi(t) = DY)~y (1) + 55? (26)
where
DYN(DWi)=Aiv, 1) = DMV < ¢ g qei — (ki — Ay — E1)e2 — (ky — Mg —
Ez)E% — .. (kifl — Aifl — E,;])E%ﬁl and
di = m(_kifi —i(Si, t) + DYdi_q — i1 (Si—1,t)ei1 + (Ai + Ei)e;) (27)
Step (n-1):

As a result, the fractional-order global candidate Lyapunov function and the corre-
sponding virtual control for the (n — 1) subsystem are defined by Equations (28) and (29),
respectively.

1
V)’l*l (t) — D(/\n72)7(/\n71)vn_2(t> + 5872171 (28)

dn—l - m(_kn—lsn—l - wi’l—l(si’l—ll t)“‘
D)Lnfldn72 - ¢n72(sn72/ t)€n72 + (An—l + En—l)en—l)

Step (n): In the final step, we construct the full Lyapunov function for the entire system

(29)

as follows: .
Va(t) = D)= v (1) + Se (30)

Equation (30) yields

DMV, (t) < —(k; — Ay — E1)e2 — (ko — Ay — Ep)e5 —

31
—(kn—1—Dy1— Enfl)‘g;%fl +¢n-1(Su—1,t)en—18n + snD)\”sn G

With a simple rearrangement of the constants, Equation (31) takes the following form:
DA Vﬂ(t) < - Z?:]l (ki A Ei)£% + ¢n-1 (Sn—lz t)fn—lfn + gnD/\"gn (32)

Using the second equation from system (10), expression (31) transforms into

DM Vu(t) < — E?;ll (ki = A; — Ei)f% + Pn1 (Sn—1,t)en—18n + En(lpn(sn/ t)+
4’n(5n/f)€(f) — DYdyq + wn(Sn) +vn(t))
< Zn 1(k — B~ Ei)g% + 1 (Sn—lz t)‘c—n 1€n + En(lpn(sn/ t)+ (33)
¢n( n ) e(t) — DMy 1 + [wn(Su)| + [oa(t)])
< Zn 1(k — A — Ei)‘s% + ¢n-1 (Snfl/ t)en—1€n + En(lpn(sn/ t)+

4> (Sn,t)e(t) — DMd,_ + Ay +Ey)

To ensure that (33) remains negative, the global control e(t) must be chosen as defined in
Equation (34):
e(t) = . (s D (—knen +DMdy 1 — P (Su, t)—

(34)
¢n-1(Sn—1,t)€n—1+ (An + En)en)
This requirement transforms inequality (33) into the following form:
DMV, (t) < — Y0, (ki — A — Ej)e? (35)

Expression (35) will be negative if k; > A; + E;, and it indicates that the overall control
law (34) guarantees the convergence of the states ¢; to zero in a steady state, as stated in
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Theorem 1. Consequently, this also means that the system states s; will converge to the
origin, following the definition of ¢;. O

The constants k; are selected by the designer to ensure that the desired temporal
performance criteria are satisfied.
The methodology can also be presented as pseudocode (Algorithm 1):

Algorithm 1: FOBC for Stabilization of Chaotic Systems

Input: Non-commensurate fractional-order chaotic system with uncertainties and disturbances
Output: Control input e(t) ensuring stabilization

1. Initialize system states s1, Sp, ..., Sn
2. Define control objective: s; — 0 as t — oo
3. Foreach subsystem i =1 to n do

a. Choose Lyapunov candidate function V;
b. Compute fractional derivative D*(V;)
c. Design virtual control law for s;

d. Update composite Lyapunov function V. =Y V;

Derive final control law e(t) for last subsystem
Verify stability using Mittag—Leffler principle
Apply e(t) to system and simulate

Evaluate performance:

NG

- Error convergence to zero
- Robustness against disturbances
- Energy dissipation
- Convergence speed
End Algorithm

4. Results

In this section, we explore the controlling of two FOCSs using the Fractional-Order
Backstepping method compared with FOPID controller. The FOPID controller can take the
following form:

u(t) = (kp)-e(t) + (k)D~"e(t) + (kq) D Ve(t) (36)

where u(t) is the control signal; e(t) is the error signal between the reference signal and
the output; ky, is the proportional gain, k; is integration gain, A is the integration fractional
order, k; is the derivation gain, and y is the derivation fractional order.

Our objective is to ensure these systems reach stability around their equilibrium points.
The first system is a modified fractional variant of the Duffing-Holmes system, while the
second is a proposed non-commensurate fractional-order form of the Rayleigh oscillator.

To assess the effectiveness of our approach, we run simulations in Matlab/Simulink
(MATLAB R17a). The simulations are conducted over a total duration of 1 s with a time
step of 0.001 s.

To evaluate the effectiveness of the proposed control strategy, several performance
criteria are considered in this section.

*  First, we examine the stability of the closed-loop system around the origin (e = 0),
which reflects the ability of the controller to achieve asymptotic stabilization.

*  Second, the error convergence speed is assessed, defined as ¢ = x;of — X, Where X is
the reference signal and x is the system output.

e  Third, the instantaneous energy consumption is measured through |e(t)|?, providing
insight into the energy required for stabilization at each instant.
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*  Finally, we consider the normalized cumulative energy, given by Enorm = ﬁ,
where E.ym denotes the cumulative energy over time. These criteria together allow
for a comprehensive assessment of the stability, robustness, energy efficiency, and

convergence characteristics of the proposed control method.

4.1. Control of the Fractional-Order Duffing-Holmes System

Let us examine the widely recognized forced Duffing-Holmes (DH) system model, as
outlined below [51].
$1= $2
. (37)
2= —q191— Q202 — @7 +e(t)

In this system, ¢; represents the state variables, while ¢(t) denotes the applied force,
g1 = —land g = 0.25.

To rewrite the system in a fractional-order form, we introduce the following state
variables: s; = @1, 57 = DM ¢1,53 = ¢2,and 54 = D% @2. These definitions are subject to
the constraints A; + A = 1 and A3 + A4 = 1. The fractional orders used in this study are
A =07,1 =023, A3 = 0.6, and A4 = 0.4. Under this transformation, system (37) can be
expressed in the following form:

DMs; = Sy
Dhsy, =
A S 53 (38)
D"sy = Sy
DMsy = —qis1—q2s3 — 5 +e(t)

with0 < A; < 1.

The initial conditions are chosen as follows: (s1(0) = -1, s2(0) = —0.06;
s3(0) = —0.04; 54(0) = 0.05).

The uncertainties w;(S;) and external disturbances v;(t) for i = {1,2,3,4}, which
begin to affect the system at time t = 0.4 s, modify the system’s behavior such that it can be
represented in the following form:

DMs; = so 4+ w1 (Sy) +o1(t)

DMs, = s34+ wa(Sy) +va(t) (39)
DMs; = s4 4+ w3(S3) +vs(t)

DA4S4 = —g181 — 4253 —5:15+ZU4(S4) +U4(t) +€(t)

with w;(S;) = cos(s;) and v;(t) = 0.01.sin(t), where the maximum values are quantified
and bounded as w;(S;) < 1 and v;(t) < 0.01, and the selected parameters of the control
signal should be as follows: k; > 1+ 0.01

Figure 2a displays a 3D phase portrait of the uncontrolled Fractional-Order Duffing—
Holmes (FODH) system without uncertainties or external disturbances, highlighting the
trajectories of the state variables s; fori = 1, ..., 4. In contrast, Figure 2b shows uncontrolled
FODH system state variables without uncertainties and external disturbances, revealing
how these factors affect the trajectories of the state variables s; fori =1,...,4.

System (39) is written in the same form as system (10), where ¢; = 1 fori =1,...,4,
while ¢; = 0 and w; = 0 for j = 1,2,3. Additionally, wy = —q151 — q253 and ¢4 = —s3.
According to Theorem 2, the FOBC signal that stabilizes system (38) is given by

e(t) = —kqeqg + DA4d3 + q151 + q253 + S"l5 — €3 (40)

For FOBC, the chosen values are k1 = 15, ko = 8, k3 = 20, and k4 = 5. The values of
the FOPID controller are selected as: k, = 100, k; = 10, A = 0.9, k; = 160, and u = 0.9.
Figure 3 illustrates the decline in the evolution of all states s; over time t.
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Figure 2. (a) Three-dimensional phase portrait of uncontrolled FODH system without uncertainties
and external disturbances. (b) Uncontrolled FODH system state variables without uncertainties and

external disturbances.
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Figure 3. Controlled state variables of FODH system with initial conditions (—1; —0.06; —0.04; 0.05)
under uncertainties and external disturbances using FOBC and FOPID controllers: (a) state variable

s1; (b) state variable sy; (c) state variable s3; (d) state variable s4.
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Figure 4 presents a zoomed-in view of the controlled states sy, s, 53, 54 of the FODH
system under both FOBC and FOPID controllers.
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Figure 4. Zoomed-in view of controlled state variables of FODH system with initial conditions
(—1; —0.06; —0.04; 0.05) under uncertainties and external disturbances using FOBC and FOPID con-
trollers: (a) zoomed-in view of state variable s1; (b) zoomed-in view of state variable s;; (¢) zoomed-in
view of state variable s3; (d) zoomed-in view of state variable sy.

Also, both the FOBC and FOPID control signals are depicted in Figure 5 and both their
instantaneous and normalized energy dissipation are illustrated in Figure 6.

Figures 4 and 5 clearly illustrate the dynamic behavior of the state variables of the
FODH system under the influence of the proposed control strategy, namely Fractional-
Order Backstepping Control (FOBC). It can be observed that all state variables s; gradually
converge to the equilibrium point, indicating successful asymptotic stabilization. This
result highlights the effectiveness of the controller in suppressing chaotic behavior and
achieving precise system regulation.
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(b) Controlled and uncontrolled error convergence speed of FODH system.

Moreover, the proposed approach demonstrates strong robustness in the presence
of uncertainties and external disturbances. At time t = 0.4 s, both internal uncertainties
and external disturbances are introduced into the system. As shown in the trajectories,
this causes a momentary disruption in the system’s stability. However, the state variables
quickly return to the equilibrium point, thanks to the corrective action provided by the
FOBC signal. This rapid recovery emphasizes the controller’s ability to compensate for
perturbations in real time, making it well suited for uncertain and dynamic environments.

4.2. Control of the Fractional-Order Rayleigh Oscillator

The Rayleigh oscillator is a classic example of a nonlinear dynamical system that ex-
hibits self-sustained oscillations due to its inherent energy balance mechanisms. Originally
introduced by Lord Rayleigh to model the oscillations of a clarinet reed, this oscillator has
since been applied to various physical and engineering systems [52].

The standard form of the Rayleigh differential equation is

i—e(l1-%)x+w?x=0 (41)
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where

*  xrepresents the system’s state variable (e.g., displacement);

* X and ¥ denote the first and second derivatives of x with respect to time (velocity and
acceleration);

* ¢ is a parameter that controls the nonlinearity and the strength of the damping or

energy input (€ = 0.5);
®  wisthe natural frequency of the system (w = 1).

This equation describes a system where the damping term —e(1 — 42)x changes sign
depending on the velocity &. For small velocities, the term provides negative damping (en-
ergy input), while for larger velocities, it provides positive damping (energy dissipation),
leading to the emergence of a stable limit cycle characteristic of self-sustained oscillations.
To implement the proposed Fractional-Order Backstepping Control approach, we first intro-
duce a non-commensurate fractional-order dynamic model of the system, referred to as the
Fractional-Order Rayleigh Oscillator (FORO). This is achieved through the following variable
transformation: p; = @1; 02 = DM @y; 03 = @2; 04 = D3 ¢,. System (40) becomes

DMpy = P2

DhYp, =

D _ . )
3 = 04

DYp, = e(1—p3)p3 — w?p1 +e(t)

where 0 < A; < 1, and e(t) is the control signal.

The uncertainties w;(p;) and external disturbances v;(t), fori = {1,2,3,4}, begin to
influence the system at time ¢ = 0.6, altering its dynamics. As a result, the system can be
modeled by the following set of fractional-order differential equations:

DMp; = p2 +wi(p1) +o1(t)

D'2p, = 3+ wa(p2) + v2(t) 43
A3 _ (43)

D%p3 = P4+w3(P3) + v3(t)

DMpy = e(1—p3)ps — w?p1 + walps) +va(t) +e(t)

where w1 (p1) = cos(p1), wa(p2) = cos(pa), w3(p3) = cos(pa), wa(ps) = cos(p1 + p2 + p3 +
04), v1(t) = 0.01sin(t), vo(t) = —0.05sin(t), v3(t) = 0.03sin(t), v4(t) = —0.05sin(t).

Here, the maximum values are quantified and bounded as w;(S;) < 1and vy () < 0.01;
vp(t) < 0.05; v3(t) < 0.03; and v4(t) < 0.05, and the selected parameters of the control
signal should be as follows: k1 > 1.01; k, > 1.05; k3 > 1.03; and k4 > 1.05.

This formulation captures the impact of both internal uncertainties and external
disturbances on the system’s fractional-order dynamics.

For instance, under the initial conditions (p1(0) = 1;02(0) = —0.04;p3(0) = 0.07;
p4(0) = 0.05), simulations can reveal the transition from transient behaviors to the establish-
ment of a limit cycle. These simulations are instrumental in understanding the oscillator’s
response under various conditions and in validating analytical predictions. For FOBC, the
chosen values are k; = 5.03, k; = 1.02, k3 = 1.02, and k4 = 1.02. The values of the FOPID
controller are selected as follows: k, = 0.0931, k; = 0.4950, A = 0.9, k; = 50.1039, and p = 0.95.

Figure 7a shows a 3D phase portrait of the uncontrolled FORO oscillator in the absence
of uncertainties and external disturbances, highlighting the trajectories of the state variables
p; fori = 1,...,4. In contrast, Figure 7b depicts Uncontrolled FORO oscillator state
variables without uncertainties and external disturbances, demonstrating how these factors
affect the trajectories of the state variables p; fori =1,...,4.
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Figure 8 illustrates the decreasing trend of all states p; over time .
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Figure 8. Controlled state variables of FORO system with initial conditions (1; —0.04;0.07;0.05) under
uncertainties and external disturbances using FOBC and FOPID controllers: (a) state variable p;;

(b) state variable py; (c) state variable p3; (d) state variable py.

Figure 9 presents a zoomed-in view of the controlled states p1, p2, p3, p4 of the FORO
oscillator under both the FOBC and FOPID controllers.
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Figure 9. Zoomed-in view of controlled state variables of FODH system with initial conditions
(1, —0.04;0.07;0.05) under uncertainties and external disturbances using FOBC and FOPID controllers:
(a) zoomed-in view of state variable p;; (b) zoomed-in view of state variable py; (c) zoomed-in view
of state variable p3; (d) zoomed-in view of state variable p4.

The corresponding control signals e(t) of both FOBC and FOPID are depicted in Figure 10.

The instantaneous and normalized energy dissipation of FOBC and FOPID controllers,
in terms of controlled and uncontrolled error convergence speed, are illustrated in Figure 11.

Figures 8 and 9 illustrate the dynamic response of the FORO oscillator under the
proposed Fractional-Order Backstepping Control (FOBC) in comparison with the FOPID
controller. Under FOBC, the state trajectories p; converge smoothly and steadily toward the
equilibrium point, confirming the controller’s capability to suppress chaotic oscillations
and achieve asymptotic stability with high precision. This highlights the efficiency of the
FOBC design relative to the FOPID controller, which shows slower convergence and greater
sensitivity to parameter variations.
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Figure 10. (a) FOBC and FOPID control signals for controlling and stabilizing the FORO oscillator.
(b) Zoomed-in view of the FOBC and FOPID control signals.
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Figure 11. (a) Instantaneous and normalized energy dissipation plot of FOBC and FOPID controllers.
(b) Controlled and uncontrolled error convergence speed.

The superiority of FOBC becomes even more evident when uncertainties and external
disturbances are applied at t = 0.6s. Although the system momentarily deviates from equi-
librium, the FOBC quickly restores the state trajectories to the desired point, demonstrating
strong robustness and adaptability. In contrast, the FOPID controller requires more time
to re-stabilize the system and consumes more energy in the process. These results clearly
validate the resilience of the FOBC approach and its advantage over conventional FOPID
control in stabilizing non-commensurate fractional-order chaotic systems.

4.3. Discussion

*  Parameter Sensitivity Analysis: To further validate the effectiveness of the proposed
FOBC scheme, a parameter sensitivity analysis was carried out. In this study, the
control parameters c; of the FOBC were carefully selected while explicitly accounting
for bounded uncertainties and external perturbations, ensuring robustness under
practical conditions. For comparison, the FOPID controller was tuned using the
coefficients kj, which were adjusted to provide the best achievable performance under
the same scenarios. Different sets of initial conditions and fractional derivative orders
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were also considered to examine the sensitivity of both controllers to variations in
the system’s configuration. The results highlight that FOBC maintains stability and
reliable performance despite parameter fluctuations and disturbances, whereas the
FOPID controller demonstrates more sensitivity to parameter variations, particularly
under uncertain or perturbed operating conditions.

*  Computational Complexity Analysis: In addition to parameter sensitivity, a compu-
tational complexity assessment was conducted to evaluate the practical feasibility of
the proposed method. The analysis focused on robustness, low energy consumption,
and error convergence speed in comparison with the FOPID controller. Particular
attention was given to the computational requirements for fractional-order derivative
calculations, the influence of the number of state variables, and the performance of
the method when the values of the fractional order are significantly less than one.
The results indicate that the FOBC approach achieves faster error convergence and
reduced energy dissipation while preserving robustness against disturbances, even in
high-dimensional or strongly fractional systems. Although FOBC requires additional
computations due to the step-by-step backstepping structure, this overhead remains
manageable and is outweighed by the significant improvements in robustness and
stabilization efficiency relative to the FOPID controller.

These simulation results demonstrate that the FOBC strategy not only achieves ef-
fective stabilization under ideal conditions, but also maintains strong performance in the
presence of significant disturbances. The system states converge rapidly and reliably to
equilibrium, confirming the robustness and efficiency of the proposed approach for con-
trolling non-commensurate fractional-order chaotic systems. Compared with the FOPID
controller, FOBC exhibits clear superiority by offering higher robustness against uncer-
tainties, lower energy consumption, and a faster error convergence rate, making it a more
powerful and resilient control solution.

5. Conclusions

Chaotic dynamical systems are inherently diverse and complex, with their nonlinear
nature posing significant challenges for researchers developing advanced control strategies.
In this study, we introduce a robust and efficient method for stabilizing non-commensurate
fractional-order chaotic systems affected by uncertainties and external disturbances using
an FOBC approach. The proposed strategy is grounded in the Mittag—Leffler stability crite-
rion and employs a carefully constructed Lyapunov-like candidate function that integrates
fractional derivative terms, ensuring both stability and effective disturbance rejection.

To evaluate the performance of the proposed approach, it was applied to two represen-
tative case studies, the Fractional-Order Duffing-Holmes system and the Rayleigh oscillator,
both subjected to internal and external perturbations, and compared against the FOPID
controller. The simulation results show that the proposed control law effectively stabilizes
chaotic behavior under a wide range of initial conditions and disturbances, while also
demonstrating clear superiority over the FOPID controller in terms of stabilization speed,
robustness, low energy dissipation, and resilience to perturbations. These findings confirm
the reliability and effectiveness of the FOBC strategy for controlling complex nonlinear
chaotic systems in the presence of uncertainties.
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