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Abstract

A weighted composition operator on the space of scalar-valued smooth functions on an
open subset of a d-dimensional Euclidean space is supercyclic if and only if it is weakly
mixing, and it is strongly supercyclic if and only if it is mixing. Every such mixing operator
is chaotic. In the one-dimensional case, it is supercyclic if and only if it is mixing and if and
only if it is chaotic.

Keywords: weighted composition operators; chaotic operators; hypercyclic operators;
supercyclic operators; mixing operators

MSC: 47A16; 47B33; 47B38

1. Introduction

The study of dynamical properties of weighted composition operators on function
spaces reached several advances over the past decade (see, e.g., [1-8]). We are interested
here in the work by Przestacki [6] and by Albanese, Jordd and Mele [1] on the dynamics of
this class of operators on the space of smooth functions. Throughout this paper, K denotes
the real or complex scalar field and C®((, K) the space of K-valued smooth functions on
an open subset Q) of R?. Przestacki [6] completely determined characterizations of when a
weighted composition operator

Cuy : CP(QK) = C*(Q,K), f(-) = w(-)(foy)(-)

is hypercyclic, weakly mixing and mixing (see Section 1.1 for definitions and notation).
Here w : ) = Kand ¢ : O — () are smooth. To state his characterizations precisely, we
recall that the symbol ¢ is said to be run-away (respectively, strongly run-away) provided
for each compact subset K of () we have

Pu(K)NK =0

for some n € N (respectively, for all large n € N). Here ¢, denotes the n-fold composition
of i with itself.

Theorem 1 (Przestacki [6] (Theorem 3.5 and Theorem 3.6)). Let Q C RY be open,d € N, and
letp: Q= Qand w : QO — K be smooth. The following statements are equivalent:
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(1) The operator Cp,y is hypercyclic on C*(Q), K).
(2)  The operator C,y is weakly mixing on C* (), K).
(3)  The following conditions are satisfied:

(a) For every x € Q, we have w(x) # 0.

(b) 1 is injective.

(c) For every x € Q), we have det[’(x)] # 0.
(d) 1 has the run-away property.

Moreover, Cy,y is mixing on C*(Q, K) if and only if it satisfies conditions (a), (b) and (c) above
and ¢ has the strong run-away property.

Przestacki also showed that when d = 1 and () = R the properties of hypercyclicity,
mixing and chaos are equivalent within this class of operators, and recently Albanese
et al. [1] showed that in this case supercyclicity is also an equivalent property.

Theorem 2 (Przestacki ([6], Theorem 4.2), Albanese et al. ([1], Theorem 3.5(iii))). Cu,y is
supercyclic on C* (R, K) if and only if it is mixing, and if and only if it is chaotic.

In summary, we have with the above results full characterizations for hypercyclicity,
weak-mixing and mixing of weighted composition operators on C“(Q,K), and when
() = R we also have characterizations for supercyclicity and chaos. Motivated by this we
consider the following two problems.

Problem 1. Is there a characterization for supercyclicity of weighted composition operators on
C*®(Q, K) for other cases than when () = R?

Problem 2. Is there a characterization for chaos of weighted composition operators on C*(Q), K)
for other cases than when () = R?

We show in this paper that for an arbitrary open set ) C R? a weighted composition
operator is supercyclic on C®((, K) if and only if it is weakly mixing, and that it is strongly
supercyclic precisely when it is mixing (Theorem 3). In particular, supercyclicity has the
same characterization provided by Prestacki’s Theorem 1. We also show that in this general
setting every mixing weighted composition operator is chaotic (Theorem 4). Finally, we
show that in the one dimensional case the equivalences of Theorem 2 also hold when () is
a proper open subset of R (Theorem 5).

We conclude the introduction with notation and preliminaries. We show Theorem 3 in
Section 2, Theorem 4 in Section 3 and Theorem 5 in Section 4.

1.1. Notation and Preliminaries

Recall that the space C®((), K) is a separable Fréchet space when equipped with the
the family of seminorms

{IIllkn : K C Q compact,n € Ny},

where

ol f
= “(Q,K)).
1fllcn = maxmax|Za- ()] (f € €T Q. K))
Here Ny denotes the set of non-negative integers, and % the operator of partial differentia-
tion of order |a| = a7 + - - - + a, that is induced by the multi-index & = (a1, ...a;) € Nd.
We also let C*(Q),K) (p € N) denote the Fréchet space of scalar valued functions whose
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partial derivatives of order not larger than p are all continuous, which is topologized by
the family of seminorms

{||-lxn : K C Q compact, n € Ny withn < p}.

Finally, we let CP(Q), Q) denote the set of self-maps F = (f1,...,f;) of Q for which
fi € CP(Q,R) foreachj=1,...,d. For F € CP(Q,Q) and x € Q) we denote the derivative
of F at x by F/(x) which is a linear map from R? to R? and which we may identify with
its Jacobian matrix denoted by [F’(x)]. Similarly, the derivative of any f € C?(Q),C) at x,
denoted by f/(x), is a linear map from R? to R2.

Definition 1. An operator T on a separable Fréchet space X is said to be hypercyclic (respectively,
supercyclic) provided there exists a vector g in X whose orbit

Orb(g,T) = {g,Tg, T?g,... }

(respectively, whose projective orbit KOrb(g, T) = {AT"g: n € Ny, A € K}) is dense in X. Such
g is called a hypercyclic vector (respectively, a supercyclic vector) for T. Also, we say that T is
hereditarily hypercyclic (respectively, hereditarily supercyclic) with respect to a given strictly
increasing sequence (ny) of positive integers provided for each subsequence (ny;) of (ny) there exists
some g in X for which

{g, T g, T"g,...} (respectively, for which K{g, T"1g, T"g,...})

is dense in X. Finally, T is strongly hypercyclic (respectively, strongly supercyclic) provided it
is hereditarily hypercyclic (respectively, hereditarily supercyclic) with respect to the full sequence
(n) of positive integers.

When X is a separable Fréchet space the properties of being hypercyclic, hereditarily
hypercyclic and strongly hypercyclic are equivalent to being (topologically) transitive,
weak-mixing and mixing, respectively, while chaos in Devaney’s sense is equivalent to
being both transitive and having a dense set of periodic points [9].

Definition 2. An operator T on a topological vector space X is said to be transitive (respectively,
mixing) provided for each non-empty open subsets U, V of X we have

T"(U)NV # O

for some n (respectively, for all large n). Also, it is said to be weakly mixing provided its direct

sum (x,y) g (Tx, Ty) is a transitive operator on X x X. Finally T is said to be chaotic provided
it is transitive and its set U, cnKer(T" — I) of periodic points is dense in X.

We note that a supercyclic operator on an infinite-dimensional Fréchet space must
have a dense range. Indeed, this holds under the weaker assumption of being supercyclic
with respect to the weak topology.

Lemma 1. Let X be a separable infinite dimensional Fréchet space over a real or complex scalar
field K. If T : X — X is weakly supercyclic, then it has a dense range.

Proof. Let i € X be a weakly supercyclic vector for X. Since K- Orb(h, T) C span{h} U
T(X), we have

X =K-Orb(h T)" Cspan{h} UT(X) =span{h}UT(X),
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where for a subset A of X we denote here by A and A the closure and the weak closure of
Ain X, respectively. Thus X \ span{i1} C T(X). Now Baire’s Category theorem ensures
that one of the two subspaces span{h} or T(X) to be somewhere dense in X. But proper

closed subspaces of a Fréchet space have empty interior, so the assumption that X is
infinite-dimensional forces the subspace T(X) to have a dense range. [

We refer to [10,11] for general background on linear dynamics.

2. Supercyclicity Equals Weak Mixing and Strong Supercyclicity
Equals Mixing

We show in this section the following.

Theorem 3. Let Q) C R? be open, and let p € CP(Q, Q) and w € CP(Q,K), where p € NU {co}
and d € N. Then the following statements are equivalent:
(1) Cu,y is supercyclic on CP (), K).
(2)  Cu,yp is weakly mixing on CP(Q), K).
(3)  The following conditions are satisfied:
(i) For every x € Q, we have w(x) # 0.
(ii) 1 is injective.
(iii)  For every x € Q), we have det[y’(x)] # 0.
(iv) ¢ is run-away on Q.
Moreover, Cyyp is strongly supercyclic if and only if Cy,y is mixing and if and only if both 1 is
strongly run-away on Q) and conditions (3) (i)—(iii) hold.

We first derive with Lemma 2 below some necessary conditions for a weighted com-
position operator to be supercyclic on C* (€, K) and use these to derive with Lemma 3 the
pending necessary condition which altogether suffices to establish Theorem 3.

Lemma 2. Let QO C RY be open, and let C,,y be supercyclic on CP(Q, K), where p € NU {0, oo}
Then the following conditions are satisfied:

(a)  The multiplier w is zero-free.

(b)  The symbol ¢ is injective.

(c) Ifp >0, thendet[y’(x)] # O for each x € Q.

(d)  If p > 0, the symbol ¢ has no periodic points.

Proof. We recall that C,, y must have dense range by Lemma 1.
(a) Suppose there exists xg € Q with w(xp) = 0. Then for each g € C?(Q), K) we have

Cuw,yp(8)(x0) = w(x0)(go¥)(x0) =0,

forcing the range of C,,y to be contained in the closed hyperplane

{f € CP(QK): f(x0) = 0}

of CP(Q), K), contradicting that C,,y has dense range.
(b) Suppose that (x1) = p(x2) for some x1,x; € Q) with x; # x,. By (a) we know
that w(x) # 0 for every x € Q). So for each g € CP(Q), K) we have

Cup()1) = w(rg(p0) = Lozl (x2)) = 2 Coglg) ),
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forcing the range of Cy,y to be contained in the closed hyperplane

w(x1)

{f e CPOK): f(x1) = () -f(x2)}

w

of CP(Q), K), which contradicts that C,, y has a dense range. So ¢ must be injective.
(c) Suppose there exists xy € Q) with det[¢/(xg)] = 0. Then there exists a non-zero
vector h € R? such that

¢ (x0)h = (0,...,0),

and since p > 1 for each g € C?(Q), K) we have

Cup(8) (x0)h = (w- (g0 9)) (x0)h
(9 (x0))w’ (x0)h + w(x0)8" (1 (x0) )¢ (x0)
(¢ (xo)

=8
8((xo0))w' (xo)h

(=)
\_/

{f € CPOK) : f/(x)h = f<x0>‘;'("°)h}

of CP(Q), K), which contradicts that Cw,¢ has a dense range. Thus, for each x € () the
derivative of ¢ at x is nonsingular.

(d) Notice that by Ansari’s theorem [12] (Theorem 2) (which holds on arbitrary topo-
logical vector spaces) Cw,y is supercyclic if and only if any iterate Cj, , = Ca,y, (r € N) is
supercyclic, where @ = Hr —o wo ;. Soit suffices to show that Cy,,y has no fixed point. Now,
by means of contradlctlon suppose there exists x € Q) with i(x) = x. Throughout this proof
we view ¢/ (x) as an operator acting on C? regardless if K is the real or complex scalar field.
Let Ag be an eigenvalue of ¢/ (x), and let iy € C? be an eigenvector of ¢’ (x) with eigenvalue
Ao. Since Cy,y is supercyclic, the commuting family 7 = {ACy, , : n € NU{0},A € K} is
topologically transitive on the Baire space C” (), K) and the set SC(Cy,y) of supercyclic
vectors for Cy,,y, which coincides with the set of universal vectors for F, is a co-meager
set in CP(Q), K); see [10] (p. 27). So there exists f € SC(Cu,y) satisfying f(x) # 0 and
f'(x)ho # 0.

Pick g € CP(Q,K) so that g(x) # 0, ¢'(x)hy # 0 and g ¢ Uy span{Cc(lZl)p(f)}.
Replacing g by g + € for some small € € R if necessary, without loss of generality we may

18"()hol _, 1f"(x)ho|
|g(x)] |f(x)]
Since f € SC(Cy,yp), there exist sequences (A;);cn and (1;);cy in K and N, respectively, so
that

further assume that

”

MCay(f) = & in CP(Q,K). (1)

In particular, since p > 1 all first-order partial derivatives of the above sequence converge
uniformly on compact sets to the corresponding partial derivative of the limit. Hence,

(MCo(F) (x) — ¢'(x) in L(C,CY). )

{—00
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We claim that for each n € Nand F € CP(Q2,K) we have

(Cloy (F))'(x) = F(x)w(x)" " e’ (x) + w(x)(Cly y/ (F))' ()9 (x). ®)

Indeed, by the Product Rule and the Chain Rule

(Cuy(F))'(x) = F(p(x))w' (x) + w(x) F' ((x))9'(x)
= F(x)o'(x) + w(x)F'(x)¢' (x)
= F(x)w(x)" ™'’ (x) + w(2)(Ciry (F)) ()9 (x),

so (3) holds for n = 1. Inductively, if (3) holds for the case n = k we have

(Citp (F))'(x) = (Cl,p(Cuy (F)))'(x)
= (Caop(F) (1)@ () e’ (x) + w(x)(C y (Caop (F)))' ()9 (x)
= F(x)w(x) @' (x) + w(x) (CE 4 (F)) ()¢ (x),
so it holds for the case n = k + 1 as well. Now, letting F = f in (3), we get

(Cloy () () = w ()" f(x)e’ (x) + w(x) (Clyy () ()¢ (x)

= w(x)" 7 f(2)w' (x) + w(x)[w(x)" 2 f ()@’ (x) + w(x) (Cy () ()" ()]’ (x)

= 2w(x)" T f()w' (x) + w(x)(Cly () (O [ ()]

5 @

= nw(x)" 7 f(2)w' (x) + w(x)" ' () [y (x)]"

= STl W () + 5 Cly (O Y ()

f
n noy 1, / n
= Ly (e )+ 7 O -
So it follows from (4) that for all large / we have
e+ 20 e = (Ml () 1 ) ()
ol o+ 285 ) = (5 )+ g F W L Yo
1 e ) 2o (x 1 ") o (x)]™
= e e N (G 0 g W e @
1 n /
= W(Alcw,w(f)) (x)ho,
and thus by (1) and (2) we have
n / Ay / 1,
Wlx)w (x)ho + f(i(;)f ()ho = @8 (x)ho. (6)

We now derive a contradiction using (6). We have two cases.
Case 1: |Ag| > 1. We have

1 / Ag! / Ay / 1 !
L (x)ho + ]T(;)f (x)h0| > f(‘;)f (x)ho| — 1y R (x)ho
o (lfEm |1
= |Ag < |f(x)|0 - |/\ol|n1 e (x)ho ) L
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a contradiction with (6).
Case 2: [Ag| < 1. If w'(x)hg # 0, we have

ny

/ )\ !

Ay
)
W' @hol _ |f kol

e G

again contradicting (6). Now assume w’(x)hy = 0. Then we have

f'(x)ho

ny

1 1 /
@ ”lww (x)ho| —

ny

/ A !
W' (x)ho + s (ko

| Ag|™ 0 if [Ap] <1

= "(x)h / 7
g/l {lf;(); it o =1

ny

1
w(x)

But ‘gléég)h‘o' # |f‘lf(8;l |0‘ and g/g(zcx % # 0 by our selection of g. So in either case we obtain a

contradiction with (6), and the proof of (4) is now complete. [

Remark 1. By Lemma 1, the same arqument shows that conclusions (a)—(c) of Lemma 2 hold
under the weaker assumption that Cy,y be weakly supercyclic. Also, conclusions (a) and (b) hold
when p = 0, too. We do not know whether conclusion (d) holds when p = 0 or under the weaker
assumption that Cy, y is weakly supercyclic.

We say that ¢ : () — () is run-away with respect to a given strictly increasing sequence
(n;) in N provided for each compact subset K of () there exists j € N so that

P (K)NK = Q.

Also, recall that a family F = {T },eca of operators on a topological vector space X is said
to be universal provided there exists a vector g in X for which

Fg={Tag: a0 € A}

is dense in X. Any such g is called a universal vector for F, and when each T, has a dense
range and T, Tg = TgT, for each a, € A the family F is universal if and only if it has a
dense set of universal vectors.

Lemma 3. Let p € NU {oo}, let w € CP(O),K) and let p € CP(Q), Q). If Cy,p is supercyclic on
CP(Q, K) with respect to some strictly increasing sequence (n;) in N, the following assertions hold:
(i) Foreach x € Q, the set {{py(x) : j > 0}Q is not compact in Q).

(i) The symbol ¢ is run-away with respect to (n;).

Proof. (i) Suppose that for some xy € () the set

K= {gu(x0) :j = 0}

is a compact subset of (). By Lemma 2(a) and the continuity of w there exist positive scalars
M, m > 0 such that
m < |w(x)| <M

for every x € KU ¢(K). Since the set of universal vectors for

Fi={AChyp:A€K,me {n;: je N}JU{0}}
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is dense in C? (), K), we may pick a universal vector h for 7 which satisfies
1< |h(x)] <2 ®)
for every x € KU ¢(K). In particular, for each j € Nand 0 # A € K we must have
AL () (9 (x0)) | ) w<¢nj<xo>>h<¢nj+1<xo>>| oM o
ACy) (1) (x0) w(x0)h(n; (x0)) m’

Now, since CP(Q), K) is dense in C(Q), K), any universal vector for F acting on CF(Q), K)
is also a universal vector for F acting on C((Q2, K). So without loss of generality for the
remainder of the proof we may consider Cy,y and F as acting on C((), K).
Notice that i(xg) # xo by Lemma 2(d), so the open subset
2
u:= {f € C(O,K) : f(x) # Ofor every x € K and ‘f(l[)(xo))‘ > M}
f(x0) m

of C(Q), K) is non-empty. Also, by (9) we have ACZ;,lp(h) ¢ U foreachj € Nand A # 0.
Hence, the universality of k forces that Agh € U for some 0 # Ag € K, which by (8) gives

the contradiction
AR

(ii) Assume to the contrary that ¢ is not run-away with respect to (1;). Then there
exists a compact set K C () such that

< 2.

for every j € N. For each j € Nlet x; € K such that llJnj(x]') € K. Arguing as in part (i) there
exist M, m > 0 and h € CP(Q), K) universal for F so that

m<|w(x)| <M and 1< |h(x)| <2 (10)

for every x € KU 1(K), and we may also assume F to be acting on C(Q), K). Again, for
each j € N and non-zero scalar A we have

(11)

ACy (M@ (x)|
AC (1) (x})

w(lpnj(xj))h(lpanrl(xj)) < %
w(xj)h(n;(x})) m

It now suffices to verify that the open subset

u:= {f € C(Q,K): f(x) # Oand‘f(ﬁ%))’ > %foreveryx € K}

of C(Q), K) is non-empty. Indeed, since (11) forces /\C:Zw(h) & Uforeachje Nand A #0
we must now have Agh € U for some Ay # 0, which by (10) gives the contradiction

2m
m

th(x]) h(x])

th(lﬁ(xj))' _ ‘h(¢(xj))| —
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Finally, that U is non-empty was established in [6] (p. 1103): Pick any d € C*(Q),K)
satisfyingd =0onKand 0 < d <1on Q\ K and consider

i 1
D := E —_—
n=0 (C + 1)” 4o P
where C = % The uniform convergence of this series ensures that D € C(Q), K). Also

—0
Part (i) ensures that for any given x € () the set {ys;(x) : j > 0} ~ is not compact in O,
forcing that ¢, (x) ¢ K for some j € N and thus that D(x) > 0. Finally, for each x € K
we have

DY) = ) 7

L (e () = (C+1D) = (C+1dlx) = (C+1)D(x),

" D) _

D(x)
andthus D e U. O

Remark 2. If conclusion (d) of Lemma 2 holds when p = 0, then we may include p = 0 in the
assumptions of Lemma 3. Indeed, when Cy,y is supercyclic with respect to (n;), condition (d) of
Lemma 2 is equivalent to condition (i) of Lemma 3, and to condition (ii) of Lemma 3, regardless of
which p € NU {0, oo} we consider.

Corollary 1. Let p € NU {oo}. If Cyy is strongly supercyclic on CP(Q), K), then  is strongly
run-away.

We are now ready to show Theorem 3.

Proof of Theorem 3. The implication (1) = (3) follows Lemma 2 and Lemma 3 and
(2) = (1) is immediate. (3) = (2) Notice that C,y : CF(Q,K) — CP(Q,K) is quasi-
conjugate to Cy,p : C°(Q, K) — C*(Q,K), and the latter is weak-mixing by Theorem 1.
For the equivalence in the last statement of the conclusion, notice that any mixing operator
on a separable Fréchet space is strongly supercyclic. Conversely, assume Cy,y is strongly
supercyclic. To see that it is mixing, by Theorem 1 it suffices to verify that conditions (3)
(i)—(iii) hold and that ¥ is strongly run-away. Conditions (3) (i)—(iii) now follow by the
first part of Theorem 3, already established. Finally, Corollary 1 ensures that ¢ is strongly
run-away. [

3. Mixing Implies Chaos

Definition 3. Given Q0 C R? open and non-empty and v : Q — Q, we define P : QO — Q as the
identity self-map of Q) and for each n € N we let 1, : QO — Q) denote the n-fold composition of
with itself. If  is an injective open mapping, for each n € N ¢, (Q) is open and non-empty and we
let p_y : P, (Q) — Q be defined by the rule

Yy = Pu(x) ifand only if x = ¢, (v)

Remark 3. Notice that if p € NU {oo} and if p € CP(Q, Q) is a 1-1 open mapping then for each
n € N we have
P, € CP(Q, Q) and ¢y, € CP(9,(Q), Q).
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Also, for each m,n € NU {0} we have

PnoPm = Pugm = Pmo Py on Q)

(12)
Yo =Y-mn=9P-moP-n  0nPuin(Q)
Moreover, if in addition n < m, then we have
Y_noy =VPmn on Q)
Pm O Y—n = Pm—n on P (€2) (13)

P—mOoYn = P—m+n on Pum—n(Q2)
PnoP-m = P-min on P (€2).

Theorem 4. Let QO C RY be open, and let € CP(Q,Q) and w € CP(Q,K), where p €
NU {oo}. If Cyy is mixing on CP(Q), K), then it is chaotic.

Proof. It suffices to show Cy,y has a dense set of periodic points. So let f € CP(Q), K), and
letm < p,e > 0and K C Q) compact be given. We want to find g € C*(Q),K) and N € N

so that
- <€
Hg f|]|\]K,m (14)
Cw,wg =38
Let 0 < p < dist{K, 00}, and consider the compact subset
L:={x € Q: dist(x,K) < p}
of (). The selection of p ensures that for each x € () we have
x € int(L) & dist(x,K) < p
x € 0L & dist(x, K) = p,
and
oL =dint(L) = L\ int(L).
Since ¢ is strongly run-away, there exists N € N so that for each n > N we have
Yu(L)NL = Q. (15)

For each integer k we define

Pn(L)  ifk>0
Lk =
P n(L)  ifk <.
So Ly is always non-empty when k > 0, while when k < 0 we have
L @ if p (N(QONL=0
k — .
N (Pan(Q)NL) i g N (Q)NL # .

We will use the following observations. [

Remark 4.

(i)  Foreachk € Z and y € Ly there exists a unique x € L so that y = Py (x), and when k < 0
we also have that x € P_;n(Q) N L.
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(i)  Each non-empty Ly is diffeomorphic to L. Indeed, when Ly # @ we have

YN (Lk) = Liy1,

and PN maps a neighborhood of Ly onto some neighborhood of Ly 1, so for each neighborhood
Vi1 0f 0Ly there exists a neighborhood V. of 0Ly so that Y (Vi) C Viyq.
(iii)  Foranyy € Q we have Yn(y) € Uey Ly if and only if y € Uyey Ly

We also use the following.

Claim 1.

(i) Foreach k € Z with Ly # @ we have dist(Ly, Ujcz, (x L;j) > 0.
(i) int(UgezLy) = Ugezint(Ly).
(iii)  The set Uy Ly is closed, and 0(Ugcz L) = Ugez0Ly.

Assume Claim 1 holds. Pick some ¢ € C*®(Q), R) with ¢(Q) = [0, 1] so that

p=1 on{xeQ: dist(x,K) < %p}
=0 onQ\U,

where U := {x € O : dist(x,K) < 3p}. Then f := ¢f € CP(Q, K) satisfies that

|f = fllkm =0 and supp(f) C U.

Let H := Hjl\i 61 w o P; and consider the function g : O — K given by

<I%>(y) ify € L, forsomen € N,
sy) =1 S ifyelo=1, (16)
F@un(y) TTLZ) H(Wsn(y))  ify € Ly for somen € N,
0 lfy e Q) \ UkGZLk/-

Notice that ¢ = f on int(Lg) so Slintuy) € CP(int(Lp),K). Also, since H € CP(Q), K)
0
and is zero-free, it follows by Remark 4 that Shintu) € CP(int(Ly), K) whenever Ly # @,
k
and thus by Claim 1(ii) we get that

g1, € CP(V,K),
where V = int(UgezLy). Also ¢ = 0 on Q) \ Ugez Ly, so

8lauplk € CP(Q\ Ukez L, K).

Finally, notice that by (16) and Claim 1(i) we must have ¢ = 0 on some neighborhood of
Ly, since f = 0 on a neighborhood of dLy. Indeed, by the latter and Remark 4(ii) for each
k € Z\ {0} with L; # @ we have f o »_;n = 0 on some neighborhood of dL;, which forces
by Claim 1(iii) that ¢ = 0 on some neighborhood of d Uiy Li. So ¢ € CP(Q, K), it suffices
now to show that
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Notice first by (16) and Remark 4 for each y € Q) \ Uz Lg

g(y) =0=g(yn(y)) = Hy)g(¥n(y)) = CY4(8) ().

Also, for y € Ly we have

Cliysly) = Hs(ow(v)) = H) (2520 ) owl) = F0) = 5t0)

Forn € Nand y € L, we have ¢5(y) € L,+1 and by (16)

Clp8(y) =H(y)g(¥n(y))

Fow_(uinn
=H
(v) (H‘l(m) o ¢jN) (¥n(y))

1=

B G G5 I P
<Hj—1-nHo¢jN>(V> 8().

Finally, if y € U,enL—y, we have two cases:
Case 1: y € L_;. Since N (y) € Lo by (16) we have

8(y) = Flun(y)H(y) = g(¥n(y))H(y) = CI 4&(v).

Case 2: y € L_,, for some n > 2. In this case x(y) € L_,11and —n+1 < —1, 50

s6) = Fp) TT ()
= (Fovoa) () TT(Ho b (o)
— H(g(n ()
= Coy8(v)
So Cy 48 = & and it suffices to show Claim 1.
Proof of Claim 1. (i) We first show that
LiNL=0 (17)

whenever i # j. Indeed, interchanging i and j if necessary we may assume thatj =i+ n
forsomen € N. If y € L; N L;, there exist x;, x; € L so that

y = ¥in(x;) = Pin(x))- (18)
If i > 0 we have by (12) that ¢;,)x = Yin © Yy on Q. So
Win (%)) = P(ipn)n (x) = Pin (Pun (%))
and by (18) and the injectivity of ¥y we must have

xX; = Pun(xj) € LNPun(L),
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a contradiction with (15). So i < 0. Now, notice that by (13) we have

Q ifj=n+i>0

YiN © PuN = P(i1n)n ON {I/J]'(Q) ifij=n+i<0.

Notice also that if j < 0 then x; € LN ¢_;(Q), so in either case we have
Win (%)) = P(ipn)n (¥)) = Pin (Pun (%))
and again by (18) and the injectivity of ¢ we have
x; = Pun(xj) € LN¢Pun(L),

a contradiction with (15). So (17) holds. Now, let k € Z be fixed. Consider the compact set
= {x e Q: dist(x, Ly) < %p}.
Since 1 is strongly run-away on (), there exists Ny so that
Pu(l) NL =0 (19)

for each n > Nj. In particular, for each n > N; we have

. . . ~ 1
dlSt(Lk, Lk+n) = dlSt(Lk, anN(Lk)) > dlSt(Lk, lpnN(Lk)) > gp

We have two cases. Case 1: There exists jo (necessarily negative) so that L; = @ for each

j <joand L; # @ for each jo < j. By (17) the compact sets Ly and U]N:l ;’; 4iLj are disjoint

and hence at a positive distance, so

: o Ny +k 1
dist(Lg, UjEZ\{k}Lj) > min{dist(Ly, szljj(i)_,j#kL]‘)’ gp} > 0.

Case 2: L; # @ for each j € Z. By (19) for each n > N; we have
LNy (L) = @,
which by (13) gives
1 . 1,
3P < dist(Ly, ¥ (Li))

< dist(L, 5 (Li))
= diSt(Lk, Lk—n)‘
and again by (17) we have L at a positive distance from Ujl-ilff\]l iy 2iLjs0

. s Ny +k 1
dist(Ly, Ujez) (k) Lj) = min{dist(Ly, Uj:lirN1+k/j#ij)/ ép} > 0.

(ii) Clearly the inclusion int(UgezLy) 2 Ugezint(Lg) holds. Now, given x €
int(UgezLg) let € > 0 so that
B(x,e) C UjeZLj

and pick k € Z so that x € L. By (i) there exists d; > 0 so that

dist(Ly, Ujez\ (k) L]) > 6.
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Then
B(x, min{e, & }) C UjezLj \ Ujez iy Lj = L,

so x € int(Ly) and (77) holds.
(iii) Given x € Uiy Ly, let (x,) be a sequence in Uycz Ly with x,, X Let € with

0 < € < min{1, dist(x,0Q)) }.

Since ¢ is strongly run-away there exists r € N so that for each n > N we have

Pu(B(x,e)UL) N (B(x,e)UL) = Q.

Thus, for each n > r we must have

L,NB(x,e) =y,n(L)NB(x,€) C ¢p,n(B(x,e) UL)N (B(x,e) UL) =@ (20)

and
B(x,e) Ny, (L) C (B(x,e)UL) Ny, 5 (B(x,e) UL) = . (21)

By (21) for each n > r we have

B(x,e)NL_, =@, (22)

so by (20) and (22) the tail of the sequence (x;,;) must lie in U_, <<, Ly, giving
x € U_r<k<rLi = U_r<k<r Lk © Ukez Ly
So the set Ugcy Ly is closed and by (ii) we have

d(UkezLi) C Ukez Ly \ int(UrezLy)
= Ugez Lk \ Ukezint(Lg)
= Ugez(Lx \ int(Lg))
= Ukez0Lg.

But the inclusion 0(Ugez Li) 2 Ukez0Ly easily follows by (7).
The proof of Theorem 4 is now complete. [

4. The One-Dimensional Case

Theorem 5. Let @ # Q) C R be open, and let ¢ € CP(Q,Q) and w € CF(Q,K), where
p € NU {co}. Then Cy,y is supercyclic on CP(Q), K) if and only if it is mixing, and if and only if
it is chaotic.

To prove Theorem 2, Przestacki showed that for a continuous and injective self-map
of R, having no fixed points is equivalent to being strongly run-away. To prove Theorem 5
we extend this result to any open subset (2 of R.

Lemmad4. If ¢ : (a,b) — (a,b) is continuous and injective, where —oo < a < b < oo, then the
following assertions are equivalent:

(1) 4 has no fixed points.

(2) ¢ is run-away.

(3) s strongly run-away.

Proof. The implications (3) = (2) and (2) = (1) are immediate, so we show (1) = (3).
The case where (a,b) = (—o0,00) is [6] (Lemma 4.1). Let us start with the case where a



Mathematics 2025, 13, 2944

15 of 19

and b are both finite. Since 1 is fixed point free, we either have (x) > x or ¢(x) < x for
all x € (a,b). Without loss of generality, we assume §(x) > x for all x € (a,b), with the
other case being similar. Since ¢ is injective and has no fixed points, the Intermediate Value
Property now ensures that 1 is strictly increasing. So for each a < ¢ < d < b we have

¥([e,d]) = [g(c), p(d)].

Let K C (a,b) be compact. It suffices to find an N € N such that ¢,(K) NK = @ forn > N.
Enlarging K if necessary, we may assume that K = [c, d] for some @ # [c,d]| C (a, D).

Notice that the sequence (¢, (c)) is increasing, so limy,_,« ¢ (c) = b. Otherwise there
exists ag € (a,b) such that (¢, (c)) converges to ag and the continuity of ¢ forces

ay = lim gu(c) = lim $,01(0) = lim 9(gu(0) = P lim $u(c)) = plan),

n— oo n— oo n— oo

contradicting that 1 has no fixed points. So lim; ;e ¢ (c) = b and thus there exists N € N
such that ¢, (c) > d for each n > N and thus

¥n(K) N K = n((c,d]) N [c,d] = [pn(c), Yu(d)] N e, d] =D

for each n > N. So ¢ is strongly run-away. The proofs of the cases wherea = —occor b = co
have one difference: the monotone sequence (i, (c)) may be unbounded. But the method
to show that 1 is strongly run-away remains the same. [

We next consider with Lemma 6 below the case when (2 is finitely connected. We first
recall the following elementary fact.

Lemma 5. If i is a continuous self~map on a topological space O3, then the following assertions are
equivalent:

(i)  is strongly run-away.
(i) Foreach p € N, the p-th iterate ), of ¢ is strongly run-away.
(iii)  For some p € N, the p-th iterate y of ¥ is strongly run-away.

Proof. The implications (i) = (ii) and (ii) = (iii) are immediate. To see (iii) = (i), fixa
compact set K C Q) and consider the compact set Ky := KU $(K) U ... U ¢p,_1(K). Since i,
is strongly run-away, there exists N € N such that for each n > N we have

(K1) NK; = O,
soforeachn > Nandj=1,...,p —1wehave

KNyppn—i(K) =0,
and thus KN ¢, (K) = @ for eachm > pN. O

Lemmaé6. If Q) =L U...U Iy, where I, ..., I, are pairwise disjoint non-empty open intervals,
and ¢ : QO — Qis injective and continuous, then the following assertions are equivalent:

(1) v has no fixed points, no points of period 2,..., and not points of period m.
(2) v is run-away.
(3) vy is strongly run-away.

Proof. The implications (3) = (2) and (2) = (1) are immediate. We show (1) = (3)
by induction on m. The case m = 1 is Lemma 4. For the inductive step, assume 2 < m.
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Notice that by a connectedness argument for each j = 1,...,m there exists a unique
o(j) €{1,...,m} sothat Y(I;) C L),
Case 1: There exists j € {1,...,m} so that p(Q) C O\ I;. Here 1 is strongly run-away on
Q\ ; by the inductive assumption, and since ¢ (I;) C Q\ I; it follows that ¢ is strongly

so we have two cases:

run-away on ().
Case 2: (Q) NI; # @ foreach j = 1,...,m. In this case ¢ acts as a permutation on the
indices of the m intervals. That is, there exists a bijection o : {1,2,...,m} — {1,2,...,m}
so that

¥(Ij) € L)

for each j = 1,...,m. Hence, if p is the order of ¢ in the group of permutations of m
elements, then ¢, (I;) C I; for each j = 1,...m. So i, is strongly run-away on each I; by
Lemma 4, and thus ¥, is strongly run-away on (). So ¥ is strongly run-away on () by
Lemma 5. [

Finally, we consider the infinitely connected case.

Lemma 7. If QO = U2, I, where {1} is a collection of pairwise disjoint non-empty open intervals,
and ¢ : Q) — Q) is injective and continuous, then the following assertions are equivalent:

(1) ¢ has no periodic points.

(2) ¢ is run-away.

(3) v is strongly run-away.

Proof. Once again, we only have to show that (1) implies (3). The key is to rewrite () into a
union of pairwise disjoint ip-invariant sets that are minimal in size. For each @ # A C N
we define

VA = UjeAI‘/ (23)

and for each k € N define

O = M{ACN: kea and ¢(VA)QVA}VA'

Notice that I C ), and that () C (. We refer to () as the invariant component of ()
that contains I;.. We see next that each invariant component of () is of the form (23).
Claim 1: For each k € N there exists a unique A} C N so that

O = V.

To see the claim, let x € (). So x € I; for a unique ¢ € N. It suffices to show that I; C ().
Let A be a subset of N with k € A and ¥(V4) C V4. We want to show that I, C V. Since
x € O C Vy, there exists j € A so that x € Ij. This forces, since Ij and I, are connected
components of ),

Iy =1; C Vy.

So Claim 1 holds. Notice that by Claim 1 for each k, ¢ € N we must have
kaﬂg :®01‘Qk = Q[.

We next show that ¢ is strongly run-away on each invariant component:
Claim 2: Let k € N. Then ¢ is strongly run-away on (.
To see Claim 2, let A} C N so that
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If A is finite then () is finitely connected and Claim 2 follows from Lemma 6. So assume
that A is infinite. Notice that in this case for each j € A} and n € N each of the intervals

(1), (L), - - (1)) (24)

must be contained in a different connected component of (3 = VA; = Ujeas I;. Now, if
K C () is compact there exist jy, ..., jr € Af so that

K C UZ:l I]é

By (24), foreach £ =1, ..., r there exists Ny € N so that

an(Ijg) N U2:11j£ =Q

for each n > Ny. Hence
Pu(K)NK =0

for each n > max {Nj, ... N;}, and Claim 2 holds.
We are ready to show that 1 is strongly run-away on (. Let K C () be compact. Since
the collection of invariant components of () is an open cover of K, there exists » € N so that

K C Uj_1Qy.

Since 1 is strongly run-away on each Q) and ¥(Q);) C Q, there exists N € N so that for
eachl </ <randn > N we have

Pu(KNQY) N (KNQy) =,

which forces
9a(K)NK =0

foreachn > N. O

By Lemma 4, Lemma 6 and Lemma 7 we have the following.

Corollary 2. Let (3 C R be open. If ¢ : QO — Q) is injective and continuous, then it is run-away if
and only if it is strongly run-away and if and only if it has no periodic points.

Remark 5. While lacking periodic points ensures an injective continuous map ¢ : Q3 — Q) to
be strongly run-away in the one-dimensional setting, this is no longer true in higher dimensions.
Indeed, consider the open set Q = R?\ {(0,0)}. Let ¢ be a rotation by an angle 0 that is an
irrational multiple of 7t. So  is a self-map of () that is injective and continuous. Moreover, given
x € Q, by the selection of 0 the orbit of x under  must be dense in the circle of radius |x| that is
centered at the origin. That is, { has no periodic points and  is not run-away since circles centered
at the origin are compact and invariant under 1.

We are ready to show Theorem 5.

Proof of Theorem 5. Each mixing operator is supercyclic, so this happens for Cy y. Con-
versely, suppose that Cy, y is supercyclic. By Theorem 3, ¢ is run-away and conditions (3)
(i)—(iii) of Theorem 3 hold. Since () C R, Corollary 2 ensures that ¢ is strongly run-away.
So Cu,y is mixing by Theorem 3. For the equivalence with chaos, recall that every chaotic
operator is supercyclic and the converse of this now follows from Theorem 4, as we already
established that C,, y is mixing whenever it is supercyclicand ) C R. [
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5. Final Comments

Since in general for any operator on a separable Fréchet space we have the implications
mixing = weakly-mixing = transitive = supercyclic

and
chaos = weakly-mixing,

it is natural to seek when any of the converses of these implications hold within a certain
class of operators. For a weighted composition operator C,,y acting on the space H(Q})
of holomorphic functions on an arbitrary domain () of the complex plane, for instance,
Golinski and Przestacki [4] fully characterized hypercyclicity and showed that Cg,y is
hypercyclic if and only if it is weakly mixing. Indeed, the latter is known to hold if and only
if Cw,yp is mixing, and except possibly when ) is conformally equivalent to a punctured
disc, the operator C,,y is supercyclic on H(Q) if and only if it is mixing [13]. Motivated
by the above-mentioned equivalences holding for weighted composition operators acting
on H(Q) and the corresponding given equivalences we saw with Theorem 5 on CF (), K)
when Q) C R, it is natural to ask the following questions.

Question 1. Let d > 2 and Q0 C R be open. Is every supercyclic weighted composition operator
on C®(QO, K) also mixing? Equivalently, is every injective smooth function  : Q) — Q strongly
run-away whenever it is run-away?

With Theorem 5 and Theorem 3 we have a characterization for the chaotic weighted
composition operators on C*(Q), K) whenever () is an open subset of R. So Problem 2
remains unanswered for higher dimensions:

Question 2. Let O C RY be open. Is there a characterization for chaos for weighted composition
operators on C®(Q, K) when d > 2?

Theorem 5 also motivates the next question.

Question 3. Let d > 2 and Q C R? be open. Is every supercyclic weighted composition operator
on C*(Q,K) also chaotic?

Finally, motivated again by Theorem 5 we also ask whether the converse of Theorem 4
holds in the multidimensional case.

Question 4. Let d > 2 and Q C R? be open. Is every chaotic weighted composition operator on
C*(Q, K) also mixing?

By Theorem 3 and Theorem 4, a positive answer to either Question 3 or Question 4 would
answer Question 2.
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