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Abstract

Mathematical modeling is indispensable in oncology for unraveling the interplay be-
tween tumor growth, vascular remodeling, and therapeutic resistance. We present a
hybrid modeling framework (continuum-discrete) and present its hybrid mathematical
formulation as a coupled partial differential equation–agent-based (PDE-ABM) system.
It couples reaction–diffusion fields for oxygen, drug, and tumor angiogenic factor (TAF)
with discrete vessel agents and stochastic phenotype transitions in tumor cells. Stochas-
tic phenotype switching is handled with an exact Gillespie algorithm (a Monte Carlo
method that simulates random phenotype flips and their timing), while moment-closure
methods (techniques that approximate higher-order statistical moments to obtain a closed,
tractable PDE description) are used to derive mean-field PDE limits that connect microscale
randomness to macroscopic dynamics. We provide existence/uniqueness results for the
coupled PDE-ABM system, perform numerical analysis of discretization schemes, and
derive analytically tractable continuum limits. By linking stochastic microdynamics and
deterministic macrodynamics, this hybrid mathematical formulation—i.e., the coupled
PDE-ABM system—captures bidirectional feedback between hypoxia-driven angiogenesis
and resistance evolution and provides a rigorous foundation for predictive, multiscale
oncology models.

Keywords: mathematical oncology; tumor microenvironment; tumor resistance; angiogenesis;
hypoxia; multiscale modeling; hybrid modeling; reaction–diffusion equations; mean-field
limit; stochastic phenotypic switching

MSC: 35K51; 35K57; 60J25; 65M06; 65M12; 92B05; 92C17

1. Introduction
Cancer remains a leading cause of global mortality, accounting for 16.8% of all deaths

and 22.8% of deaths related to non-communicable diseases [1]. Despite advances in targeted
therapy, immunotherapy, and radiation therapy, therapeutic resistance persists as the main
barrier to achieving durable cures, often resulting in relapse or refractory disease [2]. Here,
we focus on how resistance mechanisms, particularly those driven by tumor angiogenesis,
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undermine current treatments and perpetuate a poor prognosis. Resistance arises from
both intrinsic tumor heterogeneity (e.g., spatial and temporal genetic diversity [3]) and
adaptive responses to therapy, with the tumor microenvironment (TME) playing a central
role. Among these factors, dysregulated angiogenesis emerges as a critical facilitator of
resistance. Tumors hijack pro-angiogenic pathways (e.g., vascular endothelial growth
factor/vascular endothelial growth factor receptor (VEGF/VEGFR), hypoxia-inducible
factor-1α (HIF-1α)) to maintain growth, while suppressing antiangiogenic signals (e.g.,
thrombospondin-1 (TSP-1)) [4]. This “angiogenic switch” not only fuels tumor progression,
but also establishes a resilient vascular niche that evades therapy. Although antiangiogenic
agents (e.g., bevacizumab) initially improve progression-free survival by blocking VEGF,
their long-term efficacy is limited by rapid resistance [5,6]. Specifically, tumors activate
compensatory pathways (e.g., fibroblast growth factor 2 (FGF-2), interleukin-8 (IL-8), and
angiopoietin-2 (ANGPT-2)) to restore angiogenesis [7], while stromal components (e.g.,
tumor-associated macrophages (TAMs), myeloid-derived suppressor cells (MDSCs)) fur-
ther sustain vascular remodeling via cytokine secretion [8]. These findings reveal a paradox:
inhibition of angiogenesis can inadvertently select more aggressive adaptive phenotypes.
To overcome this challenge, we argue that disrupting the dynamic crosstalk between tumor
cells and angiogenic TME is essential. Recent studies suggest that combinatorial targeting
of both VEGF and compensatory pathways (e.g., FGF-2/IL-8) may delay resistance [9].
However, a systematic framework for predicting adaptive responses of tumors and opti-
mizing combination regimens is still lacking. In this study, we propose a computational
hybrid modeling framework (continuum-discrete) to identify vulnerabilities in angiogenic
networks and investigate the bidirectional coupling between angiogenesis and tumor
resistance evolution. To address this need, we first contextualize the existing modeling
paradigms that inform such integrative frameworks.

Continuum models efficiently capture bulk tumor growth and transient dynamics. The
Keller–Segel framework describes cell migration via partial differential equations (PDEs),
where endothelial cells follow chemical gradients [10]. Such models assume continuous
cell densities, overlooking individual cell heterogeneity. The Fisher-KPP equation [11,12]
links proliferation and motility to model tumor spread as reaction–diffusion waves, but
cannot resolve rare stochastic events such as resistance mutations. Discrete models track in-
dividual cell behavior and microenvironment heterogeneity. Anderson et al. [13] pioneered
agent-based models (ABMs) to simulate capillary sprouting through stochastic tip-cell mi-
gration rules, but lack coupling to continuum metabolite fields (e.g., oxygen gradients) and
microenvironmental feedback (e.g., hypoxia-driven angiogenesis). Despite these advances,
both approaches face inherent limitations: Continuum models lack single-cell resolution
for stochastic events (e.g., mutations, phenotype switching) and spatiotemporal hetero-
geneity, while discrete models are computationally prohibitive for large-scale dynamics
(e.g., diffusion, fluid flow). This dichotomy motivates hybrid frameworks that transcend
scale constraints.

Hybrid modeling framework (continuum-discrete) integrates agent-based rules with
reaction–diffusion equations to reflect cancer’s multiscale nature [14–16]. Some hybrid
modeling frameworks (continuum-discrete) address drug resistance evolution. Gevertz
et al. [17] coupled continuous drug and oxygen fields with agent-based tumor dynamics
to study preexisting and acquired resistance, but assumed stationary vessels, uniform
resistance acquisition capacity, and continuous drug administration. Picco et al. [18] mod-
eled environmentally mediated drug resistance (EMDR) using drug and signaling fields,
generating EMDR by increasing vascular density but neglecting vascular remodeling.
Other hybrid modeling frameworks (continuum-discrete) coupled tumor growth with
angiogenesis [19,20]. Macklin et al. [21] developed a multiscale modeling framework
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(molecular→cell→tissue) integrating extracellular matrix, angiogenesis, and tumor pro-
gression. Despite these innovations, a critical gap persists: Most models simulate vascular
remodeling or resistance in isolation, omitting spatiotemporal feedback where vessel adap-
tation alters resistance trajectories. One exception is Wang et al. [22], who proposed a hybrid
modeling framework (continuum-discrete) that couples hypoxia-induced angiogenesis
with resistance selection, but left unresolved three limitations: (i) inadequate mathematical
analysis of the hybrid system, insufficient numerical scheme analysis, and absence of de-
rived mean-field limits for agent dynamics. Our work directly addresses these gaps while
extending their framework.

On the other hand, from a methodological perspective, hybrid models raise two inter-
linked challenges that motivate this work. First, coupling discrete stochastic dynamics to
continuum fields requires careful analysis of well-posedness and the derivation of mean-
field limits that quantify when and where PDE surrogates are valid. Second, hybrid numer-
ical schemes must control combined discretization and sampling errors while preserving
important qualitative properties (nonnegativity, mass conservation) across scales. Prior
hybrid and multiscale works have made important progress on computational approaches
and applications [13,23,24], but formal mathematical guarantees (existence/uniqueness,
rigorous mean-field convergence) and a systematic numerical error analysis for angiogene-
sis–resistance couplings remain limited. In this paper, we address these gaps by providing
well-posedness results for the coupled PDE-ABM system, a mean-field derivation that links
the Gillespie-driven stochastic rules to deterministic PDE limits, and a numerical analysis
that quantifies discretization vs. sampling errors for the hybrid solver.

We advance the hybrid modeling framework (continuum-discrete) in [22] through
three innovations: First, we introduce a spatially resolved model that unifies stochastic
phenotypic switching via a Gillespie algorithm to capture drug-induced resistance transi-
tions. Second, we incorporate metabolite-regulated angiogenesis in which vessel agents
respond to dynamic hypoxia (o) and tumor angiogenic factor (TAF) (c) gradients. Third,
we establish bidirectional coupling that allows for emergent feedback between hypoxia,
angiogenesis, and resistance evolution. Consequently, this framework yields three contri-
butions: rigorous mathematical analysis of the coupled PDE-ABM system and numerical
analysis of PDE discretization schemes; integration of exact stochastic resistance (Gillespie
ABM) with physics-driven angiogenesis (PDE-coupled ABM); and derivation of analytically
tractable continuum mean-field limits from discrete rules. The mean-field limit integrates
the hybrid mathematical formulation (PDE-ABM) into one PDE system, linking stochastic
microdynamics with deterministic macrodynamics. It motivates innovative hybrid nu-
merical schemes that selectively retain the full ABM structure in critical regions while
replacing it with efficient PDE surrogates elsewhere. By unifying PDE analysis, stochastic
analysis, and numerical analysis, our hybrid modeling framework (continuum-discrete)
moves beyond descriptive modeling to establish rigorous mathematical foundations for
hybrid PDE-ABM systems.

This paper is structured as follows: Section 2 details the hybrid mathematical formula-
tion (PDE-ABM). Section 3 links our model to classical mathematical biology frameworks
and outlines contributions. Section 4 provides a mathematical analysis of the coupled
system. Section 5 presents numerical analysis, including consistency, stability, convergence,
and conservation properties. Section 6 concludes.

2. Hybrid Mathematical Formulation (PDE-ABM)
We use a hybrid mathematical framework that integrates continuum models (reaction–

diffusion equations) with ABMs. This approach couples the dynamics of reaction–diffusion
fields (TAF, drug, oxygen) with discrete tumor and vessel agents, allowing for the simu-
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lation of tumor growth and vascular remodeling at multiple spatial and temporal scales.
For clarity, we distinguish between the hybrid modeling framework (methodological ap-
proach) and the hybrid mathematical formulation (mathematical coupling), as detailed in
the Appendix A. Our framework is hybrid in method (continuum-discrete) and multiscale
in scope (molecular→cell→tissue), as shown in Figure A1.

Building on the biological foundations presented in the Introduction, we formalize
the hybrid mathematical formulation (PDE-ABM) that couples continuum and agent-
based components. The system governs the dynamics of TAF (c), drug (d), and oxygen
(o) via reaction–diffusion equations, while endothelial cell migration is modeled by a
chemotaxis equation:

∂tn = Dn∆n−∇ ·
(

χ0

1 + αc
n∇c

)
. (1)

where n represents the endothelial cell density, and the chemotactic flux is modulated by
TAF concentration gradients. The agent-based components simulate tumor and vessel
cells, each characterized by local oxygen levels, accumulated drug, DNA damage, and
other key factors. The tumor population is divided into normoxic (Λn

t ) and hypoxic (Λh
t )

subpopulations, and discrete tumor and vessel agents interact with the TME through
stochastic, rule-based ABM dynamics. The model incorporates bidirectional feedback,
where hypoxia induces angiogenesis, which alters drug delivery and selects for resistance.

The nondimensionalized system for the fields (n, c, d, o) is derived from the dimen-
sional system as described in Appendix B:

∂tn = Dn∆n−∇ ·
(

χ0

1 + αc
n∇c

)
,

∂tc = Dc∆c− ξcc + η ∑
a∈Λh

t

χa − λc ∑
v∈Vt

χv,

∂td = Dd∆d− ξdd− ρdd ∑
a∈Λt

χa + Sd ∑
v∈Vt

χv,

∂to = Do∆o− ξoo− ρo ∑
a∈Λt

χa + So(1− o) ∑
v∈Vt

χv.

(2)

Here, Dn, Dc, Dd, Do are diffusion coefficients; χ0 is the chemotactic sensitivity; α is the
saturation parameter; ξc, ξd, ξo are decay rates; ρd, ρo are cellular uptake rates; Sd, So

are supply rates from blood vessels; and η, λ are production/uptake rates of TAF. The
characteristic functions χa and χv describe the spatial extent of tumor cells and vessels,
respectively, as given by

χa(x, t) =

1 if
∥∥∥x− a(X,Y)(t)

∥∥∥ ≤ Rc,

0 otherwise,
and χv(x, t) =

1 if
∥∥∥x− v(X,Y)(t)

∥∥∥ ≤ Rc,

0 otherwise.
(3)

Here, a(X,Y), v(X,Y) denotes the center of position of a and v. We choose a closed domain
U ⊂ R2 with C∞ boundary ∂U and impose homogeneous Neumann conditions:

n⃗ · ∇u|∂U = 0,

where n⃗ is the outward unit normal at ∂U.
Tumor and vessel agents evolve on a lattice ÛABM discretizing the ABM domain

UABM = [0, 1]2 into N2 squares of side length ∆x = 1/N. Tip cell motion uses the von Neu-
mann neighborhood structure (four orthogonal neighbors), while agent-microenvironment
interactions use the Moore structure (eight neighbors including diagonals).
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We construct a PDE domain UPDE ⊂ R2 with C∞ boundary approximating UABM.
Appendix C details the mapping UABM 7→ UPDE and the numerical derivation of the
discrete lattice ÛABM in the ABM. Briefly, define the open δ-neighborhood Uδ of UABM

with δ < 1
6 ∆x. Convolve its characteristic χUδ

with a compactly supported C∞ mollifier ψδ,
and set

UPDE =
{
(x, y) ∈ R2 : Ψ(x, y) := (χUδ

∗ ψδ)(x, y) > 1− ϵ
}

,

for small ϵ > 0 ensuring UPDE ⊂ Uδ/6. This yields a domain ∂UPDE whose C∞ boundary
∂UPDE is proximal to ∂UABM. We obtain the discrete approximation ÛABM by sampling Ψ =

(χUδ
∗ ψδ) on the ABM lattice, thresholding at level 1− ϵ, and identifying boundary agents

as those with Moore neighbors outside UPDE. Algorithm A1 summarizes the construction.
Each tumor cell a ∈ Λt has the following state:

a =
{

a(X,Y), ao, ad, adam, adeath, aage, amat
}

, (4)

denoting position, local oxygen, accumulated drug, DNA damage, death threshold, age,
and maturation time. Each tip cell b has the following state:

b = {b(X,Y)(t), bage(t)}, (5)

for position and age since the last branching. Agent states update via Markov processes
under the time discretization 0 = t0 < t1 < t2 < · · · < tM = T of [0, T]:x(tk+1) = Fx,k(c(·, tk), d(·, tk), o(·, tk),M(tk)),

x(t) = x(tk+1), t ∈ [tk, tk+1),
(6)

where Fx,k is the Markov transition operator [22]. Algorithm A2 summarizes the transition
operator Fx,k for each mark x of tumor and endothelial tip cells. Local cell density includes
tumor–vessel interactions in our current model:

F(x, t) := ∑
a∈Λt

χBRc

(
x− a(X,Y)(t)

)
+ ∑

v∈Vt

χBRc

(
x− v(X,Y)(t)

)
(7)

We decouple phenotype switching from cell division. Unlike classical mutation models
linking resistance acquisition to division events [25,26], stochastic S ⇌ R transitions occur
through continuous-time Markov processes independent of division cycles. Mutation
elevates the death threshold, DNA repair rate, and oxygen consumption rate but reduces
the proliferation rate. Phenotypic traits

x ∈ {death threshold, repair rate, oxygen consumption rate, proliferation rate}

take sensitive (xS) and resistant (xR) values:

xS : drug-sensitive trait value,

xR : drug-resistant trait value.

Cells stochastically switch between these states according to the reaction channels

xS
kSR−→ xR (induction of resistance),

xR
kRS−→ xS (reversion to sensitivity),

where baseline rates k1 and k2, drug sensitivity coefficients αd and βd, sensitive-to-resistant
mutation rate kSR and resistant-to-sensitive mutation rate kRS
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kSR(x, t) = k1 + αdd(x, t), kRS(x, t) = max{0, k2 − βdd(x, t)} (8)

govern phenotypic switching. Each tumor cell ai ∈ Λt bears a phenotypic mark

σi ∈ {S, R} (9)

updated independently of the cell cycle via the Gillespie algorithm, which preserves the
exact timing of rare events. This method allows the model to simulate the emergence
of drug resistance without relying on cell division cycles [27]. Waiting times follow an
exponential distribution with mean 1/A0 (A0: total propensity):

∆t̃ =
1

A0
log
(

1
r1

)
, r1 ∼ Uniform(0, 1). (10)

Each switching event selects the reacting agent by propensities, flips its phenotype
(S ↔ R), and updates time-dependent quantities. Algorithm 1 encapsulates phenotype
switching procedures. This Gillespie framework permits resistance emergence independent
of cell division, capturing stochastic gene expression fluctuations. It thus recovers resistance
in rare subpopulations that deterministic ordinary differential equation (ODE)/PDE models
average out, and naturally quantifies treatment schedule effects on resistance probability
and timing. Tables 1 and 2 provide a comprehensive list of all symbols, subscripts, and
superscripts, along with their definitions and references to their first appearance in the text.

Table 1. Nomenclature for the hybrid modeling framework (continuum-discrete). All symbols are
defined at first occurrence in the manuscript. Nondimensional parameter values used for numerical
validation, as detailed in Section 5, are provided for the reader’s convenience and can be found in [22].
The parameter values listed correspond to the symbols on the left, in the order they appear. For
example, Dn, Dc, Dd, Do correspond to the values 4.61× 10−4, 0.12, 0.5, 0.64, respectively.

Symbol Definition (First Occurrence) Nondimensional Value

Continuum fields
n(x, t) Endothelial cell density (Equation (2))
c(x, t) Tumor angiogenic factor (TAF) concentration (Equation (2))
d(x, t) Drug concentration (Equation (2))
o(x, t) Oxygen concentration (Equation (2))
ρ(x, t) Coarse-grained tumor density in mean-field PDE limit

(Equation (15))
u(x, t) = (c, d, o)⊤ Vector of continuum fields (Section 4.1)

Domains and operators
UABM Agent-based model domain (Section 2)
ÛABM Discrete lattice approximation of UABM (Section 2)
UPDE PDE domain with smooth boundary approximating UABM

(Section 2)
Uδ δ-neighborhood of UABM (Section 2)
χUδ

Characteristic function of Uδ (Section 2)
ψδ Smooth mollifier for convolution (Section 2)
Ψ Smoothed domain function (χUδ

∗ ψδ) (Section 2)
ϵ Threshold parameter defining UPDE (Section 2)
Agents and sets
Λt Tumor cell set at time t (Section 2)
Λn

t , Λh
t Normoxic and hypoxic tumor subsets (Section 2)

Tt Tip cell set at time t (Section 2)
Vt Vessel cell set at time t (Section 2)
a ∈ Λt Tumor agent (Section 2)
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Table 1. Cont.

Symbol Definition (First Occurrence) Nondimensional Value

v ∈ Vt Vessel agent (Section 2)
b ∈ Tt Endothelial tip cell agent (Section 2)
Rc Cell radius (Equation (3))
χa(x, t), χv(x, t) Characteristic functions of tumor and vessel agents (Equation (3))
F(x, t) Local agent density function (Equation (7))

Parameters
Dn, Dc, Dd, Do Diffusion coefficients (Equation (2)) 4.61× 10−4, 0.12, 0.5, 0.64
χ0 Maximal chemotactic sensitivity (Equation (1)) 0.38
α Chemotaxis saturation parameter (Equation (1)) 0.6
ξc, ξd, ξo Decay rates of TAF, drug, oxygen (Equation (2)) 0.002, 0.01, 0.025
ρd, ρo Uptake rates of drug and oxygen by tumor cells (Equation (2)) 0.5, 34.39
Sd, So Supply rates of drug and oxygen from vessels (Equation (2)) 2, 3.5
η TAF production rate by hypoxic tumor cells (Equation (2)) 6.27× 103

λ TAF uptake rate by vessels (Equation (2)) 0.1
Fmax Local crowding threshold for proliferation (Equation (6) and Al-

gorithm A2)
10

omax Maximum oxygen concentration (Equation (6) and Algorithm A2) 1
ohyp Hypoxia threshold (Equation (6) and Algorithm A2) 0.25
oapop Apoptosis threshold (Equation (6) and Algorithm A2) 0.05
αn Normoxic proliferation rate (Equation (6) and Algorithm A2) 1.0082–1.2323
ψ Tip cell branching threshold (Equation (6) and Algorithm A2) 0.5
cbr Branching intensity coefficient (Equation (6) and Algorithm A2) 1
P0, . . . , P4 Movement probabilities for endothelial cells (stationary, left, right,

down, up) (Equation (19))
Agent state variables
a(X,Y)(t) Position of tumor agent a (Equation (4))
ao(t) Local oxygen level for tumor agent a (Equation (4))
ad(t) Accumulated drug level in tumor agent a (Equation (4))
adam(t) DNA damage level of tumor agent a (Equation (4))
adeath(t) Death threshold of tumor agent a (Equation (4))
aage(t) Age of tumor agent a (Equation (4))
amat(t) Maturation time of tumor agent a (Equation (4))
b(X,Y)(t) Position of tip cell b (Equation (5))
bage(t) Age of tip cell since last branching (Equation (5))

Phenotypes and stochastic switching
σi ∈ {S, R} Phenotypic mark of tumor agent i (sensitive or resistant)

(Equation (9))
kSR(x, t) Mutation rate: sensitive→ resistant (Equation (8))
kRS(x, t) Mutation rate: resistant→ sensitive (Equation (8))
k1, k2 Baseline mutation rates (Equation (8))
αd, βd Drug sensitivity coefficients (Equation (8))
A0 Total propensity in Gillespie algorithm (Equation (10))
r1, r2 Uniform random numbers for Gillespie sampling (Algorithm 1)
∆t̃ Exponential waiting time between stochastic events (Equation (10))

Our model uniquely captures bidirectional feedback: how hypoxia induces angiogen-
esis, which alters drug delivery and selects resistance. The theoretical framework justifies
how small changes in local oxygen or vessel density can produce nonlinear shifts in re-
sistance trajectories. These feedback mechanisms align with clinical observations where
antiangiogenic therapies may paradoxically increase resistance risk. Thus, the model could
be used to explore: (i) critical thresholds in vessel remodeling that shift tumor response
from chemosensitive to chemoresistant, and (ii) timing effects, e.g., whether antiangiogenic
pretreatment amplifies or delays resistant onset.
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Algorithm 1 Stochastic phenotype switching via the Gillespie Direct Method.

Require: Initial tumor agents Λ0, positions a(X,Y)
i , phenotypes σi ∈ {S, R}, mutation rates

kSR(x, t), kRS(x, t), and ABM time horizon TABM.
1: Set t← 0.
2: while t < TABM do
3: for each agent ai ∈ Λt do
4: Compute local mutation rates: ki

SR ← kSR(a(X,Y)
i (t), t), ki

RS ← kRS(a(X,Y)
i (t), t).

5: Set propensity Ai ← ki
SR, if σi = S; Ai ← ki

RS if σi = R.
6: end for
7: Compute total propensity A0 ← ∑

|Λt |
i=1 Ai.

8: if A0 = 0 then
9: break ▷ No further switches possible

10: end if
11: Draw r1, r2

i.i.d.∼ Uniform(0, 1).
12: Compute exponential waiting time ∆t̃← 1

A0
log
(

1
r1

)
.

13: Find minimal j satisfying ∑
j
i=1 Ai ≥ r2 A0.

14: Flip σj: σj ← R if σj = S; σj ← S if σj = R.
15: Update t← t + ∆t.
16: Update:

(i) local drug d(a(X,Y)
i (t), t),

(ii) mutation rates ki
SR, ki

RS,
(iii) Λt and {σi},
(iv) phenotype-associated traits: death threshold, repair rate, oxygen consumption

rate, proliferation rate.
17: end while

Our agent-based model represents capillary sprouting through stochastic branching
events of endothelial tip cells, which respond to local TAF concentrations as specified in
Equation (6) and Algorithm A2. Each branching event initiates a new tip cell that sub-
sequently migrates chemotactically, capturing the initiating mechanism of angiogenesis
in simplified form. Although the current framework does not simulate the full vascular
morphology, including lumenization, anastomosis, or perfusion, it provides the mathe-
matical foundation for incorporating these angiogenic modules. The model components

map to biological processes as follows. The chemotaxis flux term ∇ ·
(

χ0

1 + αc
n∇c

)
mod-

els directed endothelial migration along the TAF (c) gradients, with the saturation factor
(1 + αc)−1 representing receptor saturation or desensitization at high concentrations, thus
capturing tip cell guidance to hypoxic regions. Reaction–diffusion equations govern the
metabolite fields (c, d, o), where the diffusion terms model interstitial transport of oxy-
gen, drug, and TAF; decay terms represent clearance or degradation; and the source/sink
terms model secretion by hypoxic cells, vascular supply, and cellular consumption. These
continuum fields efficiently represent tissue-scale gradients that establish selective mi-
croenvironmental pressures, such as hypoxia-induced drug resistance [28]. Characteristic
functions χa, χV formalize the representation of cells and vessels as localized sources/sinks
within finite neighborhoods (radius disks Rc, capturing pericellular secretion/uptake while
maintaining a continuum description elsewhere. Discrete agent-based rules govern vessel
tip dynamics, branching, and anastomosis, capturing discrete events poorly approximated
by continuum densities when tip numbers are small or vascular topology matters, while
tumor agents track state variables (local oxygen, accumulated drug, damage) that medi-
ate cell-level decisions including division, death, and phenotype switching, with lattice
neighborhoods (von Neumann for motion, Moore for interactions) reflecting spatial local-
ity. Stochastic phenotype transitions S ⇌ R implement continuous-time Markov events
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with drug-dependent propensities (kSR = k1 + αdd), representing non-divisional transcrip-
tional/epigenetic transitions and drug-induced resistance through Gillespie algorithms
that preserve exact timing statistics of rare switching events and allow quantification of
resistance emergence probabilities and timelines. For regions with large populations and
weak correlations (e.g., dense tumor cores), first-moment closure techniques approximate
the agent-based model via deterministic mean-field PDEs (Equation (15)) where stochastic
fluctuations average out, while the full agent-based description remains essential in low
cell number regimes (invasion fronts, metastatic niches) where extinction or rare events
dominate. Finally, numerical stability constraints, particularly the chemotaxis CFL con-
dition (Section 5.4), reflect biological timescales by requiring sufficiently small time steps
to resolve rapid chemotactic drift, biologically corresponding to regimes of strong TAF
guidance and rapid vascular remodeling.

Table 2. Nomenclature for the hybrid modeling framework (continuum-discrete). All symbols are
defined at first occurrence in the manuscript. No nondimensional value parameters in Table 2 are
used for numerical validation, so we omit the nondimensional value.

Symbol Definition (First Occurrence)

Numerical Discretization
∆x, ∆y Spatial discretization step size (Section 5.1).
∆t PDE time step (Section 5.1).
∆t′ ABM update time step (Section 5.1).
N, Nx , Ny Grid resolution in ABM and PDE domains (Section 5.1).

Stochastic Processes and Chemical Master Equation (CME)
Mi(t) Number of agents at lattice site i at time t (Section 4.2).
M⃗(t) Full ABM configuration vector (Section 4.2).
P(M⃗, t) Probability of ABM being in configuration M⃗ at time t (Section 4.2).
m̄i(t) Expected tumor agent density at site i (Section 4.2).
N (i) Neighborhood of lattice site i (von Neumann) (Section 4.2).
λi(Mi) Proliferation rate at site i (Section 4.2).
µi(Mi) Death rate at site i (Section 4.2).
ρtumor(x, t) Tumor agent spatial density (Section 4.2).
ρvessel(x, t) Vessel agent spatial density (Section 4.2).
ρmax Macroscopic carrying capacity (Section 4.2).

Subscripts
t Time index (e.g., Λt, Vt).
i, j Lattice site indices.
S, R Sensitive and resistant phenotypes.
0 Initial condition (e.g., u0(x)).
max, min Maximum/minimum thresholds.
PDE, ABM Subscripts denoting PDE or ABM domain quantities.
δ Smoothing radius for domain construction.

Superscripts
(X, Y) Spatial coordinates of an agent (Equation (4)).
o, d Oxygen and drug levels of tumor cells (Equation (4)).
dam DNA damage state (Equation (4)).
death Death threshold state (Equation (4)).
age Age of tumor or tip cell (Equation (4)).
mat Maturation state of tumor cell (Equation (4)).

3. Relation to Classical Cancer Modeling Frameworks and Contributions
Having formalized our hybrid (continuum-discrete) and multiscale modeling frame-

work (molecular→cell→tissue), we contextualize its biological relevance through its math-
ematical lineage. This section demonstrates that limiting cases of our hybrid mathematical
formulation (PDE-ABM) reduce rigorously to three foundational frameworks: Keller–Segel
chemotaxis (predicts spatial aggregation and hotspots; clinically relevant because delivery



Mathematics 2025, 13, 2898 10 of 48

is heterogeneous), Fisher-KPP invasion waves (connects to invasion/front speed and in-
forms surveillance interval and timing of local therapies), and Galton–Watson branching
processes (connects to probability of resistant clone extinction or establishment—a quanti-
tative measure of relapse risk). These connections are mathematically exact. For a small
chemokine concentration c such that 1 + αc ≈ 1, the endothelial cell equation simplifies to
the classical Keller–Segel form:

∂tn = Dn∆n− χ0∇ · (n∇c).

Our model generalizes Keller–Segel by incorporating nonlinear chemotactic saturation
and ABM coupling.

While endothelial migration follows chemotactic principles, tumor proliferation ex-
hibits distinct spatiotemporal dynamics. This divergence aligns with the Fisher-KPP
paradigm, governed by the equation:

∂tρ = D∆ρ + αρ
(

1− ρ

K

)
,

where ρ(x, t) denotes density, D diffusion, α growth rate, and K carrying capacity. Under
normoxic conditions (o ≈ omax) and negligible drug (d → 0), tumor density equation
(Equation (15)) reduces to

∂tρ = D∆ρ + αnρ

(
1− ρ

Fmax

)
.

This predicts traveling wavefronts with minimal speed 2
√

Dαn. Crucially, our full
model extends this framework by incorporating microenvironmental heterogeneity (oxygen
gradients, drug distribution), which distorts wavefronts into clinically observed asymmetric
invasion patterns.

Complementing continuum-scale dynamics, cellular-scale proliferation exhibits
stochastic foundations. Absent spatial coupling and microenvironmental feedback (e.g.,
well-mixed conditions), tumor lineage expansion follows a Galton–Watson branching pro-
cess. A normoxic cell divides with probability pd or dies with probability pdeath in time
interval ∆t, yielding the offspring distribution:

P(offspring = 2) = pd, P(offspring = 0) = pdeath, P(offspring = 1) = 1− pd − pdeath.

For two phenotypes (drug-sensitive S, drug-resistant R), this extends to a two-type
Galton–Watson process with expected offspring matrix:

M =

(
E[X(S→S)] E[X(S→R)]

E[X(R→S)] E[X(R→R)]

)
.

Crucially, classical branching models restrict phenotypic switching to division events.
In contrast, our framework implements phenotype switching via a continuous-time Markov
process simulated using the Gillespie algorithm (Algorithm 1), enabling asynchronous
phenotype evolution independent of the cell cycle. Figure 1 illustrates interactions between
branching proliferation and stochastic phenotype switching.

Our mathematically rigorous, biologically grounded hybrid modeling framework
(continuum-discrete) extends classical theories through multiscale feedback, stochastic
switching, and microenvironmental coupling. It advances hybrid modeling frameworks
(continuum-discrete) by integrating agent-based stochastic phenotypic switching, contin-
uum reaction–diffusion metabolite fields, and bidirectional vascular-resistance coupling.
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We provide analytical guarantees for model well-posedness, numerical robustness, and
mean-field limits. Our contributions distinguish themselves from existing oncology hybrid
models (e.g., [29–31]) in four key aspects:

(i) Mean-Field Limits: Unlike direct continuum PDE-ABM coupling or variance re-
duction methods [29,30], we prove convergence from the stochastic agent-based
description to a deterministic PDE limit using chemical master equations (CMEs)
and moment closures. This yields a unified continuum system (16), linking stochas-
tic microdynamics to deterministic macrodynamics. It motivates innovative hybrid
numerical schemes retaining ABM structures in critical regions while employing
efficient PDE surrogates elsewhere.

(ii) Well-Posedness Analysis: While most stochastic-hybrid modeling frameworks
(continuum-discrete) prioritize computation over analytical soundness [30,31], we
establish complete well-posedness for our hybrid mathematical formulation (PDE-
ABM). This includes the existence, uniqueness, and regularity of weak solutions
(Theorems 1–3), plus analysis of numerical schemes: consistency (Section 5.3), con-
ditional stability (Theorem 6), convergence (Theorem 7), nonnegativity (Theorem 8)
and mass conservation (Theorem 9).

(iii) Stochastic-Deterministic Feedback: Unlike [29], who model virus spread in lung
tissue, our hybrid modeling framework (continuum-discrete) couples cell pheno-
type switching, angiogenic fields, and vascular remodeling. This reveals nonlinear
resistance dynamics driven by environment-phenotype feedback, underpinned by
rigorous mathematics and mean-field approximations.

(iv) Clinical interpretability: While stochastic interacting particle fields (SIPFs) [31] or
variance reduction techniques [30] emphasize algorithmic efficiency, our model
explicitly links parameters (e.g., mutation rates, oxygen thresholds, drug uptake)
to clinical outcomes (e.g., tumor front speed, resistance emergence). This offers a
framework for optimizing treatment timing and dosage.

Thus, our work uniquely combines mathematical rigor (well-posedness, mean-field
limits) with biologically interpretable hybrid modeling frameworks (continuum-discrete),
delivering methodological novelty and translational potential beyond current stochastic-
hybrid cancer models.

S
(sensitive)

R
(resistant)

kSR

kRS

division division

Figure 1. ABM representation of tumor cell proliferation and phenotype switching. Drug-sensitive (S)
and drug-resistant (R) cells undergo stochastic phenotype transitions (S ⇌ R) governed by mutation
rates kSR and kRS. These transitions occur independently of cell division events and follow branching
processes within each phenotypic state.

To make the clinical consequences of the analogies drawn above explicit, we
summarize how each mathematical framework links model parameters to measurable
clinical metrics.

The Keller–Segel analogy shows that chemotaxis drives vascular heterogeneity and
uneven drug delivery. Chemotaxis-driven endothelial migration toward TAF generates ag-
gregation or pattern-forming tendencies, clinically predicting vessel-density heterogeneity
where localized high-vessel-density regions are adjacent to hypoxic niches [32]. Practically,
this matters because heterogeneous drug delivery and oxygenation produce protected
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niches for resistant cell persistence [33,34], and lowering chemotactic sensitivity (χ) reduces
vascular “hotspots”, suggesting antiangiogenic normalization as a means of homogenizing
drug delivery and perfusion [35]. A practical readout is the coefficient of variation (CV) [36]
of vascular density or local perfusion versus χ; a decreasing CV with χ reduction would
quantify the improved uniformity of delivery.

Fisher-KPP dynamics link tumor invasion speed to therapy timing and surveillance.
The diffusion-growth dynamics yield a minimal front speed vmin, which can be interpreted
as the tumor invasion rate [37]. Clinically, vmin informs both the staging and the monitoring
intervals in preclinical experiments; therapy that suppresses the net growth rate below
the propagation threshold that sustains vmin > 0 can stop front advance. Deviations from
Fisher-KPP predictions highlight TME heterogeneity-driven invasion irregularities.

The Galton–Watson branch captures stochastic resistance emergence and the risk of
relapse. Stochastic lineage branching links extinction probabilities to relapse risk driven
either by de novo emergence of resistance clones or by rare preexisting resistant cells under
different dosing regimens (see, e.g., [38] and references therein). Resistant clones are most
likely to establish during pretreatment; therefore, early reduction in tumor burden reduces
the probability of relapse [39]. A direct output of the model, the probability of resistance
establishment (fraction of stochastic runs that produce persistent resistant clones) serves as
a quantitative relapse risk metric.

Our framework translates mathematical parameters into clinically actionable metrics
to guide decision-making. These analogies connect mathematical structure to actionable
endpoints: vascular CV (delivery heterogeneity), vmin (invasion speed), and clone estab-
lishment probability (relapse risk). This enables the prioritization of interventions (e.g.,
antiangiogenic + cytotoxic combinations), the tailoring of image frequency, and the quanti-
tative assessment of resistance under dosing strategies.

4. Mathematical Analysis of the Coupled PDE-ABM Model
Biological motivation supports the hybrid modeling framework (continuum-discrete)

design, but rigorous mathematical analysis remains essential to establish its validity and
predictive reliability. This section systematically investigates the coupled PDE-ABM
framework through three analytical pillars: (i) well-posedness of the PDE-ABM system
(Section 4.1), guaranteeing solution existence, uniqueness, and regularity; (ii) master equa-
tion and mean-field analysis (Section 4.2), connecting discrete stochastic dynamics to deter-
ministic continuum-scale approximations; and (iii) validity regimes for moment closure
approximations, linking microscopic randomness with macroscopic behavior. This triad
ensures mathematical robustness for therapeutic applications, including chemotherapy
optimization and antiangiogenic interventions.

4.1. Well-Posedness

We establish the existence, uniqueness, and regularity of weak solutions for the
coupled PDE-ABM system that governs the continuous fields u = (c, d, o)⊤. Without agent
interactions, the PDEs reduce to a classical linear parabolic system with guaranteed well-
posedness. We formalize this foundation using the Lions–Gelfand triple framework [40]
(Theorem 10.9); see [41] for detailed proofs.

Lemma 1 (J.-L. Lions). Let V ⊂ H ⊂ V∗ be a Gelfand triple, with V and H Hilbert spaces and V
densely and continuously embedded in H. The scalar product and the norm for H are (·, ·) and | · |,
and the norm for V is ∥ · ∥. Let T > 0. Suppose for almost every t ∈ [0, T], a(t; u, v) : V×V → R
is a time-dependent bilinear form satisfying:

(i) For all u, v ∈ V, the function t 7→ a(t; u, v) is measurable.
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(ii) |a(t; u, v)| ≤ M∥u∥∥v∥ for almost all t ∈ [0, T] and all u, v ∈ V.
(iii) a(t; v, v) ≥ α∥v∥2 − C|v|2 for almost all t ∈ [0, T] and all v ∈ V.

where α > 0, M, and C are constants. Then for f ∈ L2(0, T; V∗) and u0 ∈ H, there exists a
unique function

u ∈ L2(0, T; V) ∩ C([0, T]; H), ∂tu ∈ L2(0, T; V∗)

satisfying the weak formulation:

⟨∂tu(t), v⟩+ a(t; u(t), v) = ⟨ f (t), v⟩ for a.e. t ∈ (0, T), ∀ v ∈ V,

with initial condition u(0) = u0.

Figure 2 outlines the logical structure of J.-L. Lions lemma: Starting from the parabolic
setup, it shows the Gelfand triple V ⊂ H ⊂ V∗, conditions on the bilinear form (mea-
surability, boundedness, coercivity), admissible inputs f ∈ L2(0, T; V∗), u0 ∈ H, and the
unique weak solution u ∈ L2(0, T; V) ∩ C([0, T]; H) with ∂tu ∈ L2(0, T; V∗). The final step
establishes well-posedness, providing the functional analytic foundation for the coupled
PDE model.

Start: Parabolic System Setup

Gelfand Triple: V ⊂ H ⊂ V∗

(Hilbert spaces, V ⊂ H dense and continuous)

Time-Dependent Bilinear Form a(t; u, v)
(i) Measurable in t
(ii) Bounded: |a| ≤ M∥u∥∥v∥
(iii) Coercive: a(v, v) ≥ α∥v∥2 − C|v|2 (α > 0)

Inputs: f ∈ L2(0, T; V∗), u0 ∈ H

Output: Unique Solution u: u ∈ L2(0, T; V) ∩ C([0, T]; H), ∂tu ∈ L2(0, T; V∗)
Satisfies weak form: ⟨∂tu, v⟩+ a(u, v) = ⟨ f , v⟩

End: Well-Posedness Guaranteed

Figure 2. Schematic flowchart illustrating the step-by-step conditions leading to weak solution
well-posedness in J.-L. Lions’ lemma.

We now apply this result to the coupled reaction–diffusion equations on the finite time
interval t ∈ [0, T]:

∂tu = D∆u + G(x, t, u), x ∈ U, t ∈ (0, T],

u(x, 0) = u0(x) = (c0(x), d0(x), o0(x)), x ∈ U,

∂nu = 0, x ∈ U, t ∈ (0, T],

(11)
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where D = diag(Dc, Dd, Do) and G = (G1, G2, G3)
⊤ incorporates agent-dependent

reaction terms: 

G1(x, t, u) = −ξcc + η ∑
a∈Λh

t

χa − λc ∑
v∈Vt

χv,

G2(x, t, u) = −ξdd− ρdd ∑
a∈Λt

χa + Sd ∑
v∈Vt

χv,

G3(x, t, u) = −ξoo− ρo ∑
a∈Λt

χa + So(1− o) ∑
v∈Vt

χv.

We omit the analysis of the endothelial density equation:

∂tn = Dn∆n−∇ · (χ(c)n∇c).

Classical two-dimensional Keller–Segel systems exhibit chemotactic blow-up, that
is, unbounded density in finite time [42,43], but admit global solutions under small-mass
conditions. In particular, consider the following parabolic–elliptic Keller–Segel system:

∂tn− κ∆n +∇ · (χn∇c) = 0, x ∈ U ⊂ R2, t > 0,

−∆c = n− ⟨n⟩, x ∈ U, t > 0,

n(x, 0) = n0(x), x ∈ U,

n⃗ · ∇n = n⃗ · ∇c = 0, x ∈ ∂U, t ≥ 0,

(12)

where n⃗ is the outward unit normal to ∂U and ⟨n⟩ = 1
|U|
∫

U n(x, t)dx denotes the spatial
average of n. Assume the initial mass satisfies:

∫
U

n0(x)dx <
C∗optκ

χ
, C∗opt =

8π, if U = R2,

4π, if U is a bounded, connected C2 domain.

Then, a global-in-time weak solution exists under the following conditions:

(i) Bounded domain case: If U is a bounded, connected C2 domain and n0 ∈ L∞(U),
(ii) Whole space case: If U = R2, with (1 + |x|2)n0 ∈ L1(R2) and n0 log n0 ∈ L1(R2).

This follows from [42,44] (Our endothelial PDE is parabolic–parabolic. Experimental
observations of large chemoattractant diffusion coefficients justify the quasi-steady-state
approximation ∂tc ≈ 0, reducing the system to parabolic–elliptic Keller–Segel form. The
small-mass global existence criteria then apply. We will rigorously derive analogous results
for the full parabolic–parabolic case in future work).

Discrete agents represent the endothelial population in our hybrid mathematical for-
mulation (PDE-ABM), replacing continuous density and further regularizing dynamics.
Each tip occupies at most one lattice site. Vessel elongation occurs with a fixed period τ,
and branching requires the tip cell age to exceed the threshold ψ (bage > ψ). Anastomosis
stabilizes the system: tip encounters cause emerging, reducing the tip count. These rules
ensure a finite agent population |Tt| and prevent uncontrolled mass concentration, consis-
tent with lattice-based chemotaxis ABMs [13,25,26,45]. We thus focus our analysis on the
(c, d, o) subsystem. To manage PDE-ABM coupling, we introduce the following:

Assumption 1 (PDE-ABM Coupling).

(i) The spatial domain U ⊂ R2 is bounded with C∞ boundary ∂U.
(ii) The initial data u0 = (c0, d0, o0) is nonnegative and belongs to [L2(U) ∩ L∞(U)]3.
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(iii) For all t ∈ [0, T] and lattice sites x ∈ ÛABM:

F(x, t) := ∑
a∈Λt

χBRc
(x− a(X,Y)(t)) + ∑

v∈Vt

χBRc
(x− v(X,Y)(t)) ≤ Fmax.

Assumption 1(iii) imposes a uniform local density bound, not global agent bound-
edness, as tumor proliferation may increase |Λt| + |Vt| over time. This aligns with the
biological crowding constraint Fmax in ABM rules: lattice sites accommodate finitely many
agents within radius Rc, and cell division halts at local density Fmax. Consequently, global
agent growth does not compromise the local boundedness of PDE source terms, which is
essential for coupled system well-posedness.

We define the weak formulation by seeking u = (c, d, o)⊤ satisfying u ∈ L2(0, T; H1(U))

and ∂tu ∈ L2(0, T; H1(U)′) for each u ∈ {c, d, o}, with:

⟨∂tu, ϕ⟩+ Du(∇u,∇ϕ)L2(U) = (Gu, ϕ)L2(U), ∀ ϕ ∈ H1(U), a.e., t ∈ (0, T),

and initial conditions u(x, 0) = u0(x). Here (·, ·)L2(U) denotes the L2 inner product, and
⟨·, ·⟩ is the H1(U) duality pairing.

Theorem 1 (Existence and Uniqueness of Weak Solutions). Assumption 1 guarantees unique
weak solutions for the coupled PDE-ABM system (11) with

u ∈ L2(0, T; H1(U)) ∩ C([0, T]; L2(U)), ∂tu ∈ L2(0, T; H1(U)′), u ∈ {c, d, o}.

Proof. Apply Lemma 1 to each component via the Gelfand triple H1(U) ⊂ L2(U) ⊂ H1(U)′

and coercive, bounded bilinear forms au(t; v, w) = Du(∇v,∇w) for u ∈ {c, d, o}.

Theorem 1 establishes existence and uniqueness of weak solutions for each continuous
field (c, d, o) in the parabolic PDE system, using the Lions–Gelfand framework with the
triple H1(U) ⊂ L2(U) ⊂ H1(U)′. Figure 3 summarizes the logical steps: construction of
the functional setting, verification of bilinear form properties, admissible data, and the
resulting weak solution. This result provides the analytic foundation for the full hybrid
mathematical formulation (PDE-ABM).

Building on this, Theorem 2 extends well-posedness to the coupled PDE–ABM system
by rigorously linking the deterministic PDE dynamics with the stochastic agent layer. The
coupling is realized through a time discretization 0 = t0 < t1 < · · · < tn = T combined
with an operator-splitting procedure, which ensures consistent integration of continuous
and discrete dynamics within the same mathematical framework.

Theorem 2 (Well-posedness of the Coupled PDE-ABM System). Under Assumption 1 on
[0, T] with time steps tk:

(i) The PDE subsystem admits a unique weak solution with Theorem 1 regularity.
(ii) The ABM subsystem defines a càdlàg Markov process almost surely for agent marks

M = {a(X,Y), ao, ad, adam, adeath, aage, amat, b(X,Y), bage}.

Proof. Use mathematical induction over intervals Ik = [tk−1, tk]. For k = 1, Theorem 1
establishes existence, uniqueness, and regularity on I1 = [0, t1] with initial data (c0, d0, o0)

and fixed agent (Λ0, V0). Assume the result holds on Ik = [tk−1, tk]. For Ik+1 = [tk, tk+1]:

(i) Solve the parabolic subsystem on Ir
k+1 = (tk, tk+1]:
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
∂tu = D∆u + G(x, tk, u), x ∈ U, t ∈ Ir

k+1,

u(x, tk) = (c(x, tk), d(x, tk), o(x, tk)), x ∈ U,

∂nu = 0, x ∈ ∂U, t ∈ Ir
k+1,

(13)

which has unique weak solutions by Theorem 1.
(ii) Evolve ABM marks on Il

k+1 = [tk, tk+1) viax(tk+1) = Fx,k+1(c(·, tk), d(·, tk), o(·, tk),M(tk)),

x(t) = x(tk+1), t ∈ Il
k+1,

where Fx,k+1 is the Markov transition operator. Agent trajectories are piecewise
constant and exhibit right-continuity with left limits, thereby ensuring the càdlàg
property of the corresponding Markov process.

Induction extends the result to [0, T].

Start: Coupled PDE System (Equation (11))

Assumption 1:
(i) Bounded domain U ⊂ R2 with C∞ boundary ∂U
(ii) Nonnegative u0 ∈ [L2(U) ∩ L∞(U)]3

(iii) Local density bound: F(x, t) ≤ Fmax (agent crowding)

Gelfand Triple (per component): H1(U) ⊂ L2(U) ⊂ H1(U)′

Bilinear Forms: au(t; v, w) = Du(∇v,∇w) (bounded, coercive)

Reaction Terms Gu incorporated as forcing f (bounded by assumption)

Apply Lions Lemma to each u ∈ {c, d, o}

Unique Weak Solutions:
u ∈ L2(0, T; H1(U)) ∩ C([0, T]; L2(U)) ∂tu ∈ L2(0, T; H1(U)′)

End: Well-Posed PDE Subsystem

Figure 3. Schematic flowchart illustrating the application of Lions lemma to the PDE subsystem
under Assumption 1, yielding unique weak solutions.

Theorem 2 establishes well-posedness of the hybrid PDE-ABM system by induction
over the discretized mesh 0 = t0 < · · · < tn = T. Figure 4 summarizes the construction:
PDE subsystems yield unique weak solutions (Theorem 1), after which the ABM is updated
via the Markov operator Fx,k+1, producing piecewise-constant càdlàg trajectories. Iterating
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across all intervals gives a uniquely defined coupled system on [0, T], highlighting the
complementary roles of PDE regularity and ABM stochasticity.

Start: Time interval [0, T] with discretization t0 = 0 < t1 < · · · < tn = T

Assumption 1 (as in Theorem 1)

Base Case (k = 1): Solve PDE on [0, t1] with fixed initial data
(c0, d0, o0, Λ0, V0)

Use Theorem 1⇒ Unique Weak Solution

Induction Hypothesis: Well-posed on [tk−1, tk]

Step k + 1: Interval [tk, tk+1]
PDE Evolution on (tk, tk+1]: Fixed agents at tk ⇒ Unique Weak Solution

(Theorem 1)
ABM Update on [tk, tk+1): Markov transition Fx,k+1 using PDE fields at tk
Piecewise-constant trajectories⇒ càdlàg Markov process for marks inM

Induction: Extends to [0, T]

End: Coupled System Well-Posed
PDE: Theorem 1 regularity

ABM: Càdlàg Markov process for agent marks

Figure 4. Flowchart illustrating the inductive operator-splitting construction in Theorem 2. PDE
updates ensure weak solutions (Theorem 1), while ABM updates define a càdlàg Markov process,
yielding a well-posed coupled hybrid mathematical formulation (PDE-ABM). Remark 1 justifies the
absence of splitting error.

Remark 1 (Justification of Stepwise Decoupling). Theorem 2 solves the PDE subsystem on
each interval Ir

k+1 = (tk, tk+1] with fixed agent configuration (Λtk , Vtk ). This approach directly
implements the hybrid mathematical formulation’s operator–splitting scheme: PDE fields evolve
continuously via (13) on (tk, tk+1], while agent updates occur discretely at tk. Consequently,
PDE source terms G(x, tk, u) are piecewise constant in time, preserving well-posedness as a linear
parabolic problem on each subinterval. The ABM update (6) defines a Markov map at mesh points.

Since the alternating-update rule defines the hybrid modeling framework (continuum-discrete)
itself, no splitting error accumulates. The piecewise-constant ABM forcing is an exact model
component. The induction argument formalizes this sequential construction, guaranteeing existence
and uniqueness on each Ik and hence on [0, T].

We examine the decoupled system to highlight the ABM’s role. The resulting linear
parabolic PDEs with Neumann boundary conditions admit a classical solution via spectral
decomposition of the Neumann Laplacian (proof in [46]):

Theorem 3 (Well-Posedness of Sole PDE System). The system

∂tu = Du∆u− ξuu in U ∂nu = 0 on ∂U u(x, 0) = u0(x), (14)
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admits a unique classical solution:

u(x, t) =
∞

∑
k=1

au
k e−(Duλk+ξu)tωk,

where the Neumann Laplacian eigenbasis {ωk} satisfies

−∆ωk = λkωk in U ∂nωk = 0 on ∂U, ωk ∈ H1(U) ∩ C∞(U),

with eigenvalues 0 = λ1 < λ2 ≤ λ3 ≤ · · · → +∞. Coefficients are au
k = (u0, ωk)L2(U). Each

u ∈ {c, d, o} is spatially smooth for t > 0 and temporally analytic for x ∈ U.

The spectral result shows that without ABM interactions, the PDE subsystem decou-
ples and remains fully regular. Figure 5 sketches the proof: expansion in the Neumann
eigenbasis, projection by initial data, and reconstruction yield smooth, exponentially decay-
ing solutions. On the other hand, even in the coupled case, agent density constraints ensure
well-posedness despite agent-driven reaction terms, establishing our hybrid modeling
framework (continuum-discrete) as both analytically sound and biologically interpretable.

Start: Decoupled PDE (Equation (14)) ∂tu = Du∆u− ξuu,
Neumann BC, u(0) = u0

Neumann Laplacian Eigenbasis: −∆ωk = λkωk in U, ∂nωk = 0 on ∂U
Spectrum: 0 = λ1 < λ2 ≤ · · · → ∞

Eigenfunctions: ωk ∈ H1(U) ∩ C∞(U)

Initial Data Projection: au
k = (u0, ωk)L2(U)

Spectral Solution: u(x, t) = ∑∞
k=1 au

k e−(Duλk+ξu)t ωk
Properties: Spatially smooth for t > 0, temporally analytic for x ∈ U

End: Unique Classical Solution (Full regularity without ABM coupling)

Figure 5. Flowchart for Theorem 3: spectral decomposition of the Neumann Laplacian yields explicit
exponential-decay solutions, ensuring classical regularity.

Weak solution existence establishes a rigorous mathematical foundation for hybrid
mathematical formulation (PDE-ABM) integrating microscopic interactions with macro-
scopic behaviors. The proof of well-posedness for the coupled PDE-ABM system guarantees
that the model behaves predictably under biologically relevant conditions, e.g., bounded
agent density due to cell crowding and realistic spatial constraints. This is critical for
ensuring that simulated phenomena like angiogenesis, hypoxia-driven resistance, and
spatial tumor heterogeneity reflect biological processes rather than numerical artifacts.
From a clinical perspective, this mathematical well-posedness lays the foundation for
future optimization of treatment regimens (e.g., dosing schedules) within a consistent
modeling framework.
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4.2. Master Equation Formulation and Mean-Field Limit

Having established deterministic well-posedness, we now analyze stochastic aspects
of agent dynamics. Integrating stochastic agent-based dynamics within a continuum PDE
framework requires principled linkages between microscopic randomness and macroscopic
observables. The CME provides this foundation by capturing the probabilistic evolution
of the agent state space. This section derives a lattice-based CME for the hybrid mathe-
matical formulation (PDE-ABM), computes first-order moment equations, and establishes
conditions justifying a deterministic mean-field approximation. By unifying the hybrid
mathematical formulation (PDE-ABM) into a continuous description (16), our model con-
nects microscale interactions with macroscale dynamics, replacing the computationally
demanding ABM structure in dense tumor regions with an efficient PDE solver.

Related approaches have been developed in the literature on stochastic analysis. For
example, mean-field equations under uncertainty have been studied using specialized
numerical schemes such as the stochastic theta method for the G-Brownian motion [47],
while extensions of backward stochastic differential equations to mean-field limits with
time-delayed generators have established existence, uniqueness [48]. Beyond biological and
stochastic contexts, dynamic mean-field game theory has been applied to socioeconomic
transitions, including fiscal incentive strategies for green economy shifts where individual
dynamics couple to collective outcomes [49].

We analyze a coarse-grained mesoscopic representation of the ABM component. Con-
sider a regular lattice ÛABM = {x1, x2, . . . , xN2} with spacing ∆x = 1

N > 0 over the spatial
domain. The local agent density function Mi(t) denotes the tumor agent count at site
xi ∈ ÛABM and time t.

Let M⃗(t) := (M1(t), . . . , MN2(t)) represent the discrete ABM configuration at time t.
A continuous-time Markov process on ZN2

+ governs the stochastic evolution of M⃗(t), with
state-dependent transition rates determined by agent rules, including proliferation, death,
motility, and phenotypic switching.

Let P(M⃗, t) := P[ABM state = M⃗ at time t] denote the probability mass function over
all ABM configurations. The CME governing the evolution of P(M⃗, t) is:

d
dt

P(M⃗, t) = ∑
M⃗′ ̸=M⃗

[
T(M⃗|M⃗′)P(M⃗′, t)− T(M⃗′|M⃗)P(M⃗, t)

]
,

where T(M⃗′|M⃗) denotes the transition rate from configuration M⃗ to M⃗′. Each transition
corresponds to elementary stochastic events with specific forms:

(i) Brownian Movement: each cell jumps to neighboring site xj ∈ N (i) at rate

Tij(Mi) =
ε2

2∆x2 Mi,

where N (i) denotes the von Neumann neighborhood (four orthogonal neighbors)

of xi. The coefficient ε2

2 originates from the Fokker–Planck equation ∂tρ =
ε2

2
∆ρ

for tumor agents undergoing Brownian motion: da(X,Y)(t) = εdWa
t with {Wa

t }a∈Λt

independent standard Brownian motions.
(ii) Regulated Proliferation: Using the Heaviside function H to identify normoxic

states, only normoxic cells proliferate at rate

λi(Mi) = αn H(oi − ohyp)

(
1− Mi

Mmax(xi, ∆x)

)+

Mi.

(iii) Drug-Induced Death: Apoptosis occurs at constant rate κd: µi(Mi) = κddi Mi.
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(iv) Mutation: mutation preserves cell counts per voxel, and thus does not appear in
the CME.

Define the expected local agent density:

m̄i(t) = E(Mi(t)) = ∑
M⃗

Mi(t)P(M⃗, t).

The cádlág property Mi(t) yields

d
dt

m̄i(t) = ∑
M⃗

Mi(t)
d
dt
P(M⃗, t).

The CME governs the change rate due to proliferation, death, and movement:

dm̄i
dt

= E[λi(Mi)]−E[µi(Mi)]

+ ∑
xj∈N (i)

(
ε2

2∆x2E[Mj]−
ε2

2∆x2E[Mi]

)
.

This equation is unclosed because first-order moments depend on higher-order cor-
relations through nonlinear functions. A tractable macroscopic approximation requires
closure. The mean-field approximation assumes statistical independence between agent
states, providing the first-moment closure:

E[ f (Mi)] ≈ f (E[Mi]) = f (m̄i).

Applying this closure yields:

dm̄i
dt

=
ε2

2∆x2 ∑
xj∈N (i)

(m̄j − m̄i)

+

[
αn H(oi − ohyp)

(
1− m̄i

Mmax(xi, ∆x)

)+

− κddi

]
m̄i.

Define the density ρ(xi, t) := m̄i(t)
∆x2 gives m̄i(t) = ρ(xi, t)∆x2, producing the CME for ρ:

dρ

dt
(xi, t) =

ε2

2∆x2 ∑
xj∈N (i)

(ρ(xj, t)− ρ(xi, t))

+

[
αnH(oi − ohyp)

(
1− ρ(xi, t)

Mmax(xi, ∆x)/∆x2

)+

− κddi

]
ρ(xi, t)

The deterministic approximation holds under the law of large numbers when local
agent populations are large and suppress fluctuations. The continuum limit yields the
macroscopic density equation:

∂tρ =
ε2

2
∆ρ +

[
αn H(o− ohyp)

(
1− ρ

ρmax

)+

− κdd

]
ρ,

where ρmax = lim
∆x→0

Mmax(xi ,∆x)
∆x2 . In the continuum limit, the local cell count is

F(x, t) =
∫

BRc (x)
[ρtumor(y, t) + ρvessel(y, t)] dy,
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where ρtumor and ρvessel denote tumor and vessel agent spatial densities. The uniform
bound F(x, t) ≤ Fmax implies the tumor cell density constraint:

ρmax
tumor =

Fmax

|BRc |
− 1
|BRc |

∫
BRc (x)

ρvessel(y, t) dy ≤ Fmax

|BRc |
,

where |BRc | = πR2
c is the disk area. The maximum local cell count follows as

Mmax(xi, ∆x) = ρmax
tumor∆x2 =

Fmax

πR2
c

∆x2,

thus ρmax = lim
∆x→0

Mmax(xi ,∆x)
∆x2 = Fmax

πR2
c

.

Therefore, applying first-order moment closure E[ f (Mi)] ≈ f (E[Mi]) yields a de-
terministic approximation of the tumor density dynamics. This closure is valid under
large-population and weak-correlation regimes.

Theorem 4 (Mean–Field Limit for the Tumor Cell Density). Let {Mi(t)}N2

i=1 denote tumor
cell agent counts evolving under the stochastic rules in Section 2 on a lattice ÛABM with spacing
∆x > 0. Assume:

(i) Initial agent positions and states are i.i.d. with macroscopic density ρ0 ∈ L1(U)∩ L∞(U).
(ii) The maximum local occupancy Mmax(xi, ∆x) satisfies

Mmax(xi, ∆x) =
Fmax

πR2
c

∆x2,

where Fmax is the maximal local cell–vessel occupancy value and Rc the cell radius.

Then, as ∆x → 0 and Nt → ∞, the tumor cell density satisfies:∂tρ = ε2

2 ∆ρ +

[
αn H(o− ohyp)

(
1− ρ

ρmax

)+
− κd d

]
ρ,

ρ(0, x) = ρ0(x).
(15)

Here ρmax = Fmax/(πR2
c ) is the macroscopic carrying capacity, H the Heaviside function,

(·)+ the positive part, and d the drug concentration. Diffusion arises from cellular Brownian motion;
the reaction term models normoxic proliferation and drug-induced apoptosis.

Theorem 4 formalizes the deterministic continuum approximation of the tumor cell
density. Figure 6 illustrates the derivation pathway from the discrete ABM to the macro-
scopic PDE through successive levels of approximation.

We note that agent-based simulations are computationally intensive for tumor popula-
tions. The mean-field limit in Equation (15) unifies the hybrid mathematical formulation
(PDE-ABM) into a computationally efficient continuum description:

∂tρ = ε2

2 ∆ρ +

[
αn H(o− ohyp)

(
1− ρ

ρmax

)+
− κdd

]
ρ,

∂tn = Dn∆n−∇ ·
(

χ0

1 + αc
n∇c

)
,

∂tc = Dc∆c− ξcc + ηρH(o− ohyp)− λcn,

∂td = Dd∆d− ξdd− ρddρ + Sdn,

∂to = Do∆o− ξoo− ρoρ + So(1− o)n.

(16)



Mathematics 2025, 13, 2898 22 of 48

The mean-field Equation (16) allows one to interpret complex, stochastic agent-based
behavior through simpler, deterministic PDEs. This bridge from microscale (single-cell
events like stochastic phenotype switching) to macroscale (tumor cell density evolution)
enables: (i) analytical estimation of tumor front velocity, aiding prognosis (e.g., time to
vascular invasion or metastatic risk), (ii) sensitivity to environmental factors (e.g., hy-
poxia, drug gradients) to be encoded directly in continuous equations, which may inform
spatially-resolved treatment planning, and (iii) approximate solutions in real time, sup-
porting integration into clinical decision-support tools, where full ABM simulations may
be computationally prohibitive. On the other hand, mean-field approximations neglect
fluctuations, so we clarify valid parameter regimes and biological relevance.

Start: Stochastic ABM on Lattice (spacing ∆x, sites xi)

Assumptions: i.i.d. initial agents with density ρ0 ∈ L1(U) ∩ L∞(U)
Local max occupancy Mmax = (Fmax/πR2

c )∆x2

Chemical Master Equation (CME) for P(M⃗, t):
dP
dt = ∑[T(M⃗ | M⃗′)P(M⃗′)− T(M⃗′ | M⃗)P(M⃗)]
Transitions: movement, proliferation, death

First Moments: m̄i = E[Mi(t)] (expected local counts)

Moment Equation (unclosed):
dm̄i
dt = E[λi(Mi)]−E[µi(Mi)]+ diffusion terms

Mean–Field Closure: E[ f (Mi)] ≈ f (m̄i)
(large populations, weak correlations)

Define Density: ρ(xi, t) = m̄i/∆x2 ⇒ discrete equation for ρ

Continuum Limit (∆x → 0, Nt → ∞):
Law of Large Numbers suppresses fluctuations

Mean–Field PDE (Equation (15)):
∂tρ = ε2

2 ∆ρ +
[
αn H(o− ohyp)(1− ρ/ρmax)+ − κdd

]
ρ with

ρmax = Fmax/(πR2
c ), integrates into full PDE system (Equation (16))

End: Deterministic Approximation (valid in dense, weak-correlation
regimes)

Figure 6. Flowchart for Theorem 4: derivation of the mean–field PDE from the stochastic ABM via
CME, moment equations, closure, and continuum limit.
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Remark 2 (Validity Regime of the Moment Closure). Equation (15) uses first–order moment
closure E[ f (Mi)] ≈ f (E[Mi]), neglecting second-order moments Var(Mi) and higher-order
cumulants. This requires the following:

(i) Large local populations: Mi ≫ 1 per site xi, making demographic noise O(M−1/2
i )

under central limit scalings;
(ii) Weak correlations: Negligible spatial correlations between neighboring voxels at scale ∆x,

ensured by fast mixing (large ε) or weak interactions.

Fluctuations then contribute only O(M−1
i ) corrections, so (15) captures population dynamics

to leading order.
Biologically, these hold in dense tumor regions where local interactions average stochasticity.

They fail in the following:

(i) Early growth stages, invasion fronts, or metastatic niches with small Mi and non-negligible
extinction;

(ii) Strongly heterogeneous microenvironments where correlations and clustering invalidate
the weak–fluctuation assumption.

Solutions include second-order moment closure (e.g., pair approximations) or hybrid modeling
frameworks (continuum-discrete) retaining ABM structures in critical regions while using PDE
surrogates elsewhere. These are active multiscale modeling research areas.

4.3. Quantitative Assessment of the Mean-Field Approximation

The mean-field PDE Equation (15) arises from the ABM by averaging and closing
higher moments via E[ f (M)] ≈ f (E[M]). Its accuracy depends on site populations Mi and
spatial correlations. Under central limit scaling, stochastic fluctuations scale as

relative fluctuation ∼ sd(Mi)

E[Mi]
= O

(
M−1/2

i

)
.

implying Mi ≳ ε−2 for relative uncertainty ε. For instance, Mi ≳ 100 yields ≈ 10% relative
fluctuations, while M ≳ 400 yields ≈ 5%. Thus, the PDE surrogate is accurate for large
Mi and weak correlations but fails in regimes of small populations or strong correlations
(e.g., invasion fronts, niche seeding), where the ABM should be retained locally.

As an analytical benchmark, when tumor-cell dynamics reduce to Fisher-KPP form,
the invasion speed is

vmin = 2
√

D αn,

which depends only on continuum parameters. With ε = 0.01, αn ≈ 1.12, this yields
vmin ≈ 0.01497 (nondimensional), providing a mean-field reference before performing any
ABM comparison.

Table 3 summarizes model-independent validity criteria with illustrative numerical es-
timates, offering practitioners explicit thresholds and scaling rules for when PDE surrogates
suffice and when ABM detail must be retained.



Mathematics 2025, 13, 2898 24 of 48

Table 3. Quantitative guidance on mean-field validity and illustrative estimates. Illustrative numbers
use parameters in Tables 1 and 2 where applicable.

Quantity/Criterion Formula/Rule Illustrative Value(s)

Relative stochastic fluctuation rel. fluctuation ≈ 1/
√

M M = 100⇒ 10%; M = 400⇒ 5%
Analytic invasion speed (mean-
field benchmark)

vmin = 2
√

Dαn Using ε = 0.01, αn ≈ 1.12:
vmin ≈ 0.01497 (nondim)

Practical threshold for PDE validity Rule of thumb: M ≳ 100 for qualitative agreement
≳ 90%, M ≳ 400 for quantitative agreement ≳ 95%

See first row

When to retain ABM locally small M, strong spatial correlations, early growth
or seeding (Remark 2)

e.g., invasion fronts, metastatic niche
seeding

5. Numerical Experiments and Simulation Results
We rigorously evaluate the numerical properties of the hybrid mathematical PDE-ABM

formulation. This section describes the discretization framework for both the continuum
(reaction–diffusion) and agent-based components, and provides a detailed analysis of
consistency, stability, and convergence. We further validate these numerical methods
through grid refinement tests and examine their biological relevance.

5.1. Hybrid Time-Stepping Framework

The hybrid PDE-ABM formulation is discretized on a square domain of area
2.5× 10−5 m2 using a uniform Cartesian grid with spacing ∆x = ∆y = 5× 10−5 m, result-
ing in a (Nx + 1)× (Ny + 1) = 100× 100 mesh. The reaction–diffusion fields (TAF, drug,
and oxygen) evolve via a semi-implicit alternating direction implicit (ADI) scheme, which
provides unconditional stability for linear diffusion terms. We note also the development
of nonlinear compact polynomial schemes for elliptic operators, which provide compact
high-order stencils and efficient elliptic solves on smooth domains; see [50] for a recent im-
plementation and analysis. Such compact polynomial elliptic solvers could be used as an al-
ternative to the ADI/implicit elliptic substeps (or as an efficient Poisson/steady-TAF solver)
to improve boundary accuracy and reduce the stencil width for high-order spatial discretiza-
tion, particularly in production simulations that require high-order boundary treatment.
In contrast, endothelial cell density is updated via an explicit forward Euler method for
chemotaxis, subject to a CFL condition (Theorem 6) that ensures conditional stability.

To balance computational efficiency and stability, the ABM component is updated
with a larger time step of ∆t′ = 0.1, synchronized with the PDE updates at each ∆t′ interval.
The hybrid time-stepping approach enables stable simulation of stiff PDE-ABM couplings.
All simulations enforce homogeneous Neumann boundary conditions.

We select the endothelial cell PDE time step ∆t to ensure stability:

∆t ≤ min
(

∆x2

4Dn
,

∆x
2∥χ(c)∇c∥∞

)
= 0.0050,

where ∥χ(c)∇c∥ ≈ 0.9922 denotes the chemotactic flux supremum norm for our param-
eters. Choosing ∆t = 0.005 (∆t = 2.88× 102 s) with ∆x = 0.01 provides a conservative
stability margin.

Table 4 summarizes the numerical parameters and scheme configurations.
We detail the numerical scheme for endothelial cell chemotaxis. The discretization

employs second-order central differences in space and forward Euler integration in time [22].
The chemotaxis–diffusion equation yields deterministic and probabilistic formulations. The
deterministic update is
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nk+1
i,j − nk

i,j

∆t
=

(
Dn

∆x2 δ2
xnk

i,j +
Dn

∆y2 δ2
ynk

i,j −
1

∆x
δxFi,j −

1
∆y

δyGi,j

)
(17)

where F and G encode chemotactic drift computed at cell edges via linear interpolation.

Table 4. Discretization parameters and numerical schemes for the hybrid mathematical formulation
(PDE-ABM). Alternating direction implicit (ADI) handles reaction–diffusion fields while endothelial
chemotaxis updates explicitly under the CFL constraint.

Parameter Value Description

Domain size 2.5× 10−5 m2 Physical size
∆x, ∆y 0.01 Grid spacing
∆t 0.005 PDE time step
∆t′ 0.1 ABM update interval
Grid points Nx + 1, Ny + 1 100 Grid node count (Chosen for method

demonstration; recommended
production grid: 200 × 200 or finer for
cell-scale accuracy.)

PDE scheme c, d, o ADI (semi-implicit) Diffusion implicit, reaction explicit
PDE scheme n Euler (explicit) Subject to CFL condition
Boundary conditions Neumann (no-flux) All boundaries
Stability Verified CFL satisfied

For ABM compatibility, we express the update probabilistically:

nk+1
i,j = nk

i,jP0 + nk
i+1,jP1 + nk

i−1,jP2 + nk
i,j+1P3 + nk

i,j−1P4, (18)

with transition probabilities:

P0 = 1− 4
Dn∆t
∆x2 −∆tχ0

4∆x2

(
1

1 + αci+1,j
+

1
1 + αci,j

)
(ci+1,j − ci,j)

+
∆tχ0

4∆x2

(
1

1 + αci−1,j
+

1
1 + αci,j

)
(ci,j − ci−1,j)

−∆tχ0

4∆x2

(
1

1 + αci,j+1
+

1
1 + αci,j

)
(ci,j+1 − ci,j)

+
∆tχ0

4∆x2

(
1

1 + αci,j−1
+

1
1 + αci,j

)
(ci,j − ci,j−1)

P1 =
Dn∆t
∆x2 −∆tχ0

4∆x2

(
1

1 + αci+1,j
+

1
1 + αci,j

)
(ci+1,j − ci,j)

P2 =
Dn∆t
∆x2 +

∆tχ0

4∆x2

(
1

1 + αci−1,j
+

1
1 + αci,j

)
(ci,j − ci−1,j)

P3 =
Dn∆t
∆x2 −∆tχ0

4∆x2

(
1

1 + αci,j+1
+

1
1 + αci,j

)
(ci,j+1 − ci,j)

P4 =
Dn∆t
∆x2 +

∆tχ0

4∆x2

(
1

1 + αci,j−1
+

1
1 + αci,j

)
(ci,j − ci,j−1)

(19)

The implementation uses five intervals

R0 = [0, P0],

Rj =

(
j−1

∑
i=0

Pi,
j

∑
i=0

Pi

]
for j = 1, . . . , 4.

(20)
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We normalize Pi such that P0 + · · · + P4 = 1 (Assumption 2). Drawing r ∼
Uniform[0, 1], cells move according to the interval Rj containing r. Sampling from

Uniform
[

0,
4
∑

i=0
Pi

]
with directional selection via (20) is equivalent to sampling from

Uniform[0, 1] post-normalization.

Assumption 2 (Unity Summation). After computing Pi from (19), we normalize:

P0 + P1 + P2 + P3 + P4 = 1.

We implement the ADI method for TAF, drug, and oxygen Equation (2). For a general
reaction–diffusion system ∂tu = D∆u + f (u, x, y, t), the ADI scheme is

(
1− D∆t

2∆x2 δ2
x

)
Uk+1/2 =

(
1 +

D∆t
2∆y2 δ2

y

)
Uk +

∆t
2

f (Uk),(
1− D∆t

2∆y2 δ2
y

)
Uk+1 =

(
1 +

D∆t
2∆x2 δ2

x

)
Uk+1/2 +

∆t
2

f (Uk),

where Uk+1/2 ≈ u((k + 1/2)∆t) and δ2
x, δ2

y denote second-order central differences.

5.2. Mesh Selection and Justification

All numerical experiments use a uniform Cartesian grid on U = [0, 1]2 with spacing
∆x = 0.01 (100× 100 mesh), unless stated otherwise. This resolution balances the need to
capture continuum length scales of the reaction–diffusion fields with the computational
cost of ensemble ABM simulations. Manufactured-solution convergence tests (Section 5.3)
confirm the expected truncation-error scaling (ADI: τADI = O(∆t2 + ∆x2); endothelial
update: τendo = O(∆t + ∆x2)) and show spatial orders near two for c, d, o. Grid refinement
across ∆x ∈ {0.02, 0.01, 0.005} (Section 5.5) further validates numerical consistency and
stability, establishing correctness of the discrete methods on this mesh.

The 100× 100 grid serves primarily for methodological demonstration and verifica-
tion. Applications requiring cell-scale resolution or experimental comparison (e.g., when
2Rc ≪ ∆x) should employ finer meshes such as 200× 200 or higher and conduct grid
refinement studies, as discussed in Sections 5.3 and 6.

5.3. Consistency Verification

Section 5.1 established the discretization framework. We now examine approximation
fidelity through a consistency analysis, quantifying local truncation errors. The endothelial
chemotaxis scheme (17) and the ADI scheme yield

τendo = O(∆t + h2), τADI = O(∆t2 + h2), for ∆x = ∆y = h.

Appendix E details derivations. The endothelial scheme has O(∆t + h2) truncation
error, indicating first-order temporal and second-order spatial accuracy. The ADI scheme
achieves O(∆t2 + h2), reflecting second-order convergence. These distinct characteris-
tics motivate adaptive time-stepping for endothelial components while permitting larger
ADI steps.
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For grid discretization V = {Vi,j}N
i,j=0, define the discrete p-norm (1 ≤ p < ∞):

∥V∥p :=

(
N

∑
i,j=0

Vp
i,j∆x2

)1/p

.

We establish iterative ℓ2 norm control:

Theorem 5 (Discrete Energy Bound). Under one-sided homogeneous Neumann boundary ap-
proximation (31) on U = [0, 1]2, the scheme satisfies

∆x2∥nk∥2 ≤ ∥nk+1∥2 ≤
√
∥nk∥2

2 +O(∆t)

Proof. For any 1 ≤ p < ∞,

∥V∥p ≤ ∥V∥∞. (21)

Cauchy–Schwarz inequality and (N + 1)∆x = 1 yield

∥nk∥1 =
N

∑
i,j=0

ni,j∆x2 ≤
(

N

∑
i,j=0

∆x2

)1/2( N

∑
i,j=0

(nk
i,j)

2∆x2

)1/2

=

(
N

∑
i,j=0

(nk
i,j)

2∆x2

)1/2

= ∥nk∥2.

(22)

Equations (21) and (22), and mass conservation (32), imply

∆x2∥nk∥2 ≤ ∆x2∥nk∥∞ ≤ ∥nk∥1 = ∥nk+1∥1 ≤ ∥nk+1∥2

Given Pi ≥ 0 and
4
∑

i=0
Pi = 1 (Assumption 2), Jensen’s inequality applied to

Equation (18) gives

(nk+1
i,j )2 ≤ (nk

i,j)
2P0 + (nk

i+1,j)
2P1 + (nk

i−1,j)
2P2 + (n2

i,j+1)P3 + (n2
i,j−1)P4.

Thus,

∥nk+1∥2
2 ≤

N

∑
i,j=0

(
(nk

i,j)
2P0 + (nk

i+1,j)
2P1 + (nk

i−1,j)
2P2 + (nk

i,j+1)
2P3 + (nk

i,j−1)
2P4

)
.

The difference expands as

∥nk∥2
2−

N

∑
i,j=0

(
(nk

i,j)
2P0 + (nk

i+1,j)
2P1 + (nk

i−1,j)
2P2 + (n2

i,j+1)P3 + (n2
i,j−1)P4

)
=

N

∑
i,j=0

(
(nk

i,j)
2 − (nk

i+1,j)
2
)

P1 +
N

∑
i,j=0

(
(nk

i,j)
2 − (nk

i−1,j)
2
)

P2

+
N

∑
i,j=0

(
(nk

i,j)
2 − (nk

i,j+1)
2
)

P3 +
N

∑
i,j=0

(
(nk

i,j)
2 − (nk

i,j−1)
2
)

P4

telescoping
=

summation

N

∑
j=0

(
(nk

0,j)
2 − (nk

N,j)
2
)
(P1 − P2) +

N

∑
i=0

(
(nk

i,0)
2 − (nk

i,N)
2
)
(P3 − P4),



Mathematics 2025, 13, 2898 28 of 48

using one-sided Neumann approximations (31). The difference P1 − P2 satisfies

P1 − P2 = − ∆t
4∆x2

(
χ(ci+1,j)(ci+1,j − ci,j) + χ(ci−1,j)(ci,j − ci−1,j) + χ(ci,j)(ci+1,j − ci,j)

)
.

Assuming bounded first-order partial derivatives of c, we have |P1 − P2| = O
(

∆t
∆x

)
.

Similarly, |P3 − P4| = O
(

∆t
∆x

)
. The extra terms are thus bound by 4∥nk∥2

∞O(∆t) ≤

4∥n0∥2
∞O(∆t) = O(∆t).

We simulate truncation errors by excluding tumor and vessel agents (initialized to
zero). This simplifies the TAF, drug, and oxygen PDEs to

∂tc = Dc∆c− ξcc,

∂td = Dd∆d− ξdd,

∂to = Do∆o− ξoo.

Homogeneous Neumann conditions apply on U = [0, 1]2. We use the ghost point
method to handle Neumann conditions, e.g., at x = 0, we have Uk

−1,j = Uk
1,j for U ∈ {c, d, o}

(However, mass conservation (see Section 5.5) requires one-sided approximations for
Neumann conditions, e.g., at x = 0, we have Uk

−1,j = Uk
0,j, which introduces first-order error

O(∆x). In contrast, the ghost point method introduces second-order errorO(∆x2) but does
not strictly preserve mass. Unless otherwise stated, we use one-sided approximation for
our Neumann boundary conditions). This treatment introduces O(∆x2) error, in alignment
with O(∆t2 + ∆t∆x2) truncation error of the ADI scheme. We use the following exact
solutions as initial conditions:

c(x, y, t) = e−(4π2Dc+ξc)t cos(2πx) cos(2πy),

d(x, y, t) = e−(16π2Dd+ξd)t cos(4πx) cos(4πy),

o(x, y, t) = 4e−(4π2Do+ξo)t cos(2πx) cos(2πy).

We compute convergence order via:

odu(h) :=
log
(

LTEu(h)
LTEu(h/2)

)
log h

h/2

,

where LTEu(h) is the local truncation error for u ∈ {c, d, o} at resolution h. Figure 7
demonstrates convergence. Table 5 lists orders for h ∈ {0.02, 0.01, 0.005, 0.0025} with
∆t = 10−7. Observed orders approach 2, confirming ADI’s second-order spatial accuracy.

Table 5. Computed local truncation error orders for c, d, o across spatial resolutions.

h ∆t odc(h) odd(h) odo(h)

0.02 10−7 1.9822 1.9734 1.9822
0.01 10−7 1.9920 1.9898 1.9920
0.005 10−7 1.9962 1.9957 1.9962

0.0025 10−7 n/a n/a n/a
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Figure 7. Local truncation error convergence for c, d, and o using ADI across h ∈ {0.02, 0.01, 0.005, 0.0025},
validating second-order spatial accuracy. (Main production simulations in the manuscript used a
100 × 100 mesh; see Section 5.2 for discussion of mesh selection and recommendations for refinement).

In summary, the endothelial discretization exhibits O(∆t + h2) truncation error (first-
order time, second-order space). The ADI scheme O(∆t2 + h2) (second-order time and
space). These results align with theory and substantiate the convergence results in subse-
quent sections.

The manufactured-solution convergence results in Figure 7 and Table 5 show spatial
convergence orders near two for the ADI fields (c, d, o), consistent with O(∆x2) accuracy
in the interior. Grid refinement tests across ∆x ∈ {0.02, 0.01, 0.005} (Section 5.5) confirm
numerical consistency and stability. These results justify the use of a 100× 100 mesh for
algorithmic verification and illustrative simulations.

A limitation arises when the nondimensional cell diameter 2Rc becomes comparable to
∆x, so that one cell occupies a single grid element, reducing geometric fidelity of voxelized
source/sink terms. Applications requiring cell-scale precision should therefore employ
finer meshes, such as 200× 200 or 400× 400, combined with grid-convergence tests. The
demonstrated truncation-error behavior implies that halving ∆x reduces spatial error by
roughly a factor of four when discretization dominates.

5.4. Stability Enforcement

While consistency guarantees alignment between the discretization and governing
equations, it does not ensure that bounded or biologically meaningful solutions exist
over time. This subsection analyzes the numerical stability of the explicitly discretized
endothelial cell scheme, which exhibits conditional stability. We invoke the Lax–Richtmyer
equivalence theorem to confirm convergence.

Theorem 6 (Conditional Stability). The ADI scheme maintains unconditional stability for pure
linear diffusion. The finite difference scheme for endothelial chemotaxis (Equation (17)) achieves
conditional stability under the time step constraint:

∆t ≤ min
{

∆x2

4Dn
,

∆x
2∥χ(c)∇c∥∞

}
. (23)
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Subject to the additional constraints:

∆x ≤ 2
Dn

∥χ(c)∇c∥∞
, ∆t ≤ 1

4Dn

∆x2 + 2
∥χ(c)∇c∥∞

∆x

, (24)

all motility probabilities P0, P1, P2, P3, P4 remain nonnegative.

Proof. Define the auxiliary expressions:

Ai+ 1
2 ,j := ∆tχ0

4∆x2

(
1

1+αci+1,j
+ 1

1+αci,j

)
(ci+1,j − ci,j)

Ai− 1
2 ,j := ∆tχ0

4∆x2

(
1

1+αci−1,j
+ 1

1+αci,j

)
(ci,j − ci−1,j)

Bi,j+ 1
2

:= ∆tχ0
4∆x2

(
1

1+αci,j+1
+ 1

1+αci,j

)
(ci,j+1 − ci,j)

Bi,j− 1
2

:= ∆tχ0
4∆x2

(
1

1+αci,j−1
+ 1

1+αci,j

)
(ci,j − ci,j−1)

It follows that

max
{∣∣∣Ai+ 1

2 ,j

∣∣∣, ∣∣∣Ai− 1
2 ,j

∣∣∣, ∣∣∣Bi,j+ 1
2

∣∣∣, ∣∣∣Bi,j− 1
2

∣∣∣} ≤ ∆t
2∆x
∥χ(c)∇c∥∞ (25)

The requirement

Dn∆t
∆x2 ≥

∆t
2∆x
∥χ(c)∇c∥∞ =⇒ Dn ≥

∆x
2
∥χ(c)∇c∥∞, (26)

ensures P1, P2, P3, P4 ≥ 0. Express P0 from Equation (19) as

P0 = 1− 4
Dn∆t
∆x2 − Ai+ 1

2 ,j + Ai− 1
2 ,j − Bi,j+ 1

2
+ Bi,j− 1

2

Equation (25) yields

P0 ≥ 1− 4
Dn∆t
∆x2 −

2∆t
∆x
∥χ(c)∇c∥∞.

The ∆t constraint becomes

∆t ≤ 1
4Dn

∆x2 + 2
∥χ(c)∇c∥∞

∆x

. (27)

Equation (26) bounds ∆x:

∆x ≤ 2
Dn

∥χ(c)∇c∥∞
.

Under (27), this necessarily implies

∆t ≤ 1
4Dn

∆x2 + 2
∥χ(c)∇c∥∞

∆x

≤ 1

4
Dn(

2
Dn

∥χ(c)∇c∥∞

)2 + 2
∥χ(c)∇c∥∞(

2
Dn

∥χ(c)∇c∥∞

) =
Dn

2∥χ(c)∇c∥2
∞

.
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This constitutes the chemotaxis CFL condition, where ∆x2

4Dn
originates from diffusion-

dominated constraints in two dimensions. With nonnegative Pi and
4
∑

i=0
Pi = 1

(Assumption 2), update (18) forms a convex combination. Thus,

∥nk+1∥∞ ≤ ∥nk∥∞ ≤ ∥n0∥∞

Boundedness of the maximum norm over all time k establishes stability under the CFL
and grid conditions.

Figure 8 visualizes the stability criteria, showing the admissible (∆x, ∆t) region. This
empirically validates Theorem 6’s CFL-type condition ensuring nonnegative Pi. The theo-
rem further guarantees that the update forms a convex combination, preserving endothelial
density nonnegativity. This maintains biological realism and prevents unphysical numerical
artifacts like negative concentrations.

Figure 8. Stability condition characterization. Admissible (∆x, ∆t) region consistent with Theorem 6’s
CFL-type bound.

Consistency and conditional stability imply convergence via the Lax–Richtmyer equiv-
alence theorem for linear initial value problems.

Theorem 7 (Convergence). Let n(x, y, t) be the exact endothelial chemotaxis solution and nk
i,j its

numerical approximation. Under Theorem 6’s time step constraints and sufficient regularity of n
and c, the scheme converges with

∥nk
i,j − n(xi, yj, tk)∥ = O(∆t + ∆x2).

5.5. Biological Constraints Preservation

In addition to consistency, stability, and convergence, biological realism requires that
the numerical scheme preserve the nonnegativity intrinsic to the modeled system. We
now analyze whether the discretization maintains nonnegativity for endothelial cell densi-
ties. The explicit update scheme takes the form of a convex combination of neighboring
cell densities:

nk+1
i,j =

4

∑
ℓ=0

Pℓnk
neighbor(ℓ),
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where Pℓ ≥ 0 and ∑4
ℓ=0 Pℓ = 1 (Assumption 2), provided the CFL condition holds. This

structure guarantees:

nk+1
i,j ≥ 0 whenever nk

i,j ≥ 0, ∀ i, j.

Theorem 8 (Nonnegativity). The finite difference update preserves nonnegativity of nk
i,j at each

time step, assuming nonnegative initial data and satisfaction of the CFL constraints (23) and (24).

The second biological constraint is the conservation law, such as mass conservation or
population invariance. Numerical schemes must respect this constraint, particularly in the
absence of sources, sinks, or boundary fluxes. We therefore verify whether the total endothe-
lial cell count ∑

i,j
nk

i,j remains constant under the proposed numerical scheme. Summing the

probabilistic motility update (17) over all grid points (i, j), with ∆x = ∆y, yield

∑
i,j

nk+1
i,j = ∑

i,j
nk

i,j + ∆t ∑
i,j

(
Dn

∆x2 δ2nk
i,j −

1
∆x

(δFi,j + δGi,j)

)
. (28)

We expand the second right-hand side term as

∑
i,j

δ2nk
i,j =

N

∑
i,j=0

(
nk

i−1,j + nk
i+1,j + nk

i,j−1 + nk
i,j+1 − 4nk

i,j

)
=

N

∑
j=0

(
n−1,j − n0,j + nN+1,j − nN,j

)
+

N

∑
i=0

(ni,−1 − ni,0 + ni,N+1 − ni,N).

(29)

The telescoping summations simplify to

N

∑
i,j=0

(δFi,j + δGi,j) =
N

∑
j=0

(FN+ 1
2 ,j − F− 1

2 ,j) +
N

∑
j=0

(Gi,j+N+ 1
2
− Gi,− 1

2
)

= χ(c)N+ 1
2 ,jnN+ 1

2 ,j
cN+1,j − cN,j

∆x
− χ(c)− 1

2 ,jn− 1
2 ,j

c0,j − c−1,j

∆x

+ χ(c)i,N+ 1
2
ni,N+ 1

2

ci,N+1 − ci,N

∆x
− χ(c)i,− 1

2
ni,− 1

2

ci,0 − ci,−1

∆x

(30)

We impose homogeneous Neumann boundary conditions using one-sided approximations:

∂ϕ

∂n
= 0 on ∂U

for ϕ ∈ {n, c, d, o}. At x = 0, this yields

Uk
0,j −Uk

−1,j

∆x
= 0 =⇒ Uk

−1,j = Uk
0,j, (31)

Analogous conditions hold at other boundaries: x = 1 implies Uk
N+1,j = Uk

N,j,

y = 0 implies Uk
i,−1 = Uk

i,0, and y = 1 implies Uk
i,N+1 = Uk

i,N . Combining (28)–(30)
with these boundary conditions ensures exact mass conservation for pure diffusion or
chemotaxis processes:
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Theorem 9 (Discrete Mass Conservation for Cell Density Update). Let nk
i,j denote the discrete

approximation of endothelial cell density at time step k and grid point (i, j). Under the probability
finite difference scheme (18) and one-sided Neumann approximation (31), the total mass is conserved:

∑
i,j

nk+1
i,j = ∑

i,j
nk

i,j. (32)

The Neumann boundary conditions reflect biologically plausible zero-flux constraints
at tissue boundaries. This mass conservation property ensures that endothelial cell mass
remains invariant up to machine precision in the absence of external sources or sinks,
maintaining physical and biological realism.

Having established the analytical and qualitative properties of the numerical scheme,
we conduct a spatial grid refinement study to empirically validate the consistency and
stability results derived in Sections 5.3–5.5. This test simulates the system in the absence of
tumor and vessel agents.

We evaluate grid spacings ∆x ∈ {0.02, 0.01, 0.005} with fixed time steps ∆t = 0.005
for PDE updates and ∆t′ = 0.1 for ABM decisions (disabled here). The simulation runs
until T = 30, and convergence is measured using the step-change metric at each time
step k:

Ek
h := max

i,j

(
|ck

i,j(h)− ck−1
i,j (h)|+ |ok

i,j(h)− ok−1
i,j (h)|

)
,

where c and o represent TAF and oxygen concentrations, respectively. We choose

c(x, y, 0) = 1−
√
(x− 0.5)2 + (y− 0.5)2, d(x, y, 0) = 0, o(x, y, 0) = 0.5.

as initial conditions. No drug treatment or cellular dynamics are applied. Figure 9 shows
that log10 Ek

h decays consistently across grid levels. Beyond t = 5, the decay becomes nearly
linear on a logarithmic scale, with least-squares regression revealing closely matched slopes
for all resolutions. This confirms the scheme’s temporal stability and spatial consistency.
Table 6 reports numerical values at t = 30 and estimated convergence slopes.

Figure 9. The maximum norm Ek
h for the oxygen and TAF fields is shown log10 Ek

h plotted against
t, for grid spacings h = 0.02, 0.01, and 0.005. Fixed time steps ∆t = 0.005 and ∆t′ = 0.1 are used.
The near-identical decay slopes beyond t = 5 verify asymptotic stability and second-order spatial
consistency of the PDE solver.
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Table 6. Maximum temporal step changes Ek
h and logarithmic decay rates from Figure 9 for spatial

resolutions h = ∆x. All simulations use fixed ∆t = 0.005 and ∆t′ = 0.1 (see Table 4). Least-squares
slopes of log10 Ek

h are computed over t ∈ [5, 30]. The consistent magnitudes and slopes confirm spatial
consistency and numerical stability.

Grid Spacing h Step Size ∆t Step Size ∆t′ Max Norm Ek
h at t = 30 Slope of log10(Ek

h)

0.02 0.005 0.1 7.0842× 10−4 −0.009557
0.01 0.005 0.1 7.0795× 10−4 −0.009561
0.005 0.005 0.1 7.0771× 10−4 −0.009563

In summary, the hybrid numerical framework, combining explicit probabilistic up-
dates for endothelial dynamics with ADI-based diffusion solvers, demonstrates mathemat-
ical consistency, conditional stability, and convergence. Rigorous verification of nonneg-
ativity, mass conservation, and discrete energy control ensures biologically faithful and
numerically reliable simulations of tumor growth and vascular remodeling.

5.6. Error Analysis and Biological Interpretation

We did not generate new experimental measurements. Biological and physical param-
eters appear only in Section 5 for numerical validation, all taken from established literature
(e.g., [22]) with explicit citations for reproducibility. Because this work is methodological,
model discrepancies with experiments arise from (i) truncation error due to discretization,
(ii) stochastic sampling error from finite ABM ensembles, and (iii) structural error (e.g.,
from mean-field closure approximations).

For reaction–diffusion fields (TAF, drug, oxygen), the ADI scheme has local truncation error

τADI = O(∆t2 + ∆x2),

second-order in space and time. The explicit endothelial chemotaxis update yields

τendo = O(∆t + ∆x2),

first-order in time and second-order in space. Manufactured-solution tests (Figure 7, Table 5)
confirm near-second-order spatial accuracy for c, d, o. We impose Neumann conditions
with one-sided differences, formally first-order at boundaries, yet conserving global mass.

The ABM implements the Gillespie algorithm, which samples the continuous-time
Markov process. We denote the error introduced in the ABM component by εABM. Quan-
tification of this error remains for future work.

Structural discrepancies (e.g., first-moment closure) arise from the ABM-PDE frame-
work and persist under mesh refinement; their magnitude depends on regimes such as
small local populations or strong correlations. We state closure validity in Remark 2 and
advocate hybrid ABM-PDE use in critical regions.

Table 7 summarizes leading-order errors: the ADI solver is nearly second-order,
the endothelial update is spatially second-order and temporally first-order, and Neu-
mann boundaries are first-order but conserve mass. The total predictive error for model
output u satisfies

∥unum − utruth∥ ≲ C1∆x2 + C2∆tp + C3∆x + εABM + εmodel,

with p = 2 for ADI and p = 1 for endothelial updates, C3∆x representing the first-order
error introduced by one-sided Neumann boundary treatment, which can be lifted to
second-order by ghost-point method, and εABM, εmodel denoting ABM stochastic error and
structural error, respectively. Convergence tests confirm second-order spatial accuracy, and
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Section 5.4 analyzes stability. These results establish the numerical error baseline for all
simulations reported here.

Table 7. Summary of local truncation error orders and stochastic sampling error for the schemes
employed. Formal leading-order estimates are compared with representative observed orders from
manufactured-solution convergence tests.

Quantity Formal Leading-Order Observed Order (Representative)

ADI (TAF/drug/oxygen) O(∆t2 + ∆x2) ≈ 2.0 (c,d,o; see Table 5)
Endothelial chemotaxis update O(∆t + ∆x2) spatial ≈ 2.0, temporal ≈ 1.0
Neumann BC (one-sided, mass-conserving) boundary-limited local O(∆x) at boundary (mass conserving)

We perform standard numerical diagnostics—truncation error analysis, discrete con-
servation checks, and CFL stability conditions—and explicitly link numerical accuracy and
stability to the biological outcomes reported here. Numerical discretization alters formal
error norms and changes the continuum fields (oxygen, TAF, drug) that drive discrete
events in the agent-based model, including endothelial chemotaxis, branching, cell death,
and stochastic phenotype switching. We therefore design validation tests to ensure that the
paper’s biological conclusions remain robust to numerical choices.

Coarse spatial resolution smooths sharp TAF and drug gradients. Because chemotactic
drift scales with spatial gradients of TAF, smoothed gradients reduce cue strength, suppress
vessel aggregation and branching, and change local drug and oxygen delivery. Coarse
grids thus tend to underestimate vascular heterogeneity and to underestimate resistance
that arises from delivery-protected niches.

Violating stability constraints for advection, like chemotaxis or diffusion, produces
nonphysical oscillations or artificial damping in the solver. For chemotaxis, these errors
produce spurious tip motion and delay branching events. For drug and oxygen transport,
they generate nonphysical local concentrations that alter cell death propensities in the ABM.
Such numerical artifacts change quantitative outputs, such as invasion front speed and the
timing of resistant emergence.

If the PDE time step exceeds the timescale of discrete events, coupling between
continuum and discrete dynamics becomes temporally aliased; for example, a rapidly rising
local drug pulse can be missed, and the measured probability of resistant establishment
can change. To guard against these effects, we run grid and time step refinement studies,
verify CFL compliance, and test coupling-frequency convergence for event timing and
stochastic outcomes. These validation steps ensure that numerical error does not drive the
biological conclusions.

6. Discussion
This study introduced a hybrid modeling framework (continuum-discrete) that rigor-

ously couples stochastic cell-level dynamics with tissue-scale continuum processes. Our
approach formalizes a hybrid methodology with precise mathematical guarantees for for-
mulation, numerical discretization, and closed-form mean-field representation. We analyze
the well-posedness of the hybrid mathematical formulation (PDE-ABM) and provide com-
prehensive numerical evidence for its consistency, stability, convergence, and conservation
properties. The model integrates stochastic phenotypic switching, metabolite-regulated an-
giogenesis, and hypoxia-resistance feedback, thereby addressing key limitations in previous
hybrid tumor models. Earlier studies often relied on heuristic simulations without mathe-
matical and numerical analysis or treated angiogenesis and resistance in isolation [17,22].
Our framework extends the work by Wang et al. [22] by embedding an exact Gillespie-
based mutation and phenotype switching algorithm with drug-modulated mutation rates,
deriving a continuum mean-field limit that connects discrete rules to continuum equations,
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and establishing mathematical well-posedness and numerical robustness for the hybrid
scheme. The mean-field limit integrates the hybrid mathematical formulation (PDE-ABM)
into a unified PDE system (16), which motivates hybrid numerical schemes that retain full
ABM structure in critical regions and replace it with efficient PDE surrogates elsewhere.
These methodological advances enable rigorous and robust multiscale tumor modeling not
achieved in previous descriptive or simulation-based studies.

Beyond its methodological contributions, the hybrid modeling framework (continuum-
discrete) yields several biological and clinical insights. First, model-predicted resis-
tance timelines can inform adaptive therapy protocols designed to suppress or delay
resistance [51,52]. Second, simulations of oxygen gradients can guide hypoxia-targeted
interventions and optimize the application of hypoxia-activated prodrugs, which may
enhance the efficacy of subsequent chemotherapy or radiotherapy [53–56]. Third, our
framework also motivates experimental validation and calibration, such as in vitro tracking
of endothelial tip cell dynamics and resistance evolution. Designed for integration with
experimental and clinical data, the model supports a translational modeling pipeline. For
example, oxygen partial pressure measurement or PET imaging with 18F-FMISO can cali-
brate the simulated oxygen distribution o(x, t), while microvessel density measurements
from CD31-stained immunohistochemistry can validate the vascular network Vt gener-
ated by ABM [53,57]. Time-resolved single-cell RNA-seq data under treatment provide
drug-induced mutation rates kSR(d) by linking transcriptional states to phenotypic tran-
sitions. Longitudinal MRI during therapy offers radiomic profiles (e.g., tumor volume
changes) for comparison with simulated resistance trajectories [58,59]. By supporting
multiscale calibration and validation, the model enables in silico exploration of therapy
optimization strategies.

In addition, by linking our mathematical analogies to measurable metrics—vascular
heterogeneity, invasion speed, and resistant establishment probability—we enable transla-
tion into testable hypotheses. For example, reducing chemotactic sensitivity is predicted
to (i) lower spatial hotspots of high-vessel-density regions and (ii) improve drug delivery
homogenization to increase the efficacy of systemic therapy, supporting combined vascular-
normalization and cytotoxic therapy when vascular CV is high. Large Fisher-KPP front
speeds motivate closer imaging follow-up to detect early boundary advance. If resistance
arises mainly in the pretreatment phase (per Galton–Watson-type models), early tumor
burden reduction offers a robust strategy to lower relapse risk.

Several simplifying assumptions in the current framework merit consideration. First,
simulations and analysis occur in a two-dimensional domain, which reduces the com-
plexity of three-dimensional vascular geometry and cell–TME interactions compared with
in vivo tumors. Extending the framework to three dimensions would capture the full
complexity of tumor vasculature but requires greater computational resources. Second,
while the 100× 100 mesh used in this study suffices for demonstrating numerical proper-
ties (consistency, stability, and convergence) and for qualitative behaviors in this hybrid
modeling framework (continuum-discrete), it is borderline for high-precision, cell-scale
resolution studies. For quantitative, production-level studies, we therefore recommend
mesh refinement (e.g., 200× 200 or greater) combined with the grid refinement diagnos-
tics. Such a refinement is straightforward (owing to the observed second-order spatial
scaling of the ADI operator) but was outside the time and computational budget for the
present methodological manuscript. Third, the model treats TAF and oxygen dynamics
with simplified production, diffusion, and uptake mechanisms. Actual angiogenesis in-
volves multiple signaling pathways such as VEGF and Dll4/Notch [60]), and diverse cell
phenotypes including stalk cells [61] and pericytes [62]), which are not explicitly repre-
sented. Including these features may enhance biological fidelity. Third, the immune system
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remains unmodeled, even though immune infiltration, suppression, and therapy-induced
immunogenicity are recognized as critical regulators of tumor evolution and resistance.
This omission limits the model’s applicability to immunotherapy scenarios. Finally, the
model does not account for pharmacokinetic/pharmacodynamic (PK/PD) effects, nor does
it simulate treatment-induced vascular normalization or off-target toxicity.

While our hybrid mathematical formulation (PDE-ABM) captures hypoxia-driven
angiogenesis and resistance evolution, neglecting immune activity and explicit PD relat-
ing local drug exposure to killing efficacy can shift predictions. Immune surveillance
adds tumor-cell killing, raising extinction probability of resistant clones, lowering average
tumor burden and invasion speed, and modulating angiogenic signaling via secreting
cytokines [63]; its omission likely overestimates resistant establishment probability and
invasion speed, especially in immunogenic or low-cell-number regimes. On the other hand,
PD shape (e.g., Emax-style killing with EC50) further alters drug efficacy: saturating PD
(high Emax with low EC50) dampens local drug heterogeneity, whereas shallow curves
(high EC50) amplify spatial heterogeneity and increase protected niche sizes that select
for resistance. Thus, neglecting PD may either over- or under-estimate treatment efficacy
depending on where the true curve falls relative to simulated local concentrations. To
quantify these influences, we recommend three metrics: (i) resistant establishment probabil-
ity, sensitive to immune clearance at small clone sizes; (ii) invasion-front speed, reflecting
altered tumor progression under immune and cytotoxicity pressure; and (iii) vascular
heterogeneity, linking PD shape to delivery heterogeneity. Incorporating immune and
PD refinements (Appendix F) enhances clinical relevance while preserving tractability for
multiscale tumor dynamics.

Future work can extend this foundation in several directions. Extending to three-
dimensional geometries will allow investigation of how vascular topology and spatial drug
gradients influence resistance dynamics. Incorporating additional microenvironmental
features, such as interstitial fluid flow and matrix density, can improve predictions of
drug distribution and cell motility. Beyond single-agent therapy, simulating sequential
and combination therapies, particularly integrating immunotherapy and antiangiogenic
strategies, could identify schedules that exploit transient vessel normalization to suppress
resistance. Linking model predictions with patient-specific imaging, such as DCE-MRI,
would support personalized therapy strategies. In addition, the mean-field derivation also
enables reduced ODE/PDE systems that approximate complex spatial-stochastic dynamics
and facilitate analytical control strategies. Finally, while capillary sprouting is already
represented at the tip-cell branching level in our current framework (Equation (6) and
Algorithm A2), a full simulation of vascular network morphology (sprout lumenization,
anastomosis, and perfusion) remains beyond the present scope and will be an important
extension of the model.

In summary, the proposed hybrid modeling framework (continuum-discrete) estab-
lishes a rigorous and extensible framework for coupling discrete stochastic cell behavior
with continuum tissue-scale dynamics. By uniting mathematical rigor, multiscale biological
realism, and translational capacity, this work advances the field from descriptive hybrid
models to predictive, clinically actionable in silico platforms for adaptive cancer therapy.

7. Conclusions
In this work, we developed a hybrid modeling framework (continuum-discrete) to

investigate tumor angiogenesis and resistance evolution, with emphasis on a well-posed
mathematical formulation and rigorous numerical analysis. Our key findings are as follows:

(i) Mathematical Lineages: We established explicit connections between our hybrid
mathematical formulation (PDE-ABM) and three foundational cancer modeling
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frameworks: Keller–Segel chemotaxis, Fisher-KPP invasion waves, and Galton–
Watson branching processes. Our model extends these theories by incorporating
multiscale feedback, stochastic phenotype switching, and microenvironmental
coupling (Section 3). These links also enable the translation of model outputs
to clinically relevant metrics, including vascular CV, invasion speed vmin, and
resistant establishment probability.

(ii) Theoretical Foundations: We rigorously demonstrated the well-posedness of the
coupled PDE-ABM system (Theorems 1–3). A mean-field limit (Theorem 4) further
unified stochastic ABM dynamics and deterministic PDE limits, consolidating
the hybrid mathematical formulation (PDE-ABM) into a continuum description
(Equation (16)). The applicability of the moment closure was clarified (Remark 2),
ensuring transparent validity conditions. To aid comprehension of these results,
schematic flowcharts were added for key theorems (see Figures 3–6).

(iii) Local Truncation Error and Consistency: We conducted a systematic numerical
analysis of the continuum-discrete scheme. Local truncation errors were derived
for the explicit endothelial discretization and for the ADI scheme applied to TAF,
drug, and oxygen fields (Section 5.3). Manufactured-solution tests confirmed the
theoretical error orders, demonstrating second-order spatial convergence (Figure 7,
Table 5). These analyses reinforce the numerical credibility of the hybrid modeling
framework (continuum-discrete).

(iv) Stability and Biological Fidelity: We established the CFL condition for the endothe-
lial update (Theorem 6), ensuring stability and preventing unphysical artifacts.
The scheme was further shown to preserve key biological constraints, including
nonnegativity and mass conservation properties (Section 5.5). Grid refinement
studies (Figure 9, Table 6) confirmed the consistency and stability across mesh
refinements. Together, these results demonstrate that the proposed framework is
both numerically robust and biologically faithful.

(v) Future Applications: The hybrid approach has significant potential for simulating
complex tumor dynamics, such as angiogenesis and resistance mechanisms, in
biologically relevant settings. Future work will extend this framework to include
more detailed biological processes, such as heterogeneous cell populations and
feedback loops between tumor growth and angiogenesis.

In conclusion, our hybrid model provides an effective, numerically stable framework for
simulating tumor-angiogenesis dynamics and resistance. The method’s ability to integrate
discrete agent-based processes with continuum modeling opens up new opportunities for
studying the role of cellular interactions, drug delivery, and resistance in cancer modeling.
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Abbreviations
The following abbreviations are used in this manuscript:

ABM Agent-based model
ADI Alternating direction implicit
ANGPT-2 Angiopoietin-2
CME Chemical master equation
CV Coefficient of variation
EMDR Environmentally mediated drug resistance
FGF-2 Fibroblast growth factor 2
HIF-1α Hypoxia-inducible factor-1α

IL-8 Interleukin-8
MDSC Myeloid-derived suppressor cell
ODE Ordinary differential equation
PD Pharmacodynamic
PDE Partial differential equation
PK pharmacokinetic
TAF Tumor angiogenic factor
TAM Tumor-associated macrophage
TME Tumor microenvironment
TSP-1 Thrombospondin-1
VEGF Vascular endothelial growth factor
VEGFR Vascular endothelial growth factor receptor

Appendix A. Terminological Clarification
We distinguish hybrid modeling framework and hybrid mathematical formulation.

The former denotes the paradigm of coupling continuum PDEs (oxygen, drug, and TAF)
with agent-based rules for cells and vessels; the latter specifies the concrete mathemat-
ical coupling of reaction–diffusion–chemotaxis PDEs with discrete stochastic updates
(e.g., Gillespie-driven phenotype switching, vessel branching/anastomosis). Thus, hybrid
modeling framework describes the methodological nature of the model, while hybrid
mathematical formulation denotes its concrete mathematical coupling and implementation.

We also differentiate use hybrid (methodological: combining PDEs and ABM) from
multiscale (biological: coupling molecular, cell, tissue). Our framework is hybrid in method
and multiscale in scope. This distinction emphasizes that not all multiscale models are
hybrid (e.g., purely PDE-based multiscale formalisms exist), and not all hybrid models
are multiscale (e.g., combining ODEs and ABMs at a single scale). Figure A1 illustrates
this relationship.
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Circle A Circle B

Our framework:
Hybrid PDE-ABM

+
Multiscale biology

Circle A is Hybrid modeling
= combining methods

(PDE + ABM)

Circle B is Multiscale modeling
= spanning biological scales
(molecular→cell→tissue)

Relationship between hybrid and multiscale modeling:
Overlapping but not synonymous.

Figure A1. Relationship between hybrid and multiscale modeling: overlapping but not synonymous.

Appendix B. Nondimensionalization
We begin with the dimensional system for tumor cell density (n), TAF (c), drug (d),

and oxygen (o):

∂tn = Dn∆n−∇ ·
(

χ0k1
k1+c n∇c

)
,

∂tc = Dc∆c− ξcc + η ∑a∈Λh
t

χa − λc ∑v∈Vt χv,

∂td = Dd∆d− ξdd− ρdd ∑a∈Λt χa + Sd(t)∑v∈Vt χv,

∂to = Do∆o− ξoo− ρo ∑a∈Λt χa + So(omax − o)∑v∈Vt χv.

Here, Dn, Dc, Dd, Do are diffusion rates; ξc, ξd, ξo are decay rates; ρd, ρo are cellular
uptake rates; Sd, So are supply rates from blood vessels; and η, λ are production and
uptake rates of TAF, respectively. The function χ(c) := χ0k1

k1+c represents the chemotactic
sensitivity, where χ0 is the chemotactic saturation coefficient and k1 corresponds to the
half-maximal concentration.

To nondimensionalize the system, we introduce representative scales for the length
(L), time (τ = L2/D), and concentrations of all variables n0, c0, d0, omax:

x̃ =
x
L

, t̃ =
t
τ

, ñ =
n
n0

, c̃ =
c
c0

, d̃ =
d
d0

, õ =
o

omax
.

In this scaling, D is a representative diffusion rate, chosen to be comparable to the
oxygen diffusion rate Do, and omax is the maximal oxygen concentration in the TME. We
select L as the typical distance between the implanted tumor and vessels in experimental
setups [64], which aligns the diffusion time τ with the cell cycle duration [65]. The resulting
dimensionless parameter groups are as follows:
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D̃n =
Dn

D
, χ̃0 =

χ0c0

D
, α =

c0

k1
, D̃c =

Dc

D
,

η̃ =
ητn0

c0
, λ̃ = λτn0, ξ̃c = τξc,

D̃d =
Dd
D

, ξ̃d = τξd, ρ̃d = ρdτn0, S̃d =
Sdτn0

d0
,

D̃o =
Do

D
, ξ̃o = τξo, ρ̃o =

ρoτn0

omax
, S̃o = Soτn0.

Dropping the tildes for notational simplicity yields the dimensionless system used in
our study, as shown in Equation (2).

Appendix C. Implementation of Discrete ABM Lattice ÛABM

This section details the mapping of the ABM domain, UABM, to a PDE domain UPDE

with C∞ boundary, and the construction of the ABM lattice ÛABM. The ABM domain is
UABM = [0, 1]2, discretized into N2 squares of side length ∆x = 1/N. Our objective is
to construct a small open neighborhood UPDE of UABM with C∞ boundary, such that its
corresponding discrete lattice ÛABM is identical to the direct discretization of UABM.

We fix a sufficiently small δ > 0, specifically δ < 1
6 ∆x, and define the δ-neighborhood

of the unit square as

Uδ := {(x, y) ∈ R2 : d((x, y), UABM) < δ}.

Here, d((x, y), A) is the Euclidean distance from a point (x, y) to a set A ⊂ R2. Let
ψ : R2 → R be a standard C∞ radial mollifier supported in the unit disk, such as

ψ(z) =

C exp
(
− 1

1− ∥z∥2

)
, ∥z∥ < 1,

0, otherwise,

where the constant C normalizes the integral
∫
R2 ψ = 1. For a given smoothing parameter

δ, we define the scaled mollifier ψδ(z) = δ−2ψ(z/δ). We then convolve the characteristic
function of Uδ, denoted χUδ

, with this mollifier:

Ψ(x, y) := (χUδ
∗ ψδ)(x, y).

The resulting function Ψ is C∞, with its values in the range [0, 1]. It is equal to 1
everywhere inside UABM. We select a small ϵ > 0 such that {Ψ ≥ 1− ϵ} ⊂ Uδ/6. This
allows us to define the PDE domain as

UPDE := {(x, y) ∈ R2 : Ψ(x, y) > 1− ϵ}.

Since Ψ is smooth and 1− ϵ is a regular value, the Regular Level Set Theorem [66]
(Corollary 5.14) ensures that the boundary ∂UPDE = {Ψ = 1− ϵ} is a C∞ curve (i.e., every
point of this curve has an open neighborhood that is the graph of a diffeomorphism). Our
choice of ϵ guarantees that UPDE ⊂ Uδ/6, making UPDE a close approximation of UABM. We
obtain the discrete approximation ÛABM by sampling Ψ on the ABM lattice with spacing
∆x, applying a threshold at 1− ϵ, and identifying boundary agents as those with Moore
neighbors outside the defined domain. Algorithm A1 summarizes these steps.
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Algorithm A1 Construction of the discrete agent-based domain ÛABM approximating the
smooth PDE domain UPDE.

Require: Grid spacing ∆x = 1/N, smoothing parameter δ < 1
6 ∆x, and tolerance ϵ > 0.

Ensure: Discrete lattice domain ÛABM and the set of boundary agents.
1: Define δ-neighborhood: Uδ := {(x, y) ∈ R2 : d((x, y), UABM) < δ}, where

d((x, y), UABM) is the Euclidean distance to the unit square UABM = [0, 1]2.
2: Discretize characteristic function: On the uniform grid G = {(i∆x, j∆x) | 0 ≤ i, j ≤ N},

define the sampled characteristic function χUδ
(x, y) =

{
1, (x, y) ∈ Uδ,
0, otherwise,

at each grid

point in G.
3: construct discrete mollifier: For integer offsets k ∈ Z2 where ∥k∆x∥ ≤ δ, set ψ̃δ(k∆x) ∝

exp
(
− 1

1−(∥k∆x∥/δ)2

)
, and normalize such that ∑k ψ̃δ(k∆x) = 1.

4: Perform convolution for smoothed field: Compute Ψ(i∆x, j∆x) := (χUδ
∗

ψ̃δ)(i∆x, j∆x) for all points (i∆x, j∆x) ∈ G.
5: Threshold to define discrete PDE-compatible domain: ÛABM :=
{(i∆x, j∆x) ∈ G | Ψ(i∆x, j∆x) > 1− ϵ}.

6: Identify boundary agents: A lattice site in ÛABM is marked as a boundary agent if at
least one of its Moore neighbors lies outside ÛABM.

7: Return the discrete domain ÛABM and the set of boundary agents.

Appendix D. Description of the Markov Transition Operator Fx,k

At each discrete time step, every agent’s state x is updated via the Markov tran-
sition operator Fx,k, which depends on the microenvironmental fields and the agent’s
current state:

x(tk+1) = Fx,k(c(·, tk), d(·, tk), o(·, tk),M(tk)).

Algorithm A2 summarizes the state transitions for tumor and endothelial tip cells.

Algorithm A2 Markov transition operator Fx,k for tumor and vessel agents.

Require: Agent set at tk; microenvironmental fields o(·, tk) (oxygen), d(·, tk) (drug), c(·, tk)
(TAF); spatial step ∆x, time step ∆t; tumor motility coefficient ε, DNA repair rate pr;
oxygen thresholds ohyp, oapop; division rate αn (so maturation time amat = log(2)/αn);
crowding threshold Fmax; branching threshold ψ, branching coefficient cbr; chemo-
taxis parameters Dn, χ0, α for tip movement; other required constants for computing
P0, . . . , P4 as in Equation (19).

Ensure: Updated agent states at tk+1.
1: for each agent x at tk do
2: if x is a tumor cell a then
3: Movement: Update position via random walk: a(X,Y)(tk+1) = a(X,Y)(tk) +

ε
√

∆t Z, where Z ∼ N (0, I2).
4: Microenvironment sensing: Update internal states based on local fields:

ao(tk+1) = o(a(X,Y)(tk), tk) and ad(tk+1) = ad(tk) + d(a(X,Y)(tk), tk)∆t.
5: DNA damage and death: Accumulate damage: adam(tk+1) = adam(tk) +(

d(a(X,Y)(tk), tk)− pradam(tk)
)
∆t. Remove cell if adam(tk+1) > adeath(tk) or ao(tk+1) ≤

oapop.
6: Phenotype classification:

(i) Normoxic: ao(tk+1) > ohyp,
(ii) Hypoxic: oapop < ao(tk+1) ≤ ohyp,
(iii) Apoptotic: ao(tk+1) ≤ oapop.
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Algorithm A2 Cont.

7: Aging: If normoxic, advance age: aage(tk+1) = aage(tk) + ∆t; otherwise, aage

remains unchanged.
8: Division: If aage(tk+1) ≥ amat and local cell density F(a(X,Y)(tk), tk) ≤ Fmax:

(i) Place daughter a1 at the mother’s location. Sample θ ∼ Uniform[0, 1] and

set a(X,Y)
2 = a(X,Y)(tk) + 0.1 (cos(2πθ)∆x, sin(2πθ)∆x). If a2 overlaps existing

centers, resample θ until valid.
(ii) Daughters inherit mother’s death threshold, proliferation rate, oxygen con-

sumption; half damage and drug load as adam
i = 1

2 adam(tk), ad
i = 1

2 ad(tk); reset
ages to 0.

9: Mutation: Use the Gillespie Direct Method to simulate phenotypic mutations,
with mutation rates dependent on local drug concentration.

10: else if x is a tip endothelial cell b then
11: Movement: Choose a von Neumann neighboring lattice site based on probabili-

ties P0, . . . , P4 derived from the chemotaxis–diffusion model (see Equation (19)).
12: if target neighbor occupied by a tip or vessel then
13: Anastomosis: Convert tip cell b into a vessel segment, ceasing its migration

and branching.
14: end if
15: Age update: bage(tk+1) = bage(tk) + ∆t.
16: Branching: If bage(tk+1) > ψ and a vacant Moore neighbor exists, branch with

probability λbr(b, tk)∆t = cbr
c(b(X,Y)(tk),tk)
∥c(·,tk)∥∞

H(bage(tk)− ψ)∆t.

(i) A new tip cell is placed at a random vacant Moore neighbor.
(ii) Reset ages of both the original and new tip cells to 0.

17: Proliferation: At regular intervals (i.e., every 18 h), elongate the sprout by
adding a new vessel agent behind the leading tip.

18: end if
19: end for
20: return Updated agent states at tk+1.

Appendix E. Computation of Local Truncation Error
We compute the local truncation error for the explicit finite difference scheme and the

semi-implicit ADI scheme.
First, apply Taylor expansions to the central difference scheme (17) in time and

space gives

nk+1
i,j = nk

i,j + ∆t∂tn +O(∆t2),

nk
i±1,j = nk

i,j ± ∆x∂xn +
∆x2

2
∂2

xn± ∆x3

6
∂3

xn +O(∆x4)

nk
i,j±1 = nk

i,j ± ∆y∂yn +
∆y2

2
∂2

yn± ∆y3

6
∂3

yn +O(∆y4)

Combining the expansions yields

nk+1
i,j − nk

i,j

∆t
= ∂tn +O(∆t),

1
∆x2 δ2

xnk
i,j +

1
∆y2 δ2

ynk
i,j = ∆n +O(∆x2 + ∆y2)



Mathematics 2025, 13, 2898 44 of 48

We approximate the chemotaxis fluxes using finite differences:

Fi+ 1
2 ,j = χ(ci+ 1

2 ,j)ni+ 1
2 ,j

ci+1,j − ci,j

∆x

Fi− 1
2 ,j = χ(ci− 1

2 ,j)ni− 1
2 ,j

ci,j − ci−1,j

∆x

Gi,j+ 1
2
= χ(ci,j+ 1

2
)ni,j+ 1

2

ci,j+1 − ci,j

∆x

Gi,j− 1
2
= χ(ci,j− 1

2
)ni,j− 1

2

ci,j − ci,j−1

∆x

To approximate the midpoint fluxes, we use Taylor expansions of χ(c) and c:

χ(ci+ 1
2 ,j) =

χ(ci+1,j) + χ(ci,j)

2
,

χ(ci+1,j) = χ(ci,j) + χ′(c)(ci+1,j − ci,j) +
χ′′(c)

2
(ci+1,j − ci,j)

2

+
χ′′′(c)

6
(ci+1,j − ci,j)

3 +O
(
(ci+1,j − ci,j)

4
)

ci+1,j = ci,j + ∂xc∆x +
∂2

xc
2

∆x2 +
∂3

xc
6

∆x3 +O(∆x4).

similar expansions hold for χ(ci− 1
2 ,j), χ(ci,j+ 1

2
), and χ(ci,j− 1

2
). Combining the Taylor expan-

sions above, we obtain the following update for the discrete fluxes:

Fi+ 1
2 ,j − Fi− 1

2 ,j

∆x
+

Gi,j+ 1
2
− Gi,j− 1

2

∆y
=
(

χ′(c)n∥∇c∥2 + χ(c)∇n · ∇c + χ(c)n∆c
)

︸ ︷︷ ︸
=∇·(χ(c)n∇c)

+H2,x∆x2 +H2,y∆y2 +O(∆x3 + ∆y3),

where the second-order error coefficients are given by

H2,x =
1

12
χ(c)n∂4

xc +
1
6

χ(c)∂xn∂3
xc +

1
4

χ(c)∂2
xn∂2

xc +
1
6

χ(c)∂3
xn∂xc

+
1
3

χ′(c)n∂xc∂3
xc +

1
4

χ′(c)n(∂2
xc)2 +

1
2

χ′(c)∂xn∂xc∂2
xc +

1
4

χ′(c)∂2
xn(∂xc)2

+
3

16
χ′′(c)n(∂xc)2∂2

xc +
1
4

χ′′(c)∂xn(∂xc)3 +
1
6

χ′′′(c)n(∂xc)4,

H2,y =
1

12
χ(c)n∂4

yc +
1
6

χ(c)∂yn∂3
yc +

1
4

χ(c)∂2
yn∂2

yc +
1
6

χ(c)∂3
yn∂yc

+
1
3

χ′(c)n∂yc∂3
yc +

1
4

χ′(c)n(∂2
yc)2 +

1
2

χ′(c)∂yn∂yc∂2
yc +

1
4

χ′(c)∂2
yn(∂yc)2

+
3

16
χ′′(c)n(∂yc)2∂2

yc +
1
4

χ′′(c)∂yn(∂yc)3 +
1
6

χ′′′(c)n(∂yc)4.

Thus, the local truncation error is

τendo = O(∆t) +O(∆x2 + ∆y2)
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Next, we analyze the ADI scheme for a generic reaction–diffusion equation ∂tu =

D∆u + f (u, x, y, t). The two-step ADI scheme is(
1− D∆t

2∆x2 δ2
x

)
uk+1/2 =

(
1 +

D∆t
2∆y2 δ2

y

)
uk +

∆t
2

f (uk)(
1− D∆t

2∆y2 δ2
y

)
uk+1 =

(
1 +

D∆t
2∆x2 δ2

x

)
uk+1/2 +

∆t
2

f (uk)

By substituting the exact solution u(tk) into the scheme and expanding all terms using
Taylor series around (xi, yj, tk), we can analyze the error. For the first half step, expanding
both sides gives

LHS = u +
∆t
2

∂tu +
∆t2

8
∂2

t u− D∆t
2

∂2
xu− D∆t2

4
∂t∂

2
xu +O(∆t3 + ∆t∆x2),

RHS = u +
D∆t

2
∂2

yu +
∆t
2

f (u) +O(∆t∆y2).

Thus, the local truncation error of the first half-step is

τk+1/2 =
∆t2

8
∂2

t u− D∆t2

4
∂t∂

2
xu +O(∆t3 + ∆t∆x2 + ∆t∆y2)

Similarly, for the second half-step:

LHS = u + ∆t∂tu +
∆t2

2
∂2

t u− D∆t
2

∂2
yu− D∆t2

2
∂t∂

2
yu +O(∆t3 + ∆t∆y2),

RHS = u +
∆t
2

∂tu +
∆t2

8
∂2

t u +
D∆t

2
∂2

xu +
D∆t2

4
∂t∂

2
xu +

∆t
2

f (u) +O(∆t3 + ∆t∆x2).

This yields a local truncation error for the second half-step of

τk+1 =
∆t2

2
∂2

t u− D∆t2

2
∂t∂

2
yu− ∆t2

8
∂2

t u− D∆t2

4
∂t∂

2
xu +O(∆t3 + ∆t∆x2 + ∆t∆y2)

Summing both half-step errors, the total local truncation error becomes

τADI =
∆t2

2
(∂2

t u− D∂t∂
2
xu− D∂t∂

2
yu) +O(∆t3 + ∆t∆x2 + ∆t∆y2)

=
∆t2

2
∂t f +O(∆t3 + ∆x2 + ∆y2).

Thus, the leading-order truncation error satisfies

τADI = O(∆t2 + ∆x2 + ∆y2).

Appendix F. Minimal Immune and Pharmacodynamic Extensions
For the minimal immune module (PDE + local killing), we introduce an immune-

effector density I(x, t):

∂t I = DI∆I −∇ · (χI I∇c) + ρI
T

KT + T
− δI I,

where DI is immune diffusivity, χI chemotactic sensitivity towards tumor/TAF, ρI recruit-
ment rate, KT a half-saturation constant, δI immune decay. Immune-mediated tumor killing
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is implemented in the ABM as an additional death propensity for a tumor agent located
at x:

pkill(x) = κ Ilocal(x),

with κ the pre-effector killing efficacy and Ilocal the spatial average of I over the
agent’s support.

To incorporate PD, we replace the simple linear drug-death coupling with an
Emax function:

µ(d) = µ0 +
Emaxd

EC50 + d
,

with baseline death rate µ0, maximal rate Emax, and half-saturation EC50. This form captures
saturating killing and enables exploration of shallow vs steep PD curves.

For PK/local delivery modifications, we add vessel permeability Pv in drug PDE:

∂td = Dd∆d− λdd + ∑
v∈Vt

Pvχv(x, t)Sv(t),

where χv are localized source kernels for vessels and Sv(t) is a time-varying supply from
each vessel (allowing e.g., bolus or continuous infusion).
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