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Abstract

Ranked Set Sampling (RSS) is an effective sampling technique, particularly when precise
measurement of the study variable is costly or time-consuming, but ranking the units
is relatively easy. Estimation of the finite population mean from RSS, with and without
auxiliary information, has been widely studied, with estimators such as the RSS sample
mean, ratio estimator, and regression estimators receiving considerable attention. While
the RSS sample mean does not utilize auxiliary information, the ratio and regression
estimators rely heavily on its quality. To address these limitations, this study proposes
a shrinkage-type (composite) estimator for the finite population mean. The proposed
estimator adaptively combines the RSS sample mean and the ratio estimator, leveraging
auxiliary information when it is useful while maintaining robustness when it is not. We
derive its statistical properties, including bias, variance, and mean squared error. Simulation
studies demonstrate that the proposed estimator can outperform conventional estimators
across a range of scenarios. We illustrate the method through a real data application.

Keywords: composite estimators; ranked set sampling; ratio estimator; regression estimator;
simple random sampling

MSC: 62D05

1. Introduction
Efficient sampling methods are essential in statistical analysis, especially when acquir-

ing data is costly or time-consuming. In such contexts, alternative sampling designs that
leverage auxiliary information or partial measurements can offer significant advantages.
One such approach is Ranked Set Sampling (RSS), first introduced by McIntyre [1] in the
early 1950s to estimate pasture yields in Australia. Since its inception, RSS has gained
considerable attention due to its ability to increase estimation efficiency with minimal
additional cost or effort, particularly in environments where precise measurement is costly,
but ranking units is relatively easy [2]. RSS has been successfully applied in a variety
of fields—including agriculture, environmental science, and economics—where it has
outperformed Simple Random Sampling (SRS) in estimation efficiency.

To implement RSS, a total of p2 units are randomly selected from the population and
divided into p sets, each containing p units. Within each set, the units are ranked based
on visual inspection, expert judgment, concomitant variables, or other means that do not
involve precise quantification. The process continues as follows: the smallest unit from the
first set is measured, the second smallest unit from the second set is measured, and so forth,
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until the largest unit from the p-th set is measured. This procedure constitutes a single
cycle of RSS, which can be repeated for m independent cycles to obtain a balanced RSS of
size n = pm: {Y[k]l : k = 1, 2, . . . , p; l = 1, 2, . . . , m}, where Y[k]l denotes the k-th judgment
order statistic of the units in the k-th set of the l-th cycle. The use of square brackets instead
of parentheses signifies that ranking may be subject to error or imperfection. If ranking is
perfect, the notation Y(k)l may be used instead.

To illustrate the technique, in a balanced RSS with p = 4 and m = 2, with ranking
based on an auxiliary (or concomitant) variable X, the selection proceeds as follows:

Cycle 1:

X(1)1 ≤ X(2)1 ≤ X(3)1 ≤ X(4)1 =⇒ (X(1)1, Y[1]1)

X(1)1 ≤ X(2)1 ≤ X(3)1 ≤ X(4)1 =⇒ (X(2)1, Y[2]1)

X(1)1 ≤ X(2)1 ≤ X(3)1 ≤ X(4)1 =⇒ (X(3)1, Y[3]1)

X(1)1 ≤ X(2)1 ≤ X(3)1 ≤ X(4)1 =⇒ (X(4)1, Y[4]1)

Cycle 2:

X(1)2 ≤ X(2)2 ≤ X(3)2 ≤ X(4)2 =⇒ (X(1)2, Y[1]2)

X(1)2 ≤ X(2)2 ≤ X(3)2 ≤ X(4)2 =⇒ (X(2)2, Y[2]2)

X(1)2 ≤ X(2)2 ≤ X(3)2 ≤ X(4)2 =⇒ (X(3)2, Y[3]2)

X(1)2 ≤ X(2)2 ≤ X(3)2 ≤ X(4)2 =⇒ (X(4)2, Y[4]2)

producing a balanced RSS:

s =
{
(X(1)1, Y[1]1), (X(2)1, Y[2]1), (X(3)1, Y[3]1), (X(4)1, Y[4]1),

(X(1)2, Y[1]2), (X(2)2, Y[2]2), (X(3)2, Y[3]2), (X(4)2, Y[4]2)
}

.

There is a vast body of literature on statistical inference using RSS, including para-
metric estimation of population parameters such as the mean (e.g., [3]), variance (e.g., [4]),
and quantiles (e.g., [5]), and nonparametric estimation and hypothesis testing (e.g., [6–10]).
For a comprehensive review, see [11].

In this paper, we consider the problem of estimating a finite population mean using
RSS. Let U = {1, 2, . . . , N} denote a finite population of size N, where each unit i ∈ U is
associated with a value yi of a study variable Y, and a value xi of an auxiliary variable X.
The parameter of interest is the finite population mean:

sY =
1
N

N

∑
i=1

yi.

The goal is to estimate sY based on an RSS of size n. Numerous estimators have
been proposed for this purpose, including the simple mean of the RSS ([12]), the ratio
estimator ([13,14]), and the regression estimator ([15]).

In this study, we propose a shrinkage-type (composite) estimator for estimating the
finite population mean in the context of RSS. This estimator builds upon the idea of
combining two or more estimators using shrinkage weights, offering a compromise that can
outperform the individual components under certain conditions. Specifically, we extend the
work of Lui [16], who proposed a composite estimator that blends the simple mean and the
ratio estimator under SRS. Lui [16] showed that the composite approach can offer improved
performance when certain conditions are met. Their simulation study suggested that the
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SRS composite estimator could outperform the simple and ratio estimators individually,
especially when the auxiliary variable is moderately to strongly correlated with the study
variable. We extend and study this idea under RSS. We provide theoretical results that
characterize the performance of the proposed estimator and explore its properties through
simulation and real data analysis.

The remainder of this paper is organized as follows. Section 2 reviews the idea of
composite estimators under SRS. Section 3 introduces the proposed composite estimator
under RSS and derives its theoretical properties. Section 4 presents a simulation study
investigating the finite sample performance of the proposed estimator relative to several
other estimators. Section 5 illustrates the performance of the proposed estimator on a
real dataset. Section 6 concludes the paper with a discussion of key findings and future
research directions.

2. Composite Estimators Under SRS
In this section, we review the idea of composite estimators under SRS. The simplest

estimator for the finite population mean under SRS is the simple mean estimator defined
by [12]:

sySRS =
1
n

n

∑
i=1

yi.

The simple mean estimator is known to be unbiased and its variance, or, equivalently,
its mean squared error (MSE), is given by [12], ch. 2:

MSE(sySRS) = Var(sySRS) =
(

1 − n
N

)S2
y

n
,

where S2
y = 1

N−1 ∑N
i=1(yi − sY)2 is the variance of the study variable Y.

An alternative estimator that is commonly used to take advantage of available auxiliary
information is the ratio estimator, which is defined as follows under SRS [12]:

syrSRS =
sySRS
sxSRS

sX.

The approximate variance of the ratio estimator under SRS is given by [12], ch. 6:

Var(syrSRS) ≃
(

1 − n
N

) 1
n
[S2

y + R2S2
x − 2RSxy]

=
(

1 − n
N

) 1
n

sY2[C2
y + C2

x − 2ρCxCy]. (1)

where R =
sY
sX , Sxy = 1

N−1 ∑N
i=1(xi − sX)(yi − sY), C2

z = S2
z

sZ2 is the squared population

coefficient of variation of a generic variable Z, and ρ =
Sxy

SxSy
is the population Pearson’s

correlation coefficient between X and Y. Under SRS, Lui [16] suggested combining the
simple mean estimator and the ratio estimator into a composite estimator defined by

sycSRS = wsySRS + (1 − w)syrSRS,

where 0 ≤ w ≤ 1 is an unknown weight parameter. Observing the fact that, since sySRS

is unbiased,

|Bias(sycSRS)| = |E(sycSRS − sY)| = |(1 − w)E(syrSRS − sY)| ≤ |E(syrSRS − sY)| = |Bias(syrSRS)|



Mathematics 2025, 13, 3071 4 of 30

and the fact that the ratio estimator under SRS is asymptotically unbiased, ref. [16] derived
the optimal weight by minimizing the variance of the composite estimator:

w∗
SRS =

Var(syrSRS)− Cov(sySRS, syrSRS)

Var(syrSRS) + Var(sySRS)− 2Cov(sySRS, syrSRS)

= 1 − ρCy/Cx, (2)

where Cov(U, V) = E[(U − E(U))(V − E(V))]. According to Lui [16], there are specific
circumstances in which the composite estimator surpasses the ratio estimator under SRS.
These conditions are related to the correlation between X and Y, as well as their coefficients
of variation. In addition, a simulation study was carried out by Lui [16] to showcase the
efficiency of the composite estimator compared to the simple mean estimator and the
ratio estimator under SRS. In this study, we are building upon the research conducted
by [16] and expanding it to the context of RSS. In the following section, we will review
the existing estimators for the population mean under RSS and introduce our proposed
composite estimator.

3. Composite Estimators Under RSS
3.1. SimpleMean Estimator Under RSS

The unbiased mean estimator under RSS is given by

syRSS =
1

pm

p

∑
k=1

m

∑
l=1

y[k]l . (3)

Under RSS, the MSE of syRSS is given by Samawi and Muttlak [13] as follows:

MSE(syRSS) =
1

pm

(
S2

y −
1
p

p

∑
k=1

τ2
y[k]

)
, (4)

where τy[k] = (µy[k] − sY), with µy[k] being the mean of the k-th order statistic of the
study variable.

3.2. Ratio Estimator Under RSS

The conventional ratio estimator for the population mean sY of the study variable, y, is
established as a quotient of two auxiliary variables, namely, the total of the study variable
in the sample and the corresponding total of a related variable in the population. This
estimator is widely used in various research fields, including business and academia, as it
provides a reliable and efficient approach for estimating population means.

The ratio estimator under RSS is given by

syrRSS =
syRSS
sxRSS

sX, (5)

where

sxRSS =
1

pm

p

∑
k=1

m

∑
l=1

x(k)l .

First-order approximations––assuming a large n = pm––of the bias and MSE of the
ratio estimator in Equation (5) are given by Kadilar et al. [14]:

Bias(syrRSS) ≃ sY
[

1
pm

(C2
x − Cyx)− (W2

x − Wyx)

]
, (6)
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MSE(syrRSS) ≃
1

pm

(
S2

y − 2RSxy + R2S2
x

)
− 1

p2m

(
p

∑
k=1

τ2
y[k] − 2R

p

∑
k=1

τyx(k) + R2
p

∑
k=1

τ2
x(k)

)
, (7)

where

Cyx = ρCyCx =
Sxy
sY sX

, W2
x =

1
p2m sX2

p

∑
k=1

τ2
x(k), and Wyx =

1
p2m sX sY

p

∑
k=1

τyx(k),

with

τx(k) = (µx(k) − sX), τyx(k) = (µx(k) − sX)(µy[k] − sY), µx(k) = E(X(k)), and µy[k] = E(Y[k]).

3.3. Proposed Composite Estimator

In this study, we propose the use of a composite estimator, which is defined as a
mixture of the simple mean estimator and the ratio estimator, for estimating the finite
population mean sY under RSS. The estimator is defined as follows:

s̈ycRSS = wsyRSS + (1 − w)syrRSS, (8)

where 0 ≤ w ≤ 1 represents an unknown weight parameter. To derive the statistical
properties of this estimator, we assume w to be fixed, and hence the use of the dot no-
tation in s̈ycRSS. Later in this section, we will derive the optimal weight and propose a
corresponding estimator.

The following theorem and corollary summarize the statistical properties of the com-
posite estimator in (8).

Theorem 1. Under RSS, first-order approximations of the design-bias and variance of the composite
estimator s̈ycRSS are given by

Bias(s̈ycRSS) = (1 − w)Bias(syrRSS)

≃ (1 − w)sY
[

1
pm

(C2
x − Cyx)− (W2

x − Wyx)

]
(9)

and

Var(s̈ycRSS) ≃ w2 A + (1 − w)2B + 2w(1 − w)C, (10)

where

A := Var(syRSS) =
1

pm

(
S2

y −
1
p

p

∑
k=1

τ2
y[k]

)
, (11)

B := Var(syrRSS)

≃ 1
pm

(
S2

y − 2RSyx + R2S2
x

)
− 1

p2m

(
p

∑
k=1

τ2
y[k] − 2R

p

∑
k=1

τyx(k) + R2
p

∑
k=1

τ2
x(k)

)

−sY2
[

1
pm

(C2
x − Cyx)−

(
W2

x − Wyx

)]2
(12)
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and

C := Cov(syRSS, syrRSS) =
1

pm

(
S2

y −
1
p

p

∑
k=1

τ2
y[k]

)
− R

1
pm

(
S2

yx −
1
p

p

∑
k=1

τ2
yx(k)

)
. (13)

Proof. We start with the bias statement. First, notice that

E(s̈ycRSS) = wE(syRSS) + (1 − w)E(syrRSS)

= w sY + (1 − w)E(syrRSS).

Therefore,

Bias(s̈ycRSS) = E(s̈ycRSS)− sY

= w sY + (1 − w)E(syrRSS)− (w sY + (1 − w)sY)

= (1 − w)
[
E(syrRSS)− sY

]
= (1 − w)Bias(syrRSS)

≃ (1 − w)sY
[

1
pm

(C2
x − Cyx)− (W2

x − Wyx)

]
,

where the last equality follows from Equation (6).
Next, we derive the variance statement. Observe that

Var(s̈ycRSS) = w2Var(syRSS) + (1 − w)2Var(syrRSS) + 2w(1 − w)Cov(syRSS, syrRSS)

= w2 A + (1 − w)2B + 2w(1 − w)C.

Now, A in Equation (11) follows directly from Equation (4), whereas B in Equation (12)
follows from combining Equations (6) and (7) into B = Var(syrRSS) = MSE(syrRSS) −
Bias2(syrRSS). Finally,

C = Cov(syRSS, syrRSS)

= E
[
(syRSS − sY)(syrRSS − sY)

]
= E

[
(syRSS − sY)

(
syRSS
sxRSS

sX − sY
)]

= E
[
(syRSS − sY)

sX
sxRSS

(
syRSS −

sY
sX

sxRSS

)]
≃ E

[
(syRSS − sY) · 1 · (syRSS − RsxRSS)

]
= E

[
(syRSS − sY)

(
{syRSS − sY} − R{sxRSS − sX}

)]
= E

[
(syRSS − sY)2

]
− E

[
R(sxRSS − sX)(syRSS − sY)

]
= Var(syRSS)− RCov(sxRSS, syRSS)

=
1

pm

(
S2

y −
1
p

p

∑
k=1

τ2
y[k]

)
− R

1
pm

(
S2

yx −
1
p

p

∑
k=1

τ2
yx(k)

)
.

The proof is complete.

Corollary 1. Under RSS, the first-order approximation of the MSE of the composite estimator
s̈ycRSS is given by
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MSE(s̈ycRSS) ≃ w2 1
pm

(
S2

y −
1
p

p

∑
k=1

τ2
y[k]

)

+(1 − w)2
[

1
pm

(
S2

y − 2RSyx + R2S2
x

)
− 1

p2m

( p

∑
k=1

τ2
y[k] − 2R

p

∑
k=1

τyx(k) + R2
p

∑
k=1

τ2
x(k)

)]

+2w(1 − w)

[
1

pm

(
S2

y −
1
p

p

∑
k=1

τ2
y[k]

)
− R

1
pm

(
S2

yx −
1
p

p

∑
k=1

τ2
yx(k)

)]
= w2 A + (1 − w)2D + 2w(1 − w)C, (14)

where

D :=

[
1

pm

(
S2

y − 2RSyx + R2S2
x

)
− 1

p2m

(
p

∑
k=1

τ2
y[k] − 2R

p

∑
k=1

τyx(k) + R2
p

∑
k=1

τ2
x(k)

)]
. (15)

3.4. Composite Estimator with Optimal Weight

Let w∗ represent the optimal weight that minimizes the MSE of the composite estimator
in Equation (14). The proposed composite estimator with optimal weight under RSS is
given by

sy∗cRSS = w∗
syRSS + (1 − w∗)syrRSS. (16)

Theorem 2. The optimal weight w∗ that minimizes the (approximate) design-based MSE of the
composite estimator under RSS is given by

w∗ =
D − C

A + D − 2C
, (17)

and the corresponding minimum MSE is given by

MSE(sy∗cRSS) =
A(D − C)2 + D(A − C)2 + 2C(D − C)(A − C)

(A + D − 2C)2 , (18)

where A, C, and D are given in Equation (11), Equation (13) and Equation (15), respectively.

Proof. To find the weight w that minimizes MSE =: f (w), we take the derivative of the
MSE expression in Equation (14) with respect to w:

d
dw

MSE(s̈ycRSS) =
d

dw

(
w2 A + (1 − w)2D + 2w(1 − w)C

)
= 2wA − 2D + 2Dw + 2C − 4wC

= 2w(A + D − 2C) + 2C − 2D.

Setting this derivative to zero gives the weight corresponding to the minimum MSE:

w∗ =
D − C

A + D − 2C
.

Substituting by w∗ into Equation (14) gives the minimum MSE in Equation (18) after some
basic algebra.
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3.5. Composite Estimator with Estimated Weight

Since the optimal weight w∗ is unknown, we define the composite estimator with
estimated weight as follows:

sycRSS = ŵsyRSS + (1 − ŵ)syrRSS, (19)

where the estimated optimal weight is given by

ŵ =
D̂ − Ĉ

Â + D̂ − 2Ĉ
, (20)

with

Â =
1

pm

(
Ŝ2

y −
1
p

p

∑
k=1

τ̂2
y[k]

)
,

D̂ =
1

pm

(
Ŝ2

y − 2R̂Ŝyx + R̂2Ŝ2
x

)
− 1

p2m

(
p

∑
k=1

τ̂2
y[k] − 2R̂

p

∑
k=1

τ̂yx(k) + R̂2
p

∑
k=1

τ̂2
x(k)

)
,

Ĉ = Â − R̂
1

pm

(
Ŝyx −

1
p

p

∑
k=1

τ̂yx(k)

)
,

with

Ŝ2
z =

1
n − 1

·
n

∑
i=1

(zi − szRSS)
2,

Ŝyx =
1

n − 1
·

n

∑
i=1

(yi − syRSS)(xi − sxRSS),

R̂ =
syRSS
sxRSS

,

τ̂x(k) = (µ̂x(k) − sxRSS),

τ̂y[k] = (µ̂y[k] − syRSS),

and
τ̂yx(k) = (µ̂x(k) − sxRSS)(µ̂y[k] − syRSS),

for k = 1, 2, . . . , p.

4. Simulation Study
In this section, we present the results of our simulation study. We aimed to evaluate

the performance of various mean estimators under three different sampling techniques:
SRS, RSS with perfect ranking, and RSS with imperfect ranking. Both versions of RSS were
implemented using the RSSampling package ver. 1.0 in R [17].

4.1. Simulation Settings
4.1.1. Normal Case

To evaluate the effectiveness and robustness of the proposed estimators under nor-
mality, we considered a finite population of size N = 10,000. The population means of
the auxiliary variable X and the study variable Y were both set to 10. The coefficients of
variation CVx (=: Cx) and CVy (=: Cy) were varied to reflect moderate-to-high variability.
The correlation coefficients between X and Y were set to ρ = 0.60 and 0.80, represent-
ing moderate-to-strong positive associations where the ratio and regression estimators
are known to perform well. Sample sizes of n = 15, 30, 45, and 60 were used to assess
estimators’ performance under varying sampling rates. Under each of the resulting fi-
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nite population and sample size combinations, we drew 10,000 samples using (1) SRS,
(2) imperfect-ranking RSS where the ranking is based on the auxiliary variable X, and
(3) perfect-ranking RSS where the ranking is based on the study variable Y.

4.1.2. Lognormal Case

To evaluate the estimators’ performance under non-normal, skewed data, we gener-
ated a finite population of size N = 10,000 from the lognormal distribution. The sample
size settings were kept the same as those used for the normal case. The population means
of the log-transformed variables U and V were set to 0, and their standard deviations
were set to 0.5 and 1.5, respectively. The correlation coefficient between U and V was
set to ρ = 0.60 and 0.80, capturing moderate-to-strong linear associations on the logarith-
mic scale. Under each simulation scenario, we again drew 10,000 samples using (1) SRS,
(2) imperfect-ranking RSS, and (3) perfect-ranking RSS.

4.2. Estimators

The following five estimators were compared in our simulations:

1. The composite estimator with optimal weight in Equation (16) (denoted by sy∗c );
2. The composite estimator with estimated weight in Equation (19) (denoted by syc);
3. The simple mean estimator in Equation (3) (denoted by sy);
4. The ratio estimator in Equation (5) (denoted by syr);
5. The regression estimator (denoted by syreg), which is defined under RSS as follows:

syregRSS = syRSS + β̂RSS( sX − sxRSS), (21)

where

β̂RSS =
∑

p
k=1 ∑m

l=1(x(k)l − sxRSS)(y[k]l − syRSS)

∑
p
k=1 ∑m

l=1(x(k)l − sxRSS)2
,

and its bias and variance are given in Theorem 1 of [15]. Similarly, under SRS,
the regression estimator is defined as follows:

syregSRS = sySRS + β̂SRS( sX − sxSRS), (22)

where

β̂SRS =
∑n

k=1(xk − sxSRS)(yk − sySRS)

∑n
k=1(xk − sxSRS)2 ,

and its bias and variance are given by ([12], ch. 7) .

4.3. Approximation of the Order Statistics Moments

Note that the calculation of the optimal (or estimated) weight for the composite RSS
estimator requires the values (or estimates) of µx(k), the first-order moment of the k-th order
statistic. For the normal case, an approximation for these moments is given by [18]:

µx(k) = E
[

X(k)

]
= µx + Φ−1

(
k − α

p − 2α + 1

)
σx,

where E
[

X(k)

]
is the expected value of the k-th order statistic from a normal distribution in

a sample of size p; µx and σx are the mean and the standard deviation of X; Φ−1(·) is the
inverse of the cumulative distribution function of the standard normal distribution; and α

is a constant for correction, typically 0.375. This adjustment improves the accuracy of the
approximation, especially for extreme ranks in small samples. A similar approximation
was used for µy[k]. For the estimated weight ŵ, we use µ̂x(k), which has the same form
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as µx(k), but replaces µx and σx with the sample mean and sample standard deviation,
respectively. This is also the case for µ̂y[k].

The approximation for the lognormal case according to [19] is given by

µx(k) =
p!

(k − 1)!(p − k)!
× (23)

∫ ∞

0

(
Φ
(

log(z)− µx

σx

))k−1(
1 − Φ

(
log(z)− µx

σx

))p−k
ϕ

(
log(z)− µx

σx

)
dz,

where µx and σx are the mean and the standard deviation of X, and the integral is evaluated
using a standard numerical integration method implemented in the ‘integrate()’ function
in R. A similar approximation was used for µy[k].

4.4. Performance Metrics

Under each scenario, we calculated the Monte Carlo bias, variance, and MSE for each
of the five estimators as follows:

Bias(syest) =
1
M

M

∑
j=1

(
syj

est − sY
)

,

Var(syest) =
1
M

M

∑
j=1

(
syj

est −
1
M

M

∑
k=1

syk
est

)2

,

MSE(syest) =
1
M

M

∑
j=1

(
syj

est − sY
)2

,

where the number of simulations M = 10,000.

4.5. Simulation Results
4.5.1. The Normal Case

In this section, we summarize the simulation results under the normal population
scenario. Figures 1–3 display the Monte Carlo distribution of five estimators under SRS,
imperfect-ranking RSS, and perfect-ranking RSS, respectively. The MSE results for the five
estimators are presented in Figures 4–6. Additional simulation results, specifically bias and
variance plots, for the normal case are deferred to Appendix A.1.

First, examining the sampling distributions of the estimators, we observe that in all
three sampling designs, the ratio estimator (syr) consistently shows the largest interquartile
range, longer whiskers, and more outliers, indicating lower efficiency and robustness, and
this is especially evident under SRS; see Figure 1. On the other hand, the composite (syc

and sy∗c ) and regression (syreg) estimators show the shortest interquartile ranges and the least
outliers across most scenarios, indicating relatively higher efficacy than other estimators.
Although the simple mean estimator (sy) has relatively wide interquartile ranges under SRS
and imperfect-ranking RSS, it shows much-improved behavior under perfect-ranking RSS,
as it benefits from improved ranking accuracy. As the sample size increases, the precision
of all estimators improves, as shown by the tighter interquartile ranges. In general, all
estimators demonstrate a good central tendency, as the centers of the boxplots are mostly
aligned with the true mean line.
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Figure 1. Distribution of five mean estimators under SRS from normal population.
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Figure 2. Distribution of five mean estimators under imperfect-ranking RSS (fixing p = 5) from
normal population.
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Figure 3. Distribution of five mean estimators under perfect-ranking RSS (fixing p = 5) from
normal population.

Figures 4–6 illustrate the MSE performance of the five estimators under different sam-
pling designs and parameter settings. Under all three sampling designs, the MSE decreases
with increasing sample size for all estimators, supporting the consistency of these estima-
tors. In the SRS setting (Figure 4), the simple mean (sy) and ratio (syr) estimators consistently
exhibit the highest MSE values across all sample sizes, indicating lower efficiency. In con-
trast, the composite estimators (syc and sy∗c ) and the regression estimator (syreg) demonstrate
notably lower MSE values, with the two composite estimators performing nearly identically
and slightly outperforming the regression estimator. Under the imperfect-ranking RSS
design (Figure 5), the simple mean and ratio estimators remain the least efficient across all
conditions. The composite and regression estimators show substantial improvements in
efficiency, with the two composite estimators again nearly indistinguishable and gener-
ally exhibiting the lowest MSEs. Under perfect-ranking RSS (Figure 6), the simple mean
estimator shows superior relative performance for the lower-correlation setting (ρ = 0.6),
especially at low-to-moderate sample sizes. Under this design, the ratio estimator has the
highest MSE across all parameter values. The composite estimators consistently outper-
form other estimators under the high-correlation setting (ρ = 0.8), closely followed by the
regression estimator.
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Figure 4. MSE of five mean estimators under SRS from normal population.
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Figure 5. MSE of five mean estimators under imperfect-ranking RSS (fixing p = 5) from nor-
mal population.
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Figure 6. MSE of five mean estimators under perfect-ranking RSS (fixing p = 5) from nor-
mal population.

4.5.2. The Lognormal Case

Figures 7–9 present the sampling distributions of five mean estimators under log-
normal populations across different sampling designs, correlation levels (ρ = 0.6 and
ρ = 0.8), and sample sizes (n = 15, 30, 45, 60). In the SRS setting (Figure 7), the composite
estimators (syc and sy∗c ) exhibit strong performance, with tight interquartile ranges, relatively
symmetric distributions, and limited outliers. The ratio estimator (syr) maintains a good
central tendency, but with slightly broader variability. In contrast, the regression (syreg)
and simple mean (sy) estimators show wider spreads and more frequent extreme values,
especially for smaller sample sizes. Under the imperfect-ranking RSS design (Figure 8), all
five estimators show similar behavior, with clear underestimation, as seen from the centers
of all the boxplots falling below the true mean line. A similar pattern is observed under
perfect-ranking RSS (Figure 9), with the regression estimator showing occasional negative
outlying values and the simple mean estimator showing somewhat larger variability under
the higher-correlation scenario.

Figures 10–12 illustrate the MSE behavior of the five target estimators across varying
sample sizes and correlation levels for lognormal populations. In the SRS setting (Figure 10),
the regression (syreg) estimator consistently achieves the lowest MSE across all sample sizes
and both correlation levels, especially under strong correlation (ρ = 0.8). The composite
(syc and sy∗c ) and ratio (syr) estimators follow closely behind, showing comparable MSE
performance at moderate correlation (ρ = 0.6), but lagging under the stronger-correlation
(ρ = 0.8) scenario. The simple mean (sy) estimator consistently has the highest MSE
values. Figure 11, which corresponds to the imperfect-ranking RSS design, shows a similar
overall trend, but with subtle differences. The regression estimator remains dominant,
especially under ρ = 0.8, showing the lowest MSE across all sample sizes. The ratio
estimator follows in superiority, showing the second-lowest MSE values across scenarios.
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The composite estimators still perform well, but their advantage is less pronounced under
the stronger-correlation and smaller-sample-size scenarios. The simple mean estimator
again show relatively higher MSE values, remaining the least efficient. Under perfect
ranking (Figure 12), while all estimators have similar MSE curves, the ratio estimator,
followed by the composite estimator (sy∗c ), achieves the lowest MSE values at ρ = 0.6. When
ρ = 0.8, the pattern closely replicates that observed under imperfect-ranking RSS.
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Figure 7. Distribution of five mean estimators under SRS from lognormal population. All estimates
with values ≤0 or ≥30 are excluded.
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Figure 8. Distribution of five mean estimators under imperfect-ranking RSS (fixing p = 5) from
lognormal population. All estimates with values ≥30 are excluded.
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Figure 9. Distribution of five mean estimators under perfect-ranking RSS (fixing p = 5) from
lognormal population. All estimates with values ≥30 are excluded.

Across all figures, the MSE decreases with increasing sample size for all estimators,
reflecting improved estimation precision. These results highlight that while the regres-
sion estimator offers the best performance overall—particularly in the high-correlation
setting—composite and ratio estimators provide competitive alternatives, especially as the
ranking accuracy improves.

Additional simulation results, including bias and variance graphs under lognormal
data, are located in Appendix A.2.
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Figure 10. MSE of five mean estimators under SRS from lognormal population.
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Figure 11. MSE of five mean estimators under imperfect-ranking RSS (fixing p = 5) from lognor-
mal population.
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Figure 12. MSE of five mean estimators under perfect-ranking RSS (fixing p = 5) from lognor-
mal population.
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5. Real Data Application
For the real data application, we use a modified version of the longleaf pine dataset

comprising N = 396 trees, as analyzed by Jafari Jozani and Johnson [20]. The original
dataset can be found in Chen et al. [21] and Platt et al. [22]. In this dataset, the variable X
denotes tree diameter at breast height, while Y represents tree height [20]. To remove ties when
ranking based on the X variable, a small amount of random noise was added to the X variable:
εx ∼ N(0, 0.000001), recentered at zero. The Pearson correlation between the transformed X
variable and the Y variable was ρ = 0.91. Considering the N = 396 observations as the finite
population, we drew 10,000 samples using each of three sampling designs—SRS, RSS with
imperfect ranking (ranking based on X), and RSS with perfect ranking (ranking based on Y)—
and computed each of the five estimators considered in the simulation study in the previous
section. Goodness-of-fit tests—using the Shapiro–Wilk (‘sw’) option in the ‘gofTest()’ function
of the EnvStats package ver. 3.1.0 in R [23]—confirmed that both X and Y can be modeled by
the lognormal distribution, justifying the application of the lognormal approximation of the
moments of sample order statistics (see Equation (23)) under this dataset.

Figures 13–15 present the distribution of five mean estimators under different sampling
designs applied to the longleaf pine dataset, with the blue horizontal line indicating the
true population mean. In Figure 13 (SRS), the simple mean estimator (sy) exhibits the
greatest variance, as its boxplots are widely spread. The ratio (syr) and composite (syc and
sy∗c ) estimators perform best under SRS, showing less outliers and relatively low variance.
The regression (syreg) estimator follows with slightly higher outlier presence, especially
at small sample sizes. All estimators show low-to-no bias, as the boxplots are mostly
centered at the true population mean. Similar patterns are observed under imperfect-
ranking RSS (Figure 14), but with the composite estimators switching places with the
regression estimators. Under perfect-ranking RSS (Figure 15), the simple mean estimator
still shows the largest variability across different sample sizes, but it possesses the least
bias overall. The ratio and regression estimators again show slightly lower variability than
the composite estimators. However, the composite estimators are more centered around
the true mean, indicating lower bias than the ratio and regression estimators.

Table 1 displays the MSE behavior of five estimators under the SRS and RSS designs.
The bias and variance results are included in Appendix A.3. Across all three sampling
designs, the simple mean estimator (sy) exhibits notably higher MSE values than the other
estimators across all sample sizes, confirming its inefficiency. However, the impact of the
sampling design on the simple mean estimator’s MSE is most evident, as we can clearly
see lower MSE values under RSS than under SRS, and under perfect-ranking RSS than
under imperfect-ranking RSS. The remaining four estimators have similar MSE values
under SRS. The ratio (syr) and regression (syreg) estimators show superior performance under
imperfect-ranking RSS across all sample sizes. The superiority of the ratio and regression
estimators remains under perfect-ranking RSS, especially for the smaller sample sizes,
with the composite estimators (syc and sy∗c ) approaching them for the larger sample sizes
(n = 45, 60).

Table 1. MSE of five mean estimators under different sampling designs from longleaf pine dataset.
For RSS, set size is fixed at p = 5.

Sampling Method Estimator n = 15 n = 30 n = 45 n = 60

SRS syc 42.42 19.68 12.57 8.948
sy∗c 40.77 19.53 12.54 8.944
syr 40.77 19.53 12.54 8.944

syreg 44.33 19.33 12.17 8.530
sy 212.71 99.80 63.40 45.346
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Table 1. Cont.

Sampling Method Estimator n = 15 n = 30 n = 45 n = 60

Imperfect-ranking RSS syc 60.31 30.49 20.12 15.389
sy∗c 62.30 31.06 20.37 15.534
syr 40.37 19.90 13.08 9.821

syreg 41.39 19.44 12.68 9.409
sy 107.72 53.87 35.48 27.143

Perfect-ranking RSS syc 45.08 24.63 16.93 13.231
sy∗c 51.91 26.21 17.55 13.576
syr 36.42 19.36 13.64 11.108

syreg 39.10 20.60 14.66 12.164
sy 93.05 47.09 30.80 23.752

20

40

60

80

yc yc
* yr yreg y

Estimator

V
al

ue

n 15 30 45 60

Figure 13. Distribution of five mean estimators under SRS from longleaf pine dataset.
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Figure 14. Distribution of five mean estimators under imperfect-ranking RSS (fixing p = 5) from
longleaf pine dataset.
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Figure 15. Distribution of five mean estimators under perfect-ranking RSS (fixing p = 5) from longleaf
pine dataset.

6. Discussion
In this study, we introduced a composite estimator for estimating the finite popu-

lation mean under RSS. The estimator is defined as a weighted average of the simple
mean and the ratio estimator. We derived its MSE and obtained the optimal weight that
minimizes the MSE, along with a plug-in estimator for this optimal weight. We evaluated
the performance of the composite estimator—both with the known optimal weight and
the estimated (plug-in) weight—via Monte Carlo simulations using bivariate normal and
lognormal populations, as well as a real finite population of longleaf pine trees. Com-
parisons were made against the simple mean, ratio, and regression estimators under SRS,
imperfect-ranking RSS, and perfect-ranking RSS. The results indicate that the proposed
composite estimator is highly efficient, particularly for moderate-to-large sample sizes,
even in cases where the simple mean and ratio estimators perform poorly. The regression
estimator consistently emerged as a strong competitor across all settings. For all three
designs, the performance of the composite, ratio, and regression estimators improved as the
correlation between the study and auxiliary variables increased. This trend also benefited
the simple mean estimator under imperfect-ranking RSS, as higher correlation improved
ranking accuracy. These findings were consistent across normal, lognormal, and real data
scenarios. Although the plug-in version of the composite estimator performed well, its
efficiency may be further enhanced through refinements in estimating the optimal weight.
A key step in this process involves estimating the moments of the order statistics, µx(k) and
µy[k], which we approximated using known formulas for normal and lognormal distribu-
tions. Similar approximations exist for other distributions and could be explored in future
work. Another promising direction is extending composite estimators to settings with
multivariate auxiliary variables, where one or more variables could be used for ranking,
estimation, or both. Such generalizations could further enhance the utility and flexibility of
composite estimators for survey data.
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Appendix A. Additional Simulation Results
Appendix A.1. The Normal Case
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Figure A1. Bias of five mean estimators under SRS from normal population.
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Figure A2. Bias of five mean estimators under imperfect-ranking RSS (fixing p = 5) from nor-
mal population.
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Figure A3. Bias of five mean estimators under perfect-ranking RSS (fixing p = 5) from nor-
mal population.
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Figure A4. Variance of five mean estimators under SRS from normal population.
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Figure A5. Variance of five mean estimators under imperfect-ranking RSS (fixing p = 5) from
normal population.
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Figure A6. Variance of five mean estimators under perfect-ranking RSS (fixing p = 5) from nor-
mal population.
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Appendix A.2. The Lognormal Case
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Figure A7. Bias of five mean estimators under SRS from lognormal population.
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Figure A8. Bias of five mean estimators under imperfect-ranking RSS (fixing p = 5) from lognor-
mal population.
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Figure A9. Bias of five mean estimators under perfect-ranking RSS (fixing p = 5) from lognor-
mal population.
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Figure A10. Variance of five mean estimators under SRS from lognormal population.
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Figure A11. Variance of five mean estimators under imperfect-ranking RSS (fixing p = 5) from
lognormal population.
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Figure A12. Variance of five mean estimators under perfect-ranking RSS (fixing p = 5) from
lognormal population.
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Appendix A.3. Real Data Application
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Figure A13. Bias of five mean estimators under SRS from longleaf pine dataset.
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Figure A14. Bias of five mean estimators under imperfect-ranking RSS (fixing p = 5) from longleaf
pine dataset.
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Figure A15. Bias of five mean estimators under perfect-ranking RSS (fixing p = 5) from longleaf
pine dataset.
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Figure A16. Variance of five mean estimators under SRS from longleaf pine dataset.
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Figure A17. Variance of five mean estimators under imperfect-ranking RSS (fixing p = 5) from
longleaf pine dataset.
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Figure A18. Variance of five mean estimators under perfect-ranking RSS (fixing p = 5) from longleaf
pine dataset.
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