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Abstract

Network reliability refers to a probabilistic measure of a network system’s ability to main-
tain its intended service functionality within a specified time interval and under given
operating conditions. Let Q)(n,m) be the set of all simple two-terminal networks on n
vertices and m edges. If each edge operates independently with the same fixed probability
p € [0,1], then the two-terminal reliability, denoted by R;(G, P)), is the probability that
there exists a path between two target vertices s and t. For a given number of vertices n and
edges m, there are some graphs within ()(n, m) that have higher reliability than others, and
these are known as extremely optimal graphs. In this work, we determine the sets of ex-

tremely optimal graphs in two classes of two-terminal network with sizes m = M -2

n(n—1))
2

one class of graphs obtained by deleting some edges among non-target vertices in the

and m = — 3, consisting of 2 and 5 networks, respectively. Moreover, we identify

complete two-terminal graph, and we count the number of graphs of this class with size
@ 52 <m< M — 1 by applying the Pélya counting principle.

Keywords: two-terminal network; two-terminal reliability; extremely optimal graph;
reliability polynomial

MSC: 05C82

1. Introduction

Network reliability refers to the probability that a network system maintains connectiv-
ity between specified nodes under given conditions, typically modeled using probabilistic
graph theory that accounts for random failures of edges or nodes [1]. Primary evaluation
approaches include exact analytical methods based on minimal path/cut sets, Monte Carlo
simulation for large-scale networks, and graph-theoretical methods that identify optimal
network configurations through extremal theory. This research provides a theoretical foun-
dation for fault-tolerant network design and has significant application value in fields such
as communication networks and distributed systems.

In the study of an optimal network based on extremal theory, the exploration of
extremely optimal graphs holds significant theoretical value and application prospects.
These graph structures can achieve the theoretical limits of network reliability under given
constraints, providing benchmark references for the performance upper bounds in network
design. Currently, research in this field remains in its infancy, having extremely limited ex-
isting results. The available literature focuses primarily on all-terminal reliability scenarios,
which investigate the properties of extremal graphs that ensure connectivity among all the
nodes in a network. However, there is a notable lack of systematic research on two-terminal
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reliability scenarios, which is a more practically valuable context in engineering applica-
tions. By advancing the study of extremely optimal graphs in two-terminal networks, this
research will propel the expansion of network reliability theory from all-connected scenar-
ios to more targeted point-to-point connectivity scenarios, carrying substantial academic
innovation value and engineering application significance.

Let G = (V(G),E(G)) be a two-terminal graph, where V(G) is the vertex set and
E(G) is the edge set. An st-path set in the two terminal graph G is a set of edges in E(G)
that contains a path from the vertices s to t. In this work, we are only concerned with
simple graphs. In fact, determining exact values for the size of an st-path set is a difficult
problem [2,3].

The above model—a two-terminal graph—can be applied to observe the two-terminal
reliability of a network. If each edge of such a graph operates independently with the
same fixed probability p € [0,1], the two-terminal reliability, denoted by Ry(G, P)), is
the probability that there exists a path between the target vertices. Much of the work
in this field focuses on identifying bounds on the coefficients of two-terminal reliability
polynomials [4-6]. A two-terminal graph G € Q)(n, m) is said to be uniformly most reliable
or uniformly optimal in Q(n,m), if Ro(G,p) > Ry(H,p) for all p € [0,1] and all H in
Q(n, m). However, a uniformly optimal graph does not always exist [7]. The problem of
graph reliability is then considered from another perspective [8] by asking whether we can
find an extremely optimal graph set in which the reliability of any other graph is less than
that of each graph in this set for all p € [0,1]. We must consider the existence of a uniformly
optimal graph and the determination of an extremely optimal graph set. If such a graph
exists, then it is clearly the only graph contained in the corresponding extremely optimal
graph set. Much similar research has been performed [9-13].

For all-terminal graphs, Zhao [8] proved that when n > 8 was even, the cardinal-

1’1(1’1;1)) o nTJ,-Z) and

ities of the extremely optimal graph set for the graph family Q(n,
Q(n, @ — ”—J2r4) were 2 and 6, respectively, and when n > 8 was odd, the cardinality
of the extremely optimal graph set for the graph family Q(n, M - ’%3) was 4. In the
case of two-terminal graphs, their extremely optimal graphs are different from those of
all-terminal graphs. Two-terminal graphs have been used in real-world applications such
as transportation networks [14-17], but there are few results on this topic.

In [18], the authors determined the uniformly optimal graph of the two-terminal
network Q(n, M —1) and proved that, when @ - L”T_ZJ <m< @ — 4, there
was no uniformly optimal graph in the corresponding network. In this work, we expand
the study to extremely optimal graphs with the same conditions as above. In other words,
utilizing the related theory of two-terminal graphs, extremely optimal graph sets are found
for the cases of m = M —2andm = M — 3. Moreover, we determine a type of
graph obtained by deleting some edges among non-target vertices in the complete two-
terminal graph, and we apply the Pélya counting principle to count the number of graphs
in this class with size @ —12<m< @ —1.

This study of extremely optimal networks provides novel theoretical perspectives
and optimization pathways for the analysis of network reliability. These graph structures
exhibit optimal reliability characteristics under specific constraints, enabling researchers
to circumvent the challenge of seeking “universally optimal solutions”. By analyzing the
topological properties of extremely optimal graphs, we can not only uncover the intrinsic
principles of highly reliable networks but also develop actionable optimization frameworks
for practical network design. Through rigorous mathematical proofs and extensive nu-
merical experiments, this research systematically establishes the evaluation criteria and
construction methods for extremely optimal graphs. The findings have significant guiding
value for engineering practices such as survivability design in communication networks
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and redundancy configuration in power systems, particularly to improve the resilience of
critical infrastructure against random failures and targeted attacks.

2. Existence of the Extremely Optimal Network

For any simple graph G with n vertices and m edges, the two-terminal reliability
polynomial can be defined as

Ry(G,p) = Y Nip'(1—p)"™' (1)
i=1

where N; is the number of st-path sets with size i in G for each i € {1,2,---,m}, and
p € [0,1] is the probability that its edges operate independently.

Definition 1 ([8]). Let n and m be positive integers. If there are graphs Gy, Gy, -+, Gy, such
that R(G;,p) > R(G,p), foreach 1 < i < aand all G in Q(n,m), then G1,Gy, - -+ , Gy, is an
extremely optimal graph set of Q(n, m).

For simplicity, if the graphs G, H € Q(n, m) satisfy R(G, p) > R(H, p), then denote
this by G >~ H.

Definition 2 ([18]). Let n > 4and m = @ — 1 be positive integers.

1  Define X, as the two-terminal graph on n vertices and m edges with vertex set
V(Xn) ={s =x1,%x,- - ,xy = t}, and edge set E(X,) = {x;xj: 1 <i <j<n}\{st};

2 Define Y, as the two-terminal graph on n vertices and m edges with vertex set
V(Ya) ={s =vyi 2, ,yn =t} and edge set E(Y,) = {yiy; : 1 < i <j<n}\{sy2};

3 Define Z, as the two-terminal graph on n vertices and m edges with vertex set
V(Zn) = {s = 21,22, -~ ,2n = t}, and edge set E(Z,) = {z;zj: 1 <i < j < n}\{zz3}.

The above three graphs are shown in Figure 1, where the red edges represent the
deleted edges, and the blue edges represent the independently operable edges, and the
Figures 2, 3, A1 and A2 in the following text represent the same meaning. Furthermore,
the pseudo-code for the algorithm of network two-terminal reliability is provided in
Appendix A.

@) X (b) Y, (©) Zn

Figure 1. Graphs X;;, Yy, and Z,.

As previously noted, when removing two or three edges from a complete graph, there
is no uniformly optimal graph in the graph family Q(n, m) [5]. Based on the above case, the
existence of the extremely optimal graphs and the determination of the minimal extremely
optimal graph set will be considered as follows.

Theorem 1 ([18]). Let n > 8and2 <r < LMJ be positive integers. If m = M -7,
then there is no uniformly most reliable two-terminal graph in Q(n, m).
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To determine the existence of an extremely optimal graph in a graph family Q(n, m) is
mainly to analyze the reliability of graphs globally on the interval [0, 1]. The reliability of
each graph in the extremely optimal graph set is greater than that of any other graph in
the same graph family. Later, we analyze the extremely optimal graph sets of two graph
families with m = @ —2and m = @ -3.

Now, we classify all graphs into Q(n, m) according to three types:

1. Inan Xj-type graph, the edge st and the other r — 1 edges are deleted;

2. In a Yj-type graph, the r edges between the target vertex and non-target vertices
are deleted;

3. Ina Z,-type graph, the r edges between the non-target vertices are deleted.

Theorem 2. Let n > 6 be a positive integer and m = M — 2. Then there are two extremely
optimal graphs in Q(n, m).

Proof of Theorem 2. We can construct all the non-isomorphic subgraphs obtained by re-
moving two edges from an n-order complete two-terminal graph, as shown in Figure 2.
Based on the above classification, we have the following: Z,-type graphs contain G; and
Gy; Yy-type graphs contain Gz, G4, Gs, Gg, and Gy7; X,-type graphs contain Gg and Gg.

§=zZ)

. . -1
Figure 2. All cases of graph family Q(n, M —2).

To prove that a Z,-type graph is more reliable than any one of the X;;-type and Y-type
graphs, we show that there are more st-path sets with size k (1 < k < m) in Z,-type
graphs than in X,,-type graphs and Y;-type graphs by constructing an injection from the
st-path sets of size k in Xj,-type and Y;-type graphs to the st-path sets of size k in a Z,-type
graph. Thus, we consider the following two cases.

Case 1. A Z,-type graph is more reliable than an X,-type graph. Without loss of
generality, we prove that G; > Gg.

Let V(X,) = V(Gg), E(Xn) = E(Gs), V(Zu) = V(Gy), and E(Z,) = E(G1). Now
construct an injection ¢ from the st-path sets of size k in X, to the st-path sets of size k in
Zy. Let P be the st-path sets of size k in X;,. The following two sub-cases are considered.
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Subcase 1.1. Suppose P does not contain an edge x4x5. Then set 1 (P) = {z;zj|x;x; € P}.
Note that the image is an st-path set in Z, with the same size as P that does not contain
edge st.

Subcase 1.2. Suppose P contains edge x4x5. Then define ¢1(P) = {zizj|x;x; €
P} U {st}\{zaz5}. Note that the image is an st-path set in Z, with the same size as P
that contains edge st, which is distinct from that in subcase 1.1.

Then ¢, is an injection and there are at least as many st-path sets in Z, as in X,. Thus is
uniformly more reliable than X;, i.e., G; > Gg. Similarly, G; > G]-, i=1,2andj=8§,09.

Case 2. A Z,-type graphs is more reliable than a Y,-type graph. Without loss of
generality, we can prove that G, > Gs.

Let V(Yy,) = V(Gs3), E(Yy) = E(G3), V(Z,) = V(G;) and E(Z,) = E(G;). We con-
struct a mapping ¢, from an st-path sets of k in Y, to an st-path sets of k in Z,,. Let P be an
st-path sets of size 1 < k < m in Y},. We discuss four sub-cases.

Subcase 2.1. Suppose P\{y3ys} does not contain edge yzys. Then let ¢o(P) =
{zizjlyiy; € P}. The image is an st-path sets in Z, with the same size as P, which does not
contain edge sz3.

Subcase 2.2. Suppose P contains edge y3y4 and P\{ysya4} is still an st-path sets. Then
define 2 (P) = {z;zly;y; € P} U {sz3}\{z324}. The image is an st-path sets in Z, with the
same size as P which contains edge sz3. We can see that ¢, (P)\{sz3} is still an st-path sets.

Subcase 2.3. Suppose P contains edge y3y4 and P\{y3y4} is not an st-path sets but
it is a y3t-path-set. Then define p2(P) = {z;zj|ly;y; € P} U {sz3}\{z324}. Note that the
image is an st-path sets in Z,, with the same size as P, which contains the edge sz3. Evi-
dently, g2 (P)\{sz3} is not an st-path sets which is distinct from any one of the images in
subcase 2.2.

Subcase 2.4. Now suppose P contains edge y3ys , P\{y3ya} is not an st-path sets and it
is also not a y3t-path-set. Then define

¢2(P) = {zizj|2 <i < j < n,y;y; € Py U{zszj|sy; € P} U {sz3}\{z324}.

Note that ¢, (P) has the same size as P, which is completely disjoint from the image
described in subcase 2.3. Since the mapping ¢, defined in both of these two cases yields
disjoint st-path sets of Z,, it is an injection. Then, there are at least as many st-path sets of
size kin Z, as in Yy, and Z, is uniformly more reliable than Y. That is, G, > Gs.

Similarly, G; > G]-, i=12andj=3,456,7.

Thus, we find that graphs G; and G, are uniformly more reliable than other graphs in
Q(n, "("Tfl)) — 2), which are just the Z,-type graphs. [

In Figure 3, we plot the two-terminal reliabilities for graphs Gi, Gy, - - - Gg in the case of
n==6,m=13.

Two terminal reliability Two terminal reliability
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Edge Operational Probability p Edge Operational Probability p

Figure 3. In the figure, the one on the left shows Two-terminal reliabilities for graphs Gy, Gy, - - - Gg in
the case of n = 6, m = 13; the one on the right represents its partial enlargement of the left one.
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In Figure 3, we clearly see that the curves corresponding to G; and G, are at the top.
Furthermore, we consider the case of removing three edges from a complete two-terminal
graph, which will appear as more non-isomorphic subgraphs. However, the extremely
optimal graphs can still be found in the same way. Therefore, we obtain Theorem 3.

n(n—1))
2

Theorem 3. Let n > 8 be a positive integer and m = — 3. Then there are five extremely

optimal graphs in Q(n, m).

Proof of Theorem 3. All the non-isomorphic graphs obtained by removing three edges
from an n-order complete two-terminal graph can be constructed, as shown in Figure 4.
We have:

Zy-type graphs containing Gy, G, Gz, Gy4,Gs;

Y, -type graphs containing G¢—Go1;

Xy-type graphs containing G—Gos.

We can also construct two injections from the st-path sets of size k (1 < k < m) in
Xu-type and Y,-type graphs to st-path sets of size k in Z,-type graphs.

Case 1. A Z,-type graph is more reliable than an X;-type graph. Without loss of
generality, we prove that Gz >~ Gop.

Let V(X,) = V(G2), E(X,) = E(Gx), V(Z,) = V(G3) and E(Z,) = E(G3). We
construct an injection 07 from an st-path sets of size k in X, to the st-path sets of size k in
Zy. Let Q be the st-path sets of size k in X;;. We consider two subcases.

Subcase 1.1. Suppose Q does not contain edge x4xs. Then let 01(Q) = {z;zj|x;x; € Q}.
Note that the image is an st-path sets in Z,, with the same size as Q, which does not contain
edge st.

Subcase 1.2. Suppose Q contains edge x4x5. Then define 01(Q) = {z;zj[x;x; € Q} U
{st}\{zaz5}. The image is an st-path sets in Z,, with the same size as Q, which contains the
edge st. Thus, the image is distinct from those in subcase 1.1.

Then 6; is an injection and there are at least as many st-path sets in Z, as in X,.
Thus, Z, is uniformly more reliable than X, i.e., G3 > Gp. We can prove the following
results analogous to the proof of Theorem 2. It holds that G; > G;, i = 1,2,4,5 and
j=23,24,---,28.

Case 2. A Z,-type graph is more reliable than a Y,-type graph. In this case, without
loss of generality, we prove that G4 > G7.

Let V(Yy) = V(Gy), E(Yy) = E(G7), V(Z,) = V(Gy),and E(Z,) = E(Gy). We construct
a mapping 0, from an st-path set of k in Y}, to an st-path set of k in Z,. Let Q be the st-path
set of size 1 < k < min Y},. We discuss four sub-cases.

Subcase 2.1. Suppose Q does not contain edge y4y5. Then let 6>(Q) = {z;z|yiy; € Q}-
Note that the image is the st-path set in Z;, with the same size as Q, which does not contain
edge sz4.

Subcase 2.2. Suppose Q contains edge yay5, and Q\{yays} is still an st-path set. Then
define 6>(Q) = {zizjlyiy; € Q} U {sz4}\{z425}. The corresponding image is the st-path set
in Z,, with the same size as Q, which contains edge sz4. We can see that 6,(Q)\{sz4} is still
an st-path set.

Subcase 2.3. Suppose Q contains edge y4y5 and that P\{y4ys} is not an st-path set, but
it is a y4t-path-set. Then define 6,(Q) = {zzj|lyiy; € Q} U {sz4}\{z4z5}. Note that the
image consists of the st-path sets in Z,, with the same size as Q, which contain the edge
szq4, but 62(Q)\{sz4} is not an st-path set, which is distinct from the image in subcase 2.2.

Subcase 2.4. Now suppose Q contains edge ysys5 , and P\{ysys} is not an st-path set
and it is not a y4t-path-set. Then define

02(Q) = {zizj|2 <i < j < myy; € QY U{zszjlsy; € Q} U {sz4}\{z425}.
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Note that 6,(Q) has the same size as Q, and it is completely disjoint from the image
described in subcase 2.3.

In each of the above four subcases, 6, yields disjoint st-path sets of Z,. Then the
mapping is an injection. There are at least as many st-path sets of size kin Z,, as in Y}, and
hence Z, is uniformly more reliable than Y}, i.e., G4 > Gy. We can similarly prove that
Gi > Gj,i=1,235andj=6,89, - 21

In summary, we can find that graphs Gy, Gy, G3, Gy, and Gs are uniformly more reliable

than other graphs, constitute the minimum extremely optimal graph set in the graph family
Q(n, @ — 3), and are exactly the Z,-type graphs. [

. . -1
Figure 4. All cases of graph family Q(n, w —3).
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For better visualization, in Figure 5 we plot two-terminal reliabilities for the graphs
G1, Gy, - Gogin the case of n = 8, m = 25.

Two terminal reliability Two terminal reliability

0.925 4

0.8 -

BBARBRARE

0.900 4

0.875 1

o
o

0.850 4

°
=

0.825 1

Two terminal reliability R,
Two terminal reliability R;
[NERRERRARRERRERERR

=
[~

0.800 { — @

07759 — @
0.0

/
0.4 0.6 0.8 10 0.25 0.30 0.35 0.40 0.45 0.50
Edge Operational Probability p Edge Operational Probability p

Figure 5. The left figure shows the two-terminal reliability curve for graphs Gy, Gy, - - - Gag in the case
of n = 8, m = 25, while the right figure represents its partial enlargement.

Referring to Theorems 2 and 3, it is evident that Z,-type graphs exhibit higher uniform
reliability than the other two types of graph in ()(n, 1), as more edges are deleted. Moreover,
we can find that the number of extremely optimal graphs in their corresponding graph
classes is constant as 1 keeps increasing.

3. The Number of Extremely Optimal Networks

It is easy to see that a Z,-type graph is formed by deleting r(1 < r < |52]) edges
among non-target vertices for the complete two-terminal graph K;,, which is equivalent to
the simple graph obtained by deleting any r edges in the complete graph K,,_, with n — 2
non-target vertices.

Let N be the number of non-isomorphic subgraphs of the complete two-terminal graph
K. We can visualize the relationship between r and N in logarithmic coordinates and fit
the corresponding curves, as shown in Figure 6. Then we can see that, as the parameter
r increases, the number of non-isomorphic subgraphs N grows exponentially. This work
aims to reduce the search range for more reliable graphs. Then it is sufficient to count the
number of a specific type of graphs, i.e., Z,-type graphs. In the following, we apply the
Pélya counting principle to count the parameter N by deleting the edges of 1 < r < 12.

The number of non-isomorphic subgraphs with r deleted edges

107 4 -

106 4

105 4

104 4

103 4

102 4

the number of non-isomorphic subgraphs N

10° 10t
the number of deleted edges r

Figure 6. The relationship between r and N in logarithmic coordinates and their curve fitting.

Lemma 1. (Pélya theorem for generating function type) Let n objects be colored with m col-
ors by, by,--- by and n objects to form a permutation group G ={ay,a,--- ,ag}, where
a; = 15128235 .. ki and k; denotes the number of rotations of j order in the permutation
a;. Then the Pélya theorem for generating function type is as follows.
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8§ n ) ) N
] ] ]
1‘:21]':1 <b1 + by + +bm> ’ )

where the coefficients of by*1by*2 - - - b, " indicate the numbers of coloring schemes in which there
are k; objects with color b;, 1 <i < m.

If the edges of K, are colored by two colors by and by, then the number of different
schemes is the number of its spanning subgraphs, which is equivalent to enumeration
polynomials in the Pdlya theorem in the caseof by =r =x, bp =b =1,

Next, we calculate the number of Z,-type graphs as deleting 2 and 3 edges and take
complete two-terminal graphs of order 8 as an example. Clearly, we only need to calculate
the number of spanning subgraphs of K¢ (See Figure 7 and Table 1).

1 & 6

3 es 4
Figure 7. Ks.

Table 1. Enumeration of non-isomorphic subgraphs of Kg.

Group Sg Permutation of the Corresponding Edges Number Type
M@2)B)@)(5B)(6) e 1 1
(135)(246) (e1ese4) (e2ece3) (e7e1469) (ese13e11) (e10€12015) 40 3
(12)(36)(45) (e3eq) (eses) (e7e10) (ese11) (ege12) (e1ae15) 15 1326
(12)(3)(4)(5)(6) (ese7)(ese10) (eser2) (eoer1) 15 1724
(1234)(5)(6) (e1eseses) (e2eoe1iens) (es) (eser0e13€15) (e7e12) 90 112143
(123)(4)(5)(6) (erese7) (esese12) (ese10€13) (€9e11€14) (€15) 40 1334
(12345)(6) (e1e3es€209) (€s€6e10€13€15) (€7€12€14€8€11) 144 5
(1)(23)(456) (e1e7) (e2eqe15) (ese11€13€12€14€10) (€6€8€9) 120 11213%!
(12)(3456) (e2ese13e5) (e3eseries ) (eze1neoeip) (e14€15) 90 112143
(123456) (e1esesezeqes ) (e7e1ne1ae15€9€10) (€se11€13) 120 3l6
(13)(2)(46)(5) (e1e3)(e2eq)(eses) (ese13) (ege1a) (e10e12) 45 1%2°

Asn=6,7,8,ifby =r=x, bp =b =1, then

Ps(x) = 7;0[(x+1)15+40(x +1)° +15(x +1)3(x2 +1)6 + 15(x + 1)7 (22 + 1)*+

90(x +1) (x> +1)(x* +1)% +40(x +1)3(x® + 1)* + 144(x5 + 1)> +120(x + 1)
(2 +1) (P +1)2(x+1) +90(x + 1) (x® + 1) (x* + 1)3 +120(x% 4-1)3
(x°+1)?

=1+ x +2x% 4+ 5x3 + 9x* + 15x° 4 2140 + 247 4 24x® + 21x% 4 15x10 4 9x!!
+5x12 42413 4 x14 4 415
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Similarly, we have
Pr(x) = 1+ x 4 2x% + 523 4+ 10x* + 21x° + 41x° + 65x7 + 9728 4 13127 + 148x104-

148x! + 131x12 + 97x13 + 65x1* + 41x1° + 21x16 + 10x17 + 518 4+ 2219 4+ x204

x21’

Pg(x) = 1+ x 4+ 2x% + 5x% + 11x* + 24x° + 562° + 115x7 + 221x® + 402x” + 6632+
980x'! +1312x'% + 1557x™ + 1646x"* 4 1557x"° 4 1312x"° + 980x"7 + 663x "%+
402x1 4 221x%° 4 1152 4 56522 + 24x2 + 11x%* + 552 4 2426 + x?7 + 28,

We see that the coefficients of the terms with exponents 2 and 3 are 2 and 5, respectively,
which is consistent with Theorems 2 and 3. Table 2 gives the number of Z,-type graphs
for 1 <r < 12. Additionally, we provide pseudo-code for Pélya’s counting principle in
Appendix A (See Algorithm A2).

Table 2. The number of the Z;-type graphs for 1 <r < 12.

4 5 6 7 8 9 10 11 12

11 26 68 177 1476 4613 15,216 52,944 193,367

From the above, the determination of extremely optimal graphs is useful to find consis-
tently more reliable graphs in the same graph family. From Table 2, we see that the number
of Z,-type graphs shows exponential growth as r increases.

However, for any 7, there is a minimal subset of extremely optimal graphs, which is
included in the set of the corresponding Z,-type graphs.

4. Conclusions

The study of extremely optimal networks holds unique value for network reliability
optimization. These special network structures reveal the theoretical upper bounds of
reliability under resource constraints, providing benchmark references for practical network
design. By analyzing the topological characteristics of extremal graphs, critical vulnerability
points in networks can be identified to guide targeted reinforcement. This research avoids
the computational complexity challenges inherent in traditional reliability analysis, offering
new perspectives for evaluating reliability in large-scale network systems, with significant
application potential in data center networks and IoT scenarios, etc.

In this paper, we studied the locally most reliable graphs in two special two-terminal
graph families in which there are no uniformly optimal graphs. In particular, Z,-type
graphs are uniformly more reliable than X;,- and Y},-type graphs under the same conditions.
By classifying and comparing graphs, we proved the existence of an extremely optimal
graph set, which plays an important role in constructing the most reliable graphs. Further-
more, the Pélya counting theorem was used to enumerate the number of Z,-type graphs,
which provided quantifiable design principles and optimization pathways for building
highly robust networks. Its value extends beyond improving communication efficiency
and resource utilization.
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Appendix A. The Pseudo-Codes of Two Algorithms

Algorithm A1 An algorithm computing the reliable polynomial coefficients for two-
terminal networks

Require: The incidence matrix I of the two-terminal network
Ensure: All coefficients N; of the two-terminal reliable polynomial

1: For matrix I, any k columns are deleted to obtain matrix X. The adjacency matrix of
the generated subgraph G’ after deleting k edges is obtained by the formula A(G’) =
XXT — diag(diag(XXT)), where diag(XXT) is the degree matrix of XXT;

2: By using A(H’) to determine the connectivity between target nodes (in the form of
powers of A(H’),) until all k-tuples are traversed and the number of G’ subgraphs
generated by the connected components of G is recorded, the coefficient N,,_ can
be obtained;

3: Go through the cycle k from 1 to m — 1 and obtain all the polynomial coefficients.

Algorithm A2 Pélya’s counting principle

Require: the number of vertices n
Ensure: coefficient of x™
1: Generate different permutations cycle type for all edges;
2: For each cyclic permutation: (1) calculate the number of cyclic permutations;
(2) calculate the number of cycles ki]. on the edge set ; (3) sum the coefficient of (1 + x)ki/' ;
3: Except for normalization with n!;

4. Extract the coefficient of x™ to obtain results.

Appendix B. The Extremely Optimal Graph Sets in 3(6,13) and (8, 25)

For the graph family Q)(6,13), its extremely optimal graph set contains two graph
structures, as shown in Figure Al.

S s

t t
Gl Gz

Figure Al. The extremely optimal graph set in ()(6, 13).

The coefficient sequences of the two terminal reliable polynomials in Q(6,13) are,
respectively,

N;(Gy) = (1,16,114,458,1111, 1648, 1700, 1285,715,286,78,13,1);

N;i(Gy) = (1,16,114,460,1107, 1642, 1698, 1285,715,286,78,13,1).

For the graph family ()(8,25), its extremely optimal graph set contains two graph
structures, as shown in Figure A2.

The coefficient sequences of the two terminal reliable polynomials in ()(8,25) are,
respectively,
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N;(Gy) = (1,30,432,3923,24774,113240, 380668, 961014, 1924051, 3170672, 4389948,
5162205, 5183008, 4451268, 3267128, 2042669, 1081539, 480698, 177100, 53130,
12650, 2300, 300, 25, 1);

N;(Gp) = (1,30,432,3925,24802,113306, 380322, 959754, 1922113, 3168868, 4388828,
5161729,5182872,4451244, 3267126,2042669, 1081539, 480698, 177100, 53130,
12650, 2300, 300, 25, 1);

N;(Gs) = (1,30,432,3927,24828,113378,380024, 958684, 1920491, 3167340, 4387844,
5161289, 5182740, 4451220, 3267124,2042669, 1081539, 480698, 177100, 53130,
12650, 2300, 300, 25, 1);

N;(Gy) = (1,30,432,3929, 24858, 113480, 379652, 957050, 1917573, 3164078, 4385300,
5159861, 5182168, 4451064, 3267098,2042667, 1081539, 480698, 177100, 53130,

12650, 2300, 300, 25,1);
N;(Gs) = (1,30,432,3929,24864, 113588, 380332, 958632, 1919829, 3166376, 4387068,
5160893,5182612, 4451196, 3267122,2042669, 1081539, 480698, 177100, 53130,

12650, 2300, 300, 25,1).
S S S
t t t
Gl Gz G3
S S
t t
G, G,

Figure A2. The extremely optimal graph set in ()(8, 25).
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