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Abstract

The goal of this manuscript is to introduce a new Stancu generalization of the modified
Szász–Kantorovich operator connecting Riemann–Liouville fractional operators via Char-
lier polynomials. Further, some estimates are calculated as test functions and central
moments. In the next section, we investigate some convergence analysis along with the
rate of approximations. Moreover, we discuss the order of approximation of a higher-order
modulus of smoothness with the help of some moments and establish some convergence
results concerning Peetre’s K-functional, Lipschitz-type functions for a newly developed
operator SKv1,v2

n+p,a. We estimate some results related to Korovkin-, Voronovskaya-, and
Grüss–Voronovskaya-type theorems.

Keywords: rate of convergence; order of approximation; mathematical operators; modulus
of continuity; approximation algorithms; Peetre‘s K-functional; Korovkin theorem
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1. Introduction
In 1912, Bernstein [1] introduced a sequence of polynomials, now known as Bernstein

polynomials, to provide a constructive proof of the Weierstrass approximation theorem
using the binomial distribution. These polynomials are defined as

Bn( f ; y) =
n

∑
l=0

cn,l(y) f
(

l
n

)
, y ∈ [0, 1], (1)

where f stands for a continuous and bounded function which is presented on [0, 1] and

Bernstein basis functions cn,l(y) =

(
n
l

)
yl(1 − y)n−l . The sequences of operators in (1)

restrict the approximation for continuous functions on [0, 1]. In order to discuss approxi-
mation properties on the unbounded interval [0, ∞), Szász [2] provided modifications to
the operators in (1), which has played a significant role in the evolution of operator theory,
as follows:

Sn( f ; y) = e−ny
∞

∑
l=0

(ny)l

l!
f
(

l
n

)
, n ∈ N, for f ∈ C[0, ∞). (2)
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The operators introduced in (2) are positive linear and are limited to approximation results
in C[0, ∞). We discuss approximation results in a super class of continuous functions, i.e.,
the Lebesgue class of measurable functions. Several mathematicians, e.g., Özger et al. [3,4],
Ayman Mursaleen et al. [5,6], Braha et al. [7], and Khursheed et al. [8,9], have ex-
plored various modifications to improve approximation properties in different functional
spaces. Further advancements have been made by researchers such as Khan et al. [10],
Acar [11,12], Aslan [13], Mohiuddine et al. [14,15], Mursaleen et al. [16,17], Malik et al. [18],
Nasiruzzaman et al. [19,20], and Rao et al. [21,22], among others. These studies have sig-
nificantly contributed to generalizing Korovkin’s theorem across various domains. Their
investigation included the generalization of certain positive linear operators like Phillips-
type q-Bernstein, Bernstein–Durrmeyer, and λ-Schurer–Kantorovich-type operators via
various polynomials, the Stancu variant [23–26], the Summability method (see [27]), and
a fractional operator (see [28,29]). Furthermore, they estimated some interesting results
concerning a Korovkin-type theorem, Voronoskaya- and Grüss-type theorems, and Grüss
inequalities and also performed fine convergence analysis (in both a classical and statistical
sense) for the rate of approximations with respect to the modulus of smoothness, etc.

The present work deals with the Stancu generalization of a modified Szász–Kantorovich
operator along with Riemann–Liouville fractional operators including Charlier polynomi-
als. Some convergence analysis along with the rate of approximations is discussed. Our
investigations mainly focus on the higher-order modulus of smoothness with the help of
some moments and establish some convergence results concerning Peetre’s K- functional,
Lipschitz-type functions for a newly developed operator SKv1,v2

n+p,a. We estimate some results
related to Korovkin-, Voronovskaya-, and Grüss–Voronovskaya-type theorems.

Significantly, various generalizations of this operator have been introduced and stud-
ied via various polynomials and other operators (see [30,31]). In 2012, Varma and Taşde-
len [32] introduced and defined a modified Szász operator by using the Charlier polynomial
as follows:

Ln( f ; y) = e−1
(

1 − 1
a

)(a−1)ny ∞

∑
l=0

Ca
l (−(a − 1)ny)

l!
f
(

l
n

)
, (3)

where a > 1, y ∈ [0, ∞), wherever the generating function is

et(1 − t
a
)v

=
∞

∑
l=0

Ca
l

tl

l!
, |t| < a,

Ca
l (u) =

l

∑
s=0

(
l
s

)(
− u

)
s

(
l
a

)s

, (4)

and (σ)l is the Pochhammer symbol or shifted factorial defined by

(σ)l =

{
1 σ = 0 or l = 0,
σ(σ + 1)........(σ − l + 1), l ∈ N,

where σ ∈ R. In particular, we are motivated by the recent monograph of Ansari et al. [33],
where the authors had introduced the Kantorovich generalization of Equation (2), defined
as below:

QTn ,ξn
n,b ( f ; y) = ξne−1

(
1 − 1

a

)(a−1)Tny ∞

∑
l=0

Ca
l (−(a − 1)Tny)

l!

∫ l+1
ξn

l
ξn

f (θ)dθ

(5)
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where Tn and ξn are the sequence of increasing and unbounded positive numbers such that

lim
n→∞

1
ξn

= 0 and
Tn

ξn
= 1 + o

(
1
ξn

)
, n → ∞.

Motivated by all the above work, we introduce a new positive linear operator SKv1,v2
n+p,a on

[0, ∞), via the Stancu–Shurer variant v1, v2 ∈ R+,

SKv1,v2
n+p,a( f ; y) = (ξn+p + v2)e−1

(
1 − 1

a

)(a−1)Tn+py ∞

∑
l=0

Ca
l (−(a − 1)Tn+py)

l!∫ l+v1+1
ξn+p+v2
l+v1

ξn+p+v2

f
(
t
)

= e−1
(

1 − 1
a

)(a−1)Tn+py ∞

∑
l=0

Ca
l (−(a − 1)Tn+py)

l!∫ 1

0
f
(

t + l + v1

ξn+p + v2

)
dt.

We can further generalize the above operator with the help of the Riemann–Liouville
fractional integral operator for order ζ as follows:

SKv1,v2
n+p,a( f ; y) = QTn+py

∞

∑
l=0

Ca
l (−(a − 1)Tn+py)

l!

∫ 1

0

(1 − t)ζ−1

Γ(ζ)
f
(

t + l + v1

ξn+p + v2

)
dt

where QTn+py = e−1
(

1 − 1
a

)(a−1)Tn+py

.

In particular, this operator includes the operators as in Equations (2), (3), and (5).

1. For v1, v2 = 0, and ζ = 0, this operator reduces to the operator defined in [33].
2. For Tn+p = ξn+p = n, the operator is generalized to the operator defined in [30].

Remark 1. For any f , g ∈ C[0, ∞) and a1, a2 ∈ R, we have

SKv1,v2
n+p,a(a1 f+ a2g; y) = QTn+py

∞

∑
l=0

Ca
l (−(a − 1)Tn+py)

l!∫ 1

0

(1 − t)ζ−1

Γ(ζ)
(a1 f + a2g)

(
t + l + v1

ξn+p + v2

)
dt

= a1QTn+py

∞

∑
l=0

Ca
l (−(a − 1)Tn+py)

l!

∫ 1

0

(1 − t)ζ−1

Γ(ζ)
f
(

t + l + v1

ξn+p + v2

)
dt

+a2QTn+py

∞

∑
l=0

Ca
l (−(a − 1)Tn+py)

l!

∫ 1

0

(1 − t)ζ−1

Γ(ζ)
g
(

t + l + v1

ξn+p + v2

)
dt

= a1SKv1,v2
n+p,a( f ; y) + a2SKv1,v2

n+p,a(g; y).

This implies that the given sequences of operators SKv1,v2
n+p,a(.; .) are a linear operator. Also, for any

f ≥ 0, we must have SKv1,v2
n+p,a( f ; y) ≥ 0, which shows that the sequence of operators is positive.

In the following sections, we examine the convergence rate of operators and their
approximation order. Specifically, we discuss the order of approximation of a higher-order
modulus of smoothness with the help of some moments and establish some convergence
results concerning Peetre’s K functional, Lipschitz-type functions. In the final section,
we explore some results related to Korovkin-, Voronovskaya-, and Grüss–Voronovskaya-
type theorems.
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2. Main Results
In the current section, we estimate some fundamental moments. Before moving

towards our main results, we require the following Lemma from [33]:

Lemma 1 ([33]). Let Ca
l (u) be Charlier polynomials’ generating function given by (4). Then,

we have

∞

∑
l=0

Ca
l (−(a − 1)Tn+py)

l!
= e

(
1 − 1

a

)−(a−1)Tn+py

,

∞

∑
l=0

lCa
l (−(a − 1)Tn+py)

l!
= e

(
1 − 1

a

)−(a−1)Tn+py

(1 + Tn+py),

∞

∑
l=0

l2Ca
l (−(a − 1)Tn+py)

l!
= e

(
1 − 1

a

)−(a−1)Tn+py

(
T2

n+py2 + Tn+py
(

3 +
1

a − 1

)
+ 2
)

,

∞

∑
l=0

l3Ca
l (−(a − 1)Tn+py)

l!
= e

(
1 − 1

a

)−(a−1)Tn+py(
T3

n+py3 + T2
n+py2

(
6 +

3
a − 1

)
+ Tn+py

(
10 +

6
a − 1

+
2

(a − 1)2

)
+ 5
)

,

∞

∑
l=0

l4Ca
l (−(a − 1)Tn+py)

l!
= e

(
1 − 1

a

)−(a−1)Tn+py{
T4

n+py4 + T3
n+py3

(
10 +

6
a − 1

)
+ T2

n+py2
(

6 +
3

a − 1

)
+ T2

n+py2
(

32 +
30

a − 1
+

11
(a − 1)2

)
+ Tn+py

(
37 +

32
a − 1

+
20

(a − 1)2 +
6

(a − 1)3

)
+ 15

}
.

Theorem 1. Suppose that ej(t) = tj, for all t ∈ [0, ∞). Then, we obtain the following identity:

SKv1,v2
n+p,a(ej; y) =

Γ(ζ + 1)
(ξn+p + v2)j e−1

(
1 − 1

a

)(a−1)Tn+py ∞

∑
l=0

Ca
l (−(a − 1)Tn+py)

l!

×
j

∑
l=0

(
j
l

)
(l + v1)

l Γ(j − l + 1)
Γ(j − l + ζ + 1)

. (6)

Proof. The proof proceeds like this:

SKv1,v2
n+p,a(ej; y) = e−1

(
1 − 1

a

)(a−1)Tn+py
Γ(ζ + 1)

∞

∑
l=0

Ca
l (−(a − 1)Tn+py)

l!∫ 1

0

(1 − t)ζ−1

Γ(ζ)
(t + l + v1)

j

(ξn+p + v2)j dt

= e−1
(

1 − 1
a

)(a−1)Tn+py Γ(ζ + 1)
Γ(ζ)(ξn+p + v2)j

∞

∑
l=0

Ca
l (−(a − 1)Tn+py)

l!

∫ 1

0
(1 − t)ζ−1(t + l + v1)

jdt

= e−1
(

1 − 1
a

)(a−1)Tny Γ(ζ + 1)
Γ(ζ)(ξn+p + v2)j

∞

∑
l=0

Ca
l (−(a − 1)Tny)

l!∫ 1

0
(1 − t)ζ−1

( j

∑
k=0

(
j
l

)
(l + v1)

l tj−l
)

dt
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= e−1
(

1 − 1
a

)(a−1)Tn+py Γ(ζ + 1)
Γ(ζ)(ξn+p + v2)j

∞

∑
l=0

Ca
l (−(a − 1)Tn+py)

l!

j

∑
l=0

(
j
l

)
(l + v1)

l
∫ 1

0
(1 − t)ζ−1tj−ldt

= e−1
(

1 − 1
a

)(a−1)Tn+py Γ(ζ + 1)
Γ(ζ)(ξn+p + v2)j

∞

∑
l=0

Ca
l (−(a − 1)Tn+py)

l!

j

∑
l=0

(
j
l

)
(l + v1)

l β(ζ, j − l + 1)

= e−1
(

1 − 1
a

)(a−1)Tn+py Γ(ζ + 1)
Γ(ζ)(ξn+p + v2)j

∞

∑
l=0

Ca
l (−(a − 1)Tn+py)

l!

j

∑
l=0

(
j
l

)
(l + v1)

l Γ(j − l + 1)
Γ(j − l + ζ + 1)

.

Lemma 2. We have, by Theorem 1,

SKv1,v2
n+p,a(1; y) = 1,

SKv1,v2
n+p,a(t; y) =

1
(ζ + 1)(ξn+p + v2)

+
v1 + 1

ξn+p + v2
+

Tn+p

ξn+p + v2
y,

SKv1,v2
n+p,a(t

2; y) =
2

(ζ + 1)(ζ + 2)(ξn+p + v2)2 +
v2

1 + 2(v1 + 1)
(ζ + 1)(ξn+p + v2)2 + y2 T2

n+p

(ξn+p + v2)2

+
2(v1 + 1 + Tn+p)

(ξn+p + v2)2 +
y

(ξn+p + v2)2

(
2v1 + 3 +

1
a − 1

)
Tn+p,

SKv1,v2
n+p,a(t

3; y) =
{

6
(ζ + 1)(ζ + 2)(ζ + 3)(ξn+p + v2)3 +

2 + 2v1

(ζ + 1)(ζ + 2)(ξn+p + v2)3

+
2 + 2v1 + v2

1
(ζ + 1)(ξn+p + v2)3 +

5 + 6v1 + 3v2
1 + v3

1
(ξn+p + v2)3

}
+ y
{

2
(ζ + 1)(ζ + 2)(ξn+p + v2)3 +

(3 + 1
a−1 ) + 2v1

(ζ + 1)(ξn+p + v2)3

+
(10 + 6

a−1 + 2
(a−1)2 )

(ξn+p + v2)3 +
3v1(3 + 1

a−1 ) + 3
(ξn+p + v2)3

}
Tn+p

+ y2
{

2
(ζ + 1)(ξn+p + v2)3 +

(6 + 3
a−1 )

(ζ + 1)(ξn+p + v2)3

+
3v1

(ξn+p + v2)3

}
T2

n+p + y3
{

1
(ξn+p + v2)3

}
T3

n+p,

SKv1,v2
n+p,a(t

4; y) =
{

24
(ζ + 1)(ζ + 2)(ζ + 3)(ζ + 4)(ξn+p + v2)4

+
6 + 6v1

(ζ + 1)(ζ + 2)(ζ + 3)(ξn+p + v2)4 +
2(2 + 2v1 + v2

1)

(ζ + 1)(ζ + 2)(ξn+p + v2)4

+
5 + 6v1 + 9v2

1 + v3
1

(ζ + 1)(ξn+p + v2)4 +
15 + 20v1 + 12v2

1 + 4v3
1 + v4

1
(ξn+p + v2)4

}
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+
y

(ξn+p + v2)4

{
3

(ζ + 1)(ζ + 2)(ζ + 3)
+

2(3 + 1
a−1 ) + 4v1

(ζ + 1)(ζ + 2)

+
3v1
(
3 + 1

a−1
)
+ 3v1 + 3v2

1
(ζ + 1)

+

{
37 +

32
a − 1

+
20

(a − 1)2 +
6

(a − 1)3

}
+ 4v1

{
10 +

6
a − 1

+
2

(a − 1)2

}}
Tn+p

+
y2

(ξn+p + v2)4

{
2

(ζ + 1)(ζ + 2)
+

(6 + 3
a−1 ) + 3v1

(ζ + 1)
+ 4v1

(
6 +

3
a − 1

)

+ 6v2
1 +

(
32 +

30
a − 1

+
11

(a − 1)2

)}
T2

n+p

+
y3

(ξn+p + v2)4

{
1

ζ + 1
+ 4v1 + 10 +

6
a − 1

}
T3

n+p +
y4

(ξn+p + v2)4T
4
n+p.

Theorem 2. Suppose that e∗j (t) = (t − y)j, for all t ∈ [0, ∞) and j ∈ N0 Then, we have the
following identity:

SKv1,v2
n+p,a(e

∗
j ; y) =

Γ(ζ + 1)
(ξn+p + v2)j e−1

(
1 − 1

a

)(a−1)Tn+py ∞

∑
l=0

Ca
l (−(a − 1)Tn+py)

l!

j

∑
i=0

(
j
i

)
(−1)j−k(y(ξn+p + v2)

)j−i

i

∑
m=0

(
i
m

)
(l + v1)

k(Γ(i − m + 1))
Γ(i − m + ζ + 1)

.

Proof. The proof is similar to that of Theorem 1.

Using the above Theorem 2, we have the lemma given below:

Lemma 3. We have estimates

SKv1,v2
n+p,a((t − y)1; y) =

(
Tn+p

ξn+p + v2
− 1
)

y +
1

(ζ + 1)(ξn+p + v2)
+

v1 + 1
ξn+p + v2

,

SKv1,v2
n+p,a((t − y)2; y) = y2

{
1 − 2

(
Tn+p

(ξn+p + v2)

)
+

T2
n+p

(ξn+p + v2)2

}
+ y
{

−2
(ξn+p + v2)(ζ + 1)

− 2(1 + v1)

(ξn+p + v2)
+

Tn+p
(
3 + 1

a−1
)

(ξn+p + v2)2

+
2v1Tn+p

(ξn+p + v2)2 +
2Tn+p

(ξn+p + v2)2(ζ + 1)

}
+

{
2

(ζ + 1)(ζ + 2)(ξn+p + v2)2

+
2(v1 + 1)

(ζ + 1)(ξn+p + v2)2 +
v2

1 + 2(v1 + 1)
(ξn+p + v2)2

}
,

SKv1,v2
n+p,a((t − y)3; y) = y3

{
− 1 +

3Tn+p

ξn+p + v2
−

3T2
n+p

(ξn+p + v2)2 +
3T3

n+p

(ξn+p + v2)3

}
+ y2

{
3

(ζ + 1)(ξn+p + v2)
+

3
ξn+p + v2

+
3v1

(ξn+p + v2)
−

6Tn+p

(ζ + 1)(ξn+p + v2)2
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−
3Tn+p

(
3 + 1

a−1
)

(ξn+p + v2)2 +
3T2

n+p

(ξn+p + v2)3)(ζ + 1)
+

3T2
n+p
(
6 + 3

a−1 + 3v1
)

(ξn+p + v2)3)

−
6v1Tn+p

(ξn+p + v2)2

}
+ y
{

−6
(ζ + 1)(ζ + 2)(ξn+p + v2)3 +

3Tn+p
(
3 + 1

a−1
)

(ζ + 1)(ξn+p + v2)3

+
6v1Tn+p

(ζ + 1)(ξn+p + v2)3 +
Tn+p

(
10 + 6

a−1 + 2
(a−1)2

)
+ 3v2

1Tn+p

(ξn+p + v2)3

+
3v1Tn+p(3 + 1

a−1 )

(ξn+p + v2)3

}
+

6
(ζ + 1)(ζ + 2)(ζ + 3)(ξn+p + v2)3

+

{
6 + 6v1

(ζ + 1)(ζ + 2)(ξn+p + v2)3 +
3(2 + 2v1 + v2

1)

(ζ + 1)(ξn+p + v2)3

+
5 + 6v1 + 3v2

1 + v3
1

(ζ + 1)(ξn+p + v2)4

}
,

SKv1,v2
n+p,a((t − y)4; y) = y4

{
1 +

4Tn+p

(ξn+p + v2)
+

6T2
n+p

(ξn+p + v2)2 −
4T3

n+p

(ξn+p + v2)3

+
T4

n+p

(ξn+p + v2)3

}
+ y3

{
−4

(ζ + 1)(ξn+p + v2)2 +
12Tn+p

(ζ + 1)(ξn+p + v2)2 +
6Tn+p

(
3 + 1

a−1
)

(ξn+p + v2)2

+
−4T2

n+p
(
6 + 3

a−1
)

(ξn+p + v2)3 +
12Tn+p

(ξn+p + v2)2(ζ + 1)
− 4v1

ξn+p + v2
+

12v1Tn+p

(ξn+p + v2)2 − 4
ξn+p + v2

−
12v1T

2
n+p

(ξn+p + v2)3 +
4T3

n+p

(ξn+p + v2)4(ζ + 1)
+

T3
n+p
(
10 + 6

a−1
)

(ξn+p + v2)4 +
4v1T

3
n+p

(ξn+p + v2)4

}
+ y2

{
12

(ζ + 1)(ζ + 2)(ξn+p + v2)2 +
12 + 12v1

(ζ + 1)(ξn+p + v2)2 +
12 + 12v1

(ξn+p + v2)2

+
6v2

1
(ξn+p + v2)2 −

24Tn+p

(ξn+p + v2)3(ζ + 1)(ζ + 2)
+

12T2
n+p

(ξn+p + v2)4(ζ + 1)(ζ + 2)

+
−12

(
3 + 1

a−1
)
− 24Tn+p

(ξn+p + v2)3(ζ + 1)
+

−4Tn+p
(
10 + 6

a−1 + 2
(a−1)2

)
(ξn+p + v2)3 −

12v2
1Tn+p

(ξn+p + v2)3

−
12v1Tn+p

(
3 + 1

a−1
)

(ξn+p + v2)3 −
12
(
3 + 1

a−1
)
− 24Tn+p

(ξn+p + v2)3(ζ + 1)
+

12T2
n+p

(ξn+p + v2)4(ζ + 1)(ζ + 2)

+
4T2

n+p
(
6 + 3

a−1 + 3v1
)

(ξn+p + v2)4(ζ + 1)
+

T2
n+p
(
32 + 30

a−1 + 11
(a−1)2 + 24v1 +

12v1
a−1
)
+ 6v2

1

(ξn+p + v2)4

+ y
{

−24
(ζ + 1)(ζ + 2)(ζ + 1)(ξn+p + v2)3 +

24 + 24v1

(ζ + 1)(ζ + 2)(ξn+p + v2)3

−
20 + 24v12v2

1 + 4v3
1

(ξn+p + v2)3 −
24 + 24v1 + 12v2

1
(ξn+p + v2)3(ζ + 1)

+
12Tn+p

(
3 + 1

a−1
)

(ξn+p + v2)4(ζ + 1)(ζ + 2)

+
24Tn+p

(ξn+p + v2)4(ζ + 1)(ζ + 2)(ζ + 3)
−

24v1Tn+p

(ξn+p + v2)3(ζ + 1)

+

4Tn+p

(
10 + 6

a−1 + 2
(a−1)2 + 9v1 +

9v1
a−1 + 3v2

1

)
(ξn+p + v2)4(ζ + 1)

+

Tn+p

(
32

a−1 + 20
(a−1)2

)
(ξn+p + v2)4

+

Tn+p

(
37 + 6

(a−1)3 + 4v1(10 + 6
a−1 + 2

(a−1)2 + 6v2
1
(
3 + 1

a−1
)
+ 4v3

1

)
(ξn+p + v2)4
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+
24

(ξn+p + v2)4(ζ + 1)(ζ + 2)(ζ + 3)(ζ + 4)
+

24 + 24v1 + 12v2
1

(ξn+p + v2)4(ζ + 1)(ζ + 2)

24 + 24v1

(ξn+p + v2)4(ζ + 1)(ζ + 2)(ζ + 3)
+

20 + 24v1 + 12v2
1 + 4v3

1
(ξn+p + v2)4(ζ + 1)

+
15 + 20v1 + 12v2

1 + 4v3
1 + v4

1
(ξn+p + v2)4

}
.

Proof. In light of Lemma 2 and the property of linearity, we have

SKv1,v2
n+p,a((t − y)1; y) = SKv1,v2

n+p,a(t; y)− ySKv1,v2
n+p,a(1; y),

SKv1,v2
n+p,a((t − y)2; y) = SKv1,v2

n+p,a(t
2; y)− 2ySKv1,v2

n+p,a(t; y) + y2SKv1,v2
n+p,a(1; y),

SKv1,v2
n+p,a((t − y)3; y) = SKv1,v2

n+p,a(t
3; y)− 3ySKv1,v2

n+p,a(t
2; y) + 3y2SKv1,v2

n+p,a(t; y)

−y3SKv1,v2
n+p,a(1; y),

SKv1,v2
n+p,a((t − y)4; y) = SKv1,v2

n+p,a(t
4; y)− 4ySKv1,v2

n+p,a(t
3; w)

+6y2SKv1,v2
n+p,a(t

2; y)− 4y3SKv1,v2
n+p,a(t; y)

+y4SKv1,v2
n+p,a(1; y),

which completes the desired proof.

3. Convergence Analysis of SKv1,v2
n+p,a

Theorem 3. Suppose that f ∈ C[0, ∞) = ς (say). Then,

lim
n→∞

SKv1,v2
n+p,a( f ; y) = f (y),

uniformly on [0, ∞).

Proof. The proof is obvious from Lemma 2 that limn→∞ SKv1,v2
n+p,a(ej; y) = yj, for j = 0, 1, 2.

Hence, by the Bohman and Korovkin theorem [34], we achieve our required result, i.e.,

lim
n→∞

SKv1,v2
n+p,a( f ; y) = f (y).

Now, we investigate some rates of approximation via the modulus of smoothness
associated with the step weight function γ. Before proceeding further, we require the
following terminology from [23,35]. By moduli of smoothness of order r,

ω
γ
r (g; δ) ≡ sup

0<h≤δ

∥∆r
hγ(y)g∥ζ

whereas δ > 0, γ(y) =
√

y(1 + y) is the step weight function on [0, ∞), and

∆r
hγ(y)g(y) =

r

∑
i=0

(−1)i
(

r
i

)
f
(

y +
( r

2
− i
)

hγ(y)
)

.

Furthermore, Peetre’s K-functional on ζ, associated with the step weight function γ, is
defined as in [36]:

Kr,γ(g; δr) = inf
g∗∈ζ

{
∥g − g∗∥ζ + δr∥γ2(g∗)′′∥ζ

}
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where g∗ is differentiable r − 1 times and absolutely continuous in every finite interval
[a, b] ⊂ [0, ∞).

Theorem 4 ([36], Theorem 2.1.1). For any g ∈ C[0, ∞), there exists some positive constant M
and t0, such that

M−1ω
γ
r (g; δ) ≤ Kr,γ(g; δr) ≤ Mω

γ
r (g; δ).

Theorem 5. Suppose that γ is any step weight function and l ∈ ς. Then, we have the following
estimation for SKv1,v2

n+p,a:

∣∣SKv1,v2
n+p,a(l; y)− l(y)

∣∣ ≤ Mwγ
r

(
l;

√
ϕr+1(y)r+1 + ψr+1(y)

4γr+1(y)
+ w

(
l;

ϕr(y)
γr+1(y)

))
.

Proof. Let us consider the auxiliary operator

Ξ(l; y) = l(y) + SKv1,v2
n+p,a(l(t); y)− l(SKv1,v2

n+p,a(t − y)r; y) + y)
1
r , (7)

where l ∈ Cr+1(R+), and if l(t) is any polynomial, then r = Degree of l(t). Obviously,

Ξ(1; y) = 1, Ξ(t; y) = y, Ξ((t − y); y) = 0, · · · , Ξ((t − y)r; y) = 0.

Suppose that y ∈ R+
0 and l ∈ Cr + 1(R+

0 ). Then, applying Taylor’s series expansion for l,
up to the (r + 1)th term, we obtain

l(t) = l(y) + (t − y)
l′(y)

1!
+ (t − y)2 l′′(y)

2!
+ · · ·+ (t − y)r lr(y)

r!
+
∫ t

y

(t − z)r

r!
lr+1(z)dz.

Now, applying the operator SKv1,v2
n+p,a on both sides,

Ξ(t; y) = l(y) + Ξ
(∫ t

y

(t − z)r

r!
lr+1(z)dz; y

)
. (8)

Moreover,

Ξ(h; y) = h(y) + SKv1,v2
n+p,a

( ∫ t

y

(t − z)r

r!
lr+1(z)dz; y

)
−
( ∫ Φr(y)+y

y

(Φr(y) + y)− z)r

r!
lr+1(z)dz; y

)
.

This implies

∣∣Ξ(h; y) − h(y)
∣∣ ≤ SKv1,v2

n+p,a

(∫ t

y

(t − z)r

r!
hr+1(z)dz; y

)
−
(∫ Φr(y)+y

y

(Φr(y) + y)− z)r

r!
lr+1(z)dz; y

)
≤ ∥γr+1hr+1∥ωSKv1,v2

n+p,a

(∫ t

y

(t − z)r

γr+1(y)r!
hr+1(z)dz; y

)
+∥γr+1hr+1∥ω

(∫ Φr(y)+y

y

(Φr(y) + y)− z)r

r!
lr+1(z)

dz
γr+1(y)

; y
)

≤ γr+1(y)∥γr+1hr+1∥ω
(

SKv1,v2
n+p,a(t − y)r+1; y

)
+ ∥γr+1hr+1∥ω(Φr(y))r+1.
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Moreover, Ξ(l; y) ≤ 3∥l∥. Now,∣∣Ξ(l; y)− l(y)
∣∣ ≤ |Ξ(l; y)− l(y) + l(Φr(y) + y)− l(y)|
≤ Ξ(l − h; y) + |Ξ(h; y)− h(y)|+ |h(y)− l(y)|

+|l(Φr(y) + y)− l(y)|
≤ 4∥l − h∥+ ∥γ−(r+1)(y)∥ω

(
Φr+1(y) + ψr+1(y)

)
≤ 4Kr+1,γ

(
l;

Φr+1(y) + ψr+1(y)
4γr+1(y)

)
There exists some constant M > 0, such that

∣∣Ξ(l; y)− l(y)
∣∣ ≤ Mωr+1

γ

(
l;

Φr+1(y) + ψr+1(y)
4γr+1(y)

)
.

Again, from the modulus of smoothness of first order, we get

∣∣(Φr(y) + y)− l(y)
∣∣ = |l(Φr(y) + y)− l(y)| ≤ ω

(
l;

Φr(y)
γr+1(y)

)
.

Upon combining all the above inequalities, we get∣∣SKv1,v2
n+p,a(l; y)− l(y)

∣∣ ≤ |Ξ(l; y)− l(y)|+ |l(Φr(y) + y)− l(y)|
≤ Ξ(l − h; y) + |Ξ(h; y)− h(y)|+ |h(y)− l(y)|

+|l(Φr(y) + y)− l(y)|

≤ Mwγ
r

(
l;

√
ϕr+1(y)r+1 + ψr+1(y)

4γr+1(y)
+ w

(
l;

ϕr(y)
γr+1(y)

))
.

Now, some local direct approximations are estimated with the help of the Lipschitz-
type maximal function. Let us recall a few basic definitions from [23,37]:

LipM(κ) =
{

f ∈ C[0, ∞) : | f (t)− f (y)|≤ M
|t−y|κ

(α1y2 + α2y + t)
κ
2

,
}

for all t, y ∈ [0, ∞), α1, α2 > 0, M > 0, and κ ∈ (0, 1].

Theorem 6. Let f ∈ LipM(κ). Then, for every τ ∈ (0, 1] , we have the following inequality:

|SKv1,v2
n+p,a( f ; y)− f (y)| ≤ M 6

√
[ϕn,a(y)]τ

[α1y2 + α2y]3τ
.

where M > 0, α1, α2 ∈ (0, ∞), 0 < τ ≤ 1, and ϕn,a(y) = SKv1,v2
n+p,a(|t − y|6; y).

Proof. Without loss of generality, we obtain

|SKv1,v2
n+p,a( f ; y)| ≤ |SKv1,v2

n+p,a
(

f (t)− f (y)
)
; y)|+ | f (y)||SKv1,v2

n+p,a(1; y)− 1|
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Again, from the Lipschitz maximal function, we get

|SKv1,v2
n+p,a( f ; y)− f (y)| ≤ SKv1,v2

n+p,a

(
M|t−y|τ

(α1y2 + α2y + t)
τ
2

; y
)

≤ MSKv1,v2
n+p,a

(
|t−y|τ

(α1y2 + α2y)
τ
2

; y
)

.

Applying Hölder’s inequality in the above inequality,

|SKv1,v2
n+p,a( f ; y)− f (y)| ≤ MSKv1,v2

n+p,a

(
|t−y|6

(α1y2 + α2y)3 ; y
) τ

6
(

SKv1,v2
n+p,a(1; y)

) 6−τ
6

≤ M
(
α1y2 + α2y

)− τ
2

{
SKv1,v2

n+p,a(|t − y|6; y)
} τ

6

≤ M 6

√
[ϕn,a(y)]τ

[α1y2 + α2y]3τ

where ϕn,a(y) = SKv1,v2
n+p,a(|t − y|6; y).

4. Voronovskaya- and Grüss–Vororonovskaya-Type Estimates
In this section, we present certain remarks and theorems for the newly positive linear

operator SKv1,v2
n+p,a

Theorem 7. We deduce

lim
n→∞

n
(

SKv1,v2
n+p,a( f ; y)− f (y)

)
≤ lim

n→∞
n
{

SKv1,v2
n+p,a((η − y); y)h′(y)

+ SKv1,v2
n+p,a((η − y)2; y)

h′′(y)
2

+ · · ·+
SKv1,v2

n+p,a((η − y)r; y)

r!
f r(y)

}
.

Proof. Suppose that h ∈ ς. Then, from Taylor’s series expansion up to the r-th term, we
achieve the following:

h(η) = h(y) + (η − y)h′(y) + (η − y)2 h′′(y)
2!

+ · · ·+ (η − y)r hr(y)
r!

+(η − y)rℑ(η, y), (9)

where ℑ(η, y) → 0, as η → y. Applying the operator SKv1,v2
n+p,a, we have

SKv1,v2
n+p,a(h(η); y) = h(y) + SKv1,v2

n+p,a((η − y)h′(y); y) + SKv1,v2
n+p,a((η − y)2; y)

h′′(y)
2!

+ · · ·+ SKv1,v2
n+p,a((η − y)r; y)

hr(y)
r!

+ SKv1,v2
n+p,a((η − y)rℑ(η, y); y).

Again, from the Cauchy–Schwartz inequality, we have

SKv1,v2
n+p,a((η − y)rℑ(η, y); y) ≤

√
SKv1,v2

n+p,a(ℑ(η, y)2; y)×
√

SKv1,v2
n+p,a((η − y)2r; y).

It is pertinent to note here that

lim
n→∞

(SKv1,v2
n+p,a(ℑ(η, y)2; y)) = 0.
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This implies that
lim

n→∞
nSKv1,v2

n,a ((η − y)rℑ(η, y); y) = 0.

Therefore, we estimate the following result:

lim
n→∞

n
{

SKv1,v2
n+p,a(h; y)− h(y)

}
=

{
SKv1,v2

n+p,a((η − y); y)h′(y)

+ SKv1,v2
n+p,a((η − y)2; y)

h′′(y)
2

+ · · ·+
SKv1,v2

n+p,a((η − y)r; y)

r!
f r(y)

}
.

Remark 2. It can be easily observed that

SKv1,v2
n+p,a((t − y)2; y) ≥ 1

(ξn+p + v2)2
(v1 + 3)(v1 + 2)

3
.

Remark 3. Now, we have the immediate result that

SKv1,v2
n+p,a((t − y)3; y) ≤ nP1(v1, v2, a) +P2(v1, v2, a)

(ξn+p + v2)3 ;

where

P1(v1, v2, a) =
a2(−3v2 + 15v1 + 3v2

1 + 19) + a(3v2 − 27v1 − 6v2
1 − 29)

(a − 1)2

and

P2(v1, v2, a) =
3v2

1 + 2v1 + 12
(a − 1)2 .

Also,

SKv1,v2
n+p,a((t − y)4; y) <

nt1 + nt2(v1, v2, a) + t3(v1, v2)

(n + v2)2 ,

where t1, t2, and t3 are the constants depending upon v1, v2, and a.

For simplicity, we take Tn+p = ξn = n and restrict our domain from [0, ∞) to [0, 1], in
further sections.

Theorem 8. Let us assume that f ∈ C[0, 1], and f ′, f ′′ exist in [0, 1]. Then, we establish the
following estimation:∣∣∣∣n(SKv1,v2

n+p,a( f ; y) − f (y)
)
− SKv1,v2

n+p,a(z − y; y) f ′(y)

− 1
2

SKv2,v2
n+p,a((z − y)2; y) f ′′(y)

∣∣∣∣
≤ K∗

{
w1
(

f ′,
1√

n + 1

)
+ w2

(
f ′′,

1√
n + 1

)}
+ K1

{
∥ f ′∥∞ + ∥ f ′′∥∞

}
.
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Proof. From Gonska and Rasa [38],∣∣∣∣Ln( f ; y)− f (y) − 1
2

Ln((e1 − y)2; y) f ′′(y)− Ln((e1 − y); y) f ′(y)
∣∣∣∣

≤ Ln((e1 − y)2; y)×
{

Ln((e1 − y)3; y)
Ln((e1 − y)2; y)

5
6h

w1( f ′, h)
}

+

(
3
4
+

Ln((e1 − y)4; y)
Ln((e1 − y)2; y)

1
16h2

)
w2( f ′′, h)

}
,

where Ln : C[0, 1] → C[0, 1], and 0 < h ≤ 1
2 .

From Remark 4.3, it can be observed that∣∣∣∣∣SKv1,v2
n+p,a((z − y)3; y)

SKv1,v2
n+p,a((z − y)2; y)

∣∣∣∣∣ ≤ nρ∗1 + ρ∗2
n + v2

= O(1)

and ∣∣∣∣∣SKv1,v2
n+p,a((z − y)4; y)

SKv1,v2
n+p,a((z − y)2; y)

∣∣∣∣∣ ≤ n2t∗1 + nt∗2 + t∗3
n + v2

= O(1).

Suppose that we restrict the domain of SKv1,v2
n+p,a to C[0, 1] and let ξn+p = Tn+p = n. Now,

applying the operator SKv1,v2
n+p,a,∣∣∣∣SKv1,v2

n+p,a( f ; y) − f (y)− SKv1,v2
n+p,a((z − y); y) f ′(y)

− 1
2

SKv1,v2
n+p,a((z − y)2; y) f ′′(y)

∣∣∣∣
≤ SKu1,u2

n+p,a((z − y)2; y)

×
{

5
6h

O(1)w1( f ′, h) +
(

3
4
+O(1)

1
16h2

)
w2( f ′′, h)

}
.

Now, putting in h = 1√
n and multiplying n on both sides, we get

∣∣∣∣n(SKv1,v2
n+p,a( f ; y) − f (y))− SKv1,v2

n+p,a(z − y; y) f ′(y)

− 1
2

SKv1,v2
n+p,a((z − y)2; y) f ′′(y)

∣∣∣∣
≤ a

a − 1

(
5
6
O(n−1)w1

(
f ′,

1√
n

)
+

(
3
4
+

O(1)
16

)
w2

(
f ′′,

1√
n

))
≤ K∗

{
w1

(
f ′,

1√
n

)
+ w2

(
f ′′,

1√
n

)}
.

Furthermore, ∣∣∣∣n(SKv1,v2
n+p,a( f ; y) − f (y))− SKv1,v2

n+p,a(z − y; y) f ′(y)

− 1
2

SKv1,v2
n+p,a((z − y)2; y) f ′′(y)

∣∣∣∣
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≤ K∗
{

w1

(
f ′,

1√
n

)
+ w2

(
f ′′,

1√
n

)}
+

(
1

ζ + 1
+ v1 + 1 − v2

)
y f ′(y)

≤ K∗
{

w1

(
f ′,

1√
n + 1

)
+ w2

(
f ′′,

1√
n + 1

)}
+ K1

{
∥ f ′∥∞ + ∥ f ′′∥∞

}

Theorem 9. Suppose that f ∈ C[0, 1] and f ′ exist in [0, 1]. Then, we have∣∣∣∣SKv1,v2
n+p,a( f g; y)− SKv1,v2

n+p,a( f ; y).SKv1,v2
n+p,a(g; y)− y(1 − y)

n
f ′(y)g′(y)

∣∣∣∣
≤ K

n
max

{
∥u′∥∞, ∥u4∥∞

}
× max

{
∥v′∥∞, ∥v4∥∞

}
.

Proof. Let

Ln( f , g; y) = SKv1,v2
n+p,a( f g; y)− SKv1,v2

n+p,a( f ; y)SKv1,v2
n+p,a(g; y)− y(1 − y)

n
f ′(y)g′(y).

Without loss of generality, we can have the following:

Ln( f ; g; y) = |Ln( f − u + u, g − v + v; y)|
≤ Ln( f − u, g − v; y) + Ln(u, g − v; y)

+Ln( f − u, v; y) + |Ln(u, v; y)|. (10)

where u, v ∈ C4[0, 1].
Now, we need to evaluate SKv1,v2

n+p,a( f g; y)− SKv1,v2
n+p,a( f ; y)SKv1,v2

n+p,a(g; y).
In order to do this, we consider the Taylor series expansion of functions f , g and f g.

Then, we get the following

SKv1,v2
n+p,a( f g; y) − SKv1,v2

n+p,a( f ; y)SKv1,v2
n+p,a(g; y)

=

[
SKv1,v2

n+p,a((z − y)2; y).
{

SKv1,v2
n+p,a((z − y); y)

}2
]

− 1
2

SKv1,v2
n+p,a((z − y); y)SKv1,v2

n+p,a((z − y)2; y)( f ′g′)(y)

+
{

SKv1,v2
n+p,a((z − y)2; y)2}2 f ′′(y)g′′(y)

4
,

nSKv1,v2
n,a ( f g; y)− SKv1,v2

n+p,a( f ; y)SKv1,v2
n+p,a(g; y) ≤ a

a − 1
y f ′(y)g′(y)

≤ a
a − 1

y∥ f ′∥∥g′∥.

Furthermore,

|nLn( f g; y)| ≤ y
(
y − 1

a − 1
)
∥ f ′∥∞∥g′∥∞.

But it can be observed that, for f ∈ Cn[a, b] and n ∈ N,

max
0≤k≤n

{
∥ f k∥

}
≤ C max

{
∥ f ∥∞, · · · , ∥ f n∥∞

}
.
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Now,

Ln(u, v; y) =

∣∣∣∣SKv1,v2
n+p,a(uv; y)− uv(y)− y(1 − y)

2n
(uv)′′

∣∣∣∣
+ u(y)

∣∣∣∣SKu1,u2
n+p,a(v; y)− v(y)− y(1 − y)

2n
v′′(y)

∣∣∣∣
+ v(y)

∣∣∣∣SKu1,u2
n+p,a(u; y)− u(y)

y(1 − y)
2n

u′′
∣∣∣∣

+

∣∣∣∣v(y)− SKv1,v2
n+p,a(v; y)

∣∣∣∣∣∣∣∣SKu1,u2
n+p,a(u; y) + u(y)

∣∣∣∣
≤ K

n
max

{
||u′||∞, ||u4||∞

}
. max

{
||v′||∞, ||v4||∞

}
.

Now, from Equation (10),

|Ln( f g; y)| ≤ K∗

n
{||( f − u)′||g − v′)||+ ||( f − u)′||||v′||+ ||u′||(||g + v′)||

+
1
n
× max

{
||u′||∞, ||u4||∞

}
. max

{
||v′||∞, ||v4||∞

}
.

After applying Lemma 3.1. of [39], we get

≤
{

w3( f ′; h)w3(g′; h) +
1
h

w3( f ; h)w3(g′; h) +
1
h

w3( f ′; h)w3(g; h)

+
1
h

max
{
|| f ||, 1

h3 w3( f ′; h)
}

. max
{
||g||, 1

h3 w3(g′; h)
}}

.

This completes the proof.

5. Numerical Validation
We demonstrate the graphical analysis as in Figure 1, of the newly defined operator

with a suitable example by taking

f (t) = t2 + t, Tn+p = ξn+p = n = {10, 20, 40, 80, 160}
a = 10, v1 = 2, v2 = 4, ζ = 0.4

0 0.2 0.4 0.6 0.8 1

0

0.5

1

1.5

2

2.5

y

SK
v 1

,v
2

n,
a

(
f;

y)
an

d
f(

y)

f (y) = y2 + y
n = 10
n = 25
n = 50
n = 75
n = 100

Figure 1. Convergence analysis of operator SKv1,v2
n+p,a( f ; y).
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As the value of n increases, the modified Szász–Charlier operator SKv1,v2
n,a ( f ; y) pro-

vides an increasingly accurate approximation of f (y) = y2 + y across the interval y ∈ [0, 1].

6. Conclusions
In this work, we have introduced a new generalization of a fractional integral-type

Szász–Kantorovich–Stancu operator connecting via Charlier polynomials. Several funda-
mental properties of the operators have been studied, including estimates for test functions
and central moments. We have examined their convergence behavior and derived results
for the rate of approximation. Furthermore, the order of approximation has been ana-
lyzed using the higher-order modulus of smoothness, supported by moment calculations.
Convergence results concerning Peetre’s K-functional, Lipschitz-type functions have also
been established. Finally, we derived results related to Korovkin’s theorem, Voronovskaya-
type approximation, and Grüss–Voronovskaya-type theorems, thereby demonstrating the
effectiveness and applicability of the proposed operators.
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