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Abstract

We study the line graphs of bipartite multigraphs, which naturally arise in combinatorics,
game theory, and applications such as scheduling and motion planning. We introduce
a new characterization of these graphs via valid partial assignments of the edges of the
underlying bipartite multigraph to the vertices of its line graph. We show that an empty
assignment extends to a complete one precisely when the graph is a line graph of a bipartite
multigraph. Based on this, we design an O(∆(G) |E(G)|) algorithm that incrementally
constructs such assignments. The algorithm also provides a data structure supporting
efficient solutions to problems of maximum clique, maximum weighted clique, minimum
clique cover, chromatic number, and independence number. For line graphs of bipartite
simple graphs these problems become solvable in linear time, improving on previously
known polynomial-time results. For general bipartite multigraphs, our method enhances
the O(|V(G)|3) recognition algorithm of Peterson and builds on the results of Demaine et al.,
Hedetniemi, Cook et al., and Gurvich and Temkin.

Keywords: UNO-graph; line graph; bipartite graph; bipartite multigraph; graph algorithm

MSC: 05C57; 05C69; 05C76; 05C85; 68R10

1. Introduction
Line graphs of bipartite (multi)graphs have naturally appeared in several contexts.

For our treatise, the two most relevant previous expositions are those of Demaine et al. [1],
who treat them as a model of compatible UNO game cards, and of Peterson [2], who
interprets them as blow-ups of gridline graphs. There, pD gridline graphs are defined
as the graphs isomorphic to a graph whose vertices are distinct points in Rp, any two
being adjacent if and only if the corresponding points differ in exactly one coordinate.
The blow-ups of these graphs are defined analogously, except that distinctness of points is
not required. UNO graphs, on the other hand, are defined by Demaine et al. as isomorphic
to graphs whose vertices are pairs (or tuples for p-dimensional versions) of values of
properties, two vertices being adjacent if they share a value of at least one property. Again,
we obtain simple graphs if and only if the pairs are distinct.

For p = 2, the two concepts coincide: A graph G is a 2D gridline graph G or a 2D UNO
graph if its vertices can be assigned two coordinates/properties, such that two vertices
are adjacent if and only if they share precisely one coordinate/property. This corresponds
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to G being a line graph of a bipartite (multi)graph H, with the values of each property
corresponding to one partition set of the vertices of H, and the vertices of G corresponding
to the edges of H. Note that p-dimensional gridline graphs no longer correspond to line
graphs of p-partite graphs, whereas p-dimensional UNO graphs correspond to line graphs
of p-partite hypergraphs in which each hyperedge is incident with precisely one vertex
of each partition of the vertices. Given that our algorithms build upon graphs being line-
graphs of bipartite multigraphs, in our paper we denote the graphs of interest as UNO
graphs. Thus, in addition to emphasizing the inspiring analogy, we also emphasize the
playful aspect of the topic, possibly opening up new venues of research and exposing it to
a younger audience.

In Demaine et al. [1], UNO p graphs were studied from the viewpoint of algorithmic
combinatorial game theory. The mathematical models for several versions of UNO (a
card game invented by Merle Robbins in 1971) were defined, and their computational
complexities were analyzed based on the close connection of the game with the Edge
Hamiltonian Path Problem. In particular, they observed that a single-player version is
equivalent to finding a Hamiltonian path in the corresponding UNO-1 (or simply UNO)
graph, which was shown to be NP-complete. The parameterized complexity of the Edge
Hamiltonian Path Problem was studied in [3,4]. UNO graphs, however, appeared earlier
under different names. Our results also build upon the earlier independent work of the
following: Hedetniemi [5], who referred to them as graphs of (0,1)-matrices; Cook et al. [6],
who named them adjacency graphs; and Gurvich and Temkin [7], where the English
translation referred to them as checked graphs.

In line with the earlier argument, Demaine et al. [1] observed that a graph G is an
UNO graph if and only if G is the line graph of a bipartite graph. Much earlier, in [5],
gridline graphs were also characterized as line graphs of bipartite graphs. Moreover, it
is known that G is a line graph of a bipartite graph if and only if G contains no induced
claw, diamond, or odd hole [5,8,9]. Another equivalent characterization, given in [2], states
that G is a line graph of a bipartite graph if and only if G is diamond-free and the graph of
maximal cliques of G is bipartite.

Roussopoulos [10] devised a linear-time algorithm to verify whether G is a line graph
of some graph H. His algorithm also produces the graph H. It is folklore that the bipartite-
ness of a graph can be checked in linear time; hence, these two algorithms together yield
a linear-time verification of whether a given graph G is a line graph of a bipartite simple
graph (and, thus, it satisfies any of the equivalent conditions listed in Theorem 1).

Theorem 1 ([1,2,5,8,9]). The following are equivalent:

(i) G is an UNO graph.
(ii) G is a line graph of a bipartite graph.
(iii) G is a two-dimensional gridline graph.
(iv) G contains no induced claw, diamond, or odd hole.
(v) G is diamond-free, and the graph of the maximal cliques of G is bipartite.

In this paper, we define and characterize k-UNO graphs as line graphs of bipartite
multigraphs with edge multiplicity at most k. Our main contributions are twofold: on
the structural side, we introduce a novel edge classification into forced, semi-constrained,
and unconstrained edges, and we show that valid partial assignments extend to a complete
one if and only if the graph is a line graph of a bipartite multigraph. On the algorithmic
side, we exploit this characterization to design a direct O(∆(G)|E(G)|) time recognition al-
gorithm. This improves upon the O(|V(G)|3) algorithm of Peterson for multigraphs, while
reducing to linear time O(|E(G)|) for simple line graphs of bipartite graphs. Moreover, the
data structure underlying the algorithm provides efficient solutions to several fundamental
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problems on line graphs of bipartite (multi)graphs, including maximum clique, maximum
weighted clique, minimum clique cover, chromatic number, and independence number.
Since line graphs of bipartite (multi)graphs are perfect [11–13], these problems are solvable
in linear time for line graphs of bipartite simple graphs—improving previously known
polynomial-time results [14–16]. Taken together, our results establish a unified framework
that advances both the structural understanding and the algorithmic tractability of this
important graph class.

We conclude the introduction by pointing towards several applications of k-UNO
graphs in diverse areas of mathematics and applied sciences. In combinatorics, they play a
central role in proving the Dinitz conjecture via list edge coloring of bipartite graphs [17]. In
matching theory and economics, kernels in such graphs correspond to stable marriage [12].
In scheduling and timetabling, vertex colorings of gridline graphs model time slot as-
signments [18]. In enumerative combinatorics, rook polynomials that are used to count
non-attacking configurations are also studied in Roberts’ foundational work [18] and have
been recently revisited in the context of grid polyominoes [19]. Finally, gridline graphs
support motion planning in robotics in grid-like environments where minimizing turns
is critical [20]. To make these applications more concrete, we illustrate two represen-
tative cases where k-UNO graphs naturally arise. In scheduling and timetabling, time
slot assignments can be modeled by vertex colorings of gridline graphs, where adjacency
encodes conflicts between tasks [18]. In robotics and motion planning, gridline graphs
describe the feasible moves of a robot navigating a grid-like environment, with UNO assign-
ments reflecting row/column positions and movement orientations [2,20]. These examples
demonstrate how the structural properties studied in this paper translate directly into
real-world constraints, thereby underlining the practical relevance of our theoretical results.

The rest of the paper is organized as follows. Section 2 introduces the basic concepts
and notation used throughout the paper. Section 3 presents the structural foundation of
k-UNO graphs. We define the edge classification (forced, semi-constrained, unconstrained),
prove a complete characterization in terms of clique intersections and the bipartite nature
of the clique graph, and introduce several lemmas that reveal local structural properties
crucial for algorithmic applications. Section 4 develops the recognition algorithm, based on
incremental construction of valid partial assignments. We conclude with an overview and
related open problems in Section 5.

2. Preliminaries and Notation
For a graph G, we denote by V(G) the vertex set of G and by E(G) the edge set of G.

A graph G = G(V(G), E(G)) is connected if for every pair of vertices u, v ∈ V(G) there
exists a path in G from u to v. Since the k-UNO graph problem considered in this paper
naturally reduces to an analysis on connected components, we restrict our attention to
connected graphs. For a subset of vertices S ⊆ V(G), the induced subgraph G[S] is the
graph whose vertex set is S, where two vertices u and v are adjacent in G[S] if and only
if they are adjacent in G. A clique in a graph G is a vertex subset of V(G) that induces
a complete subgraph of G. The clique number ω(G) of G is the largest order of a clique
in G. A clique of G is maximal if it is not contained in any other clique of G. The clique
graph M(G) is the intersection graph of the maximal cliques of G (the vertices of M(G)

are the maximal cliques of G, and two vertices of M(G) are adjacent if and only if the
corresponding maximal cliques share a vertex in G). G is a bipartite graph if its vertex
set can be partitioned into two disjoint subsets V(G) = A + B, such that every edge of
G connects a vertex in A to a vertex in B (for a bipartite multigraph, multiple edges are
allowed). G is a complete bipartite graph or a bi-clique with bipartition V(G) = A + B if and
only if G is a bipartite graph for which each vertex from A is adjacent to each vertex in B.
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For |A| = m and |B| = n, we denote such a graph by Km,n. For example, the graph K1,3

is called a claw. A graph is claw-free if and only if it does not contain K1,3 as an induced
subgraph. The line graph L(G) of a graph G is a graph with V(L(G)) = E(G), in which
two vertices e and f of L(G) are adjacent if and only if e and f are incident edges in G. A
p-dimensional gridline graph, where p ∈ N, is a graph G that is isomorphic to some graph
G (called a realization of G) whose vertices are located in Rp, no two vertices have the same
coordinates, and vertices at x = (x1, . . . , xp) and x′ = (x′1, . . . , x′p) are adjacent whenever
they differ in exactly one entry. For further standard definitions and background, we refer
the reader to [21].

Hereinafter, we define a k-UNO graph for a given multiset of UNO cards (in games
where multiple identical cards are allowed).

Definition 1. Let A = {a1, . . . , am} be a set of numbers, and let B = {b1, . . . , bn} be a set of
colors. Let C ⊂ A × B ×Zk+1 be a multiset of UNO cards, such that each combination of a number
and a color can appear at most k times. G(C) is a k-UNO graph for the multiset C if the vertices of
G are elements of C, and two vertices are adjacent if and only if they share either the same number,
the same color, or both. Let κ(C) denote the largest multiplicity of a card in C.

An abstract graph G is a k-UNO graph if there exists a multiset C of multiplicities at most k,
such that G is isomorphic to the k-UNO graph G(C). The isomorphism that assigns cards of C to
vertices of G is called an UNO assignment.

Note that each UNO-1 graph defined by Demaine et al. for a single player in [1] is
precisely a 1-UNO graph for a single player (we refer to these graphs simply as UNO
graphs). Also, each line graph of a bipartite multigraph with edge multiplicity at most k can
be interpreted as a k-UNO graph. Every multigraph considered in this paper is bipartite
and, thus, has no loops.

To make the definition of an UNO assignment more concrete, we illustrate it with
a small example. Consider the set of numbers A = {1, 2, 3} and the set of colors B =

{red, blue}. The corresponding multiset of cards is

C = {(1, red), (2, red), (3, red), (1, blue), (2, blue), (3, blue)}.

The 1-UNO graph G(C) has six vertices, one for each card. Two vertices are adjacent if and
only if the corresponding cards share the same number or the same color. Thus, for instance,
(1, red) is adjacent to (1, blue) because they share the number 1, and it is also adjacent
to (2, red) and (3, red) because they share the color red. The resulting graph is shown in
Figure 1, where horizontal edges represent equal numbers and vertical edges represent
equal colors. This example demonstrates how UNO assignment naturally induces a graph
structure, and, in fact, the graph obtained here is isomorphic to the line graph of K3,2.

1, red

2, red

3, red

1, blue

2, blue

3, blue

Figure 1. UNO assignment with six cards: (1, red), (2, red), (3, red), (1, blue), (2, blue), (3, blue). Vertices
represent cards; two vertices are adjacent if they share the same number (horizontal edges) or the same
color (vertical/curved edges). The resulting graph is a 1-UNO graph isomorphic to the line graph of K3,2.
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3. Characterizations
In Demaine et al. [1], UNO graphs were identified as an interesting direction of research

because they form a subclass of claw-free graphs and appear to have interesting properties
of their own. Our main structural result is the characterization of the k-UNO graphs given
in Theorem 3. This result can be seen as an extension of Peterson’s characterization of line
graphs of bipartite multigraphs (see Theorem 2):

Theorem 2 (Peterson [2], Theorem 4.1). The following statements are equivalent:

(i) G is a line graph of a bipartite multigraph;
(ii) M(G) is bipartite.

In our case, we consider multigraphs with a given maximum edge multiplicity. We
begin with a useful observation (Lemma 1) about cliques in k-UNO graphs.

Lemma 1. Let G be a k-UNO graph and K a clique in G. Then, either all the vertices of K have the
same color or all share the same number.

Proof. If all vertices of K have the same color, we have finished. Suppose two vertices u, v
of K have different colors. As they are adjacent in K, u and v must share the same number.
Let w be any other vertex of K, implying that w is adjacent to both u and v. If w does not
have the same number as u and v then it must have the same color as both of them—a
contradiction. Thus, w has the same number as u and v.

Theorem 3. The following are equivalent:

(i) G is a line graph of a bipartite multigraph with edge multiplicity at most k;
(ii) G is a k-UNO graph;
(iii) G is claw-free, any two maximal cliques of G share at most k vertices, and M(G) is bipartite;
(iv) Any two maximal cliques of G share at most k vertices, and M(G) is bipartite.

Proof. (i ⇒ ii): Suppose G is the line graph of a bipartite multigraph H = (A + B, C) with
edge multiplicity at most k. The choice of letters is intentional: interpret A as the set of
numbers and B as the set of colors. Then, each edge in C corresponds to a card labeled by a
number–color pair. In G = L(H), the vertices are the edges C, and two vertices are adjacent
if and only if the corresponding edges in H share an endpoint—that is, they share a number
or a color. Hence, G is a k-UNO graph over A, B, with multiplicities bounded by k.

(ii ⇒ iii): Suppose G is a k-UNO graph. To prove claw-freeness, consider any vertex
a with three neighbors b, c, d. If no two of them share the same color as a then at least
two must share the same number, implying adjacency. So G is claw-free. Let K1 and K2 be
distinct maximal cliques. By Lemma 1, if both K1 and K2 are number-cliques or both are
color-cliques, then they are disjoint. Otherwise, suppose K1 is a number-clique for a and K2

is a color-clique for b. Then, the intersection K1 ∩ K2 contains only cards with number a and
color b, of which there are at most k. To show that M(G) is bipartite, label each maximal
clique with α (number) or β (color) according to its type; ties can be broken arbitrarily. This
gives a valid two-coloring of M(G), proving (iii).

(iii ⇒ iv): Immediate.
(iv ⇒ i): Let G satisfy (iv). Color M(G) with two labels, α and β, to form bipartite

sets A1 and B1 of maximal cliques. Let A2 (resp. B2) be the set of singleton sets for vertices
not appearing in any clique of A1 (resp. B1). Each vertex belongs to exactly one element in
A = A1 ∪ A2 and one in B = B1 ∪ B2, and any pair a ∈ A, b ∈ B shares at most k vertices.
Define a bipartite multigraph H = (A + B, E), where ab appears with multiplicity equal to
|a ∩ b|. Then, H has edge multiplicity at most k, and G = L(H).
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Note that the set C can be reconstructed from its 1-UNO graph (up to a permutation
of colors and numbers and exchange of the roles of colors and numbers). However, for a
multiset C this is not necessarily true. If in some subset C′ ⊆ C of the cards of the same
color all have the same number, and if no other card has that number, then there is no
maximal clique corresponding to that unique number. Thus, G(C) is the same as in the
case where each card in C′ has a different number.

In the above characterization proof, this is addressed through the singleton sets in A2

and B2, which ensure that any two cards are different if the constraints of the clique structure
permit. The opposite extreme would be if the sets in A2 were to partition the vertices in
no maximal clique of A1 according to the maximal cliques of B1 that they belonged to.
Analogously, the vertices in no maximal clique of B1 would be in the sets of B2 according to
the maximal cliques of A1 that these vertices belonged to. Such a partition would render
two cards equal whenever the clique structure of G permitted it. This discussion poses no
issue for the above characterization but illustrates the loss of information when converting a
bipartite multigraph to its line graph. The inverse problem may not have a unique solution,
and even the maximal multiplicity of the reconstructed multigraph may differ. The issue is
most rigorously understood through the following proposition:

Proposition 1. Let G be a multigraph with vertices v0, v1, . . . , vn and edges v0vi, i = 1, . . . , n,
where ki ∈ N is the edge multiplicity of v0vi. Let k = ∑n

i=1 ki. Then, the complete graph Kk is the
line graph of G.

Proof. The claim follows from the observation that all the edges in the defined graph share
the endvertex v0 and, therefore, correspond to adjacent vertices in the line graph.

This freedom plays a central role in our recognition algorithm. Note that when
analyzing vertices for a linear algorithm only their local neighboring structure is available,
and queries must be efficient. Understanding the structure of the graph around the vertices
and efficient detection of deviations from that structure is, therefore, a key to linearity of
the algorithm. First, we significantly limit the number of cliques a vertex of a k-UNO graph
is in:

Lemma 2. Let G be a k-UNO graph. Then, any vertex lies in at most two maximal cliques of G.

Proof. By Theorem 3, the intersection graph M(G) of maximal cliques of G is bipartite
and has no triangles. Should a vertex of G lie in three maximal cliques, those three cliques
would form a triangle of M(G), which is a contradiction.

Next, we formalize the interesting properties of vertices and edges and characterize
them in the rest of this section.

Definition 2. Let v be a vertex of G. We say that v is unconstrained if it lies in precisely one
maximal clique of G. An edge is unconstrained if both its endpoints are unconstrained. An edge is
constrained if it is not unconstrained.

Obviously, each vertex is in at least one maximal clique of G. Therefore, for a vertex to
be unconstrained it suffices to show that it lies in no two maximal cliques. Also, since the
endpoints of an unconstrained edge share all maximal cliques they necessarily lie in the
unique shared maximal clique. This gives rise to the following characterization, which is
key in proving the correctness of our recognition algorithm:

Lemma 3. Let e = uv be an edge of a graph G. Then, e is unconstrained if and only if u and v
share the same set of neighbors and every pair of their neighbors is adjacent.
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Proof. Without loss of generality, suppose for contradiction that u and v are unconstrained,
but u has a neighbor w not adjacent to v. Then, uw lies in a maximal clique containing u
and w but not v, and uv lies in a maximal clique not containing w—a contradiction to u
being unconstrained. Hence, u and v have the same set of neighbors.

Suppose now that the neighbors x, y of u and v are not adjacent. Then, xu and uy lie
in distinct maximal cliques, again contradicting the assumption that u is unconstrained.

Conversely, suppose u and v share the same set of neighbors and all those neighbors
are pairwise adjacent. Then, their common neighborhood forms a clique K in G. Any vertex
not in K is not adjacent to u or v, since it is either not a common neighbor or not adjacent to
some neighbor. Hence, K is a maximal clique containing both u and v, and no other clique
can contain either. Thus, u, v, and uv are unconstrained.

In a k-UNO graph, the way that constrained edges share maximal cliques is very
restricted:

Lemma 4. Let G be a k-UNO graph and let e = uv be its constrained edge:

(i) e lies in precisely two maximal cliques of G, or e lies in one maximal clique but one of its
endvertices lies in precisely two;

(ii) if e lies in two maximal cliques then its endvertices share the same set of neighbors.

Proof. As e is constrained, without loss of generality we assume u is constrained and lies
in at least two maximal cliques of G. By Lemma 2, u lies in precisely two. Then, v either
lies in both these cliques or in exactly one of them. If in both then Lemma 2 implies these
are all the cliques containing u or v, and, hence, the edge uv. If in one, there may be a third
clique containing u but not v. Hence, it does not contain uv, establishing Lemma 4 (i).

For Lemma 4 (ii), let e be in two maximal cliques that are shared by u and v. If there is
a vertex w incident to just one of them, say u, then the edge uw is in a maximal clique not
containing v. This violates the bipartiteness of M(G), establishing the claim.

Lemmas 3 and 4 identify the key properties of edges for recognition of k-UNO graphs:
they are either unconstrained or not, and their endpoints either share the set of neighbors
or do not. Endpoints of any unconstrained edge share their set of neighbors, but for
constrained edges either case is possible.

We define an edge to be forced if it is constrained and its endpoints share the set of
neighbors. If constrained but not forced, we call the edge semi-constrained. This is justified
by the following lemma:

Lemma 5. Let e = uv be a forced edge of a k-UNO graph G. Then, in any UNO assignment of G,
u and v are assigned the same color and the same number.

Proof. As e is forced, it lies in two distinct cliques of G by Lemma 4. By Lemma 1, the ver-
tices of one of these cliques all share the same number, and the vertices of the other all share
the same color. Therefore, u and v share both number and color.

This lemma has a natural consequence in 1-UNO graphs, which follows from the
observation that any two vertices of G assigned the same number and color correspond to
parallel edges in the graph whose line graph G is of. In a k-UNO graph, such vertices are
endvertices of either fixed or unconstrained edges, and equality is not a requirement for
the latter, whereas equal assignment is needed for the forced edges.

Lemma 6. If G is a line graph of a bipartite simple graph then no edge of G is fixed.

The Lemma is key to understanding that our approach yields a linear algorithm for
recognizing line graphs of simple bipartite graphs, cf. Theorem 5 (a.vi).
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Lemma 7. Let e = uv be a semi-constrained edge of a k-UNO graph G. Then, in any UNO-
assignment of G, u and v share one property but differ in the other.

Proof. Since e is constrained, one of u, v lies in two maximal cliques, and since e is not
forced, one of those cliques does not contain the other vertex. Assume u is such a vertex.
Let Ku be a clique containing u but not v, and let Kv be the clique containing both.

There is a property shared by all vertices of Kv, which is the property shared by u and
v. On the other hand, all vertices of Ku share another property. Since v is not in Ku there
exists a vertex in Ku not adjacent to v, implying that v must be assigned a different value of
this property.

Finally, the following lemma elaborates on the relationship between unconstrained
edges in a k-UNO graph and their UNO assignments:

Lemma 8. Let e = uv be an unconstrained edge of a k-UNO graph G. Then, in any UNO
assignment of G, u and v either share both properties or they share one and differ in the other, such
that the different values are only shared along other unconstrained edges.

Proof. Let M be the unique maximal clique containing u and v. If a vertex w ∈ M is
adjacent to a vertex x outside M then the property P shared by w and x forces the other
property P′ to be uniform across M. However, the value of P is not yet fixed for the
unconstrained vertices of M.

Suppose this value appears elsewhere in the graph—say, u and y have the same
value of P. Then, u and y are adjacent. Since M is the only maximal clique containing
unconstrained u, y must also belong to M. Hence, y shares P′ with u and w.

Now, suppose y has a neighbor z not in M. Then, z would share P but not P′ with y,
which implies that z is adjacent to u—a contradiction either to u being unconstrained or to
z not being in M. Hence, any neighbor of y is in M, and uy is an unconstrained edge.

The structural differences between unconstrained, semi-constrained, and forced edges
identified in Lemmas 7 and 8 are illustrated in Figure 2. The example is based on a K6 with
two additional vertices x and y forming triangles {v1, v2, x} and {v5, v6, y}. The large clique
K6 determines property a, while the two smaller maximal cliques determine property b. In
this configuration, edges v1v2 and v5v6 are forced, since each lies in two maximal cliques
and the endpoints have identical open neighborhoods. Edge v3v4 is unconstrained, since
both endpoints lie in a unique maximal clique (K6) and their common neighbors form a
clique. All the remaining edges are semi-constrained.

Lemma 8 allows us to characterize the set of possible k-values for which a given graph
is a k-UNO graph:

property a (the K6)

b1

b2

Forced
Semi-constrained
Unconstrained

v1

v2v6

v3

v4

v5

x

y

Figure 2. Example graph (K6 with two extra triangles) illustrating forced, semi-constrained, and un-
constrained edges.
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Theorem 4. Let G be a k-UNO graph and f : G → G(C) its UNO assignment of cards in C,
and let κ(C) denote the maximum multiplicity of a card in C. Then, the following hold:

(i) If any two endpoints of any unconstrained edge differ in a property then f is an assignment
with the smallest κmin := κ(C);

(ii) If any two endpoints of any unconstrained edge are assigned equal properties then f is an
assignment with the largest κmax := κ(C);

(iii) If κmin ≤ k ≤ κmax then there exists a multiset of cards C and an UNO assignment
fk : G → G(C), such that κ(C) = k.

Proof. For Theorem 4 (i), suppose any two endpoints of an unconstrained edge are
assigned different properties, and let c be a card in C with maximum multiplicity κmin.
Then, there are κmin vertices assigned card c. By assumption, they lie in the intersection
of the two maximal cliques corresponding to the property values. Lemma 1 concludes
the claim.

For Theorem 4 (ii), suppose for a contradiction that any two endpoints of an un-
constrained edge share both properties, and let f ′, C′ be UNO assignments of G with
κ(C′) > κmax. Let c ∈ C′ be a card of maximum multiplicity κ(C′) > κmax ≥ 1. Let u, v be
two vertices assigned card c, and let M be a maximal clique of G containing edge uv. If uv is
unconstrained, M is the only clique containing uv. By Lemma 8, any other vertex assigned
card c is also in M, and the edges connecting them are unconstrained—a contradiction.

Therefore, uv must be constrained, and there is another maximal clique M′ containing
uv. By Lemma 1, the vertices in M∩ M′ are assigned the same card in any UNO assignment,
contradicting κ(C′) > κmax.

For Theorem 4 (iii), let f , C be an UNO assignment of G with κ(C) = κmax. If there
exists a card c of maximum multiplicity κmax such that an edge assigned c is forced then
that edge by Lemmas 1 and 4 lies in two maximal cliques, as do all other endvertices that
are assigned the same card. Then, κmin = k = κmax, and we have finished. Otherwise,
proceed by induction for each card c of multiplicity k + 1, pick an unconstrained edge
and a property shared by its endpoints and their clique M, and assign a new value to the
other property not used elsewhere in the graph. This creates a new card with no adjacency
outside M.

After applying this to each such card, we reduce the maximum multiplicity to k and
obtain the desired UNO assignment.

4. Algorithms
For the algorithms, we define an extension of the UNO assignment as follows:

Definition 3. Let G(V, E) be a graph. A partial UNO assignment of G is a tuple,

(G, A, B, C, p, q, s, Q),
where the following applies:

(p.i) A is a set of numbers, B a set of colors, and C ⊆ A × B is a set of cards. Let Aε := A ∪ {ε}
and Bε := B∪ {ε} be extended sets of values, with ε indicating that a property is unassigned.

(p.ii) We can say that p : V(G) ∪ E(G) → Aε × Bε assigns properties from A and B to vertices
and edges of G.

(p.iii) We can say that q : A ∪ B ∪ C → N counts the occurrences of numbers from A, colors from
B, and cards from C in the assignment p restricted to vertices of G.

(p.iv) We can say that s : V(G) → Z3 indicates the state of a vertex in the partial assignment p,
which is either untouched (0), enqueued (1), or finalized (2).

(p.v) Q is the queue used to process the vertices.

A partial UNO assignment is valid if the following holds:
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(v.i) Whenever two vertices share an assigned property, they are adjacent;
(v.ii) Whenever a property is assigned to an edge, it is also assigned to both its endpoints;
(v.iii) Any vertex that is p-assigned a property is either enqueued or finalized;
(v.iv) Any finalized vertex is p-assigned both a number a ∈ A and a color b ∈ B, and the card

(a, b) is in C;
(v.v) For any finalized vertex v, any edge incident to v and any vertex adjacent to v is assigned a

property;
(v.vi) For any property x ∈ A ∪ B ∪ C, there are q(x) vertices p-assigned the property x;
(v.vii) Any finalized vertex v ∈ V(G) assigned a card (a, b) is for each property x ∈ {a, b, (a, b)}

adjacent to q(x) vertices assigned the property x;
(v.viii) A vertex v is enqueued (s(v) = 1) if and only if v ∈ Q.

A partial UNO assignment is completed if the following holds:

(c.i) Each vertex is assigned both a color and a number;
(c.ii) Whenever two adjacent vertices share a property, the edge between them shares that property

as well;
(c.iii) Any vertex is finalized (s(v) = 2).

A valid partial UNO assignment a′ = (G, A′, B′, C′, p′, q′, s′, Q′) of a graph G is an extension
of another valid partial UNO assignment a = (G, A, B, C, p, q, s, Q) of the same graph G, if the
following holds:

(e.i) A ⊆ A′, B ⊆ B′, C ⊆ C′;
(e.ii) ∀x ∈ V(G) ∪ E(G), whenever p(x) ̸= p′(x), then p′(x) matches p(x) in any assigned

property of p(x);
(e.iii) ∀y ∈ A ∪ B ∪ C, q(y) = q′(y), i.e., q′ does not change vertex-assignments of properties

already assigned by a;
(e.iv) ∀v ∈ V(G), s(v) ≤ s′(v), i.e., the status of any vertex does not decrease.

Our algorithm starts with an empty partial assignment (valid by vacuous conditions)
and maintains validity until a completed partial assignment is obtained. The following
theorem summarizes the key ideas, as well as listing all the tools needed to prove the
correctness. To aid readability, we precede the theorem with a commented pseudocode
sketch that captures the main intuition of the algorithm, while omitting the technical details,
which are elaborated in the proof.

Pseudocode overview of the algorithm:

1. If no induced path of length 2 exists, the graph is a clique.

1.1 Proceed as sketched in the proof of Theorem 5 (a.iii) for cliques.

2. Suppose an induced path xvy of length two is found.

2.1 Assign a number a1 to v, x, and the neighbors of v adjacent to x. This fixes the
property defining the clique shared by v and x. Enqueue all these neighbors of v.

2.2 Assign a color b1 to v, y, and all their common neighbors. This fixes the property
of the other clique containing v. Enqueue all these neighbors of v as well.

3. While there is an enqueued vertex v, pop it from the queue.

3.1 Assign to it the other property, as well as to all its neighbors that have this
property not yet assigned, and enqueue them as discussed in Theorem 5 (a.iii).
This yields the next partial UNO assignment in the sequence claimed to exist by
Theorem 5.

3.2 If the assignment process encounters a violation of the desired structural proper-
ties, then (as established in the proof) the input graph was not a k-UNO graph.
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This pseudocode illustrates how the algorithm extends a partial UNO assignment one
clique at a time, maintaining validity throughout. The technical details of correctness and
time complexity are given in the following theorem.

Theorem 5. Let G be a connected simple graph on n vertices and a = (G, A, B, C, p, q, s, Q) its
partial UNO assignment:

(a.i) For any graph G, the assignment that assigns ε to each property of any vertex and edge is a
valid UNO assignment. We call it the empty UNO assignment.

(a.ii) A valid completed assignment a of G exists if and only if G is a k-UNO graph for some
integer k.

(a.iii) There exists a sequence of n + 1 valid partial UNO assignments starting with the empty
UNO assignment of G and concluding with a valid completed UNO assignment of G, such
that each element of the sequence is an extension of the previous element if and only if G is a
k-UNO graph for some integer k.

(a.iv) Given a function α : E(G) → {true, false} indicating whether the endvertices of G share the
common set of neighbors, the sequence from item (a.iii) can be constructed or its existence
disproved in time O(|E(G)|).

(a.v) The function α from item (a.iv) can be found in time O(∆(G)|E(G)|), where ∆(G) is the
maximum degree of G.

(a.vi) By setting α : E(G) → {false}, the algorithm from (a.iv) constructs the sequence from
item (a.iii) if and only if G is a 1-UNO graph. Its running time is still O(|E(G)|).

Proof. For (a.i), define A = B = C = ∅, p is a constant assigning ε to any property of any
vertex and edge, q is the null function, s is the constant function assigning 0 to any vertex,
and Q is the empty queue. Properties (v.i) to (v.viii) are easily verified, as they are mostly
void; hence, the empty partial UNO assignment is valid.

For (a.ii), let us first assume that G is a k-UNO graph as witnessed by an UNO
assignment f of cards C ⊆ A × B. For A, B, C, (p.i) applies. Let p be as f on V(G), and let
p(e) assign to the edge the property shared by its endvertices, satisfying (p.ii) and (v.ii).
Also (v.i) is satisfied, as f is an UNO assignment. Note that this also implies (c.i) and (c.ii).
Let s : V(G) → Z3 assign each vertex of G the constant 2, declaring it finalized. Through
p inheriting properties of the UNO assignment f , (v.iv) is satisfied, as are (v.v) and (c.iii).
There is a unique and obvious way of defining q : A ∪ B ∪C → N to satisfy (v.vi). Moreover,
p being induced by an UNO assignment f , together with properties (v.i) and (v.ii), implies
(v.vii). To satisfy (p.v), (v.iii), and (v.viii), let Q be the empty queue. The above establishes
all the required properties for the claim that the thus-defined partial UNO assignment
c = (G, A, B, C, p, q, s, Q) is a completed valid partial UNO assignment of G.

For the converse direction, suppose that a completed valid partial UNO assignment
c = (G, A, B, C, p, q, s, Q) is given. It is easy to use properties (p.i), (p.ii), (v.i), (v.ii), (v.iii),
(c.iii), (v.iv) to verify that p restricted to V(G) is an UNO assignment, concluding the proof
of (a.ii).

We continue with (a.iii), which represents the core of this theorem. Observing that
the last element of the sequence is a completed valid partial UNO assignment of G, the
existence of the sequence implies that G is a k-UNO graph by (a.ii).

For the rest of the proof of (a.iii), we assume that G is a k-UNO graph and construct
the sequence. We first handle cliques, which can be assigned a single card. While these
may be considered trivial, their clarity is advantageous for the reader to become familiar
with the concepts, but for fast reading it may be skipped.
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Let G be a clique on n vertices. Then, any edge of G is unconstrained. Hence, we pick
a number a and a color b and assign them to the first vertex v1, its incident edges, and all
adjacent vertices (i.e., all vertices). This ascertains (p.i), (p.ii), (v.i), (v.ii), and (c.i).

We set v1 to be finalized and all other vertices to be enqueued, assuring (p.iv), (v.iii),
and (v.v). We set q to be the constant n on number a, color b, and card (a, b), assuring (p.iii),
(p.v), (v.vi), and (v.vii). As only the edges incident with v1 are assigned properties, v1 is the
only finalized vertex, and all other vertices are enqueued, assuring (v.viii). The resulting
partial UNO assignment is the first non-empty assignment in the sequence, and it extends
the previous empty partial UNO assignment.

We proceed iteratively by popping the i-th vertex from queue Q, p-assigning its non-
assigned incident edges properties a and b, thus maintaining (v.ii) and changing its status
from enqueued to finalized, maintaining (v.vi) and (v.vii). Each such change maintains
all the properties not mentioned and produces a new valid partial UNO assignment of G
that extends the previous one by construction. As there are n vertices, this process yields a
sequence of n+ 1 partial UNO assignments of G. Any element of the sequence has one more
finalized vertex than the previous, and the last one has all its vertices finalized. We claim
that the last element of the sequence is not just valid but also completed. Validity follows by
induction, as does the property (c.i), which has been established already at the first vertex;
(c.iii) follows, as each of the vertices has been popped from the queue Q; (c.ii) follows from
(c.iii), as each edge has been processed as incident to its first finalized endvertex.

For proving the rest of (a.iii), we assume that G is not a clique. We use properties from
Section 3 to construct the required sequence of extending valid partial UNO assignments.
As G is connected and not a clique it has an induced path xvy, such that x and y are not
adjacent. By Lemma 3, both edges xv and vy are constrained. As x and y are not adjacent,
they are in different maximal cliques Mx and My of G, the first containing x and the other
y. If an UNO assignment of G exists then vertices of one share the number and vertices of
the other share the color, while vertices of both share the card with v. Moreover, these are
all the neighbors of v in a k-UNO graph G.

Thus, we can produce the first non-empty partial UNO assignment, as follows: choose
a number a and a color b. Iterate over neighbors of v, enqueue each of them, and set
s(u) = 1. For a common neighbor u of v and x, set p(u) = (a, ·), p(uv) = (a, ·), where
· denotes the previous assignment of the property (in this case, ε, but later this will be
different). For a common neighbor u of v and y, set p(u) = (·, b), p(uv) = (·, b). Note that
in this case, · can represent either ε or a, the latter for u adjacent to all of x, y, and v. Should
there be any other neighbor of v, the three maximal cliques of G containing v witness
that G is not a k-UNO graph by Theorem 3. Set v to be finalized by s(v) = 2. No other
vertex will be assigned a or b, so we can set q(a), q(b), and q(a, b). By this procedure, we
have established properties (p.i)–(p.v) and (v.i)–(v.viii). As we were modifying the initial
empty partial UNO assignment, properties (e.i)–(e.iv) are clear; thus, we have obtained
its extension.

We proceed in a similar fashion, by popping a vertex v from Q one after another. As
enqueued, by (v.iii), v has at least one property r assigned value t. Let r′ be the other
property and suppose it has been assigned value t′. Now, for any neighbor u of v:

(a) assign any property shared by p(u) and p(v) to p(uv);
(b) ascertain if p(u) has at least one of the two properties equal as p(v);
(c) count the neighbors of v assigned t, t′, and both.

If r′ has not yet been assigned in p(v), pick a value t′ ̸∈ A ∪ B for the property r′, and,
for any neighbor u of v:

(i) augment p, A, B, C to assign t′ as the value of r′ for v;
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(ii) count whether u has been assigned t, t′, or both;
(iii) if u is not assigned t as the value of r, augment p and C and q to assign t′ to u as well

as to the edge uv;
(iv) also assign t′ if u is assigned t but shares all the neighbors with v;
(v) enqueue u if it has just been assigned its first property;
(vi) verify that each neighbor that has r′ assigned different from t′ has the property r

equal to t;
(vii) if t′ has been assigned, verify that the count of neighbors assigned t, t′, and both

equals the respective values of q;
(viii) if t′ has been newly chosen, verify that the count of neighbors assigned t is equal to

q(t) and assign q(t′) and q(c) for c the card with properties equal to t, t′;
(ix) finalize the vertex v.

There are four verifications that may fail. Through (b) or (vi), there may be a neighbor
u of v assigned property r′ the value t̄′ ̸= t′ and assigned r a property t̄ ̸= t. This neighbor
is in three distinct maximal cliques: two have assigned their two values and the third
one contains v. By Lemma 2, G is not a k-UNO graph, implying the non-existence of the
sequence we are aiming for by (a.ii) and the already proven direction of (a.iii). Failing
through (vii) or (viii), v is not adjacent to a vertex previously assigned t, t′, or both, implying
that the vertex assigning this property to v is in three different maximal cliques, leading to
the same conclusion.

Assuming the process did not fail, we observe that (p.i)–(p.v) are maintained; hence,
the new assignment is a partial UNO assignment. Property (v.i) is maintained by (iii), (iv),
and (vi). Property (v.ii) is maintained by (a), (iii). Property (v.iii) follows from (v) and
(ix). Property (v.iv) follows from (iii), (iv), and (ix). Property (v.v) follows from (a), (b),
(iii), and (iv). Property (v.vi) follows from (viii). Property (v.vii) follows from (b), (ii), (vii),
and (viii). Property (v.viii) follows from popping v out of Q, as well as (v). Together, these
imply that the newly obtained assignment is valid.

Next, we show that the augmented assignment is an extension of the previous assign-
ment. Property (e.i) is established in (iii). Property (e.ii) follows from (a), (iii), and (iv).
Property (e.iii) follows from (viii). Property (e.iv) follows from (v) and (ix).

We proceed to show that if Q is empty after finalizing v then the last valid partial
UNO assignment is also completed. Suppose that there is a vertex u of G not finalized.
Since Q is empty, u has not been enqueued. By (v.iii), u is assigned no property. By (v.v), u
is not adjacent to any finalized vertex. As any neighbor of any finalized vertex has been
enqueued, G is not connected, a contradiction implying (c.iii), that all vertices of G are
finalized. Then, (v.iv) implies (c.i) and (v.v) implies (c.ii). This concludes the proof of (a.iii).

To establish (a.iv), observe that the described algorithms require constant-time oper-
ations for each neighbor of each vertex. Therefore, their complexity is O(|E(G)|). Also,
the induced path of length 2 can be found by examining the edges of the graph, resulting
in the complete time O(|E(G)|).

Claim (a.v) is established by the following: first, convert the adjacency lists of G into
hashed sets in time O(|E(G)|). Then, for each edge uv, let Nu and Nv be the corresponding
neighborhoods. Sets N′

u := Nu \ {v} and N′
v := Nv \ {u} can be computed in place in

amortized constant time, as this is the complexity of element deletion (and addition) for
hashed sets. Then, the equality of N′

u and N′
v can be verified in O(∆(G)), and sets Nu, Nv

restored in constant time. Altogether, the running time is O(∆(G)|E(G)|), as claimed.
Finally, (a.vi) follows from Lemma 6. Fixing α(e) to false implies that the algorithm

will not assign equal properties to any two endvertices of an edge sharing the neighbors.
This will result in endvertices of unconstrained edges receiving one same and one different
property. For vertices of fixed edges, they will be assigned only one property when
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enqueued, and an attempt at assigning the second property when popped from the queue
will violate condition (b) or will violate (vi) for some neighbor when assigned the second
property. Thus, with modified α the algorithm will fail as earlier and, in addition, for
k-UNO graphs with k ≥ 2. The running time remains the same.

Note that by step (iv), Lemma 3, and Theorem 4, the UNO assignment obtained by
(a.iii) yields the UNO assignment with the maximal multiplicity of a card. Using the
approach of Theorem 4 (iii), we are able to prove the following:

Corollary 1. Let G be a graph. Given the function α : E(G) → {true, false} indicating whether
the endvertices of e share the common set of neighbors, we can either prove that G is not a k-UNO
graph for any integer k or provide the full interval of values k, for which G can be realized as a line
graph of a bipartite multigraph with multiplicity k, in time O(|E(G)|).

Proof. We construct a completed valid partial UNO assignment, c = (G, A, B, C, p, q, s, Q)

of G, using the algorithm from Theorem 5, or we disprove its existence in the required time.
By the observation motivating the theorem, c satisfies the properties of Theorem 4 (ii). To
conclude the proof, we establish that c can be augmented to a completed valid partial UNO
assignment c′ = (G, A′, B′, C′, p′, q′, s′, Q) satisfying Theorem 4 (i) in time O(|E(G)|).

For each vertex v, we examine the following: If there is an edge incident with v that
is p-assigned just one of the properties, that property of v is fixed, as changing it would
result in an edge whose endvertices would share no property. In O(dv) steps, we therefore
determine whether v is unconstrained, i.e., whether it has a property that can be altered, as
the other property is shared by all its neighbors. Examining q(p(v)) shows whether the
card of v is assigned to more than one vertex. If both conditions are met, we change the
property of v and augment the values on its adjacent edges, as well as updating q. For
the full graph, this can be completed in O(|E(G)|) time, as required. Once completed, the
maximal value of q restricted to C is the minimum value of k, for which G is a k-UNO
graph.

Corollary 2. The following problems can be solved in linear time for graphs of bounded maximum
degree ∆(G): O(∆(G)|E(G)|) on line graphs of bipartite multigraphs: (a) maximum clique,
(b) minimal clique cover, (c) maximum weighted clique, (d) chromatic number, (e) independence
number.

Proof. Let G be a line graph of a bipartite multigraph. A completed valid partial UNO
assignment c = (G, A, B, C, p, q, s, Q) of G can be obtained in time O(∆(G)|E(G)|).

For (a), observe that max{q(x) | x ∈ A ∪ B} gives the size of a maximal clique of G.
For (b), observe that each number and each color induces a clique in G, and that two

cliques assigning different values of the same property are disjoint. Hence, min(|A|, |B|)
gives the minimum clique cover.

For (c), summing the weights for each of the cliques given by the properties is per-
formed in O(|E(G)|).

For (d), Maffray and Reed proved that line graphs of bipartite multigraphs contain no
odd holes [22] and are perfect by the strong perfect graph theorem [23], implying that (a)
also gives the chromatic number by the strong perfect graph theorem.

Claim (e) follows by duality from (b), as the size of a maximum independent set equals
the minimum number of cliques covering all vertices in perfect graphs, due to the weak
perfect graph theorem by Lovasz [24]. In order to actually construct a maximum indepen-
dent set of G, we observe that it corresponds to a matching in the bipartite multigraph H
of which G is the line graph. Observing that the numbers and colors are the vertices of
this graph and their assignment to vertices of G describes the edges, H has r = |A|+ |B|
vertices and |V(G)| edges. Given that maximum matching in bipartite multigraphs can
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be solved in O(n2√n) by reduction to a max flow problem [25], this yields a O(r2√r)
algorithm for constructing the maximum independent set of G, whose size has previously
been found in time O(∆(G)|E(G)|).

In a further reflection on Theorem 5, we observe that claim (a.vi) implies that our
algorithm recognizes 1-UNO graphs in linear time O(|E(G)|), as the constant α ≡ false
requires no additional computation. The problems of Corollary 2 are, hence, solved in
O(|E(G)|), i.e., linear time for line graphs of bipartite graphs, which is currently only
known to be polynomial [26].

The previous paragraph identifies the most efficient subcase of our approach that
yields linear algorithms for 1-UNO graphs, which do not need the pre-computing of the
same-neighborhood-endvertices function α on the edges of G. We hereby emphasize
that the least efficient subcase arises when this function is needed for dense graphs with
∆(G) being proportional to |V(G)|. In this case, the exact algorithm complexity becomes
O(|V(G)| · |E(G)|). As the number of edges is proportional to the squared number of
vertices, the complexity in this case equals the complexity of the previously best-known
algorithm of Peterson, which is O(|V(G)|3).

5. Conclusions and Open Problems
We conclude with an overview of the results augmented with a list of open problems

related to those results.
While bipartite simple graphs can be uniquely reconstructed from their line graphs,

the same is not true for bipartite multigraphs, as illustrated by cliques. For G, a line
graph of a bipartite multigraph H, we propose a characterization of the edges of G into
forced, semi-constrained, and unconstrained edges. Forced edges of G connect vertices
representing parallel edges of H, semi-constrained edges connect vertices representing
adjacent but non-parallel edges of H, and for unconstrained edges G does not provide
sufficient information to decide. We then define a valid partial assignment of H edges to G
vertices, we show that an empty partial assignment is connected to a completed assignment
in the space of valid partial assignments if and only if G is a line graph of a bipartite
multigraph, and we exhibit an algorithm of time complexity O(∆(G) |E(G)|) that finds the
respective path by iteratively increasing a partial assignment one vertex per iteration.

The accompanying data structure of the algorithm also solves the maximum clique,
minimum clique cover, maximum weighted clique, chromatic number, and indepen-
dence number problems on line graphs of bipartite multigraphs. We prove that given
the assumption that the original bipartite graph is simple, these problems are solved
in linear time, an improvement over current best polynomial algorithms as listed by
graphclasses.org [26]. Moreover, solving one of the following problems in linear time
would extend the linearity from line graphs of simple bipartite graphs to line graphs of
bipartite multigraphs:

Problem 1.

(i) Given a graph G, can the function α : E(G) → {true, false} that identifies vertices with the
same set of neighbors be constructed in time O(E(G))?

(ii) Given a graph G, can we decide in O(d(v)) time whether a vertex failing through violating
(b) or (vi) in the proof of Theorem 5 (a.iii) is failing due to a forced edge or due to a different
structural violation of the graph G?

(iii) Given a graph G, can we recognize for all edges whether each edge is either fixed or uncon-
strained in time O(|E(G)|)?

(iv) Can we recognize either all-fixed or all-unconstrained edges in time O(|E(G)|)?



Mathematics 2025, 13, 2876 16 of 17

Among these problems, we believe that Problem 1 (i) is the most promising direction
for future work, as it directly addresses the main source of non-linearity in our recognition
algorithm. A positive resolution would extend our linear-time results from bipartite
simple graphs to bipartite multigraphs. Next, Problem 1 (ii) also holds considerable
potential: refining the handling of failing vertices may yield new algorithmic insights,
even if Problem 1 (i) remains unresolved. Problems 1 (iii) and 1 (iv) appear somewhat less
ambitious but remain valuable: solving them would still enable linear-time algorithms in
restricted settings. Altogether, we see Problem 1 (i) as the most impactful path forward,
with the other problems providing intermediate steps and alternative approaches.

Our work also improves the O(|V(G)|3) algorithm for recognizing line graphs of
bipartite multigraphs by Peterson [2], who focused on describing classes of line graphs
of two-partite graphs and multigraphs in terms of forbidden induced subgraphs, and
who called such graphs 2D gridline graphs. In addition, our results build upon the work of
Demaine et al., who called such graphs UNO graphs, and the earlier independent work of
the following: Hedetniemi, who referred to them as graphs of (0,1)-matrices; Cook et al.,
who named them adjacency graphs; and Gurvich and Temkin, where the English translation
referred to them as checked graphs.

Extending the known results, it may be interesting to see how the insights of this and
related papers would extend to either (blow-ups of) pD gridline graphs or to pD k-UNO
graphs. It seems that the formalized partial UNO assignment may be of relevance in
this research.

Thus, illustrated wide interest in line graphs of bipartite multigraphs reflects their
applicability in several areas of combinatorics, optimization, and applied graph theory,
including scheduling, list coloring, stable marriage modeling, timetabling, robotics path
planning, and the enumeration of independent sets via rook polynomials, where the
algorithms and the newly introduced partial assignment space may be of interest. Note that
in some practical applications, such as scheduling, there are usually a bounded number of
machines and tasks available, so the practical graphs may be considered bounded degree.
In robotics path planning, on the other hand, the number of points from which we are able
to reach a turning point may be large, but perhaps bounded degree graphs can be achieved
through limiting their number in one direction and picking a robot-nearest model point
when seeking the solution.
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