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Abstract

This work presents an extragradient-type iterative process combined with the viscosity
method to find a common solution to a split generalized variational-like inequality, a
variational inequality, and a fixed point problem associated with a family of e-strict pseudo-
contractive mappings and a nonexpansive operator in Hilbert spaces. Strong convergence of
the proposed algorithm is established, with some remarks derived from the main theorem.
Numerical experiments are carried out to verify the applicability of the method and provide
comparative observations. The results broaden and unify a range of existing contributions
in this field.

Keywords: split generalized general variational-like inequality problem; e-pseudo-
contraction mapping; nonexpansive mapping; fixed point problem; iterative methods;
variational inequality problem; extragradient methods

MSC: 47H05; 47H09; 47]20; 47]25

1. Introduction

Let X; and X, denote real Hilbert spaces equipped with inner product (-, -) and
norm |- |. Let D; C X; and D, C X, be nonempty, closed, and convex sets. The fixed
point problem (abbreviated as FPP) for a mapping T : D; — ID; seeks a point tv € Dy
satisfying Tt = w. The collection of fixed points of T is represented by Fix(T), that is,
Fix(T) = {rn €Dy : Two = w}.

Censor et al. [1] formulated the split feasibility problem (SFP) within the framework of
finite-dimensional Hilbert spaces, motivated by applications in areas such as phase retrieval
and medical imaging. The SFP is defined as follows: Find t* € D; such that At* € D,,
where A : X; — X is a bounded linear transformation. Since its introduction, a wide
range of iterative approaches and extensions of the SFP have been actively explored in the
literature; for a comprehensive discussion, refer to [2-6].

In this paper, we investigate the split generalized general variational-like inequality
problem (abbreviated as SGGVLIP), defined as follows: find t* € D; such that

By (o, t5¢°) + 91 (0, t*) — P (7, ) >0, Vio € Dy, 1)
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and the associated point p* = At* € D, satisfies

B (0, p%p") + a0, p") — Pa(p”™,p*) >0, Vo e Dy, 2)

where B; : D; x D; x D; — R for j = 1,2 are nonlinear trifunctions, ¢; : D; x D; — R for
j = 1,2 are nonlinear bifunctions, and A : X; — X is a bounded linear operator. The set
of all such solutions is denoted by Sol(SGGVLIP(1)—(2)). This formulation consists of two
interconnected GGVLIPs, which are linked through the mapping p* = At* induced by the
operator A.

It is worth mentioning that the SGGVLIP framework serves as a generalization of
the multiple-sets split feasibility problem and encompasses split variational inequality
problems as particular instances. This formulation further extends several well-known
problems, including the split zero problem, split feasibility problem, and split equilibrium
problem (see, for instance, [2,4,7-9]).

If we set X1 = Xj, D =Dy, B1 = By, and ¢; = P, then SGGVLIP((1)-(2)) reduces
to a generalized general variational-like inequality problem (abbreviated as GGVLIP) that
involves finding an element t* € D satisfying

B (o, t5t°) + 1 (o, t*) — 1 (t°,t7) >0, Vio € Dy 3)

which is introduced by Kazmi et al. [10] and studied in [11,12].
If we set ¢y = 0, then GGVLIP(3) reduces to a general variational-like inequality
problem (abbreviated as GVLIP) that involves finding an element t* € [D; satisfying

%1(t’0,t*;’£*) >0, Vweb. 4)

which was introduced by Preda et al. [13]. This formulation has notable applications in areas
such as mathematical programming and equilibrium theory; see, for example, refs. [14-18].

Further, if we set B (1, t*; t*) = (ft*, 57(w,t*)), where f : D1 — Xjand 7 : Dy x Dy —
Xj and y; = 0, then GGVLIP(3) is reduced to the variational-like inequality problem
(abbreviated as VLIP) that involves finding an element t* € ID; satisfying

(ft*, 7 (w,t*)) >0, Vio € Dy,

which was introduced and studied by Parida et al. [19], and has applications in mathemati-
cal programming problems.

Moreover, if 77(w, t*) = w — t* for all to, t* € D, then the variational-like inequality
problem is reduced to the classical variational inequality problem (abbreviated as VIP) that
involves finding an element t* € I); satisfying

(ft"',w—t") >0, VweDy, (5)

which was originally introduced by Hartman and Stampacchia [20]. The set of solutions of
VIP(5) is denoted by Sol(VIP(5)).

If we set B1(w, t*;t*) = G1(t*,w), where G; : D; xD; — R and y; = 0, then
GGVLIP(3) reduces to an equilibrium problem (abbreviated as EP) that involves finding an
element t* € D satisfying

Gq (t*,m) >0, Vo € Dy, 6)

which was introduced by Blum and Oettli [21].
The GGVLIP is often interpreted as a trifunction equilibrium problem. As a result,
the classical equilibrium problem emerges as a particular instance of this more general
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formulation. The equilibrium problem has gained considerable attention due to its pro-
found influence on the development of multiple scientific and engineering disciplines.
Notably, numerous classical problems have been shown to fit naturally within the equi-
librium framework, offering a unified, flexible, and powerful approach for addressing
challenges in nonlinear analysis, optimization, economics, finance, game theory, physics,
and engineering [22,23].

Korpelevich [24] proposed the extragradient method within the setting of a Hilbert
space X to solve the VIP(5):

Yo € ]D)l/
0 = Pp, (9n — afvn), @)
Dnt1 = Pp, (b — afon).

Here, & > 0 is a step-size parameter, f is assumed to be monotone and Lipschitz contin-
uous, and Pp, denotes the metric projection onto the convex set D;. Under appropriate
assumptions, the generated sequence is guaranteed to converge to a solution of the VIP(5).

In 2006, Nadezkhina and Takahashi [25] proposed a modified version of the extragra-
dient method given in (7), and they proved a weak convergence theorem to find a common
element of the set of solutions to Fix(T) for a nonexpansive mapping and VIP(5) in the
setting of Hilbert space.

Further, in 2006, Nadezhkina and Takahashi [26] introduced an alternative extragra-
dient method that integrates the hybrid projection approach [27] with the extragradient
scheme [24] and proved a strong convergence theorem to find a common element of the
set of a solution to Fix(T) for a nonexpansive mapping and VIP(5) in the setting of Hilbert
space. For further developments and extensions of this scheme, see [28].

It should be noted that, apart from the hybrid extra-gradient iterative method de-
veloped for approximating a common solution to GGVLIP(3), the VIP(5) and fixed point
problem for nonlinear mappings, no strong convergence theorems for extra-gradient itera-
tive methods have been established so far. Furthermore, the convergence analysis of such
methods remains largely unexplored. Hence, the primary objective of this work is to intro-
duce a non-hybrid extra-gradient iterative method for solving SGGVLIP((1)—(2)), VIP(5),
and fixed point problems for nonlinear mappings and to establish strong convergence.

On the other hand, iterative approaches for strict pseudo-contractions are less ad-
vanced than those for nonexpansive mappings, despite the early contribution of Browder
and Petryshyn in 1967 [29]. This gap may be attributed to the additional term on the
right-hand side of (10), which complicates the convergence analysis of algorithms designed
to find a fixed point of the strict pseudo-contraction S.

However, strict pseudo-contractions provide stronger applicability than nonexpansive
mappings in solving inverse problems (see [30]). Therefore, it is interesting to develop the
iterative methods for finding a common solution to SGGVLIP(1)—(2), VIP(5), and FPPs not
only for nonexpansive mappings, but also for a finite family of e-strict pseudo-contraction
mappings. For further work, see, for example, [31,32] and the references therein.

Therefore, inspired by earlier works (e.g., [5,12,26,32]), in this paper, we propose an
extra-gradient iterative method for approximating a common solution to SGGVLIP(1)-(2),
VIP(5), and FPPs not only for nonexpansive mappings, but also for a finite family of e-strict
pseudo-contraction mappings in Hilbert spaces. Further, we prove that the sequences
generated by the proposed iterative method converge strongly to the common solution to
these problems. Furthermore, we derive some consequences from the main result. Finally,
we discuss some numerical examples to demonstrate the applicability of the iterative
algorithm. We mention the abbreviation and algebraic expression in Appendices A and B
for the convenience of readers.
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2. Preliminaries

In this section, we compile the key concepts and results needed for the presentation of
this work. We denote strong and weak convergence by — and —, respectively.
For any tv; € X 3, a unique nearest point to to; in 1 is denoted by Pp, o1 such that

[r01 — Pp,roq]| < [[rog —wy||, Viop € Dy.

The operator Pp, is called the metric projection of X; onto ID;. This projection is nonexpan-
sive and satisfies

(01 — 10, Pp, 1wy — Pp,wp) > || Pp, g — P,z |%,  Vivg, 1w, € X;.
Additionally, Pp, oy is characterized by Pp, to; € Dy and
<l‘01 — P]D)lml,mz — PD]m1> <0, Vw,eDi.
This implies that
[y — wa* > [|tog — Pp,q||* + ||y — Pp, o [[?,  Viog € X, Viop € Dy

In a real Hilbert space Xy, it is known that

1Bro1 + (1 = B)w2|> = Bl |* + (1 — B)[[w2]|* — B(1 — B) o1 — 12|, Vrvy, 02 € Xy and B € [0,1]; (8)

and
[[to1 + 102 |? < [[01]|? + 2(10g, 107 + 1vy), Viol,w, € X. ©9)

A mapping S : Dy — X is called an e-strict pseudo-contraction if there exists & € [0,1)
such that

|Sr01 — Stoz||* < [y — w5 ||* + €| (I = S)rog — (I = S)my||?, Vg, wa €Dy (10)

¢  Whene = 0, S becomes a nonexpansive mapping.

¢  Whene =1, S becomes pseudo-contractive.

e For A € (0,1), if S — AI is pseudo-contractive, then S is called strongly pseudo-
contractive.

Thus, the class of e-strict pseudo-contractions lies strictly between nonexpansive
and pseudo-contractive mappings. It is worth noting that the class of strongly pseudo-
contractive mappings is not included within the class of e-strict pseudo-contractions
(see [29] for details).

The following properties and equivalent characterizations hold:

(i) Forall 1, 1w, € Dy, the condition (10) is equivalent to

1—c¢
|

7T = S)roy = (I - Sz .

(Stoy — Sty w01 —13) < [0y — wy|* —
(ii) The mapping S is pseudo-contractive if and only if

(S — Sw, w1 — wy) < [y — w33, Yoy, wy € Dy
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(iii) The mapping S is strongly pseudo-contractive if and only if there exists A € (0,1)
such that

<St’01 — sz,ml — m2> < (1 — /\)Hm1 — t’Osz, le,mz € ]D)l.

Lemma 1 ([33]). Let by, be a sequence of non-negative real numbers with the subsequence by, such
that by, < by,,, for all i € N. Then, there exists a non-decreasing sequence {m;} C N such that
lim; o m;j = oo, and, for all sufficiently large j € N, the following hold:

bmj < bmj+1 and bj < bmj.
Moreover, m; is the largest number n in the set {1,2,3,...,j} such that b, < by,11.

Lemma 2 ([31]). Assume that D is a strongly positive, self-adjoint, and bounded linear operator
on a Hilbert space X1 with a positive coefficient 7y > 0 and 0 < p < ||D||~1. Then, it follows that
I =pD[l <1—p7.

Assumption 1 ([10]). Let B7 : Dy x Dy x Dy — Rand 1 : D1 x D1 — R satisfy the
following conditions:

(1) By(wg,wp;103) = 0if vy =y, Vivy, 1y, w3 € Dy;

(2) B, is generalized relaxed a-monotone, i.e., for any wq, 1o, € Dy and t € (0,1], we get

B (102, 101;102) — By (102, 01;101) > a(tvy, 102),
where « : D1 X D1 — R such that

lim oc(rol, top + (1 — t)ml)

t—0 t

(3)  B1(wy,roq; ) is hemicontinuos, for any fixed to1, wy € Dy;

(4)  B1(+,wq;103) is convex and lower semicontinuous, for any fixed w1, o3 € Dy;
(5)  B1(rog,102;103) + By (102, 101;103) = 0, for any g, wy, w3 € Dy;

(6) Y is skew-symmetric, i.e.,

1 (01, 107) — 1 (101, 102) + 91 (102, 102) — Py (10g,07) >0, Vivg, oy € Dy;

(7) 1+, -) is weakly continuous and 1 (-, o) convex for any fixed rop € Dy.

Now, we define Fﬁ%l’lpl) : X1 — Dy by

1
Fﬁ%l"’“)(n) ={reD;:Bi(w,5r)+ ¢P1(z,0) — P1 (10, w) + ;(m —rr—y) >0, VioeD}, (11)

where r is a positive real number.

The next lemma represents a particular instance of Lemmas 3.1-3.3, as established
in [10] within the setting of a real Hilbert space.

Lemma 3 ([10]). Let B, ¢ satisfying the Assumption 1 and Fﬁgl’%) be defined in (11). Then,
the following holds:

@ FiB (v) is nonempty for each vy € Xy;

@i F £%1’¢1) is single-valued;
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Gii) £ dsq firmly nonexpansive mapping, i.e., for all vy, € X,

1F B (90) — B ()12 < (B () — B (1), 90 — )

(iv) Fix(f ‘P1¥))= Sol(GGVLIP(1));
(v) Sol(GGVLIP(1)) is closed and convex.

Further, suppose By : Dy x Dy x Dy — Roand Py : Dy x Dy x Dy — R satisfying

Assumption 1. For s > 0 and vy € Xy, define the mapping F§%2"”2) : Xo — Dy as follows:
1
P (g) = {r € Dy Ba(w,558) + $ar, ) — Ya(ex) + S(w—rr—n) >0, Vwe D} (12)

It follows that | ?2"”2) is nonempty, single-valued, firmly nonexpansive, Fix(F g%z"/’z)):
Sol(GGVLIP(2)) and Sol(GGVLIP(2)) is closed and convex.

Lemma 4 ([34]). Let S : Dy — X be a ¢;-strictly pseudo-contraction mapping. Then, Fix(S) is
closed convex and it yields that Pg;ys) is well defined.

Lemma 5 ([35]). Foranyr, v,y € Xy, we have

lowe + o + 0 [ = oulell? + pullll? + peallo]? = owynlle = w1 = pnyullvo — 0% = oupulle = vlI?,

where 0y, Yn, Un € [0,1] with oy + vy + pn = 1.

Lemma 6 ([32]). Toeachi=1,2,3,...,N, where N be an integer, consider S; : Dy — X be a ¢;-
strictly pseudo-contraction mapping for some 0 < g; < 1 and r£1a>§N e; < Lwith N} Fix(S;) # @.

Let {(pl" i 4, for each n > 0, be a positive sequence with Z ?; () = 1. Then, Z (pl”)S
=1

D1 — Xy, for each n > 0, be e-strictly pseudo-contraction wzth coefficient ¢ = 1maxN g; and
<i<

Fix( z goi" S;) = NI Fix(S;).
i=1
Lemma 7 ([36]). Assume that {ay} is a sequence of nonnegative real numbers such that

app1 < (1 - 'Yn)ﬂn +%, n>0,

where {7y, } is a sequence in (0,1) and {0, } is a sequence in R such that
@) 2 Tn = &,

(ii) 11msup % < Qor E [8,] < +o0.

n—oo
Then, lim a, = 0.
n—oo

3. Main Outcome

Theorem 1. Let Dy and D, be nonempty closed convex subsets of Hilbert spaces X; and Xj,
respectively. For j = 1,2, let B; : D; x D; x D; — R be trifunctions, and let ; : D; x D; — R
be bifunctions satisfying Assumption 1. Let A : X1 — Xy be a bounded linear operator. Let
f: Dy — X1 be a o-inverse strongly monotone mapping, and let g : D1 — IDq be a 9-contraction
mapping. Further, let T : Dy — Xy be a nonexpansive mapping, and for eachi = 1,2,3,...,N,
let S; : Dy — Xy be an ¢g;-strict pseudo-contraction mapping. Let {gol(n) iy, foreach n > 0, be

(n)

N
a finite sequence of positive numbers with }. ¢,
i=1

= 1. Assume that the common solution set
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T := NN Fix(S;) N Fix(T) N Sol(SGGVLIP(1) — (2)) N Sol(VIP(5)) # @. Let the sequence
{9} be generated by the following iterative process:

no € Dy,

Yy = FS?l/‘ﬁl) (Un L AAF (Fg;Bz,le) _ I) AU”)/

0 = Pp, (un — anf(un)), (13)

N
D1 = Mn8(Wn) + (1 —17n) Pp, {Un‘)n + YnTOn + pin ‘Zl (PEH)SiUn , n=0,
i=

where the control parameters satisfy the following conditions:
(@) 1, On, v, pin € (0,1) and o + yu + pn =1,
) Jimopn =0, L=

o N
(i) ¥ &g — g | < too

n=0i=1
(iv) 0<¢ <0, <c<l1l, limo,=c¢

n—o0

v) Ac (O, %) , where L is the spectral radius of A* A and A* is the adjoint of A;
(vi) a, € (0,20).

Then, the sequence {v, } converges strongly to a point t* € T, where t* = Prg(t*).

N
Proof. We claim that {y,} is bounded. Setting s, = 00, + ¥nT0n + pin L (pl(n)Sit)n. Let
i=1

t* € I'. Using the concept of non-expansive of I — a,f and T , we compute

[on — €| = [|Pp, (un — anfun) — €
< I = anf)un — (I — anf) €| (14)
< lug— ),
and thus,
1 Ton — ] < [lon — €. (15)
We calculate
o = €2 = G2 (0 AA" (5724 — 1) Ay — ]2
< lon+AAT(E 2 — 1) Ay, — )2
< lgn — €12+ A2 A (5 22 1) Ay, |2 (16)

+2/\<Un —t*, A" (ng‘le,lIJz) - I)A0n>'
Thus, we have

hw = €2 < low — 12+ A2((F 52 = 1) Agy, AA*(F17Y) = 1) Avy)
+2M(ny — €, A (F 1% — 1) Any). (17)

Thus,

A((F P29 = 1) Ay, AQ (1P — 1) Ay
< LA2((F (2% 1) Ay, (F P22 — 1) Ap,,) (18)
= LA (F(P2%) — 1) A |-



Mathematics 2025, 13, 2896 8 of 24
Assume that IT:= 2A(y, — t*,A*(Fﬁﬂ%z’lm —I)Av,); we have
T = 2A(p, — 5, A*(F'22%) _ ) Ay,)
= 2A(B(ya — ), (F (%) — 1) Avy)
= 2A(B(ya — ) + (F %) — 1) Av,
(F(‘Bz¢2) 1) Avy, (F§‘32¢2) I)Ayy) (19)
= () Ay, - A€, (P 1) Ay,
‘B
—ICF ) — 1) Ava 2
1
< {2< D An2 = () - D Ava 2}
< AN 1) An %
According to (17)—(19), we get
e — €12 < [lgn — €2 + ALA = DI (F5 2% = 1) Ag, |2 (20)
As A € (0,1), we have
Hun _t*” < ||Un _t*”- (21)
We compute
191 =t = [7mg(n) + (1 —1u) Pp,sn — t7]|
< allg(n) = € + (1 = 172) | Ppysn — 7| (22)
< allg(on) = € + (1 — 1) |50 — €.
Now,
18(0n) =1 < [lg(vn) — ()] + llg(t") — |
< Olyn — | + llg(¢7) — . (23)

Setting G, = Z (p S and using Lemma 6, we observe that the mapping G, : D1 — X is

e-strictly pseudo -contraction with e = max & and Fix(G,) = NI\, Fix(S;). Thus, according
<i<

to Lemma 5, we estimate

Hsn—’i*H2 = HU'nUn +'YnTan‘|',unGnUn—t*||2
[0 (90 — ) +vu(TOn — ) + pu(Gnyn — f*)Hz
= 0ullon — €2+ 7ul| Tow — €1 + pn|| Gy — £

— Y| (90 — TOul1* = Yuptnl| TOw — Gt ||* — Guptn |00 —
< oullon — €12+ yullon — 12 + palllon — €1 +&llpn —
—0uYnll (90 — TDnHZ — Ynpnl| TOR — GnUnH2 — Ot ||on —

= (On+vn+ pn)l[9n — 1% = tn(on — €) |90 — Gutn

— 0 Yn|9n — TOnl|* = Vb || TOn — G |?

= |90 — 1 = pu(on — &) |95 — Guvu?

—0uYullon — TDHHZ — Ynpal| TOH — GnUn||2

Gutn|* (24)

GnUnH2)

GnUn”2

(25)
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that implies
l[sn — €1 < [lpn — 7], (26)
Thus, according to (22), (23), and (26), we have
[9nr =1 < 7alBllon — €] + [[g(67) = ] + (1 = 1) [[9n — ]|
< D=L =8)]llsn — [l + 7allg (") — 7. (27)

By induction, we get
* * 1 * *
191 = ] = max{og — €], 7 =5 llg(t") = *l|}, ¥n =0,

which shows that {n,} is bounded, and hence, {u, } and {9, } are also bounded.
As t* €T, therefore, we compute

s =12 = a(g(on) = ) + (1= 1) (Ppysn — 1)
< (U= m)l1Poysu = €12+ 207m(8(0n) =€), 0041 — ) (28)
< (U= a)llsn = €1 + 207 (g (9n) =t 91 — ).

Moreover, we estimate

() =t 0,41 — ) = (g(vn) =00 — ) +(g(n) — ', 951 — D)

91 — )17

D1 — €12

IN

IN

* * M * *
8(vn) — () [[lvn — ]| + 7llnn+1 = 4 (g(n) — 5,0 — t7) (29)

IN

* M * *
Bllom = 1%+ = 191 = vl + (8(0m) = €90 — ),

where M = sup ||g(v,) — t*||. Using (25), (28), and (29), we have
n

< (1= na(1=20)) o — €1 + 7aMlvsr1 = 9all + 27 (g () — £, 90 — ')

—tn (0 — &) (1= 170) 190 — Guvul®> = (1 = 1) nYll0n — Tou > (30)
_(1 - 7771)'7n.unHTon - GnUnHZ

(1= 7 (1= 28)) 190 — €[> + 72 M|[9 41 — 04

+2171 (g (hn) — 0 — t7). (31)

Setting g, = |p, — t*||?. Consider the two cases on {g, } as follows:
Case 1. For every n > mg where m € N, consider that the sequence {g, } is decreasing;

therefore, it must be convergent. By applying the conditions in (30), we get
nlg{}o 90 — Tou|| =0, nh_g}o ITon — Gutnll = 0 and nh_g}o 19w — Guonl| =0. (32)

Notice that {1, } is bounded; therefore, 3 is a subsequence {vy; } of {y,} withv,, — p € Dy
and satisfies
limsup (h(t*) — t*,y, — ) = lm (h(t") — t*, 0, — t7). (33)
n—o0 ]—00
Define H;, = x,v+ (1 —x,)Gyv, Vo € Dy, and x, € [0,1). By applying Lemma 4,
H, :D; — X is nonexpansive, and we have
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190 — Huovall = 190 — (Kn9n + (1 — %) Gy ||
[ (e + (1 = (k1) 9n) — (Knn + (1 — %) G || (34)
(1 —%n) 190 — Guvn]-

Thus,
nlgrolo HUn - HnUnH =0. (35)

Applying the given conditions, we may consider that gogn) — @;asn — oo, Vi. According
N

to Lemma 6, the map G : D; — X; with Gv = (L ¢;S;)v, Vv € Dy is a e-strict pseudo-
i=1

contraction, and Fix(G) = NI, Fix(S;). By applying Lemma 6, given the conditions and

boundedness of y,, we get

[9n = Goull < 190 — Gutnll + [|Grvn — Gonl|

N
< o= Gunll + Y 10! — il 1Sl (36)
i=1
and thus,
nlgr.}o 197 — Gyul| = 0. (37)
As
|Gt — Goull < |Gutn — vull + |97 — G, (38)

which, according to (31) and (37), yields
nlglgo HGnUn - Gt)n” =0. (39)

Again, we notice that the map H = tv + (1 — t)Gov, Yo € Dy and t € [9,1), FixH = FixG.
Thus, we obtain

< |vn — Huvull + [ Huvn — Hyy||
< |vn = Huvall + €090 + (1 = %) Hutyn — to — (1 = £)Go||
< vn = Huvall + |60 — tl{[9n — Goull + (1 — x4) [[Hutyn — Hyn||.  (40)

(195 — Hou |

By applying (35), (37), and (39), we have
nlgrolo [9n — Hyu| = 0. (41)
As 1, € Dq, therefore,
19041 = 9all < 7l = vall + (1= 1) (00| T = 9ull + pallon — Guvall].
Using the given conditions and (31), we get

Jim (|91 = yall = 0. (42)
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Applying (28) and (29), we estimate
; \ sy M
lonn = €1 < (U= 10)llsw = €1 + 270 [8ll0n = €7 + S [oma = valll. - (43)
Using (14), (20), and (24), we compute
llsn = €17 < (1= y)llon — €17 + yllwn — ¢ (44)
< flon = 2+ ALA = Dpall(F 5224 — 1) Ay |2 (45)
According to (43) and (45), we get
* * B,
loncr — €12 < (1= ga) o — 12+ ALA = (L = 7) 7| (F 22" — 1) Apy |2
+207 (195 — {1* + M [[95 11 — 92l
A1 —LA)Y(1 - L T [ [y [ — | 46
( ) (X = 10) vl (F 7, JARl* < lon — )2 = [9a1 — ]| (46)
207790 — £°(1* + Mg |91 — vl
< (Ivn = €1+ vaer = €D vn — 9011l
207790 — €17 + Mg |91 — 9all-
Applying the given condition and (42), we get
Tim [[(F 1Y) = 1) Ava || = 0. (47)
Next, we compute
lun — ]2 = [F9) (g, 4 245 (F 22 1) Ay, — )2
< IER O+ A (R = D A = PR
< <un —t%, 9, + AA” (F£?2,¢2) - I)AUn - t*>
1
= E{Hun 2 ou + AAT(F Y 1) A, — )2
[l =€) = [+ A4 — DAy —€)P} @s)
1 . \
= S { I = €1P + I —
_||un — gy — )LA*(F’(IW%Z/VJZ) o I)At)l’l”z}
1 * *
= S { I = €1P + I —
[l = 92 + A2 A*(F 1224 = 1) A, |
~2A{uty =, A (F 17— D A
Thus,
= €12 < [l — €2 = = 912 + 22| Azn — o) [|(F 12 ¥ = DA, (49)
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Using (44) and (49) in (43), we get
s = €17 < (= g)llsn — €12+ 200[8]0m — €2 + 21 — vl
< (=7 (1= 7) 90 = €12+ (1= ) 7allon — €2
— (1= 1) [t — va]?
+2A(1 = ) pall Az — o) [I1(F Y = 1) Avy |
20 [89n — €1+ 5 onsr — vl
= =)l —0al® < w1~ 9 — €)1 (50)
F2M(L = )l Azn — o) |1 (F 2% = 1) Avy |
20 [89n — € 1P+ 3 w1 — vl
< (o — €1+ I9as1 = €D l9n = vl
F2M(L )| Azn — o) |1 (F 227 = 1) Avy |
F202(8]10n — €2+ 2 s — ]
Applying given conditions (42) and (47) in (50), we get
Tim [y — 0| = 0. (51)

Further, we estimate

o — 17

< n =t (un — anfun) — (8 — anft?))
< 0 — €2+ [ — )
— (€ = anft)* = [ (@n — wn) + an (futn — )12}
<
< lun =P = 0w —un® — ag [[fun — 517
+20, (0 — up, fun — ft°)
< lun = € = J[on — wn|® - 2an][on — ||t — 7|
< o = € = 10w = wnl* 4 20nl[0n — v [ fun — 57|

From (24), we obtain

s — €12

<
<

Fillon =117 + vullon — €11 + pullon = 1% + pnellvn — Guyn
(L= 7)o = €12+ nllon — 12 = (0 —

From (43) and (53), we estimate

||PID>1 (wn — anfuy) — P]D>1 (" — "‘nff*)||2

)|[vn — Gun

1
5 on = EN2 o+ fun = 12 = 1[0 = wn) + an(fun =77} (52)

(53)
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Ionsr = €12 < (=m0 =) llgn — €17+ 70100 — €17 = in 0~ )llom — Gl
20 89n — €17+ 2 41— ]
< () (U= )l = €2+ (U= )70 P (i — afisn) = Py, (€ = )]
(U a0 = )llom — G+ 278190 — €12+ 211 — 1]
< (=) (1= )llon = €7+ (U= )l — € 1P+ (g — 20) s — 57
(U a0 = llom — G+ 2708190 — €12+ 211 — 1] 69
< ) =)l 2+ (U e — €2+ an (@ — 20 [ — 7' )
(U= )@ = )90 = G+ 2008190 — €1+ 5 11— ]
< Jlon = €17+ (0 = ) vas(an — 20) [ — 10|

Y
=1 =) (0w = &) [[9n = Gut|I* + 2 [Bll9n = €17 + = 941 — 0[]

this implies

(1= 1) Ynon (20 — ) [Fun = FEIP < 90— 112 = [[9ng1 — €17 = (1= 1) pn (00 — ) 90 — G |1?
s M
+2[0]l9n — 112 + - 941 — vall]
< (Ivn = €1+ vaer = €D 00 — 9011l (55)

—(1 = 1) ptn (00 — ©)[|9n — Guv|?
s M
217 [0 9 — €12 + S 91 = valll-

By applying the given conditions, (32) and (42) in (55), we obtain
Tim [, — t°]| =0, (56)
Using (28), (29), (52), and (53), we compute

o — 112 < (=)A= v0) 90 — 12+ (L= ) ulllon — €% — [0 — wa|?
200 |00 — || [[fatn — FEN] 4 (1 = 72) pnel|9n — Gt |12
+211, 090 — €| + 7M1 — 9| + 270 (g (9s) — €, 90 — )

= (1 —nn)7nllon — un”2 < lon— t*HZ = Ivng1 — t*”z
+2(1 = 1) ynttn [0 — | [t — 51 + (1= ) puelom — Guva|> (57)
+2110 8| 9n — t)> + nM[9n11 = 9nll + 2172 (g(9n) — t*, 90 — £7)
< (o = €0+ a1 = €D Nvn — 9usal

+2(1 = 170 Ynttn|[on — |||t — FE || + (1 = 72) el |9 — Gt |2
421890 — 17 + 7 M||D11 — 90
+2171(g(hn) — 7,90 — ).

By applying the given conditions, (31), (42) and (56), we get

nlglgo Han - un” =0. (58)
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a(t', we)

IN AN IA

Now, we show that t* € Fix(H) = Fix(G) = Fix(G,) = N}, Fix(S;). Let t* ¢ Fix(H). Due
toy,, — t* and t* # Ht", according to the Opial condition, we therefore obtain

liminf ||y, —t*|| < liminf |y, — Ht"|
j—roo / j—oo /

IN

liminf[HUVlj - HUVle + HHUHJ‘ - Ht*”] (59)
J—00

A

< liminf oy, — ¢,
]—>00

which contradicts our supposition. Hence, t* € Fix(H) = Fix(G) = Fix(G,) = N}, Fix(S;).

According to (31), we observe that {9, } and {9, } have the same asymptotic behaviour;

therefore, 3 is a subsequence {0y, } of {9, } with ¢,; — t*. Again, from (31) and the opial

condition, we see that t* € Fix(T). Next, we prove that t* € Sol(SGGVLIP(1) — (2)). We

set T, := o, + )LA*((F%BWZ) — 1)Ay,. Then, u, = Fﬁ?l’lpl)rn. For any v € D, we get

1
%1(v,un;un)+lp1(v,un)—zpl(un,un)+7<v—un,un—fn> > 0

n
Uy — Ty
nj nj

)

v

- %1(01 unj;un/) + ¢l (U, unj) - lPl (uVl]‘/ un/) + <U — Uy, 0 (60)

] rnj

Using the concept of the generalized relaxed a-monotonicity of B; and (60), we get

Up; — T 1
”U_unjHHTH > a(v_unj/unj_"fn)
2 %1(01 un]-;un/-) - 1/71 (U, unj) + lpl (ul’l]'/ u?l/') (61)
>

o (un;, v) — B1 (v, ;5 0) + P1 (Ung, un;) — P1(un;, 0).

Applying the lower semicontinuity of & in the first argument, the contiunuity of 951 in the
second argument, and the continuity of ¢;, we obtain

a(t',v) — By (v, t550) + 1 (15, t7) — P1(t7,0) <0, Yo e Dy.
Assume w¢ 1= (1 —¢)t" +cw, Vg € (0,1]. As w, t* € Dy, then w, € Dy. Therefore,
a(t', wg) — By (w, t we) + 1 (7, 17) — 1 (¢, wg) <0,

which yields that

By (we, t;we) — Y1 (¢, t7) + 1 (7, we)
6B1(w,t50) + (1 = ¢)B1(w, 5 wg) — Y1 (7, ) + g (', w) + (1 — g) 1 (£, t7)
¢[®B1(w, 5 we) + 1 (7, w) — P (7, t7)].

As B1(w, t*;.) is hemicontinuous, we get

lim {B1 (w, t'; w¢) + 1 (', w) — 1 (7, £7)} > lim a(t we)
¢—0 50 c
which yields that
%1(&), t*;t*) + 1/)1(,(*,“)) _ 1/11(t*,’£*) > 0.

Thus, t* € Sol(GGVLIP(1)). Further, we prove that At* € Sol(GGVLIP(2)). As ||u, — 9, || —
0, uy — t*,n — o0, and {n, } are bounded, 3 is a subsequence {v,,} of {y,} with y,; — t*
and Ay, — At" because A is a bounded linear operator.
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an%zrlﬁz)

We set n; = AUnj — At)n].. Using (47), we get ]15210 Inj = 0 and Al)nj —qn; =

2 5;32’1/’2)1‘11)”].. By applying Lemma 3, we get

%Z(AUnj —qn;y0)  + P1(05n) — P (?)njfﬁnj)
1
+ r—(v — (A9n; — qn,), (An; — gn;) — Ann;) >0, Vo € Dy. (62)

nj

By taking the limit superior in (62) to be j — oo, using the concept of the upper semicontin-
uous in the first argument of B;, and applying the given conditions, we get

B(AL,0) + 1 (v, 1) — 1 (5, 1) > 0, Vo € Dy,

which implies At* € Sol(GGVLIP(2)). Thus, t* € Sol(SGGVLIP(1)-(2)).

Next, we show that t* € Sol(VIP(5)). As limy—co [[un — || =0, 3 {3s,} and {0, } are
subsequences of {u, } and {9, } with 3,, — t" and ¢, — t".

Let

A(s) + Np (¢), if¢* €Dy,
8(s) = 1
(s) { 2, if ¢ ¢ Dy,

where Np, (t*) := {t € X; : (" —v,t) > 0, Vt € Dy} is the normal cone to D at t* € Xj.
Hence, ¢ is maximal monotone, and 0 € 9t* < t* € Sol(VIP(5)). Let (t*, w) € graph(9).
Then, w € 9" = At* 4 Np, (t*), and hence, w — At* € Np, (t*). Thus, (t* —t,w — At*) >
0, Vt € ;. Since d, = Pp, (uy — anAuy) and t* € Dy, then

((uy — apAuy) — 0y, 0, — %)
Dn _un

> 0
= (t—0p, + Au,) > 0, VpeDy.

&n
As (p—t,w— Ap) >0, forall p € Dy and gp; € Dy, the monotonicity of A, we obtain
(p—on,w) = (p—on, At")

Q?I]' - 571]'
Ky.
1

> (p—an, Ap) — (P — an;, + Ajny)

= (P —0nj Ap — Ajnj) + (P — Qnjy Aln; — Ajny)
O — nj

D(n]-

—(p—on;
Ql’lj _37’1]'

Xy,
1;j

> P = Qnj AQn; = Agn;) — (P — Quy, ).

By taking j — oo, and according to the continuity of A, we get (p —t*,w) > 0. As ¥ is

maximal monotone, t* € 971(0), and hence, t* € Sol(VIP(5)). Hence, t* € T.
As t* = Prh(t*), according to (33), we therefore have

limsup(h(t") — t*, 9, — t*) = Lim (h(t") — ", vy, — ") <0. (63)
n—co J—ro0
By applying the given conditions, (30), (42), (63), and Lemma 7, we obtain g, — 0, asn —
co. Hence, {1, } strongly converges to t* = Prh(t*).
Case 2. Consider {q,} to be a subsequence of {q:} with q:; < q1,,, Vj > 0. Then,
followed by Lemma 1, construct a nondecreasing sequence {m;} C Nwith m; — oo, ast —
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oo and max{qm,, 4t} < Gm,.,, Vt. Asr € [e,d] C (0,07Y), t >0, 01,71, e € (0,1) with
given condition and (30), we get

tlgglo lom; = Tym, || =0, }E{}o I TYm; — Gm;Om, || = 0 and tlin;o [om; = Gumyom, || = 0. (64)
We apply the same steps as in case 1 to get

limsup (h(t*) — t*, vy, —t*) <0.

t—oo

As {v;} is bounded, and tlim Bt = 0, it is obtained from (32), (35), and (42)
—00
tli_?; vaH—l — Umy H =0.
As qm, < qm,,, Vt, itis obtained from (31) that
(1 - Zﬁ)qmtﬂ < MvaH—l - vmt” + 2<h(t*) - f*,ZJmt - t*>'

Taking t — oo, we get g, ., — 0. As gm, < qm,,, Vt, then g — 0, ast — oo. Thus,
vy — 0, ast — oo. Hence, we have proved that the sequence {y, } strongly converges to
t* = Prh(t*). O

Following this approach, we present several remarks that stem from the conclusions
of Theorem 1. These remarks provide a concise overview of the theoretical results and
pave the way for the broader exploration and application of the proposed iterative scheme
across various mathematical and computational settings.

Remark 1. Let T = I, I be the identity mapping, and let ¢; = O; that is, let S; be a finite
family of nonexpansive mappings in Theorem 1. Then, T := Fix(S;) N Sol(SGGVLIP(1 —2)) N
Sol(VIP(5)) # @.

Remark 2. Let B = I, I be the identity mapping, X; = Xy, D; =Dy, B = Brand ¢ =
Wy in Theorem 1. Then, T := MY Fix(S;) N Fix(T) N Sol(GGVLIP(1)) N Sol(VIP(5)) # @.

3.1. Numerical Example

Example 1. Consider X; = X, = Rand Dy = D, = [0, +-00]. Define B1(n1,t01;101) = (91 —
1) (n1 + 2107), V 91,107 € Dy, Ba(p, wo;102) = (h2 — w2) (2 + 2w3), V 1,100 € Dy with
a(n,w) = (v — )2V, € Dy, and P1(n1,101) = v11071, Pa(h2,102) = Yatvy, Vi, 105 € Dy,
It is obvious that B1, By, 1 and P, meet the conditions specified in Assumption 1. Additionally,
assume g(y) = 3, fy =3y, vy € Di; A(y) = 3, 9 € Xy, T(y) = 7, y € Dyand S;(y) =
—(1+41i)y, vy €Dy, i =1,2,3 Bysettingry = 3, 00 = {1}, A =L = {55} o =
0.7 + %, Yn =02— %22, n =01+ %, and P3| = %, we find that the sequence generated by
Algorithm 1 converges to t* = {0} € I, and the algorithm simplifies to

= FLE (0 4+ LA (1727 — 1) Ay
o = Pp, (uy — Lfuy) (65)
D1 = 1u8(n) + (1 = 110) Pp, [0utn + YuT0n + pn (915190 + 925294 + ¢35301)]

The computations and graphical analyses for the proposed algorithm were performed
using MATLAB R2015(a). Figures 1 and 2 depict the convergence patterns corresponding
to different initial points. The stopping criterion employed is ||y, 11 — 9,|| < 10710. Several
initial values 1y were tested, and the outcomes are summarized in Tables 1 and 2, which
also include comparisons with the results reported in [24,25]. The convergence trends
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are further illustrated in Figures 1 and 2. From these results, it is evident that, across
different initial points, the proposed algorithm generally completes computations faster
(often measured in seconds) than the existing methods.

0.07 T T T T
i Our result
0.06 F msl== Nadezkhina et al. J
' g Korpelevich

0 5 10 15 20 25
Number of iterations
Figure 1. Graph of convergence {1, } at yg = 0.07 [24,25].

3.5 T T T T
i Our result
3F msl== Nadezkhina et al. J
g Korpelevich

0 5 10 15 20 25
Number of iterations
Figure 2. Graph of convergence {1, } at ho = 3.2 [24,25].



Mathematics 2025, 13, 2896 18 of 24
Table 1. Comparison of our main results for initial point yo = 0.07.
No. of Iter. Our Result Nadezkhina et al. [25] Korpelevich [24]
cpu Time (in s) cpu Time (in s) cpu Time (in s)
1 0.014000 0.030940 0.053200
2 0.004848 0.012716 0.040432
3 0.001825 0.005095 0.030728
4 0.000707 0.002015 0.023354
5 0.000278 0.000791 0.017749
6 0.000110 0.000309 0.013489
7 0.000044 0.000120 0.010252
8 0.000018 0.000047 0.007791
9 0.000007 0.000018 0.005921
10 0.000003 0.000007 0.004500
11 0.000001 0.000003 0.003420
12 0.000000 0.000001 0.002599
Table 2. Comparison of our main results for initial point g = 3.2.
No. of Iter. Our Result Nadezkhina et al. [25] Korpelevich [24]
cpu Time (in s) cpu Time (in s) cpu Time (in s)
1 0.640000 1.490000 2.600000
2 0.221612 0.497250 2.000000
3 0.083414 0.199232 1.400000
4 0.032335 0.078796 0.800000
5 0.012712 0.030920 0.608000
6 0.005037 0.012069 0.462080
7 0.002006 0.004693 0.351181
8 0.000802 0.001820 0.266897
9 0.000321 0.000704 0.202842
10 0.000129 0.000272 0.154160
11 0.000052 0.000105 0.117162
12 0.000021 0.000040 0.089043
13 0.000008 0.000016 0.067673
17 0.000000 0.000001 0.022577

Example 2. Consider X; = X, = C[0,1] as the space of all continuous real valued func-

tions defined on [0,1] with the sup norm as ||h|je = m[ax] |h(p)| and D1 = Dy = {h €
r€l0,1

C[0,1] : h(p) > 0, Vp € [0,1]}. The metric projection of h € C[0,1] onto Dy is given by
(PDll’l)(p) = max{h(p),O}, pE [0, 1] DEﬁTlE SBl (I’ll, 11;11) = (l’ll - ll)(l’ll +2ll)/ Vhl, ll S
Dl/ %2(}12, 12,'12) = (hz - lz)(hz + 212), A h2,lz S Dz with oc(h,l) = (”l - 1)2 v h,l S ]D)l,
and 1(hy, 1) = Iy, Ya(ho, b)) = holy, Yhy, I € Dy. It is obvious that Bq, By, Y1 and 1, meet
the conditions specified in Assumption 1. Additionally, assume g(h) = %, f(h) = 3h, h € Dy;
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Ay =% heXy T(h) =14 heDyand S;(h) = —(1 +i)h, h € Dy, i = 1,2,3. By setting
rn= 30w = {5}, A =5 = {505}, on = 07+ 5o, yn = 02 = 53, jin = 01+ 5, and
W3 = 1, we find that the sequence generated by Algorithm 1 converges to h* = {0} € T.

The computations and graphical visualizations for this algorithm were carried out
using MATLAB R2015a on a standard HP laptop featuring an Intel Core i7 processor and
8 GB of RAM. The stopping criterion was set to ||y,,11 — 9| < 10717, We analyzed the
convergence for distinct initial points, and the convergence trends are illustrated in Figure 3.
Further, we extended the experiment to show how convergence depends on distinct choices
of control sequences: vary A (step-size parameter); vary a; (strongly monotone scaling),

and vary %, (weight between contraction mapping and other operators). We show the

convergence by taking distinct values of A, a;;, and #, in Figures 4-6. In the graphs, we
assume y = 1.

035
—Y
0.3 —
3
0.25 Yo
:8
5 02
|
_g 0.15
0.1
0.05
0 ' ' ' -
0 20 40 60 80 100

Number of iterations
Figure 3. Graph of convergence.

0.18r
\ ——=0.05
0.16 - -A=0.10
| A=0.20
0.14 ll i A =0.30
|
0.12F!
ol
S 011
| \
T0.08F |
= \
©0.06F |\
\
0.04 F \\
’ \
\\
0.02F \
\.
O \\_ 1 1 1 1
0 20 40 60 80 100

Number of iterations

Figure 4. Convergence for distinct values of A.
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0.18
o =15
0.16 - = 1/(50)
0.14 o= IVne)
cememeia = 0.240.1/(n41)
012k

HynJrl - ynHoc
o
o
(0]
T
—l‘-—'

0.04

0.02

N
3

0 1 1 A 1 ]
0 20 40 60 80 100 120

Number of iterations

Figure 5. Convergence for distinct values of {a; }.

o6r
ny, = 0.1
- - -y =1/(10n)
05F m=1/y/n+1
—— nn=02/(n+1)
04F
_8
5
I 0.3F
i
=
~ 02F
01F
0 2 A 1 1 L 1
0 20 40 60 80 100

Number of iterations

Figure 6. Convergence for distinct values of {1, }.

3.2. Application: Image Denoising Problem of Iteration (13)

Moreover, to evaluate the effectiveness of our approach, we applied the proposed
iterative projection-based scheme to a noisy version of the test image. The original image
was first corrupted with Gaussian noise, producing a degraded observation. By applying
our iterative method, the noisy input was progressively refined through successive updates,
resulting in a denoised image. In standard image denoising, one commonly has A = I,
X (signal space) = X; (observation space) = R™*". Assume the trifunctions %B; and
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B, p; .. . .
bifunctions 1; are such that their resolvent-like maps /- 5 ) coincide with proximal maps
of convex functionals Fj, i.e.,
B, .
F£ i) = proX,g, =12,
where 1
- in{F Zw — 2}.
prox,¢(z) = argmin { (w) + 5 llw —z|
Then, the iterative process (13) can be written in proximal form as

o € Dl/

by = Prox, p, (Avn),

Uy = prox, p (Un +AA* (0y — At)n)), (66)

0, = PID)1 (un—pcnf(un)),

N
D1 = 1ug(0n) + (1= 1) Po, [0+ 7T0n + pin Y 9" Situ,
i=1
with the same control conditions (i)—(vi).
If F(z) = }||z — b||? (standard Gaussian fidelity), then

z+7rb

proerz(z) =1

In practice, one often replaces the exact data-prox by an explicit gradient step:
prox,r, (Avy) ~ Ay, —T(Ay, —b),

so that with A = I, the update in (66) reduces to the familiar proximal-gradient (prox-TV)
denoising iteration:

Zn = 90 = T(hu = b),

Uy = ProXe, ty(2n),

Dut1 = Pp, (un).

By setting the gradient step size &, = 0.2, the regularization weight (prox parameter)
A = 0.1, and the trivial convex combination weights 7, =0, 0, =0, v, =1, W, =0,
we represent the image denoising via proximal iteration in Figure 7. In Figure 7, we
show that the different blurred images are degraded, along with the peak signal-to-noise
ratio (PSNR); this shows the quantitatively measured image-restoring process and also the
measured structural similarity index (SSIM). For the convenience of readers, we provide a
flowchart of our iterative algorithm in Figure 8.

Noisy Image Denoised Image
Original Image PSNR=20.01, SSIM=0.3291 PSNR=10.60, SSIM=0.0620

Figure 7. Image denoising via proximal iteration.
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Start / Initialize

Compute Fr2 = F 5?2’%) (Any)

4

Compute u,, = Fﬁ?l’lpl) (hn + AA*(Fr2 — Any))

Compute 2, = Pp, (uy — anf(un))

Update 9,41 = 1728 (0n) + (1 — ﬂn)P]D)l (0090 + Y T(On) + pn X (P,(n)si(nn)]

¥

Convergence? ||9,11 — 9l < tol Output: t* € Dy

Figure 8. Flowchart of the iterative algorithm.

4. Conclusions

In summary, this work provides important insights into the behavior of the pro-
posed iterative algorithm. The scheme is shown to converge strongly to a common so-
lution for the SGGVLIPs, VIPs, and FPPs associated with a finite set of e-strict pseudo-
contractive mappings and a nonexpansive operator within a Hilbert space framework.
To illustrate its practical relevance, numerical results are presented through detailed tables
and graphical representations, including comparisons with existing methods and analyses
of convergence trends, which collectively demonstrate the algorithm’s effectiveness and
computational efficiency.

Although strong convergence is theoretically guaranteed, the algorithm’s performance
can be influenced by the choice of parameters, and explicit convergence rates are not pro-
vided. Practical application may benefit from careful tuning of control sequences to enhance
stability and performance. Furthermore, several avenues for future research are identified,
including extending the approach to Banach spaces, establishing explicit convergence rates,
and exploring inertial or stochastic modifications to broaden its applicability.
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Appendix A. Acronyms
Acronym Meaning
FPP Fixed Point Problem
FPPs Fixed Point Problems
VIP Variational Inequality Problem
VLIP Variational-Like Inequality Problem

GVLIP General Variational-Like Inequality Problem

GGVLIP  Generalized General Variational-Like Inequality Problem

SFP Split Feasibility Problem

GGVLIP  Split Generalized General Variational-Like Inequality Problem

Appendix B. Algebraic Details

Acronym Meaning
f:Dp =Xy := g-inverse strongly monotone
g:Dy — Dy := ¢¥-contraction mapping
T:D =Xy = nonexpansive mapping
S;:D - Xy := g;-strict pseudo-contractions, (i =1,2,...)
A: X1 =X := bounded linear operator
%j : I[))j X ]D)j X ]Dj — R :=Dbe trifunctions, j = 1,2
YDy x Dy := be bifunctions, j = 1,2
X, Ay My Oy Yo M := are control sequences
PR (y) ={r € Dy : B (w,51) + (5, ) — 1 (0, 10) + Lo — g, r — ) >0, Vo € Dy}
PP () = {r € D2 Balw o) + wz(x, )= ¥2(58) + 5w —rr—v) 20, Vo € Dy}
Sn —O’nljn+'YnTDn+l/ln Z (Pl S in
11 —2A<Un 7{* A*(F(SBZ l/”2) )AUH>
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