. mathematics

Article
Approximation Properties of a Fractional Integral-Type
Szasz-Kantorovich—-Stancu-Schurer Operator via

Charlier Polynomials

Nadeem Rao 1©©, Mohammad Farid >*

check for
updates

Academic Editor: Ju Myung Kim

Received: 25 July 2025
Revised: 9 September 2025
Accepted: 17 September 2025
Published: 20 September 2025

Citation: Rao, N.; Farid, M.; Jha, N.K.

Approximation Properties of a
Fractional Integral-Type Szasz—
Kantorovich-Stancu-Schurer
Operator via Charlier Polynomials.
Mathematics 2025, 13,3039. https://
doi.org/10.3390/math13183039

Correction Statement: This article has

been republished with a minor change.

The change does not affect the scientific
content of the article and further details
are available within the backmatter of

the website version of this article.

Copyright: © 2025 by the authors.
Licensee MDP], Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license

(https:/ /creativecommons.org/
licenses /by /4.0/).

and Nand Kishor Jha 3

Department of Mathematics, University Center for Research and Development, Chandigarh University,
Mohali 140413, Punjab, India; nadeem.e14515@cumail.in

Department of Mathematics, College of Science, Qassim University, Saudi Arabia

3 Department of Mathematics, Chandigarh University, Mohali 140413, Punjab, India; nkjhae5515@cumail.in
Correspondence: m.jameel@qu.edu.sa

Abstract

The goal of this manuscript is to introduce a new Stancu generalization of the modified
Szasz—Kantorovich operator connecting Riemann-Liouville fractional operators via Char-
lier polynomials. Further, some estimates are calculated as test functions and central
moments. In the next section, we investigate some convergence analysis along with the
rate of approximations. Moreover, we discuss the order of approximation of a higher-order
modulus of smoothness with the help of some moments and establish some convergence

results concerning Peetre’s K-functional, Lipschitz-type functions for a newly developed
01,0
n1+p2,a'

Griiss—Voronovskaya-type theorems.

operator SK We estimate some results related to Korovkin-, Voronovskaya-, and
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1. Introduction

In 1912, Bernstein [1] introduced a sequence of polynomials, now known as Bernstein
polynomials, to provide a constructive proof of the Weierstrass approximation theorem
using the binomial distribution. These polynomials are defined as

n

Bu(fiy) = Xn:cn,z(y)f(l), yepl, W
1=0

where f stands for a continuous and bounded function which is presented on [0,1] and

Bernstein basis functions ¢, ;(y) = v (1 —y)"~!. The sequences of operators in (1)

n
!
restrict the approximation for continuous functions on [0, 1]. In order to discuss approxi-
mation properties on the unbounded interval [0, c0), Sz4sz [2] provided modifications to
the operators in (1), which has played a significant role in the evolution of operator theory,

as follows:

0 1
Sn(f;y):e‘”yg)@f(i),nel\l, for f € C[0,00). 2)

Mathematics 2025, 13, 3039

https://doi.org/10.3390/math13183039


https://doi.org/10.3390/math13183039
https://doi.org/10.3390/math13183039
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com
https://orcid.org/0000-0002-5681-9563
https://orcid.org/0000-0002-9713-3509
https://orcid.org/0009-0008-5297-0486
https://doi.org/10.3390/math13183039
http://www.mdpi.com/2227-7390/13/18/3039?type=check_update&version=3

Mathematics 2025, 13, 3039

20f17

The operators introduced in (2) are positive linear and are limited to approximation results
in C[0, c0). We discuss approximation results in a super class of continuous functions, i.e.,
the Lebesgue class of measurable functions. Several mathematicians, e.g., Ozger etal. [3/4],
Ayman Mursaleen et al. [5,6], Braha et al. [7], and Khursheed et al. [8,9], have ex-
plored various modifications to improve approximation properties in different functional
spaces. Further advancements have been made by researchers such as Khan et al. [10],
Acar [11,12], Aslan [13], Mohiuddine et al. [14,15], Mursaleen et al. [16,17], Malik et al. [18],
Nasiruzzaman et al. [19,20], and Rao et al. [21,22], among others. These studies have sig-
nificantly contributed to generalizing Korovkin’s theorem across various domains. Their
investigation included the generalization of certain positive linear operators like Phillips-
type g-Bernstein, Bernstein—-Durrmeyer, and A-Schurer-Kantorovich-type operators via
various polynomials, the Stancu variant [23-26], the Summability method (see [27]), and
a fractional operator (see [28,29]). Furthermore, they estimated some interesting results
concerning a Korovkin-type theorem, Voronoskaya- and Griiss-type theorems, and Griiss
inequalities and also performed fine convergence analysis (in both a classical and statistical
sense) for the rate of approximations with respect to the modulus of smoothness, etc.

The present work deals with the Stancu generalization of a modified Szdsz—Kantorovich
operator along with Riemann-Liouville fractional operators including Charlier polynomi-
als. Some convergence analysis along with the rate of approximations is discussed. Our
investigations mainly focus on the higher-order modulus of smoothness with the help of

some moments and establish some convergence results concerning Peetre’s K- functional,
01,02
n+p,a°

related to Korovkin-, Voronovskaya-, and Griiss—Voronovskaya-type theorems.

Lipschitz-type functions for a newly developed operator SK We estimate some results

Significantly, various generalizations of this operator have been introduced and stud-
ied via various polynomials and other operators (see [30,31]). In 2012, Varma and Tasde-
len [32] introduced and defined a modified Szasz operator by using the Charlier polynomial
as follows:

Lo(Fiy) = e <1 - i) (al)nyij C;’(—(al!— 1)ny)f(i)’ 3)

where a > 1, y € [0,00), wherever the generating function is

t x©
et(l_a)vzzclaﬁ, |t‘ <ll,
1=0 :

aw-x( ! )-n (i) @

and (0); is the Pochhammer symbol or shifted factorial defined by

1 c=0 or [=0,
o(c+1). (c—1+1), l€N,

where ¢ € R. In particular, we are motivated by the recent monograph of Ansari et al. [33],
where the authors had introduced the Kantorovich generalization of Equation (2), defined
as below:

Qi (fry) = Ene ™! (1 - 1)

a

(@ DTny @ C8(—(a—1)T,y) [
y, L Y " f(0)de
=0 ' &

(5)



Mathematics 2025, 13, 3039

30f17

where ¥, and ¢, are the sequence of increasing and unbounded positive numbers such that

1 1
Iim — =0 and ——1+o n— oo,
”gr"l"‘:n an Cn (C:n) ®

01,02

Motivated by all the above work, we introduce a new positive linear operator SK, /7,

on
[0, 00), via the Stancu-Shurer variant v1, v, € RT,

L, VR @ (= (a = 1)Tuspy)
SKZﬁza(f?]/) = (CH+P+02)6 1<1_{1> Z : I —
=0 :

I+ov1+1

Cntpto

I-:rvi : f(t)
§r1+p+7’2

_ (q 1 (a—1)Zpypy i Cf(—(a _ 1)gn+py)
a = I

1
/ f(f+l+vl> it
0 §n+p + 72
We can further generalize the above operator with the help of the Riemann-Liouville
fractional integral operator for order ¢ as follows:

0o (. © CH—(a—1)Tuspy) (1 (A—=0ET1 (t4+1+0
Sortalfiv) = QT”*’”E I /o i ! <cn+p+vz>dt

(a*1)3n+py

where Oz, = e”! (1 -1
In particular, this operator includes the operators as in Equations (2), (3), and (5).

1.  Forwvj,v; =0,and { = 0, this operator reduces to the operator defined in [33].
2. For Tyip = Cutp = 1, the operator is generalized to the operator defined in [30].

Remark 1. Forany f,g € C[0,00) and a1, a; € R, we have

] CIZ 1 ‘In
SKzl-t,-pzu (ﬂ1f+ angY ) QTner]/ Z I ) +py)
/0 @ @ ) (g )
- Ca 1)§n+py) 1(1— t) -1 t+1+0v;
= m1Q%,.,y Z I! /0 (%) f<§”“’ + vz>dt
- ca( —DTupy) LA (4l 4o
+a2Q3,., ,y Z Il /0 (@) g(g’”p - Uz)dt

— 15 KZIJ:;Z’[I ( f;y) +aSK Y2 (85 y)-

This implies that the given sequences of operators SKZ{FY;EKZ( .) are a linear operator. Also, for any

f >0, we must have SKZL:;}[Z (f;y) > 0, which shows that the sequence of operators is positive.

In the following sections, we examine the convergence rate of operators and their
approximation order. Specifically, we discuss the order of approximation of a higher-order
modulus of smoothness with the help of some moments and establish some convergence
results concerning Peetre’s K functional, Lipschitz-type functions. In the final section,
we explore some results related to Korovkin-, Voronovskaya-, and Griiss—Voronovskaya-
type theorems.



40f17

Mathematics 2025, 13, 3039

2. Main Results
In the current section, we estimate some fundamental moments. Before moving
towards our main results, we require the following Lemma from [33]:

Lemma 1 ([33]). Let Cf'(u) be Charlier polynomials” generating function given by (4). Then,

we have
—(a=1)%Tptpy

1=0 .
© 1C](~(a — 1)Tuspy) I\ DT
Yy L I ntp¥)  _ e(l — a) (14 Tutpy),
1=0
i ZZC?(_(Q - 1)‘In+py) _ 1 1 —(@=1)Zuspy
1=0 n = ¢ a
1
<g31+17y2 + Tn-l—py (3 + a_1> + 2) ,
= lSCa(_(a - 1)S + y) 1 _(a_l){szrp]/
Z l . n+p — e(l — a) (sz+py3 _'_.E%H_pyz
1=0 .
3 6 )
® JACH—(a—1)Tpipy) 1\ ~ @D Tnepy ]
L 6(1 - a) {T§+py4+i¢i+py3(1o+ H)
1=0 .

3 30 11
2 2 2 2
+ T2y (6+a_1)+3n+py <32+a_1+ (a_1)2>

32 20 6
7 15 5.

Theorem 1. Suppose that e;(t) = ti, forall t € [0,00). Then, we obtain the following identity:
DR = Gl (—(a = ) Tuipy)

r(C+1) 1
SKU12 e = w7 , 1 (1 _ )
n-HM( ] Y) (§n+p +0y) a I;O Al
j . .
j 1 TG=1+1)
X I+v - . (6)
l;)<z>( ) T(j—I++1)
Proof. The proof proceeds like this:
(a—1)%us Yy 0 a(__ _
01,0 — 1 s C a—1)%,
SKyhalepy) = e 1(1— E) rc+1), 1= T JTn+p)
1=0 :

/1 (1=t (t+1+0p) it

Joo T (Guyp+o2)
(‘771)3»1+Jy

1, 1 l rg+1)

‘ (1 a F(C)(Cnﬂz + Uz)j

f Cl(—(a *l'l)any) /01(1 — ) Mt + 1+ vy ) dt
1=0 '
(a-1)%uy 0 a(_ (g —
o141 r(g+1) Cl(—(a—1)Tny)
- (1 a) F(C)(Cn+p+v2)j lg(:) I

/01(1 - t)éfl( i < ; )(l+vl)ltf’)dt
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S 1)@—1)% ME+1) & C(—(a=DTpp)
a T(0)(Cnp +02) 5 I!
j ; 1 )
) J (l—i—vl)l/ (1 -5 1-ldr
izo\ ! 0
_ (1 B 1)“”%’” FE+1) & CG(=(a—1)Tupy)
a r(g)(gn—l-p‘f'UZ)] 1=0 It
L[ lo(r :
Y (1 )a+op@i-1+1)
1=0
_ 1 (1 B 1>(a1)fn+py r(€+ 1) | £ Cf’(—(a _ 1)‘In+py)
a r(g)(gnﬂ) + 02)1 1=0 It
] 1 TG-1+1)
l _
120( ! >( R T D)
O
Lemma 2. We have, by Theorem 1,
SK Y pa(Ly) =1,
1 v1+1 §n+
SKIV2 (ty) = ! Py,
nﬂw( v (C+1)(Cntp+02)  Cnipt+02  Cnip+ Uzy
2 03 +2(0; +1) ,  Taip

SKZl-&:?;z,a(tz;]/) = (

[+ 1) (042 Cuip+ 022 QD) iy +022 7 Enrp+02)?

2(?)1 +1+Sn+p> y 1
(§n+p T 02)2 (§n+p n 02)2 (201 +3+ H)3n+pr
01,02 3. _ 6 2 +2Ul
SKripalts3) {(C+ D+ 2)C +3) ey + 027 CHDE T2 Enep + 02
24201 + 02 5+6vl+3v%+v{’}
+
(C+1)(Gnrp +02)3 (Cnap +02)°

. { 2 . 3+ L5) +20;
NCFDCF2) Gy +02° T T+ D) (Grep + 027
(10+ 757 + o 2p) 3vl<3+a11)+3}
(‘gnﬂ? + 02)3 (‘:nﬂi + 02)3 e
) 2 6+ 27)
Ty {<§+ D(@rip + 028 1) (@nip +02)°

301 2 3 1 3
- (Cntp +02)3 }Enﬂ) Ty { (Cnap +102)3 }(Enﬂar
24
{ (C+1(C+2)(C+3)(G+4)(Cnsp +02)*
6 + 60, 2(2 4 204 —FU%)

+

SKy2, (thy) =

M

54601 +903 + 03 15+ 2001 + 1205 + 403 +v‘11}
(C+ 1)(§n+p + 02)4 (§n+p =+ Z)2)4

D)0 +2C+3)Cript 02 C+DC +2)(Gnrp + 0208
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y 3 +2(3+ﬁ)+40l
(Cnp T o)t | (C+D(E+2)(C+3)  (C+1)(T+2)

301 (3 + 1) + 30y + 303 g 2, 20 6
€+1)

+

-1 (=12 =1y
6 2
+401{10—|— m + w_l)z}}lnﬂ,

y? 2 (64 -25) + 30 3
*‘@mp+wﬁ4{@+ﬂxg+z>+ C+1) *4“<6+a—1)

30 11
2 2
+ 607 + (32 + 1 + (@ 1)2> }Tnﬂ,

3 4

1 6 y 4
+401+10+ — s A Ep—— o
{ ¢+1 ! } P (§n+p + 02)4 np

Y
(§n+p +vp)%

+

Theorem 2. Suppose that e;‘(t) = (t—y)/, forall t € [0,00) and j € Ny Then, we have the

following identity:
LE1) oy 1) e G- DTaspy)
SKL 2. (ehy) = e 1(1—) L P
7’1-‘1-}711(] y) (€n+p+v2)] a Z;O I

i(fy'w*m&w+ww*

i=o\ !

Lfi N+ —m+1))
Z(m) F(?—m—i—é—i—l) ’

m=0

Proof. The proof is similar to that of Theorem 1. O

Using the above Theorem 2, we have the lemma given below:

Lemma 3. We have estimates

T 1 v1+1
SKvl 0 1,. — <n+p _ 1) + 1 ’
”+P’1(( ]/) ]/) Cn—i—p + vy y (é + 1)(§n+p + UZ) én—&-p + 02

sKZL%((t—y)z;y)—y2{1—2<( S >+( s }

Cntp+02) Cnip +102)2
. { ) ~ 2(1+wy) Tutp(3+ 727)
Coip 000+ Gurpt02) | (Curpt02)2

i 2013,14_;7 + Zin-&-p }+{ 2

@iy + 027 7 @urp+02P@+ DS T LCH DT +2)Enrp +02)?
NS CES . % RS}

C+ D) @nip+ 022 Gy +02)2

- s s 3T4p 3%2., 3%,
SKn+pa((t - ]/) /y) =Y { -1+ gn-&-p + vy B (§n+p +02)2 (Cner + UZ)3 }

+ 2 { + 3 + 3U1 . 6Tn+p
TN NCFD)Corip+02)  Enrpt0 | Grip+02) @+ DGty +02)2




Mathematics 2025, 13, 3039 7 of 17

3Tn+p(3+ 27) 3%, 332, ,(6+ 727 +301)
~ (Guipt)? - (Cnap +02)3)(C+1) * (Engp +02)3)
it L 6 L 3Bk
(Cntp +02)2 (s 2)(§n+p + 02)3 (C+1)(Gntp +02)°
+ 6vlin+p i ‘I”JFP (10 = 1 + (a—1)2 ) ) +3vlin+p
(g + 1)(Cn+p + 02)3 (€n+p + vz)
301%n4p(3+ 15) } N 6
(Gntp +02)° (C+1)(C+2)(C+3)(Gnrp +02)?
+{ 6 + 601 N 3(24 201 +03)
C+D(E+2)(Gnrp+02)3  (C+1)(Gntp +02)3
5+ 601 + 307 + 0} }

(C+ 1)(§n+p + 02)4
4gn+p 6T31+p 4551-&-;7

KRS =) = {1 e
N Tntp } 5 { —4 N 12,4 p 6Tnip(3+ 1)
(Gnvp +02)3 Y (C+1)(Gnep+02)*  (T+ 1)(Gntp + v2)? (Cntp + v)?
—4%7, (6 + 2) 12%,4p 4v, 1201% 1 p 4
(Cnvp + v2)3 (Cntp + 02)?(C+1) - Cnapt 02 (Cnip+ 02)? - Cntp +02
120195, 4%, D10+ 28) 40T,
- (éner +1v7)3 <§n+p +v2)(¢+1) (§n+p + vg)* (§n+p + vg)* }
L { 12 N 12 4 120, L 124120
(€+1)<§+2)(§n+p + v2)2 (€+1)(§n+p+02)2 (@H—p + v2)2
607 B 24T 04y N 1237,
(Cntp +02)%  (Cnsp +02)3(0+1)(T+2) (§n+p +02)4 (¢ +1)(T+2)
—12(3+ A5) —24%,4, 4%y (10+ ;% + @12 ) 7) B 1202%, 1
(Cner + UZ)S(C +1) (gnﬂz + 02) ((;rnﬂr + 02)3
1201%04p (34 -5) 128+ 15) — 24,4 1237, ,
Gt <f:n+p + )30 +1) T Gurp+02) C+(E+2)
42, (64 2 +301)  Thip(32+ 2y + oy 2401 + 32) + 60
(§n+p+02) (C+1) (Gnvp +02)
Ly { —24 N 24 + 240,
C+DE+2)E+D)ECnap+02)°  (C+1)(E+2)(Gnsp +02)°
204240120 +40] 24+ 240, 4+ 1203 N 12T, (34 1)
(Cntp +02)° (Cnip +02)2(0+1)  (Gnrp +02)* (T +1)(T+2)
24%,1p 2401 T4 p
Gnrp +02)* T+ D(C+2D(@+3)  Enep+02)°(+1)
AFnp (10 + 61 + = )2 + 901 + %1 +3U1) Tn+p (fal + (azol)z)
Gorp + 02 C+ 1) T G o)

sn+p<37+( i H 410+ 25 + A )2+6v1(3+a1)+401>

+

+

_|_

(Cntp +02)t
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24 24 + 240y + 1202
(Cnip +02)H(C+1)(C+2)(T+3)(0+4) * (Gnip +02)H(E+1)(C+2)
24 + 2404 n 20 + 2401 + 1221% + 40?
Cnrp +02)* (C+D(E+2)(E+3)  (Cnrp+v2)*(C+1)
15 + 2001 + 1207 + 403 + o] }
(€n+p + 02)4 '

_|._

Proof. In light of Lemma 2 and the property of linearity, we have

SKyipa((t=)hy) = SKYRa(ty) —ySK 2, (Ly),

SK2,((t=y)%y) = SK2(Py) — 29K 2, (B y) + y*SK 2, (Ly),
SK 2, ((t=y)%y) = SKYR,(F5y) = 3ySK 2, (#5y) + 3y°SK 2, (£ y)
—yPSK 2 (Ly),
SKY 2 ((t=y)hy) = SKYR.(Hhy) — 4ySKL2 (£ w)
+6y7 K2, () — 4 SKL2 (£ )
YA SKL2 (L),

which completes the desired proof. O

3. Convergence Analysis of SK,ZQ’_Z’;,“

Theorem 3. Suppose that f € C[0,00) = ¢ (say). Then,

lim SK.'2 (fiy) = f(y),

n—oo
uniformly on [0, c0).
01,02

n+p,a
Hence, by the Bohman and Korovkin theorem [34], we achieve our required result, i.e.,

Proof. The proof is obvious from Lemma 2 that lim,, . SK (ej; y) = yf ,forj=0,1,2.

lim SK,}2,(f;y) = f(y).

n—oo

O

Now, we investigate some rates of approximation via the modulus of smoothness
associated with the step weight function . Before proceeding further, we require the
following terminology from [23,35]. By moduli of smoothness of order r,

w)(g;0) = sup ||A]
Vo) = sup 1878l
whereas § > 0, y(y) = \/y(1 +y) is the step weight function on [0, o), and
4 (T roo.
s = S (7)ot (5 )t

Furthermore, Peetre’s K-functional on , associated with the step weight function v, is
defined as in [36]:

Ko (i) = inf {llg =l + 120"l |
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where g* is differentiable r — 1 times and absolutely continuous in every finite interval
[a,b] C [0,00).

Theorem 4 ([36], Theorem 2.1.1). Forany g € C|0, c0), there exists some positive constant M
and ty, such that
M~ w (3:8) < Kpy(8;0") < Maw](8;9).

Theorem 5. Suppose that vy is any step weight function and | € ¢. Then, we have the following

; ; 01,02
estimation for SK,[{ 7

V1,02 (1.0 w1 Gri1 () + i1 (y) w _¢r(y)
|SK22, (L) — 1(y)| < M (l\/ ot (z,wl(y))).

Proof. Let us consider the auxiliary operator

S

E(Ly) = Uy) + SK (1) y) = HSK (b= y) s y) +y)7, (7)

where | € C,1(R"), and if I(t) is any polynomial, then r = Degree of I(t). Obviously,

ELy)=1, Ety)=y, E((t-ysy)=0 -, E({(t—y)"y) =0.

Suppose that y € Rj and ! € Cr + 1(Ry ). Then, applying Taylor’s series expansion for I,
up to the (r + 1) term, we obtain

'(y)

l(t):l(y)—i-(t—y) T +(t—y)zl//(y)

2!

r!

P _y)rl’(y) . /yt (¢ ;!z)rlyﬂ(z)dz

Now, applying the operator SK;/77, on both sides,
() = 1t0) +2( [ S @y ) ®)
Moreover,
2lvy) = hiy) + skiga( [ S @)
_</¢’7(y)+y (©r(y) 7:'.1/) —2)" (z)dz;y>.
y !
This implies

_ E(t—2z2)"
2) — nw)| < sk ([ S @)

- (/cpr(y)w (@ (y) +y) — Z)rl’“(z)dz;y)
y

r!

r+1pr+1 01,02 f (t—Z)r r+1 .
< H'V h ||wSKn+p,a y h (Z>dzry

Y (y)r!
ety (r(y) +y) —2) dz
+ r+1hr+1 < r lr+1 ;)
I o . @)1y

< ) o (SKER (6= 9 y) + I (@ ().
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Moreover, E(1;y) < 3]||I||. Now,

E(Ly) —1)| < |EGy) 1y )+l(<1>r(y)+y)*l(y)l
<E(-ky)+I[E(y) —h(y)|+[h(y) —Ly)]
+[1(Py (y )+}/)*l(}/)|
<41 =n)+ 7" @) o (®rar () + Praa (1))

¢V T
< ik (1 HZ(w):l(q;)H(y))

There exists some constant M > 0, such that

—_ ’ (I)r .
2(5y) —1(y)| < M <1; “g):l Z’/)“ Y >).

Again, from the modulus of smoothness of first order, we get

@,
(@) +9) = 10| = W@ ) +9) = 10| < (12420 ).

Upon combining all the above inequalities, we get

|SK 2, (Ly) —1(y)] E(Ly) — ()| + (@ (y) +y) —1
,y) | (h; )*h(y)lﬂh(}/)*l(}/)l

r(y) + y)l

(I
i@
7. ¢r+l(y)r+ +¢’r+1(y) . (y)
= M (’\/ 17771(y) *Z"(”vrﬂ(y)))'

Now, some local direct approximations are estimated with the help of the Lipschitz-
type maximal function. Let us recall a few basic definitions from [23,37]:

~—
|

INIA
[1]

O

; _ o) : LF()— |t=y[*
Lipu() ={f € C02) : F()=FWI < M—=0 ]

forallt,y € [0,00), aq,ap >0, M >0,and x € (0,1].

Theorem 6. Let f € Lippi(x). Then, for every T € (0,1] , we have the following inequality:

SK2,(Fry) — £y)] < g naWE

n+p,a [lxlyZ +0¢2y]3r'
where M > 0, a1, a0 € (0,00),0 < T < 1, and ¢ ,(y) = SKZL:;fa (|t =yl y).

Proof. Without loss of generality, we obtain

|SK e (fy)| < ISKRY 5 (F(8) = fF))i)| + [FWIISKY e (Ly) = 1]
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Again, from the Lipschitz maximal function, we get

ISKIZ2,(f9) — £y >|<SI<ZI+’;3a( Mit—y[" T;y)
"\ (a1y? +agy +-t)2

Byl
n+p,a ([lez + [ny) % ’
Applying Holder’s inequality in the above inequality,
V1,02 V1,02 |t_y|6 6 V1,02 o
|SKn+p,a(f;y) *f(}/)| < MSKn+p,a W/y SKneru( ,y)

T 6
< M(ary? + azy) Z{SKZa”;aut - y|6;y>}

6/ Ppna(y)]”
=M [a1y? + apy]’"

where ¢4(y) = SK; {7, (It = y|%y). O

4. Voronovskaya- and Griiss—Vororonovskaya-Type Estimates
In this section, we present certain remarks and theorems for the newly positive linear

01,02

operator 5K,/ 7,

Theorem 7. We deduce

tim (K3 139) — £0)) < Jim nd S (0 = )i )

n—00 n—00
. & SKypa((n=v)55y)
+ SK 5 (1 = 9)%y) 2(” e f (y)}-

Proof. Suppose that i € ¢. Then, from Taylor’s series expansion up to the r-th term, we
achieve the following:

h//(y) +o - (y —y)rhrr(.w

+( =y)"S(n,y), 9)

h(n) = h(y) + (n —y)H (y) + (1 — y)*

01,02

ni.p,ar We have

where 3(17,y) — 0,as 7 — y. Applying the operator SK

hl/
I, (h();) = hly) + K2y — y)R (9):9) + K2 (y — y)sy) )

1,0 r h’ 01,0 r
+ -+ SK (1= y)%y) r(,y) + 5K (01 = y)" (1, )5 y).-

Again, from the Cauchy-Schwartz inequality, we have

SKX e (1 =)' S(n,y); \/ SKYpa(S(n,y)%y \/ SK (1 =) y).
It is pertinent to note here that

lim (SK;%2,(S(n,y)%y)) = 0.

n—00 n+pa
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This implies that
Jim nSKG (07 = y) S (n,y)iy) = 0.

Therefore, we estimate the following result:

im 1 {SKEXE5 () — h(y) | ={ SKEY38a (01 = i) ()

=500
+ SKa (1 = )% ) hﬂz(y )iy SKZK’]”Z’“((Z I ey }
O
Remark 2. It can be easily observed that
1 (v1 +3)(v1 +2)

01,02 —_ 12 >
SKn-I—p,a((t y)5y) 2 (Entp +02)2 3 :

Remark 3. Now, we have the immediate result that

SKI2 ((E—y)%y) < 1P (v1,v2,a) +PBa(v1,02,a)

. (Cnsp +02)3 ’
where
P (0, 0, ) = 302 1501 + 304 +(291 J{)g(:%vz — 2701 — 607 — 29)
and
P (v1,09,0) = 30%(4;3011;12
Also,

nty + nt2(01/02/a) + t3(vl/02)
(n+1v7)?

, 4,
SKipa((t=y)%y) < ,
where t1, tp, and t3 are the constants depending upon vy, v,, and a.

For simplicity, we take T, = {, = 1 and restrict our domain from [0, o) to [0, 1], in
further sections.

Theorem 8. Let us assume that f € C[0,1], and f', f" exist in [0,1]. Then, we establish the
following estimation:

n<51<31+%(f;y) - f(y)) — SKU (2 yy) ()
- K-y W)

kfun(f, =) +mlf =)}
+ K1t 1771

IN
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Proof. From Gonska and Rasa [38],
La(f;y) = fy) - %Ln((el =9)59)f"(Y) = La((er = y);y)f’(y)’

_1)3.
< Ll < { AT S |

3 La((er _]/)4;]/) 1 1" }
2 n s,
<4 T (e =y e ) 2N
where L, : C[0,1] — C[0,1],and 0 < h < 3.
From Remark 4.3, it can be observed that

+

SKzlf;zlg((Z_]/)?j;y) < nei +0; =0(1)
SKI2, (G~ yy)| ~ nton
and
K (= 0)) | i
SKipa(z=y)%y) |~ nto2

Suppose that we restrict the domain of SK /2, to C[0,1] and let Zntp = Tngp = n. Now,

n+p,a
applying the operator SKZlf;fra,

\smimf;y) — F) - SKIE((z — yi) ()
1 01,0
- SSRGS )|
SK 2 ((z—y)%y)

{65110(1)Wl (f 1) + (i + 0(1>161hz>m(f”rh)}-

IN

X

Now, putting in h = ﬁ and multiplying n on both sides, we get

n(SKy . (fiy) — fy) = SKpa(z—wy)f ()

- K-y W)
< (fow (1)

- (125l )
1

IN

IN
3
——
g
—
=
<=
~——
_|_
S
P
™
g
~——
——

Furthermore,
n(SKY 2. (fy) — f() = SKXZ.(z—yiy)f (v)

- SSRGS )



Mathematics 2025, 13, 3039 14 of 17
<K Swi | f 1) jw i L Y (N R f'(y)
< 1 ' I 2 ™ T+1 1 2 |yf Y
<kfun(r == ) v (7 == ) k{1 e+ 10
a vn+1 n+1
O
Theorem 9. Suppose that f € C[0,1] and f' exist in [0, 1]. Then, we have
K102 (fgy) — SKL2 (£;y).SKOV2 (g 7y(1_y) / /
n+p,a &Y n+p,a f’y) n+pa(g/y) n f(y)g (y)
K / 4 / 4
< —maxy [[ifeo, [[1u%leo ¢ x max ¢ ([0 leo, [[07leo -
Proof. Let
L . _ SK'Ul 02 . SKvl 02 . SKvl /02 . _ y(l _y) ! /
Yl(ffg' ) n+pa(fgr ) n+pa(f'y) n+pa(g'y) n f(y)g (y)
Without loss of generality, we can have the following:
Lu(f;&y) = |La(f —utug—v+vy)
< La(f —w,g—vy) + La(u,g —v;y)
+Ly(f —u,0y) + |La(u, ;)| (10)

where u,v € C*[0,1].
Now, we need to evaluate SKZlf;fﬂ (fgy) — SKZ;Z;}a (f; y)SKZlﬁ;,Za (&y)-
In order to do this, we consider the Taylor series expansion of functions f, g and fg.

Then, we get the following
SK\oa(fey) — SKNZ.(fiy)SKpa($y)
= |SK R =y ) {SK R =y}
- *SKziz;aza((Z*y) VSKL P (=% ) (f8) )

+ {SKUH’z ((z _y) y) }Zf//(]/) g"(y ),

n-+p,a

a
nSKua (f&y) = SK5a (Fy)SKGa(gy) < —uf (¥)g'(v)

a
—yllF g -

IN

Furthermore,

1
InLa(f&y) <y(y — m) [ Nlcoll8lloo-
But it can be observed that, for f € C"[a,b] and n € N,

max { || /5|} < Cmax {[|f]loo, -+, [ f"leo}-

0<k<n
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Now,
Lo(u,v;y) = ’SKﬁiZ;%u(uv;y) —uo(y) — %(uv)//
u 1-—
+ut|sK o) - o) - Loy
y(1—y)

o) s ) — () U P

_|._

oly)  SKEa(039) | |SKLE (i) + u(w)|
K
< nmax{||u’||oo, ||u4||m}.max{||v/||oo, ||v4||oo}.
Now, from Equation (10),
K*
La(fgy)l < —AI0 = w)llg =+ =)+ (11 (llg + )]
1
e {1, [l fomax {1/l l1]1s .
After applying Lemma 3.1. of [39], we get
! / 1 / 1 /
< {un(Fims(gih) + s g + (7w )
1 1 1,
+ Tmax{[1fl], anr) bomax {Jlgll, Ses(sm |}
This completes the proof. [

5. Numerical Validation

We demonstrate the graphical analysis as in Figure 1, of the newly defined operator

with a suitable example by taking

f()) =P+t Tyyp = Enrp =n = {10,20,40,80,160}
a=10, v1 =2, v,=4 (=04
25— ‘ .
—fW) =y +y R
- - n =10 //////’,’ i
s - =25
- n =50
g L5¢ n=7175 .
~ -~ n=100
2

01,02

SK
o
&)

[

n,a

Figure 1. Convergence analysis of operator SKZQ'_Z;,Z,H (f;v)-
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As the value of 1 increases, the modified Szasz—Charlier operator SK;,,%(f;y) pro-

vides an increasingly accurate approximation of f(y) = y? + y across the interval y € [0, 1].

6. Conclusions

In this work, we have introduced a new generalization of a fractional integral-type
Szasz-Kantorovich-Stancu operator connecting via Charlier polynomials. Several funda-
mental properties of the operators have been studied, including estimates for test functions
and central moments. We have examined their convergence behavior and derived results
for the rate of approximation. Furthermore, the order of approximation has been ana-
lyzed using the higher-order modulus of smoothness, supported by moment calculations.
Convergence results concerning Peetre’s K-functional, Lipschitz-type functions have also
been established. Finally, we derived results related to Korovkin’s theorem, Voronovskaya-
type approximation, and Griiss—Voronovskaya-type theorems, thereby demonstrating the
effectiveness and applicability of the proposed operators.
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