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Abstract

A weighted composition operator on the space of scalar-valued smooth functions on an
open subset of a d-dimensional Euclidean space is supercyclic if and only if it is weakly
mixing, and it is strongly supercyclic if and only if it is mixing. Every such mixing operator
is chaotic. In the one-dimensional case, it is supercyclic if and only if it is mixing and if and
only if it is chaotic.

Keywords: weighted composition operators; chaotic operators; hypercyclic operators;
supercyclic operators; mixing operators

MSC: 47A16; 47B33; 47B38

1. Introduction
The study of dynamical properties of weighted composition operators on function

spaces reached several advances over the past decade (see, e.g., [1–8]). We are interested
here in the work by Przestacki [6] and by Albanese, Jordá and Mele [1] on the dynamics of
this class of operators on the space of smooth functions. Throughout this paper, K denotes
the real or complex scalar field and C∞(Ω,K) the space of K-valued smooth functions on
an open subset Ω of Rd. Przestacki [6] completely determined characterizations of when a
weighted composition operator

Cω,ψ : C∞(Ω,K) → C∞(Ω,K), f (·) 7→ ω(·)( f ◦ ψ)(·)

is hypercyclic, weakly mixing and mixing (see Section 1.1 for definitions and notation).
Here ω : Ω → K and ψ : Ω → Ω are smooth. To state his characterizations precisely, we
recall that the symbol ψ is said to be run-away (respectively, strongly run-away) provided
for each compact subset K of Ω we have

ψn(K) ∩ K = ∅

for some n ∈ N (respectively, for all large n ∈ N). Here ψn denotes the n-fold composition
of ψ with itself.

Theorem 1 (Przestacki [6] (Theorem 3.5 and Theorem 3.6)). Let Ω ⊂ Rd be open, d ∈ N, and
let ψ : Ω → Ω and ω : Ω → K be smooth. The following statements are equivalent:
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(1) The operator Cω,ψ is hypercyclic on C∞(Ω,K).
(2) The operator Cω,ψ is weakly mixing on C∞(Ω,K).
(3) The following conditions are satisfied:

(a) For every x ∈ Ω, we have ω(x) ̸= 0.
(b) ψ is injective.
(c) For every x ∈ Ω, we have det[ψ′(x)] ̸= 0.
(d) ψ has the run-away property.

Moreover, Cω,ψ is mixing on C∞(Ω,K) if and only if it satisfies conditions (a), (b) and (c) above
and ψ has the strong run-away property.

Przestacki also showed that when d = 1 and Ω = R the properties of hypercyclicity,
mixing and chaos are equivalent within this class of operators, and recently Albanese
et al. [1] showed that in this case supercyclicity is also an equivalent property.

Theorem 2 (Przestacki ([6], Theorem 4.2), Albanese et al. ([1], Theorem 3.5(iii))). Cω,ψ is
supercyclic on C∞(R,K) if and only if it is mixing, and if and only if it is chaotic.

In summary, we have with the above results full characterizations for hypercyclicity,
weak-mixing and mixing of weighted composition operators on C∞(Ω,K), and when
Ω = R we also have characterizations for supercyclicity and chaos. Motivated by this we
consider the following two problems.

Problem 1. Is there a characterization for supercyclicity of weighted composition operators on
C∞(Ω,K) for other cases than when Ω = R?

Problem 2. Is there a characterization for chaos of weighted composition operators on C∞(Ω,K)

for other cases than when Ω = R?

We show in this paper that for an arbitrary open set Ω ⊆ Rd a weighted composition
operator is supercyclic on C∞(Ω,K) if and only if it is weakly mixing, and that it is strongly
supercyclic precisely when it is mixing (Theorem 3). In particular, supercyclicity has the
same characterization provided by Prestacki’s Theorem 1. We also show that in this general
setting every mixing weighted composition operator is chaotic (Theorem 4). Finally, we
show that in the one dimensional case the equivalences of Theorem 2 also hold when Ω is
a proper open subset of R (Theorem 5).

We conclude the introduction with notation and preliminaries. We show Theorem 3 in
Section 2, Theorem 4 in Section 3 and Theorem 5 in Section 4.

1.1. Notation and Preliminaries

Recall that the space C∞(Ω,K) is a separable Fréchet space when equipped with the
the family of seminorms

{∥.∥K,n : K ⊂ Ω compact, n ∈ N0},

where

|| f ||K,n = max
|α|≤n

max
x∈K

|∂
|α| f

∂xα
(x)| ( f ∈ C∞(Ω,K)).

Here N0 denotes the set of non-negative integers, and ∂|α|
∂xα the operator of partial differentia-

tion of order |α| = α1 + · · ·+ αd that is induced by the multi-index α = (α1, . . . αd) ∈ Nd
0.

We also let Cp(Ω,K) (p ∈ N) denote the Fréchet space of scalar valued functions whose
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partial derivatives of order not larger than p are all continuous, which is topologized by
the family of seminorms

{∥.∥K,n : K ⊂ Ω compact, n ∈ N0 with n ≤ p}.

Finally, we let Cp(Ω, Ω) denote the set of self-maps F = ( f1, . . . , fd) of Ω for which
f j ∈ Cp(Ω,R) for each j = 1, . . . , d. For F ∈ Cp(Ω, Ω) and x ∈ Ω we denote the derivative
of F at x by F′(x) which is a linear map from Rd to Rd and which we may identify with
its Jacobian matrix denoted by [F′(x)]. Similarly, the derivative of any f ∈ Cp(Ω,C) at x,
denoted by f ′(x), is a linear map from Rd to R2.

Definition 1. An operator T on a separable Fréchet space X is said to be hypercyclic (respectively,
supercyclic) provided there exists a vector g in X whose orbit

Orb(g, T) = {g, Tg, T2g, . . . }

(respectively, whose projective orbit KOrb(g, T) = {λTng : n ∈ N0, λ ∈ K}) is dense in X. Such
g is called a hypercyclic vector (respectively, a supercyclic vector) for T. Also, we say that T is
hereditarily hypercyclic (respectively, hereditarily supercyclic) with respect to a given strictly
increasing sequence (nk) of positive integers provided for each subsequence (nkj

) of (nk) there exists
some g in X for which

{g, Tnk1 g, Tnk2 g, . . . } (respectively, for which K{g, Tnk1 g, Tnk2 g, . . . } )

is dense in X. Finally, T is strongly hypercyclic (respectively, strongly supercyclic) provided it
is hereditarily hypercyclic (respectively, hereditarily supercyclic) with respect to the full sequence
(n) of positive integers.

When X is a separable Fréchet space the properties of being hypercyclic, hereditarily
hypercyclic and strongly hypercyclic are equivalent to being (topologically) transitive,
weak-mixing and mixing, respectively, while chaos in Devaney’s sense is equivalent to
being both transitive and having a dense set of periodic points [9].

Definition 2. An operator T on a topological vector space X is said to be transitive (respectively,
mixing) provided for each non-empty open subsets U, V of X we have

Tn(U) ∩ V ̸= ∅

for some n (respectively, for all large n). Also, it is said to be weakly mixing provided its direct

sum (x, y) T⊕T7→ (Tx, Ty) is a transitive operator on X × X. Finally T is said to be chaotic provided
it is transitive and its set ∪n∈NKer(Tn − I) of periodic points is dense in X.

We note that a supercyclic operator on an infinite-dimensional Fréchet space must
have a dense range. Indeed, this holds under the weaker assumption of being supercyclic
with respect to the weak topology.

Lemma 1. Let X be a separable infinite dimensional Fréchet space over a real or complex scalar
field K. If T : X → X is weakly supercyclic, then it has a dense range.

Proof. Let h ∈ X be a weakly supercyclic vector for X. Since K · Orb(h, T) ⊆ span{h} ∪
T(X), we have

X = K · Orb(h, T)
w ⊆ span{h}w ∪ T(X)

w
= span{h} ∪ T(X),
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where for a subset A of X we denote here by A and Aω the closure and the weak closure of
A in X, respectively. Thus X \ span{h} ⊆ T(X). Now Baire’s Category theorem ensures
that one of the two subspaces span{h} or T(X) to be somewhere dense in X. But proper
closed subspaces of a Fréchet space have empty interior, so the assumption that X is
infinite-dimensional forces the subspace T(X) to have a dense range.

We refer to [10,11] for general background on linear dynamics.

2. Supercyclicity Equals Weak Mixing and Strong Supercyclicity
Equals Mixing

We show in this section the following.

Theorem 3. Let Ω ⊂ Rd be open, and let ψ ∈ Cp(Ω, Ω) and ω ∈ Cp(Ω,K), where p ∈ N∪{∞}
and d ∈ N. Then the following statements are equivalent:

(1) Cω,ψ is supercyclic on Cp(Ω,K).
(2) Cω,ψ is weakly mixing on Cp(Ω,K).
(3) The following conditions are satisfied:

(i) For every x ∈ Ω, we have ω(x) ̸= 0.
(ii) ψ is injective.
(iii) For every x ∈ Ω, we have det[ψ′(x)] ̸= 0.
(iv) ψ is run-away on Ω.

Moreover, Cω,ψ is strongly supercyclic if and only if Cω,ψ is mixing and if and only if both ψ is
strongly run-away on Ω and conditions (3) (i)–(iii) hold.

We first derive with Lemma 2 below some necessary conditions for a weighted com-
position operator to be supercyclic on C∞(Ω,K) and use these to derive with Lemma 3 the
pending necessary condition which altogether suffices to establish Theorem 3.

Lemma 2. Let Ω ⊂ Rd be open, and let Cω,ψ be supercyclic on Cp(Ω,K), where p ∈ N∪ {0, ∞}.
Then the following conditions are satisfied:

(a) The multiplier ω is zero-free.
(b) The symbol ψ is injective.
(c) If p > 0, then det[ψ′(x)] ̸= 0 for each x ∈ Ω.
(d) If p > 0, the symbol ψ has no periodic points.

Proof. We recall that Cω,ψ must have dense range by Lemma 1.
(a) Suppose there exists x0 ∈ Ω with ω(x0) = 0. Then for each g ∈ Cp(Ω,K) we have

Cω,ψ(g)(x0) = ω(x0)(g ◦ ψ)(x0) = 0,

forcing the range of Cω,ψ to be contained in the closed hyperplane

{ f ∈ Cp(Ω,K) : f (x0) = 0}

of Cp(Ω,K), contradicting that Cω,ψ has dense range.
(b) Suppose that ψ(x1) = ψ(x2) for some x1, x2 ∈ Ω with x1 ̸= x2. By (a) we know

that ω(x) ̸= 0 for every x ∈ Ω. So for each g ∈ Cp(Ω,K) we have

Cω,ψ(g)(x1) = ω(x1)g(ψ(x1)) =
ω(x1)

ω(x2)
ω(x2)g(ψ(x2)) =

ω(x1)

ω(x2)
Cω,ψ(g)(x2),
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forcing the range of Cω,ψ to be contained in the closed hyperplane

{ f ∈ Cp(Ω,K) : f (x1) =
ω(x1)

ω(x2)
· f (x2)}

of Cp(Ω,K), which contradicts that Cω,ψ has a dense range. So ψ must be injective.
(c) Suppose there exists x0 ∈ Ω with det[ψ′(x0)] = 0. Then there exists a non-zero

vector h ∈ Rd such that
ψ′(x0)h = (0, ..., 0),

and since p ≥ 1 for each g ∈ Cp(Ω,K) we have

Cω,ψ(g)′(x0)h = (ω · (g ◦ ψ))′(x0)h

= g(ψ(x0))ω
′(x0)h + ω(x0)g′(ψ(x0))ψ

′(x0)h

= g(ψ(x0))ω
′(x0)h

= ω(x0)g(ψ(x0))
ω′(x0)

ω(x0)
h

= Cω,ψ(g)(x0)
ω′(x0)

ω(x0)
h.

Hence it follows that the range of Cω,ψ is contained in the proper closed linear subspace{
f ∈ Cp(Ω,K) : f ′(x0)h = f (x0)

ω′(x0)

ω(x0)
h
}

of Cp(Ω,K), which contradicts that Cω,ψ has a dense range. Thus, for each x ∈ Ω the
derivative of ψ at x is nonsingular.

(d) Notice that by Ansari’s theorem [12] (Theorem 2) (which holds on arbitrary topo-
logical vector spaces) Cω,ψ is supercyclic if and only if any iterate Cr

ω,ψ = Cω̃,ψr (r ∈ N) is

supercyclic, where ω̃ = ∏r−1
j=0 ω ◦ψj. So it suffices to show that Cω,ψ has no fixed point. Now,

by means of contradiction suppose there exists x ∈ Ω with ψ(x) = x. Throughout this proof
we view ψ′(x) as an operator acting on Cd regardless if K is the real or complex scalar field.
Let λ0 be an eigenvalue of ψ′(x), and let h0 ∈ Cd be an eigenvector of ψ′(x) with eigenvalue
λ0. Since Cω,ψ is supercyclic, the commuting family F = {λCn

ω,ψ : n ∈ N∪ {0}, λ ∈ K} is
topologically transitive on the Baire space Cp(Ω,K) and the set SC(Cω,ψ) of supercyclic
vectors for Cω,ψ, which coincides with the set of universal vectors for F , is a co-meager
set in Cp(Ω,K); see [10] (p. 27). So there exists f ∈ SC(Cω,ψ) satisfying f (x) ̸= 0 and
f ′(x)h0 ̸= 0.

Pick g ∈ Cp(Ω,K) so that g(x) ̸= 0, g′(x)h0 ̸= 0 and g /∈ ⋃∞
n=0 span{C(n)

ω,ψ( f )}.
Replacing g by g + ϵ for some small ϵ ∈ R if necessary, without loss of generality we may
further assume that

|g′(x)h0|
|g(x)| ̸= | f ′(x)h0|

| f (x)| .

Since f ∈ SC(Cω,ψ), there exist sequences (λl)l∈N and (nl)l∈N in K and N, respectively, so
that

λlC
nl
ω,ψ( f ) →

ℓ→∞
g in Cp(Ω,K). (1)

In particular, since p ≥ 1 all first-order partial derivatives of the above sequence converge
uniformly on compact sets to the corresponding partial derivative of the limit. Hence,

(λlC
nl
ω,ψ( f ))′(x) →

ℓ→∞
g′(x) in L(Cd,Cd). (2)
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We claim that for each n ∈ N and F ∈ Cp(Ω,K) we have

(Cn
ω,ψ(F))′(x) = F(x)ω(x)n−1ω′(x) + ω(x)(Cn−1

ω,ψ (F))′(x)ψ′(x). (3)

Indeed, by the Product Rule and the Chain Rule

(Cω,ψ(F))′(x) = F(ψ(x))ω′(x) + ω(x)F′(ψ(x))ψ′(x)

= F(x)ω′(x) + ω(x)F′(x)ψ′(x)

= F(x)ω(x)n−1ω′(x) + ω(x)(Cn−1
ω,ψ (F))′(x)ψ′(x),

so (3) holds for n = 1. Inductively, if (3) holds for the case n = k we have

(Ck+1
ω,ψ (F))′(x) = (Ck

ω,ψ(Cω,ψ(F)))′(x)

= (Cω,ψ(F))(x)ω(x)k−1ω′(x) + ω(x)(Ck−1
ω,ψ (Cω,ψ(F)))′(x)ψ′(x)

= F(x)ω(x)kω′(x) + ω(x)(Ck
ω,ψ(F))′(x)ψ′(x),

so it holds for the case n = k + 1 as well. Now, letting F = f in (3), we get

(Cn
ω,ψ( f ))′(x) = ω(x)n−1 f (x)ω′(x) + ω(x)(Cn−1

ω,ψ ( f ))′(x)ψ′(x)

= ω(x)n−1 f (x)ω′(x) + ω(x)[ω(x)n−2 f (x)ω′(x) + ω(x)(Cn−2
ω,ψ ( f ))′(x)ψ′(x)]ψ′(x)

= 2ω(x)n−1 f (x)ω′(x) + ω(x)2(Cn−2
ω,ψ ( f ))′(x)[ψ′(x)]2

...

= nω(x)n−1 f (x)ω′(x) + ω(x)n f ′(x)[ψ′(x)]n

=
n

ω(x)
Cn

ω,ψ( f )(x)ω′(x) +
1

f (x)
Cn

ω,ψ( f )(x) f ′(x)[ψ′(x)]n

= Cn
ω,ψ( f )(x)

(
n

ω(x)
ω′(x) +

1
f (x)

f ′(x)[ψ′(x)]n
)

.

(4)

So it follows from (4) that for all large l we have

nl
ω(x)

ω′(x)h0 +
λ

nl
0

f (x)
f ′(x)h0 =

(
nl

ω(x)
ω′(x) +

1
f (x)

f ′(x)[ψ′(x)]nl

)
h0

=
1

λlC
nl
ω,ψ( f )(x)

λlC
nl
ω,ψ( f )(x)

(
nl

ω(x)
ω′(x) +

1
f (x)

f ′(x)[ψ′(x)]nl

)
h0

=
1

λlC
nl
ω,ψ( f )(x)

(λlC
nl
ω,ψ( f ))′(x)h0,

(5)

and thus by (1) and (2) we have

nl
ω(x)

ω′(x)h0 +
λ

nl
0

f (x)
f ′(x)h0 →

ℓ→∞

1
g(x)

g′(x)h0. (6)

We now derive a contradiction using (6). We have two cases.
Case 1: |λ0| > 1. We have∣∣∣∣∣nl

1
ω(x)

ω′(x)h0 +
λ

nl
0

f (x)
f ′(x)h0

∣∣∣∣∣ ≥
∣∣∣∣∣ λ

nl
0

f (x)
f ′(x)h0

∣∣∣∣∣− nl

∣∣∣∣ 1
ω(x)

ω′(x)h0

∣∣∣∣
= |λ0|nl

(
| f ′(x)h0|
| f (x)| − nl

|λ0|nl

∣∣∣∣ 1
ω(x)

ω′(x)h0

∣∣∣∣) →
ℓ→∞

∞,
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a contradiction with (6).
Case 2: |λ0| ≤ 1. If ω′(x)h0 ̸= 0, we have∣∣∣∣∣nl

1
ω(x)

ω′(x)h0 +
λ

nl
0

f (x)
f ′(x)h0

∣∣∣∣∣ ≥
∣∣∣∣nl

1
ω(x)

ω′(x)h0

∣∣∣∣−
∣∣∣∣∣ λ

nl
0

f (x)
f ′(x)h0

∣∣∣∣∣
≥ nl

|ω′(x)h0|
|ω(x)| − | f ′(x)h0|

| f (x)| →
ℓ→∞

∞,

again contradicting (6). Now assume ω′(x)h0 = 0. Then we have∣∣∣∣∣nl
1

ω(x)
ω′(x)h0 +

λ
nl
0

f (x)
f ′(x)h0

∣∣∣∣∣ = |λ0|nl

| f (x)| | f ′(x)h0| →

 0 if |λ0| < 1
| f ′(x)h0|
| f (x)| if |λ0| = 1.

(7)

But |g′(x)h0|
|g(x)| ̸= | f ′(x)h0|

| f (x)| and g′(x)h0
g(x) ̸= 0 by our selection of g. So in either case we obtain a

contradiction with (6), and the proof of (4) is now complete.

Remark 1. By Lemma 1, the same argument shows that conclusions (a)–(c) of Lemma 2 hold
under the weaker assumption that Cω,ψ be weakly supercyclic. Also, conclusions (a) and (b) hold
when p = 0, too. We do not know whether conclusion (d) holds when p = 0 or under the weaker
assumption that Cω,ψ is weakly supercyclic.

We say that ψ : Ω → Ω is run-away with respect to a given strictly increasing sequence
(nj) in N provided for each compact subset K of Ω there exists j ∈ N so that

ψnj(K) ∩ K = ∅.

Also, recall that a family F = {Tα}α∈Λ of operators on a topological vector space X is said
to be universal provided there exists a vector g in X for which

Fg = {Tαg : α ∈ Λ}

is dense in X. Any such g is called a universal vector for F , and when each Tα has a dense
range and TαTβ = TβTα for each α, β ∈ Λ the family F is universal if and only if it has a
dense set of universal vectors.

Lemma 3. Let p ∈ N∪ {∞}, let ω ∈ Cp(Ω,K) and let ψ ∈ Cp(Ω, Ω). If Cω,ψ is supercyclic on
Cp(Ω,K) with respect to some strictly increasing sequence (nj) in N, the following assertions hold:

(i) For each x ∈ Ω, the set {ψnj(x) : j ≥ 0}Ω
is not compact in Ω.

(ii) The symbol ψ is run-away with respect to (nj).

Proof. (i) Suppose that for some x0 ∈ Ω the set

K := {ψnj(x0) : j ≥ 0}Ω

is a compact subset of Ω. By Lemma 2(a) and the continuity of ω there exist positive scalars
M, m > 0 such that

m < |ω(x)| < M

for every x ∈ K ∪ ψ(K). Since the set of universal vectors for

F := {λCm
ω,ψ : λ ∈ K, m ∈ {nj : j ∈ N} ∪ {0}}
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is dense in Cp(Ω,K), we may pick a universal vector h for F which satisfies

1 < |h(x)| < 2 (8)

for every x ∈ K ∪ ψ(K). In particular, for each j ∈ N and 0 ̸= λ ∈ K we must have∣∣∣∣∣∣λC
nj
ω,ψ(h)(ψ(x0))

λC
nj
ω,ψ(h)(x0)

∣∣∣∣∣∣ =
∣∣∣∣∣ω(ψnj(x0))h(ψnj+1(x0))

ω(x0)h(ψnj(x0))

∣∣∣∣∣ < 2M
m

. (9)

Now, since Cp(Ω,K) is dense in C(Ω,K), any universal vector for F acting on Cp(Ω,K)

is also a universal vector for F acting on C(Ω,K). So without loss of generality for the
remainder of the proof we may consider Cω,ψ and F as acting on C(Ω,K).

Notice that ψ(x0) ̸= x0 by Lemma 2(d), so the open subset

U :=
{

f ∈ C(Ω,K) : f (x) ̸= 0 for every x ∈ K and
∣∣∣∣ f (ψ(x0))

f (x0)

∣∣∣∣ > 2M
m

}

of C(Ω,K) is non-empty. Also, by (9) we have λC
nj
ω,ψ(h) ̸∈ U for each j ∈ N and λ ̸= 0.

Hence, the universality of h forces that λ0h ∈ U for some 0 ̸= λ0 ∈ K, which by (8) gives
the contradiction

2M
m

<

∣∣∣∣λh(ψ(x0))

λh(x0)

∣∣∣∣ = ∣∣∣∣h(ψ(x0))

h(x0)

∣∣∣∣ < 2.

(ii) Assume to the contrary that ψ is not run-away with respect to (nj). Then there
exists a compact set K ⊂ Ω such that

ψnj(K) ∩ K ̸= ∅

for every j ∈ N. For each j ∈ N let xj ∈ K such that ψnj(xj) ∈ K. Arguing as in part (i) there
exist M, m > 0 and h ∈ Cp(Ω,K) universal for F so that

m < |ω(x)| < M and 1 < |h(x)| < 2 (10)

for every x ∈ K ∪ ψ(K), and we may also assume F to be acting on C(Ω,K). Again, for
each j ∈ N and non-zero scalar λ we have∣∣∣∣∣∣λC

nj
ω,ψ(h)(ψ(xj))

λC
nj
ω,ψ(h)(xj)

∣∣∣∣∣∣ =
∣∣∣∣∣ω(ψnj(xj))h(ψnj+1(xj))

ω(xj)h(ψnj(xj))

∣∣∣∣∣ < 2M
m

. (11)

It now suffices to verify that the open subset

U :=
{

f ∈ C(Ω,K) : f (x) ̸= 0 and
∣∣∣∣ f (ψ(x))

f (x)

∣∣∣∣ > 2M
m

for every x ∈ K
}

of C(Ω,K) is non-empty. Indeed, since (11) forces λC
nj
ω,ψ(h) ̸∈ U for each j ∈ N and λ ̸= 0

we must now have λ0h ∈ U for some λ0 ̸= 0, which by (10) gives the contradiction

2M
m

<

∣∣∣∣∣λ0h(ψ(xj))

λ0h(xj)

∣∣∣∣∣ =
∣∣∣∣∣h(ψ(xj))

h(xj)

∣∣∣∣∣ < 2.
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Finally, that U is non-empty was established in [6] (p. 1103): Pick any d ∈ C∞(Ω,K)

satisfying d = 0 on K and 0 < d ≤ 1 on Ω \ K and consider

D :=
∞

∑
n=0

1
(C + 1)n d ◦ ψn,

where C = 2M
m . The uniform convergence of this series ensures that D ∈ C(Ω,K). Also

Part (i) ensures that for any given x ∈ Ω the set {ψnj(x) : j ≥ 0}Ω
is not compact in Ω,

forcing that ψnj(x) /∈ K for some j ∈ N and thus that D(x) > 0. Finally, for each x ∈ K
we have

D(ψ(x)) =
∞

∑
i=0

1
(C + 1)i d(ψi+1(x)) = (C + 1)D(x)− (C + 1)d(x) = (C + 1)D(x),

so
D(ψ(x))

D(x)
= C + 1

and thus D ∈ U.

Remark 2. If conclusion (d) of Lemma 2 holds when p = 0, then we may include p = 0 in the
assumptions of Lemma 3. Indeed, when Cω,ψ is supercyclic with respect to (nj), condition (d) of
Lemma 2 is equivalent to condition (i) of Lemma 3, and to condition (ii) of Lemma 3, regardless of
which p ∈ N∪ {0, ∞} we consider.

Corollary 1. Let p ∈ N∪ {∞}. If Cω,ψ is strongly supercyclic on Cp(Ω,K), then ψ is strongly
run-away.

We are now ready to show Theorem 3.

Proof of Theorem 3. The implication (1) ⇒ (3) follows Lemma 2 and Lemma 3 and
(2) ⇒ (1) is immediate. (3) ⇒ (2) Notice that Cω,ψ : Cp(Ω,K) → Cp(Ω,K) is quasi-
conjugate to Cω,ψ : C∞(Ω,K) → C∞(Ω,K), and the latter is weak-mixing by Theorem 1.
For the equivalence in the last statement of the conclusion, notice that any mixing operator
on a separable Fréchet space is strongly supercyclic. Conversely, assume Cω,ψ is strongly
supercyclic. To see that it is mixing, by Theorem 1 it suffices to verify that conditions (3)
(i)–(iii) hold and that ψ is strongly run-away. Conditions (3) (i)–(iii) now follow by the
first part of Theorem 3, already established. Finally, Corollary 1 ensures that ψ is strongly
run-away.

3. Mixing Implies Chaos
Definition 3. Given Ω ⊆ Rd open and non-empty and ψ : Ω → Ω, we define ψ0 : Ω → Ω as the
identity self-map of Ω and for each n ∈ N we let ψn : Ω → Ω denote the n-fold composition of ψ

with itself. If ψ is an injective open mapping, for each n ∈ N ψn(Ω) is open and non-empty and we
let ψ−n : ψn(Ω) → Ω be defined by the rule

y = ψn(x) if and only if x = ψ−n(y)

Remark 3. Notice that if p ∈ N∪ {∞} and if ψ ∈ Cp(Ω, Ω) is a 1-1 open mapping then for each
n ∈ N we have

ψn ∈ Cp(Ω, Ω) and ψ−n ∈ Cp(ψn(Ω), Ω).



Mathematics 2025, 13, 2944 10 of 19

Also, for each m, n ∈ N∪ {0} we have

ψn ◦ ψm = ψn+m = ψm ◦ ψn on Ω

ψ−n ◦ ψ−m = ψ−m−n = ψ−m ◦ ψ−n on ψm+n(Ω).
(12)

Moreover, if in addition n ≤ m, then we have

ψ−n ◦ ψm = ψm−n on Ω

ψm ◦ ψ−n = ψm−n on ψn(Ω)

ψ−m ◦ ψn = ψ−m+n on ψm−n(Ω)

ψn ◦ ψ−m = ψ−m+n on ψm(Ω).

(13)

Theorem 4. Let Ω ⊂ Rd be open, and let ψ ∈ Cp(Ω, Ω) and ω ∈ Cp(Ω,K), where p ∈
N∪ {∞}. If Cω,ψ is mixing on Cp(Ω,K), then it is chaotic.

Proof. It suffices to show Cω,ψ has a dense set of periodic points. So let f ∈ Cp(Ω,K), and
let m ≤ p, ϵ > 0 and K ⊂ Ω compact be given. We want to find g ∈ Cp(Ω,K) and N ∈ N
so that

∥g − f ∥K,m < ϵ

CN
ω,ψg = g.

(14)

Let 0 < ρ < dist{K, ∂Ω}, and consider the compact subset

L := {x ∈ Ω : dist(x, K) ≤ ρ}

of Ω. The selection of ρ ensures that for each x ∈ Ω we have

x ∈ int(L) ⇔ dist(x, K) < ρ

x ∈ ∂L ⇔ dist(x, K) = ρ,

and
∂L = ∂int(L) = L \ int(L).

Since ψ is strongly run-away, there exists N ∈ N so that for each n ≥ N we have

ψn(L) ∩ L = ∅. (15)

For each integer k we define

Lk :=

 ψkN(L) if k ≥ 0

ψ−1
−kN(L) if k < 0.

So Lk is always non-empty when k ≥ 0, while when k < 0 we have

Lk =

 ∅ if ψ−kN(Ω) ∩ L = ∅

ψkN(ψ−kN(Ω) ∩ L) if ψ−kN(Ω) ∩ L ̸= ∅.

We will use the following observations.

Remark 4.

(i) For each k ∈ Z and y ∈ Lk there exists a unique x ∈ L so that y = ψkN(x), and when k < 0
we also have that x ∈ ψ−kN(Ω) ∩ L.
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(ii) Each non-empty Lk is diffeomorphic to L. Indeed, when Lk ̸= ∅ we have

ψN(Lk) = Lk+1,

and ψN maps a neighborhood of Lk onto some neighborhood of Lk+1, so for each neighborhood
Vk+1 of ∂Lk+1 there exists a neighborhood Vk of ∂Lk so that ψN(Vk) ⊂ Vk+1.

(iii) For any y ∈ Ω we have ψN(y) ∈ ∪k∈ZLk if and only if y ∈ ∪k∈ZLk.

We also use the following.

Claim 1.

(i) For each k ∈ Z with Lk ̸= ∅ we have dist(Lk,∪j∈Z\{k}Lj) > 0.

(ii) int(∪k∈ZLk) = ∪k∈Zint(Lk).
(iii) The set ∪k∈ZLk is closed, and ∂(∪k∈ZLk) = ∪k∈Z∂Lk.

Assume Claim 1 holds. Pick some φ ∈ C∞(Ω,R) with φ(Ω) = [0, 1] so thatφ = 1 on {x ∈ Ω : dist(x, K) ≤ 1
3 ρ}

φ = 0 on Ω \ U,

where U := {x ∈ Ω : dist(x, K) < 2
3 ρ}. Then f̃ := φ f ∈ Cp(Ω,K) satisfies that

∥ f̃ − f ∥K,m = 0 and supp( f̃ ) ⊂ U.

Let H := ∏N−1
j=0 ω ◦ ψj and consider the function g : Ω → K given by

g(y) :=



(
f̃ ◦ψ−nN

∏−1
j=−n(H◦ψjN)

)
(y) if y ∈ Ln for some n ∈ N,

f̃ (y) if y ∈ L0 = L,

f̃ (ψnN(y))∏n−1
s=0 H(ψsN(y)) if y ∈ L−n for some n ∈ N,

0 if y ∈ Ω \ ∪k∈ZLk,.

(16)

Notice that g = f̃ on int(L0) so g↾int(L0)
∈ Cp(int(L0),K). Also, since H ∈ Cp(Ω,K)

and is zero-free, it follows by Remark 4 that g↾int(Lk)
∈ Cp(int(Lk),K) whenever Lk ̸= ∅,

and thus by Claim 1(ii) we get that

g↾V ∈ Cp(V,K),

where V = int(∪k∈ZLk). Also g = 0 on Ω \ ∪k∈ZLk, so

g↾Ω\∪k∈Z
Lk

∈ Cp(Ω \ ∪k∈ZLk,K).

Finally, notice that by (16) and Claim 1(i) we must have g = 0 on some neighborhood of
L0, since f̃ = 0 on a neighborhood of ∂L0. Indeed, by the latter and Remark 4(ii) for each
k ∈ Z \ {0} with Lk ̸= ∅ we have f̃ ◦ ψ−kN = 0 on some neighborhood of ∂Lk, which forces
by Claim 1(iii) that g = 0 on some neighborhood of ∂ ∪k∈Z Lk. So g ∈ Cp(Ω,K), it suffices
now to show that

CN
ω,ψg = g.
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Notice first by (16) and Remark 4 for each y ∈ Ω \ ∪k∈ZLk

g(y) = 0 = g(ψN(y)) = H(y)g(ψN(y)) = CN
ω,ψ(g)(y).

Also, for y ∈ L0 we have

CN
ω,ψg(y) = H(y)g(ψN(y)) = H(y)

(
f̃ ◦ ψ−N
H ◦ ψ−N

)
(ψN(y)) = f̃ (y) = g(y).

For n ∈ N and y ∈ Ln we have ψN(y) ∈ Ln+1 and by (16)

CN
ω,ψg(y) =H(y)g(ψN(y))

= H(y)

 f̃ ◦ ψ−(n+1)N

∏−1
j=−(n+1) H ◦ ψjN

(ψN(y))

=

(
f̃ ◦ ψ−nN

∏−1
j=−n H ◦ ψjN

)
(y) = g(y).

Finally, if y ∈ ∪n∈NL−n, we have two cases:
Case 1: y ∈ L−1. Since ψN(y) ∈ L0 by (16) we have

g(y) = f̃ (ψN(y))H(y) = g(ψN(y))H(y) = CN
ω.ψg(y).

Case 2: y ∈ L−n for some n ≥ 2. In this case ψN(y) ∈ L−n+1 and −n + 1 ≤ −1, so

g(y) = f̃ (ψnN(y))
n−1

∏
s=0

H(ψsN(y))

=
(

f̃ ◦ ψ(n−1)N

)
(ψN(y))H(y)

n−2

∏
s=0

(H ◦ ψsN)(ψN(y))

= H(y)g(ψN(y))

= CN
ω,ψg(y).

So CN
ω,ψg = g, and it suffices to show Claim 1.

Proof of Claim 1. (i) We first show that

Li ∩ Lj = ∅ (17)

whenever i ̸= j. Indeed, interchanging i and j if necessary we may assume that j = i + n
for some n ∈ N. If y ∈ Li ∩ Lj, there exist xi, xj ∈ L so that

y = ψiN(xi) = ψjN(xj). (18)

If i ≥ 0 we have by (12) that ψ(i+n)N = ψiN ◦ ψnN on Ω. So

ψjN(xj) = ψ(i+n)N(xj) = ψiN(ψnN(xj))

and by (18) and the injectivity of ψ we must have

xi = ψnN(xj) ∈ L ∩ ψnN(L),
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a contradiction with (15). So i < 0. Now, notice that by (13) we have

ψiN ◦ ψnN = ψ(i+n)N on

Ω if j = n + i ≥ 0

ψ−j(Ω) if j = n + i < 0.

Notice also that if j < 0 then xj ∈ L ∩ ψ−j(Ω), so in either case we have

ψjN(xj) = ψ(i+n)N(xj) = ψiN(ψnN(xj))

and again by (18) and the injectivity of ψ we have

xi = ψnN(xj) ∈ L ∩ ψnN(L),

a contradiction with (15). So (17) holds. Now, let k ∈ Z be fixed. Consider the compact set

L̂k := {x ∈ Ω : dist(x, Lk) ≤
1
3

ρ}.

Since ψ is strongly run-away on Ω, there exists N1 so that

ψn(L̂k) ∩ L̂k = ∅ (19)

for each n ≥ N1. In particular, for each n ≥ N1 we have

dist(Lk, Lk+n) = dist(Lk, ψnN(Lk)) ≥ dist(Lk, ψnN(L̂k)) ≥
1
3

ρ.

We have two cases. Case 1: There exists j0 (necessarily negative) so that Lj = ∅ for each

j ≤ j0 and Lj ̸= ∅ for each j0 < j. By (17) the compact sets Lk and ∪N1+k
j=j0,j ̸=kLj are disjoint

and hence at a positive distance, so

dist(Lk,∪j∈Z\{k}Lj) ≥ min{dist(Lk,∪N1+k
j=j0,j ̸=kLj),

1
3

ρ} > 0.

Case 2: Lj ̸= ∅ for each j ∈ Z. By (19) for each n ≥ N1 we have

L̂k ∩ ψ−1
nN(L̂k) = ∅,

which by (13) gives
1
3

ρ ≤ dist(Lk, ψ−1
nN(L̂k))

≤ dist(Lk, ψ−1
nN(Lk))

= dist(Lk, Lk−n).

and again by (17) we have Lk at a positive distance from ∪N1+k
j=−N1+k,j ̸=kLj so

dist(Lk,∪j∈Z\{k}Lj) ≥ min{dist(Lk,∪N1+k
j=−N1+k,j ̸=kLj),

1
3

ρ} > 0.

(ii) Clearly the inclusion int(∪k∈ZLk) ⊇ ∪k∈Zint(Lk) holds. Now, given x ∈
int(∪k∈ZLk) let ϵ > 0 so that

B(x, ϵ) ⊂ ∪j∈ZLj

and pick k ∈ Z so that x ∈ Lk. By (i) there exists δk > 0 so that

dist(Lk,∪j∈Z\{k}Lj) ≥ δk.
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Then
B(x, min{ϵ, δk}) ⊂ ∪j∈ZLj \ ∪j∈Z\{k}Lj = Lk,

so x ∈ int(Lk) and (ii) holds.
(iii) Given x ∈ ∪k∈ZLk, let (xn) be a sequence in ∪k∈ZLk with xn →

n→∞
x. Let ϵ with

0 < ϵ < min{1, dist(x, ∂Ω)}.

Since ψ is strongly run-away there exists r ∈ N so that for each n ≥ rN we have

ψn(B(x, ϵ) ∪ L) ∩ (B(x, ϵ) ∪ L) = ∅.

Thus, for each n ≥ r we must have

Ln ∩ B(x, ϵ) = ψnN(L) ∩ B(x, ϵ) ⊆ ψnN(B(x, ϵ) ∪ L) ∩ (B(x, ϵ) ∪ L) = ∅ (20)

and
B(x, ϵ) ∩ ψ−1

nN(L) ⊆ (B(x, ϵ) ∪ L) ∩ ψ−1
nN(B(x, ϵ) ∪ L) = ∅. (21)

By (21) for each n ≥ r we have
B(x, ϵ) ∩ L−n = ∅, (22)

so by (20) and (22) the tail of the sequence (xn) must lie in ∪−r≤k≤rLk, giving

x ∈ ∪−r≤k≤rLk = ∪−r≤k≤rLk ⊆ ∪k∈ZLk.

So the set ∪k∈ZLk is closed and by (ii) we have

∂(∪k∈ZLk) ⊆ ∪k∈ZLk \ int(∪k∈ZLk)

= ∪k∈ZLk \ ∪k∈Zint(Lk)

= ∪k∈Z(Lk \ int(Lk))

= ∪k∈Z∂Lk.

But the inclusion ∂(∪k∈ZLk) ⊇ ∪k∈Z∂Lk easily follows by (i).
The proof of Theorem 4 is now complete.

4. The One-Dimensional Case
Theorem 5. Let ∅ ̸= Ω ⊂ R be open, and let ψ ∈ Cp(Ω, Ω) and ω ∈ Cp(Ω,K), where
p ∈ N∪ {∞}. Then Cω,ψ is supercyclic on Cp(Ω,K) if and only if it is mixing, and if and only if
it is chaotic.

To prove Theorem 2, Przestacki showed that for a continuous and injective self-map ψ

of R, having no fixed points is equivalent to being strongly run-away. To prove Theorem 5
we extend this result to any open subset Ω of R.

Lemma 4. If ψ : (a, b) → (a, b) is continuous and injective, where −∞ ≤ a < b ≤ ∞, then the
following assertions are equivalent:

(1) ψ has no fixed points.
(2) ψ is run-away.
(3) ψ is strongly run-away.

Proof. The implications (3) ⇒ (2) and (2) ⇒ (1) are immediate, so we show (1) ⇒ (3).
The case where (a, b) = (−∞, ∞) is [6] (Lemma 4.1). Let us start with the case where a
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and b are both finite. Since ψ is fixed point free, we either have ψ(x) > x or ψ(x) < x for
all x ∈ (a, b). Without loss of generality, we assume ψ(x) > x for all x ∈ (a, b), with the
other case being similar. Since ψ is injective and has no fixed points, the Intermediate Value
Property now ensures that ψ is strictly increasing. So for each a < c < d < b we have

ψ([c, d]) = [ψ(c), ψ(d)].

Let K ⊂ (a, b) be compact. It suffices to find an N ∈ N such that ψn(K) ∩ K = ∅ for n ≥ N.
Enlarging K if necessary, we may assume that K = [c, d] for some ∅ ̸= [c, d] ⊂ (a, b).

Notice that the sequence (ψn(c)) is increasing, so limn→∞ ψn(c) = b. Otherwise there
exists a0 ∈ (a, b) such that (ψn(c)) converges to a0 and the continuity of ψ forces

a0 = lim
n→ ∞

ψn(c) = lim
n→ ∞

ψn+1(c) = lim
n→ ∞

ψ(ψn(c)) = ψ( lim
n→ ∞

ψn(c)) = ψ(a0),

contradicting that ψ has no fixed points. So limn→∞ ψn(c) = b and thus there exists N ∈ N
such that ψn(c) > d for each n ≥ N and thus

ψn(K) ∩ K = ψn([c, d]) ∩ [c, d] = [ψn(c), ψn(d)] ∩ [c, d] = ∅

for each n ≥ N. So ψ is strongly run-away. The proofs of the cases where a = −∞ or b = ∞
have one difference: the monotone sequence (ψn(c)) may be unbounded. But the method
to show that ψ is strongly run-away remains the same.

We next consider with Lemma 6 below the case when Ω is finitely connected. We first
recall the following elementary fact.

Lemma 5. If ψ is a continuous self-map on a topological space Ω, then the following assertions are
equivalent:

(i) ψ is strongly run-away.
(ii) For each p ∈ N, the p-th iterate ψp of ψ is strongly run-away.
(iii) For some p ∈ N, the p-th iterate ψp of ψ is strongly run-away.

Proof. The implications (i) ⇒ (ii) and (ii) ⇒ (iii) are immediate. To see (iii) ⇒ (i), fix a
compact set K ⊂ Ω and consider the compact set K1 := K ∪ ψ(K) ∪ ... ∪ ψp−1(K). Since ψp

is strongly run-away, there exists N ∈ N such that for each n ≥ N we have

ψpn(K1) ∩ K1 = ∅,

so for each n ≥ N and j = 1, . . . , p − 1 we have

K ∩ ψpn−j(K) = ∅,

and thus K ∩ ψm(K) = ∅ for each m ≥ pN.

Lemma 6. If Ω = I1 ∪ ... ∪ Im, where I1, . . . , Im are pairwise disjoint non-empty open intervals,
and ψ : Ω → Ω is injective and continuous, then the following assertions are equivalent:

(1) ψ has no fixed points, no points of period 2,. . . , and not points of period m.
(2) ψ is run-away.
(3) ψ is strongly run-away.

Proof. The implications (3) ⇒ (2) and (2) ⇒ (1) are immediate. We show (1) ⇒ (3)
by induction on m. The case m = 1 is Lemma 4. For the inductive step, assume 2 ≤ m.
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Notice that by a connectedness argument for each j = 1, . . . , m there exists a unique
σ(j) ∈ {1, . . . , m} so that ψ(Ij) ⊆ Iσ(j), so we have two cases:
Case 1: There exists j ∈ {1, . . . , m} so that ψ(Ω) ⊆ Ω \ Ij. Here ψ is strongly run-away on
Ω \ Ij by the inductive assumption, and since ψ(Ij) ⊆ Ω \ Ij it follows that ψ is strongly
run-away on Ω.
Case 2: ψ(Ω) ∩ Ij ̸= ∅ for each j = 1, . . . , m. In this case ψ acts as a permutation on the
indices of the m intervals. That is, there exists a bijection σ : {1, 2, . . . , m} → {1, 2, . . . , m}
so that

ψ(Ij) ⊆ Iσ(j)

for each j = 1, . . . , m. Hence, if p is the order of σ in the group of permutations of m
elements, then ψp(Ij) ⊆ Ij for each j = 1, . . . m. So ψp is strongly run-away on each Ij by
Lemma 4, and thus ψp is strongly run-away on Ω. So ψ is strongly run-away on Ω by
Lemma 5.

Finally, we consider the infinitely connected case.

Lemma 7. If Ω = ∪∞
k=1 Ik where {Ik} is a collection of pairwise disjoint non-empty open intervals,

and ψ : Ω → Ω is injective and continuous, then the following assertions are equivalent:

(1) ψ has no periodic points.
(2) ψ is run-away.
(3) ψ is strongly run-away.

Proof. Once again, we only have to show that (1) implies (3). The key is to rewrite Ω into a
union of pairwise disjoint ψ-invariant sets that are minimal in size. For each ∅ ̸= A ⊂ N
we define

VA := ∪j∈A Ij, (23)

and for each k ∈ N define

Ωk := ∩{A⊆N: k∈A and ψ(VA)⊆VA}VA.

Notice that Ik ⊂ Ωk, and that ψ(Ωk) ⊆ Ωk. We refer to Ωk as the invariant component of Ω
that contains Ik. We see next that each invariant component of Ω is of the form (23).
Claim 1: For each k ∈ N there exists a unique A∗

k ⊆ N so that

Ωk = VA∗
k
.

To see the claim, let x ∈ Ωk. So x ∈ Iℓ for a unique ℓ ∈ N. It suffices to show that Iℓ ⊆ Ωk.
Let A be a subset of N with k ∈ A and ψ(VA) ⊆ VA. We want to show that Iℓ ⊆ VA. Since
x ∈ Ωk ⊆ VA, there exists j ∈ A so that x ∈ Ij. This forces, since Ij and Iℓ are connected
components of Ω,

Iℓ = Ij ⊆ VA.

So Claim 1 holds. Notice that by Claim 1 for each k, ℓ ∈ N we must have

Ωk ∩ Ωℓ = ∅ or Ωk = Ωℓ.

We next show that ψ is strongly run-away on each invariant component:
Claim 2: Let k ∈ N. Then ψ is strongly run-away on Ωk.
To see Claim 2, let A∗

k ⊆ N so that

Ωk = VA∗
k
= ∪j∈A∗

k
Ij.
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If A∗
k is finite then Ωk is finitely connected and Claim 2 follows from Lemma 6. So assume

that A∗
k is infinite. Notice that in this case for each j ∈ A∗

k and n ∈ N each of the intervals

ψ(Ij), ψ2(Ij), . . . , ψn(Ij) (24)

must be contained in a different connected component of Ωk = VA∗
k
= ∪j∈A∗

k
Ij. Now, if

K ⊂ Ωk is compact there exist j1, . . . , jr ∈ A∗
k so that

K ⊂ ∪r
ℓ=1 Ijℓ .

By (24), for each ℓ = 1, . . . , r there exists Nℓ ∈ N so that

ψn(Ijℓ) ∩ ∪r
ℓ=1 Ijℓ = ∅

for each n ≥ Nℓ. Hence
ψn(K) ∩ K = ∅

for each n ≥ max {N1, . . . Nr}, and Claim 2 holds.
We are ready to show that ψ is strongly run-away on Ω. Let K ⊆ Ω be compact. Since

the collection of invariant components of Ω is an open cover of K, there exists r ∈ N so that

K ⊂ ∪r
ℓ=1Ωℓ.

Since ψ is strongly run-away on each Ωℓ and ψ(Ωℓ) ⊆ Ωℓ, there exists N ∈ N so that for
each 1 ≤ ℓ ≤ r and n ≥ N we have

ψn(K ∩ Ωℓ) ∩ (K ∩ Ωℓ) = ∅,

which forces
ψn(K) ∩ K = ∅

for each n ≥ N.

By Lemma 4, Lemma 6 and Lemma 7 we have the following.

Corollary 2. Let Ω ⊆ R be open. If ψ : Ω → Ω is injective and continuous, then it is run-away if
and only if it is strongly run-away and if and only if it has no periodic points.

Remark 5. While lacking periodic points ensures an injective continuous map ψ : Ω → Ω to
be strongly run-away in the one-dimensional setting, this is no longer true in higher dimensions.
Indeed, consider the open set Ω = R2 \ {(0, 0)}. Let ψ be a rotation by an angle θ that is an
irrational multiple of π. So ψ is a self-map of Ω that is injective and continuous. Moreover, given
x ∈ Ω, by the selection of θ the orbit of x under ψ must be dense in the circle of radius |x| that is
centered at the origin. That is, ψ has no periodic points and ψ is not run-away since circles centered
at the origin are compact and invariant under ψ.

We are ready to show Theorem 5.

Proof of Theorem 5. Each mixing operator is supercyclic, so this happens for Cω,ψ. Con-
versely, suppose that Cω,ψ is supercyclic. By Theorem 3, ψ is run-away and conditions (3)
(i)–(iii) of Theorem 3 hold. Since Ω ⊆ R, Corollary 2 ensures that ψ is strongly run-away.
So Cω,ψ is mixing by Theorem 3. For the equivalence with chaos, recall that every chaotic
operator is supercyclic and the converse of this now follows from Theorem 4, as we already
established that Cω,ψ is mixing whenever it is supercyclic and Ω ⊆ R.
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5. Final Comments
Since in general for any operator on a separable Fréchet space we have the implications

mixing =⇒ weakly-mixing =⇒ transitive =⇒ supercyclic

and
chaos =⇒ weakly-mixing,

it is natural to seek when any of the converses of these implications hold within a certain
class of operators. For a weighted composition operator Cω,ψ acting on the space H(Ω)

of holomorphic functions on an arbitrary domain Ω of the complex plane, for instance,
Golinski and Przestacki [4] fully characterized hypercyclicity and showed that Cω,ψ is
hypercyclic if and only if it is weakly mixing. Indeed, the latter is known to hold if and only
if Cω,ψ is mixing, and except possibly when Ω is conformally equivalent to a punctured
disc, the operator Cω,ψ is supercyclic on H(Ω) if and only if it is mixing [13]. Motivated
by the above-mentioned equivalences holding for weighted composition operators acting
on H(Ω) and the corresponding given equivalences we saw with Theorem 5 on Cp(Ω,K)

when Ω ⊆ R, it is natural to ask the following questions.

Question 1. Let d ≥ 2 and Ω ⊂ Rd be open. Is every supercyclic weighted composition operator
on C∞(Ω,K) also mixing? Equivalently, is every injective smooth function ψ : Ω → Ω strongly
run-away whenever it is run-away?

With Theorem 5 and Theorem 3 we have a characterization for the chaotic weighted
composition operators on C∞(Ω,K) whenever Ω is an open subset of R. So Problem 2
remains unanswered for higher dimensions:

Question 2. Let Ω ⊆ Rd be open. Is there a characterization for chaos for weighted composition
operators on C∞(Ω,K) when d ≥ 2?

Theorem 5 also motivates the next question.

Question 3. Let d ≥ 2 and Ω ⊂ Rd be open. Is every supercyclic weighted composition operator
on C∞(Ω,K) also chaotic?

Finally, motivated again by Theorem 5 we also ask whether the converse of Theorem 4
holds in the multidimensional case.

Question 4. Let d ≥ 2 and Ω ⊂ Rd be open. Is every chaotic weighted composition operator on
C∞(Ω,K) also mixing?

By Theorem 3 and Theorem 4, a positive answer to either Question 3 or Question 4 would
answer Question 2.
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