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Abstract

This study investigates the dynamic behavior of a discrete epidemic model as affected by
media coverage through integrated analytical and numerical methods. The main objective
is to quantitatively assess the impact of media coverage on disease outbreak models through
mathematical modeling. We use the central manifold theorem and bifurcation theory to
perform a rigorous analysis of the periodic solutions, focusing on the coefficients and
conditions governing the flip bifurcation. On this basis, state feedback and hybrid control
are utilized to control the system chaotically. Under certain conditions, the chaos and
bifurcation of the system can be stabilized by the control strategy. Numerical simulations
further reveal the bifurcation dynamics, chaotic behavior, and control techniques. Our
results show that media coverage is a key factor in regulating the intensity and chaos of
disease transmission. Control techniques can effectively prevent large-scale outbreaks of
epidemics. Notably, enhanced media coverage can effectively increase public awareness
and defensive behaviors, thus contributing to mitigating disease spread.

Keywords: media coverage; discrete epidemic model; bifurcation analysis; chaos control

MSC: 39A28; 39A30

1. Introduction
Infectious disease modeling links mathematical theory with public health practice, and

has always played a key role in the long history of human fight against infectious diseases.
The outbreak of major infectious diseases not only threatens human health but also poses a
serious challenge to economic development and social security. In order to cope with this
threat, it is of great theoretical and practical significance to explore the complex dynamic
behavior of the mathematical model of infectious diseases. Through the classical models
such as SIR and SIS constructed by scholars and their extended research, human beings can
quantitatively analyze the law of virus transmission, and predict the development trend
of the epidemic [1–4]. The classical SIR model is suitable for diseases that acquire lifelong
immunity after cure, while some diseases that do not acquire immunity after cure can be
modeled with the SIS model [5–8].

On this basis, prevention and control strategies such as isolation and vaccination
have been adopted to prevent the spread of diseases. Nowadays, media coverage plays
an equally important role in the spread and control of infectious diseases [9–11]. During
the COVID-19 pandemic, timely and transparent outbreak notification increased public
protective behavior compliance by 37%, and information pushed through social media
platforms more accurately blocked the potential for a super spread event [12]. However,
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discrete models may better reflect the periodic nature of reporting and individual inter-
actions. This is because infectious disease statistics are for a given time interval, and the
mode of transmission is also individual to individual rather than continuous [13–16]. It is
suitable for describing nonlinear dynamics and their chaotic behavior.

Several scholars have developed discrete mathematical models to explore different
types of bifurcations, yielding interesting system dynamics [17–20]. Hu et al. [21] discuss
discrete-time SIR epidemic models, proving flip bifurcation and Hopf bifurcation using the
central manifold theorem and bifurcation theory. Li et al. [22] applied Euler’s method to
convert the continuous epidemic model into a discrete model and verified the existence of
transcritical bifurcation, flip bifurcation, Hopf bifurcation types, and chaotic phenomena.
The creation of chaos can mean the outbreak of infectious diseases that threaten social
and economic development. Therefore, it is necessary to control chaos so that it can be
delayed or even disappear. Chaos control can be divided into feedback control [23,24]
and non-feedback control. Luo et al. [25] propose a hybrid control strategy to control the
system from a high stable 2n-period orbit to a low stable 2m-period orbit (m < n). The
paper focuses on analyzing state feedback control and hybrid control, which effectively
slow or even eliminate chaos in the provided system.

In this paper, we consider a classical SI classical infectious disease model [26]:dS
dt = Λ − µS − βSI + γI,
dI
dt = βSI − (µ + γ)I,

(1)

where S(t) and I(t) denote the number of susceptible and infected individuals at time t,
respectively. Λ denotes the constant input rate to the population, β denotes the transmission
rate, µ denotes the natural mortality rate, and γ denotes the recovery rate of the disease.
All parameters are assumed to be positive constants.

Within the Euler discrete framework, this paper establishes a novel quantitative
relationship between media reporting parameters and bifurcation types. The paper is
organized as follows. Section 2 introduces the discrete models and the equilibrium points.
Then, in Section 3, we quantitatively analyze the stability conditions of the equilibrium
points, and discuss the bifurcation and chaos of the equilibrium points. In Section 4, we
use state feedback control technique and hybrid control technique to control the models,
respectively. Chaos is delayed or even eliminated by control. In Section 5, we demonstrate
the accuracy and validity of the theory through numerical simulations. Finally, Section 6
concludes the paper.

2. Establishment of the System and the Point of Equilibrium
In this section, we discretize the continuous model using Euler’s method and analyze

the conditions for the existence of stable equilibrium points.
This is based on an epidemic model and incorporates the effect of media coverage

e−mI on the rate of disease transmission [27], where m denotes the coefficient of influence
of media communication on the rate of transmission of infectious diseases. When m = 0,
the rate of transmission of the infectious disease remains constant; when m > 0, the rate of
transmission of the infectious disease decreases. Influence factors in the form of indices are
suitable for short-term prediction without intervention at the beginning of an epidemic.
System (1) after discretization using Euler’s method can be written as follows:Sn+1 = Sn + h(Λ − µSn − e−mI βSn In + γIn),

In+1 = In + h(e−mI βSn In − (µ + γ)In).
(2)
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It is crucial to note that the model presented in system (2) is a standalone discrete-time
system, directly derived to capture the state transitions over fixed time intervals of length
h. It is obvious that system (2) has a boundary equilibrium point

E1 = (
Λ
µ

, 0), (3)

and a positive equilibrium point
E2 = (S∗

2 , I∗2 ), (4)

where

S∗
2 =

1
m

W(
m(µ + γ)

β
e

mΛ
µ ),

I∗2 =
Λ
µ
− 1

m
W(

m(µ + γ)

β
e

mΛ
µ ),

and W is the Lambertian W function. The Jacobi matrix of system (2) at any equilibrium
point can be described as follows:

J01 =

(
1 + h(−µ − βIe−mI) h(βSe−mI(mI − 1) + γ)

hβIe−mI 1 + h(βSe−mI(1 − mI)− µ − γ)

)
. (5)

Similarly, system (1) can incorporate a media coverage function β/(1 + mI2) as a con-
tact spread rate [28], where m denotes the coefficient of influence of media communication
on the rate of transmission of infectious diseases. The nonlinear form of the impact factor is
more relevant and dynamically reflects the impact of the intervention on media coverage.Sn+1 = Sn + h(Λ − µSn − βSn In

1+mI2
n
+ γIn),

In+1 = In + h( βSn In
1+mI2

n
− (µ + γ)In).

(6)

System (6) has a boundary equilibrium point

E1 = (
Λ
µ

, 0), (7)

and a positive equilibrium point
E3 = (S∗

3 , I∗3 ), (8)

where

S∗
3 =

(µ + γ)(1 + m(I∗2 )
2)

β
, I∗3 =

−b +
√

b2 − 4ac
2a

,

a = µm(µ + γ), b = βµ, c = µ(µ + γ)− βΛ.

The Jacobi matrix of system (6) at any equilibrium point can be described as follows:

J10 =

1 + h(−µ − βI
1+mI2 ) h(γ − βS(1−mI2)

(1+mI2)2 )

hβI
1+mI2 1 + h( βS(1−mI2)

(1+mI2)2 − µ − γ)

. (9)

The Jacobi matrices of systems (2) and (6) at E1 are both outlined as follows:

J|E1 =

(
1 − hµ h(γ − βΛ

µ )

0 1 + h( βΛ
µ − µ − γ)

)
(10)
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The Jacobi matrix of the equilibrium point Ei is, where i = 2, 3,

J|Ei =

(
J(i)11 J(i)12

J(i)21 J(i)22

)
, (11)

then the characteristic polynomial can be further expressed as follows:

Fi(λ) = λ2 − (J(i)11 + J(i)22 )λ + J(i)11 J(i)22 − J(i)12 J(i)21 ,

= λ2 − P(i)λ + Q(i),
(12)

where, when i = 2,

J(2)11 = 1 + h(−µ − βI∗2 e−mI∗2 ), J(2)12 = h(βS∗
2e−mI∗2 (mI∗2 − 1) + γ),

J(2)21 = hβI∗2 e−mI∗2 , J(2)22 = 1 + h(βS∗
1e−mI∗2 (1 − mI∗2 )− µ − γ),

when i = 3,

J(3)11 = 1 + h(−µ −
βI∗3

1 + m(I∗3 )
2 ), J(3)12 = h(γ −

βS∗
3(1 − m(I∗3 )

2)

(1 + m(I∗3 )
2)2 ),

J(3)21 =
hβI∗3

1 + m(I∗3 )
2 , J(3)22 = 1 + h(

βS(1 − m(I∗3 )
2)

(1 + m(I∗3 )
2)2 − µ − γ),

and P(i) = J(i)11 + J(i)22 , Q(i) = J(i)11 J(i)22 − J(i)12 J(i)21 .
Zhao et al. [29] used the relationship between roots and coefficients to prove the

stability of the equilibrium point and obtained the following lemma:

Lemma 1. Suppose F(λ) = λ2 − Pλ + Q and F(1) > 0, where P, Q are real numbers and λ1,
λ2 are two roots of F(λ) = 0. The following conclusions are given:

(1) |λ1| < 1 and |λ2| < 1 if and only if F(−1) > 0, Q < 1, then the immobile point E is called
a sink when the immobile point E is asymptotically stable;

(2) |λ1| < 1 and |λ2| > 1, or |λ1| > 1 and |λ2| < 1 if and only if F(−1) < 0, then the
immobile point E is called the saddle point;

(3) |λ1| > 1 and |λ2| > 1 if and only if F(−1) < 0, Q > 1, then the immobile point E is called
the source, and at this time the immobile point E is unstable.

Obviously, the conclusions can be reached from Lemma 1.

Theorem 1. The characteristic equation of the systems (2) and (6) at the boundary equilibrium
point E1 has two eigenvalues, λ1 = 1 − hµ, λ2 = 1 + h(βΛ/µ − µ − γ), the following conclusion
is true

(1) If

0 < h < 2/µ

µ(µ + γ)− 2µ/h < βΛ < µ(µ + γ)
, then |λ1| < 1 and |λ2| < 1, E1 is a sink;

(2) If

0 < h < 2/µ

βΛ > µ(µ + γ)
, or

2/µ < h < 2µ/(µ(µ + γ)− βΛ)

βΛ < µ(µ + γ)
, then |λ1| < 1 and

|λ2| > 1, or |λ1| > 1 and |λ2| < 1, E1 is a saddle point;

(3) If

h > 2/µ

βΛ > µ(µ + γ)
, then |λ1| > 1 and |λ2| > 1, E1 is a source.
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Theorem 2. For the equilibrium points Ei (i = 2, 3), the following conclusion is true

(1) If


1 − (J(i)11 + J(i)22 ) + J(i)11 J(i)22 − J(i)12 J(i)21 > 0

1 + (J(i)11 + J(i)22 ) + J(i)11 J(i)22 − J(i)12 J(i)21 > 0

J(i)11 J(i)22 − J(i)12 J(i)21 < 1

, then |λ1| < 1 and |λ2| < 1, Ei is a sink;

(2) If

1 − (J(i)11 + J(i)22 ) + J(i)11 J(i)22 − J(i)12 J(i)21 > 0

1 + (J(i)11 + J(i)22 ) + J(i)11 J(i)22 − J(i)12 J(i)21 < 0
, then |λ1| < 1 and |λ2| > 1, or |λ1| > 1

and |λ2| < 1, Ei is a saddle point;

(3) If


1 − (J(i)11 + J(i)22 ) + J(i)11 J(i)22 − J(i)12 J(i)21 > 0

1 + (J(i)11 + J(i)22 ) + J(i)11 J(i)22 − J(i)12 J(i)21 > 0

J(i)11 J(i)22 − J(i)12 J(i)21 > 1

, then |λ1| > 1 and |λ2| > 1, Ei is a source.

In order to verify the correctness of the theory, the following numerical simulations
are carried out. The equilibrium point E1 of systems (2) and (6) satisfies Theorem 1 of (1),
see Figure 1. Numerical simulations of the stability of the equilibrium points E2, E3 are
shown in Figures 2 and 3.
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Figure 1. The equilibrium points E1 are stable when the parameter β = 0.7, Λ = 0.5, µ = 0.8, γ = 0.9,
h = 0.4, m = 2 and the initial value is (0.6, 0.1).
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Figure 2. The equilibrium point E2 is stable when the parameter β = 0.9, Λ = 0.2, µ = 0.1, γ = 0.2,
h = 1.5, m = 6 and the initial value is (1.72593, 0.27406).
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Figure 3. The equilibrium point E3 is stable when the parameter β = 0.7, Λ = 0.2, µ = 0.1, γ = 0.6,
h = 1.4, m = 5 and the initial value is (1.85179, 0.35825).
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3. Bifurcation Analysis of Equilibrium Points
In this section, flip bifurcations of systems (2) and (6) are explored using the central

manifold theorem and bifurcation theory.

3.1. Flip Bifurcation at E2 Using Central Manifold Theory

In order to prove that system (2) undergoes a flip bifurcation at the equilibrium point
E2 and h as a bifurcating parameter, a transformation Sn+1 = Sn+1 − S∗

2 , In+1 = In+1 − I∗2
can be used.Sn+1 = Sn + h(Λ − µ(Sn + S∗

2)− e−m(In+I∗2 )β(Sn + S∗
2)(In + I∗2 ) + γ(In + I∗2 )),

In+1 = In + h(e−m(In+I∗2 )β(Sn + S∗
2)(In + I∗2 )− (µ + γ)(In + I∗2 )).

(13)

A Taylor expansion of system (13) at point (0, 0) can be represented as follows:(
Sn+1

In+1

)
= J

∣∣∣∣∣
E2

(
Sn

In

)
+ h

(
ψ1(Sn, In)

ψ2(Sn, In)

)
, (14)

ψ1(Sn, In) =j1 InSn + j2 In
2
+ j3 In

2Sn + j4 In
3
+ O

((∣∣Sn + In
∣∣)4
)

,

ψ2(Sn, In) =k1 InSn + k2 In
2
+ k3 In

2Sn + k4 In
3
+ O

((∣∣Sn + In
∣∣)4
)

,

j1 = βe−mI∗1 (mI∗1 − 1), j2 = −1
2

mβS∗
1e−mI∗1 (mI∗1 − 2), j3 = −1

2
mβe−mI∗1 (mI∗1 − 2), j4 =

1
6

m2βS∗
1e−mI∗1 (mI∗1 − 3)

k1 = −βe−mI∗1 (mI∗1 − 1), k2 =
1
2

mβS∗
1e−mI∗1 (mI∗1 − 2), k3 =

1
2

mβe−mI∗1 (mI∗1 − 2), k4 = −1
6

m2βS∗
1e−mI∗1 (mI∗1 − 3).

When h = h∗ =
(
−(A + D) +

√
(A − D)2 + 4BC

)/
(AD − BC), where

A = −µ − βI∗2 e−mI∗2 , B = βS∗
2e−mI∗2 (mI∗2 − 1) + γ, C = βI∗2 e−mI∗2 , D = βS∗

1e−mI∗2 (1 − mI∗2 )− µ − γ, (15)

one eigenvalue of system (14) is −1, and it satisfies 1+ (J(2)11 + J(2)22 ) + J(2)11 J(2)22 − J(2)12 J(2)21 = 0.
Suppose the other eigenvalue has a mode less than 1, we get |Q(2)| < 1. Give a small
perturbation δ of the parameter h around h∗, i.e., h = h∗ + δ, with |δ| ≪ 1. Then system (14) is(

Sn+1

In+1

)
=

(
1 + (h∗ + δ)(−µ − βI∗2 e−mI∗2 ) (h∗ + δ)(βS∗

2 e−mI∗2 (mI∗2 − 1) + γ)

(h∗ + δ)βI∗2 e−mI∗2 1 + (h∗ + δ)(βS∗
2 e−mI∗2 (1 − mI∗2 )− µ − γ)

)(
Sn

In

)
+ (h∗ + δ)

(
ψ1(Sn, In)

ψ2(Sn, In)

)
, (16)

The characteristic polynomial at this time can be given as follows:

F(λ) = λ2 − (2 + (h∗ + δ)(A + D))λ + 1 + (h∗ + δ)(A + D) + (h∗ + δ)2(AD − BC).

The corresponding eigenvalue is

λ1,2 =
2 + (h∗ + δ)(A + D)±

√
(2 + (h∗ + δ)(A + D))2 − 4(1 + (h∗ + δ)(A + D) + (h∗ + δ)2(AD − BC))

2
The transversal condition is

dλ1,2(δ)

dδ

∣∣∣∣
δ=0

=
A + D ± h∗

√
(A − D)2 + 4BC
2

.
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If (dλ1,2/dδ)|δ=0 ̸= 0, flip bifurcation occurs at the positive equilibrium point E2.
Define

A1 =

(
1 + h∗(−µ − βI∗2 e−mI∗2 ) h∗(βS∗

2e−mI∗2 (mI∗2 − 1) + γ)

h∗βI∗2 e−mI∗2 1 + h∗(βS∗
1e−mI∗2 (1 − mI∗2 )− µ − γ)

)
(17)

Assuming that one eigenvalue of the matrix A1 is −1, i.e., λ1 = −1, the eigenvec-
tor is ζ1 = (−h∗(βS∗

2e−mI∗2 (mI∗2 − 1) + γ, 2 + h∗(µ + βI∗2 e−mI∗2 )T . Similarly, the other eigen-
value is λ2 then the eigenvector is ζ2 = (−h∗(βS∗

2e−mI∗2 (mI∗2 − 1) + γ,−λ2 + 1 + h∗(µ +

βI∗2 e−mI∗2 ))T . Let T = (ζ1, ζ2), i.e.,

T =

(
T1 T1

1 + T2 −λ2 + T2

)
. (18)

The corresponding inverse matrix is given by

T−1 = − 1
T1(1 + λ2)

(
−λ2 + T2 −T1

−1 − T2 T1

)
, (19)

where T1 = −h∗(βS∗
2e−mI∗2 (mI∗2 − 1) + γ), T2 = 1 + h∗(µ + βI∗2 e−mI∗2 ). Using the transfor-

mation

(
Xn

Yn

)
=T−1

(
Sn

In

)
, system (14) can be transformed into

(
Xn+1

Yn+1

)
=

(
−1 0
0 λ2

)(
Xn

Yn

)
− 1

T1(1 + λ2)

(
g1(Sn, In, δ)

g2(Sn, In, δ),

)
(20)

g1(Sn, In, δ) =m1Snδ + m2 Inδ + m3 InSn + m4 In
2
+ m5 In

2Sn + m6 In
3
+ m7 InSnδ + m8 In

2
δ + m9 In

2Snδ + m10 In
3
δ,

g2(Sn, In, δ) =n1Snδ + n2 Inδ + n3 InSnδ + n4 In
2
δ + n5 In

2Snδ + n6 In
3
δ + n7 InSn + n8 In

2
+ n9 In

2Sn + n10 In
3,

the coefficient is derived from system (14) based on the transformation, where

m1 = −µ − βI∗2 e−mI∗2 , m2 = βS∗
2e−mI∗2 (mI∗2 − 1) + γ, m3 = m7h∗, m4 = m8h∗, m5 = m9h∗, m6 = m10h∗,

m7 = (−λ2 + T2)j1 − T1k1, m8 = (−λ2 + T2)j2 − T1k2, m9 = (−λ2 + T2)j3 − T1k3, m10 = (−λ2 + T2)j4 − T1k4,

n1 = βI∗2 e−mI∗2 , n2 = βS∗
1e−mI∗2 (1 − mI∗2 )− µ − γ, n3 = n7h∗, n4 = n8h∗, n5 = n9h∗, n6 = n10h∗,

n7 = (−1 − T2)j1 + T1k1, n8 = (−1 − T2)j2 + T1k2, n9 = (−1 − T2)j3 + T1k3, n10 = (−1 − T2)j4 + T1k4,

(21)

Using the transformation

(
Sn+1

In+1

)
=T

(
Xn+1

Yn+1

)
, system (20) can be transformed into

(
Xn+1

Yn+1

)
=

(
−Xn

λ2Yn

)
+

(
g3(Xn, Yn, δ)

g4(Xn, Yn, δ)

)
, (22)

g3(Xn, Yn, δ) =p1Xnδ + p2Ynδ + p3X2
n + p4XnYn + p5Y2

n + p6X3
n + p7X2

nYn + p8XnY2
n + p9Y3

n + p10X2
nδ+

p11XnYnδ + p12Y2
n δ + p13X3

nδ + p14X2
nYnδ + p15XnY2

n δ + p16Y3
n δ

g4(Xn, Yn, δ) =q1Xnδ + q2Ynδ + q3X2
n + q4XnYn + q5Y2

n + q6X3
n + q7X2

nYn + q8XnY2
n + q9Y3

n + q10X2
nδ+

q11XnYnδ + q12Y2
n δ + q13X3

nδ + q14X2
nYnδ + q15XnY2

n δ + q16Y3
n δ,
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the coefficient is derived from system (20) based on the transformation, where

p1 = m1T1 + m2(1 + T2), p2 = m1T1 + m2(−λ2 + T2), p3 = p10h∗, p4 = p11h∗, p5 = p12h∗, p6 = p13h∗,

p7 = p14h∗, p8 = p15h∗, p9 = p16h∗, p10 = m7T1(1 + T1) + m8(1 + T2)
2,

p11 = m7(−λ2 + T2 + T1(1 + T2)) + 2m8(1 + T2)(−λ2 + T2), p12 = m7T1(−λ2 + T2) + m8(−λ2 + T2)
2,

p13 = m9(1 + T1)
2T1 + m10(1 + T2)

3,

p14 = m9(1 + T2)
2T1 + 2m9(1 + T2)(−λ2 + T2)T1 + 3m10(1 + T2)(−λ + T2)

2,

p15 = 2m9(1 + T2)(−λ2 + T2)T1 + m9(−λ2 + T2)
2T1 + 3m10(1 + T2)(−λ2 + T2)

2,

p16 = m9(−λ2 + T2)
2T1 + m10(−λ2 + T2)

3,

q1 = n1T1 + n2(1 + T2), q2 = n1T1 + n2(−λ2 + T2), q3 = q10h∗, q4 = q11h∗, q5 = q12h∗, q6 = q13h∗,

q7 = q14h∗, q8 = p15h∗, q9 = q16h∗, q10 = n7T1(1 + T1) + n8(1 + T2)
2,

q11 = n7(−λ2 + T2 + T1(1 + T2)) + 2n8(1 + T2)(−λ2 + T2), q12 = n7T1(−λ2 + T2) + n8(−λ2 + T2)
2,

q13 = n9(1 + T1)
2T1 + n10(1 + T2)

3,

q14 = n9(1 + T2)
2T1 + 2n9(1 + T2)(−λ2 + T2)T1 + 3n10(1 + T2)(−λ + T2)

2,

q15 = 2n9(1 + T2)(−λ2 + T2)T1 + n9(−λ2 + T2)
2T1 + 3n10(1 + T2)(−λ2 + T2)

2,

q16 = n9(−λ2 + T2)
2T1 + n10(−λ2 + T2)

3.

(23)

Theorem 3. Let h∗ =
(
−(A + D) +

√
(A − D)2 + 4BC

)/
(AD − BC) satisfy |Q(2)| < 1; a

flip bifurcation occurs at E2 when the parameter h varies in a small domain of h∗ and neither θ1, θ2

is zero, where θ1 andθ2 are given by Equation (28).

Proof. In a sufficiently small neighborhood with parameter δ = 0, there exists a central
manifold located at (0, 0) as follows:

Wc(0, 0) =
{
(Xn, Yn) : Yn = g(Yn, δ) = g20X2

n + g11Xnδ + O
(
(|Xn + δ|)4

)}
(24)

Bringing (24) into (22) gives the following:

g20 =
q3

1 − λ2
, g11 = − q1

1 + λ2
(25)

On the central manifold, system (22) is taken as follows:

Xn+1 = f (Xn, δ) = −Xn + g3(Xn, g(Xn, δ), δ)

= −Xn + r1Xnδ + r2X2
n + r3X2

nδ + r4Xnδ2 + r5X3
n,

(26)

where

r1 = p1, r2 = p3, r3 = p2g20 + p4g11 + p10, r4 = p2g11, r5 = p4g20 + p6 (27)

If system (13) undergoes a flip bifurcation, then it must satisfy the following conditions:

θ1 =

(
∂2 f

∂Xn∂δ
+

1
2

∂ f
∂δ

∂2 f
∂X2

n

)∣∣∣∣∣
(0,0)

= r1 ̸= 0,

θ2 =

(
1
6

∂3 f
∂X3

n
+

(
1
2

∂2 f
∂X2

n

)2)∣∣∣∣∣
(0,0)

=
1
6

r5 +
1
4

r2
2 ̸= 0.

(28)

With parameters θ1 ̸= 0, θ2 ̸= 0, flip bifurcation occurs at the equilibrium point E2,
and the proof is complete.
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3.2. Flip Bifurcation at E3 Using Central Manifold Theory

In order to verify the correctness of the theory, numerical simulations are carried
out, see Figures 4 and 5. Similarly, system (6) undergoes a flip bifurcation, which can be
demonstrated using the central manifold theorem and the bifurcation theory described
above, see Figures 6 and 7.
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Figure 4. Periodic solution near the flip bifurcation point at E2.

Figure 5. Bifurcation of system (2) in the (δ, In) plane and Maximal Lyapunov Exponent at E2.
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Figure 6. Periodic solution near the flip bifurcation point at E3.

Figure 7. Bifurcation of system (6) in the (δ, In) plane and Maximal Lyapunov Exponent at E3.

4. Chaos Control
Chaos control represents a method for the stabilization of unstable periodic orbits

(UPO). It achieves this by introducing small perturbations to the system. These meth-
ods aim to transform the irregular dynamics unique to chaotic systems into canonical
and predictable patterns. In a discrete-time model, multiple control strategies have been
developed [30]. This section is focused on a state feedback control technique at equilibrium
point E2 and hybrid control technique at equilibrium point E3.
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4.1. State Feedback Control

This method adopts an efficient control strategy to stabilize the chaotic state by convert-
ing the system into a piecewise linear system. The method includes designing a controller to
reduce the maximum threshold of the system parameters while addressing an optimization
problem within specified constraint conditions. This method is utilized to stabilize chaotic
orbits at an unstable equilibrium point of system (2). The specific controlled systems are
as follows: Sn+1 = Sn + h(Λ − µSn − e−mI βSn In + γIn)− Un,

In+1 = In + h(e−mI βSn In − (µ + γ)In).
(29)

Here, Un = ω1(Sn − S∗
2) + ω2(In − I∗2 ) is feedback control force at equilibrium point

E2 and ω1, ω2 are feedback gains. The Jacobian matrix at E2 is

Jn(E2) =

(
J(2)11 − ω1 J(2)12 − ω2

J(2)21 J(2)22

)
. (30)

The corresponding characteristic equation is

λ2 − (J(2)11 − ω1 + J(2)22 )λ + (J(2)11 − ω1)J(2)22 − (J(2)12 − ω2)J(2)21 = 0, (31)

For eigenvalues λ1 and λ2 associated with the characteristic Equation (31), the trace
(sum) and determinant (product) of the dynamical system’s Jacobian matrix satisfy the
following relationships:

λ1 + λ2 = J(2)11 − ω1 + J(2)22 , (32)

λ1λ2 = (J(2)11 − ω1)J(2)22 − (J(2)12 − ω2)J(2)21 . (33)

Theorem 4. The triangular region surrounded by L1, L2, L3 lines in Equations (34), (35), (36)
accommodates stable eigenvalues.

Proof. The marginal stability lines can be obtained from the conditions

λ1 = ±1, λ1λ2 = 1.

For the conditions λ1λ2 = 1 , Equation (33) gives the following:

L1 : J(2)22 (J(2)11 − ω1)− J(2)21 (J(2)12 − ω2) = 1. (34)

Equation (34) expresses the first condition for marginal stability. For λ1 = 1, Equa-
tion (32) yields

L2 : ω1(1 − J(2)22 ) + ω2 J(2)21 = J(2)11 + J(2)22 − 1 − J(2)11 J(2)22 + J(2)21 J(2)12 . (35)

Similarly for λ1 = −1 , it is obtained

L3 : ω1(1 + J(2)22 )− ω2 J(2)21 = J(2)11 + J(2)22 + 1 + J(2)11 J(2)22 − J(2)21 J(2)12 . (36)

The lines L1, L2, L3 give the conditions for the eigenvalues that have an absolute
value less than 1. The triangular region surrounded by these line segments gives stable
eigenvalues. Numerical simulations are shown in Figures 8–11.
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Figure 8. Stability region for the controlled system (29) when flip bifurcation occurs.
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Figure 9. A time series is drawn at E2. Taking feedback gains ω1 = −0.743719, ω2 = 40, the system
changes from unstable (a) to stable (b).
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Figure 10. Changes in Sn over time at E2 when values of perturbation δ = 0.32 are taken and the
system changes from unstable (a) to stable (b).
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Figure 11. Changes in Sn over time at E2 when values of perturbation δ = 0.4 are taken and the
system changes from unstable (a) to stable (b).
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4.2. Hybrid Control Method

The hybrid control method is a strategy for chaos control that combines state feedback
and parameter perturbation to stabilize UPO embedded within the chaotic attractor of the
system [31]. The collaborative method can ensure that the parameters in the controlled
framework can remain stable when the parameters change greatly. By deploying a hybrid
control technique, the specific controlled systems are as follows:Sn+1 = ωSn + ωh(Λ − µSn − βSn In

1+mI2
n
+ γIn) + (1 − ω)Sn,

In+1 = ωIn + ωh( βSn In
1+mI2

n
− (µ + γ)In) + (1 − ω)In.

(37)

Within this dynamic framework, the parameter ω ∈ (0, 1) controls chaotic transitions.
When an appropriate value of the control parameter ω is chosen, chaos can be delayed or
completely eradicated. The Jacobian matrix of system (37) corresponding to E3 is

Jn(E3) =

 1 + ωh(−µ − βI∗3
1+m(I∗3 )

2 ) ωh(γ − βS∗
3 (1−m(I∗3 )

2)

(1+m(I∗3 )
2)2 )

ωh βI∗3
1+m(I∗3 )

2 1 + ωh( βS∗
3 (1−m(I∗3 )

2)

(1+m(I∗3 )
2)2 − µ − γ)

. (38)

Let

Jn(E3) =

(
Jω
11 Jω

12
Jω
21 Jω

22

)
. (39)

Theorem 5. The discretized non-linear system (37) is said to be locally asymptotically stable if

1 − (Jω
11 + Jω

22) + Jω
11 Jω

22 − Jω
12 Jω

21 > 0, (40)

1 + (Jω
11 + Jω

22) + Jω
11 Jω

22 − Jω
12 Jω

21 > 0, (41)

Jω
11 Jω

22 − Jω
12 Jω

21 < 0. (42)

Proof. The characteristic equation of (39) gives the following:

F(λ) = λ2 − (Jω
11 + Jω

22) + Jω
11 Jω

22 − Jω
12 Jω

21 = 0. (43)

System (37) achieves stability if the zeros of Equation (43) lie in a unit disc. In other
words, F(1) > 0, F(−1) > 0 and F(0) < 0. Here,

F(1) = 1 − (Jω
11 + Jω

22) + Jω
11 Jω

22 − Jω
12 Jω

21,

F(−1) = 1 + (Jω
11 + Jω

22) + Jω
11 Jω

22 − Jω
12 Jω

21,

F(0) = Jω
11 Jω

22 − Jω
12 Jω

21.

Therefore, system (37) is asymptotically stable under conditions (40)–(42). Numerical
simulations are shown in Figures 12–14.

Figure 12. Flip bifurcation diagram with respect to δ for system (37) with ω = 0.78.
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Figure 13. A time series is drawn at E3. Taking control parameter ω = 0.7, the system changes from
unstable (a) to stable (b).
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Figure 14. Changes in Sn over time at E3 when values of perturbation δ = 1.1 are taken and the
system changes from unstable (a) to stable (b).

5. Numerical Simulation
To further validate the obtained results and investigate the intricate dynamics within

the system, a series of numerical simulations were conducted, systematically varying
different parameters.

For the complex dynamical behavior of system (2) occurring at the equilibrium point
E2, consider the following set of parameters: β = 0.5, Λ = 0.9, µ = 0.1, m = 6, γ = 0.9, h =

1.32937, E2 = (8.75394, 0.24605). For the complex dynamical behavior of the system (6)
occurring at the equilibrium point E3, consider the following set of parameters: β = 0.2,
Λ = 5, µ = 0.5, m = 7, γ = 1, h = 2.72480, E3 = (9.79109, 0.20890). Parameter groups not
explicitly identified in the figure are taken using the above parameters.

The equilibrium point E1 of systems (2) and (6) satisfy Theorem 1 of (1), see Figure 1.
Numerical simulations of the stability of the equilibrium points E2, E3 are shown in
Figures 2 and 3. From a biological perspective, a stable curve emerges at the disease-free
equilibrium E1, where media coverage disrupts the disease transmission chain, ultimately
achieving disease elimination. Similarly, a stable curve manifests at the endemic equilib-
rium E2, E3. Media influence suppresses the infection rate to minimally acceptable levels,
preventing periodic outbreaks and chaotic fluctuations.

Figures 4 and 6 demonstrate the periodic solution induced by a flip bifurcation in the
systems (2) and (6) under a critical parameter value. Figures 5 and 7 present the bifurcation
diagram accompanied by the Maximum Lyapunov Exponent (MLE) to characterize the
system’s transition to chaos. The positive MLE values confirm the chaotic dynamics. Posi-
tive MLE values confirm chaotic dynamics. As perturbation δ varies within (−0.8, 0.6) or
(−0.4, 1.4), the susceptible population In transitions from period-2 to period-4 oscillations
and ultimately to chaotic regimes. Under different media influence factors, the system
flip bifurcation occurs. The bifurcation diagram shows that the system dynamics undergo
sudden and discontinuous changes, resulting in a sharp outbreak of the epidemic. This in-
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herent unpredictability constitutes a core feature of chaotic dynamics. Disease propagation
shows unpredictable fluctuations due to small perturbations, emphasizing the need for the
precise regulation of parameters to avoid uncontrolled or repeated outbreaks.

Figures 8–11 show that the system suppresses flip bifurcation-induced chaos under
different parameter conditions. Figure 8 depicts that the controlled system (29) is stable
in the green triangle region under certain parameters and reveals the critical condition of
bifurcation. The time series in Figures 9–11 show that the application of specific feedback
gains (e.g., ω1, ω2) can effectively regulate the system from a destabilized state (e.g., chaos)
to a stable equilibrium. Specifically, bifurcation diagrams in Figures 9 and 10 show period-8
oscillations and chaotic attractors converging to stability. Strategic adjustment of media
coverage intensity and feedback gains suppresses epidemic outbreaks and recurrences.
Sustained, moderate media publicity (maintaining a certain level of m) to raise public
awareness and reduce exposure rates, striving to keep the system operating within the
stable zone (the green area in Figure 9) to prevent large-scale outbreaks. The theoretical
results can provide useful prevention and treatment methods for preventing the outbreak
of epidemic diseases.

For the hybrid control method, Figures 12–14 further demonstrate that the variation of
the control parameter ω in system induces the dynamic evolution of the system state vari-
ables Sn and In, verifying the robustness of the control strategy. Adjusting this parameter
is equivalent to strengthening public health measures such as media reports, which can
suppress bifurcation and restore the system (infectious disease) from unstable (outbreak) to
stable (controlled), providing a theoretical basis for formulating dynamic adaptive preven-
tion and control strategies. Implementation involves intensifying media coverage through
major platforms by disseminating infection sources, transmission routes, case counts, and
patient trajectories (as demonstrated during COVID-19). These interventions effectively
combat epidemics.

Figure 15 represents the Maximum Lyapunov Exponential plot of the flip bifurcation
at points E2, E3 for system (2) and system (6) taking the same parameter values, respectively.
The set of parameters taken is: β = 0.5, Λ = 4, µ = 0.4, m = 5, γ = 4. When taking the
same media coverage impact factor m, system (6) is earlier than system (2) in terms of the
emergence of chaos and higher than system (2) in terms of the complexity of chaos. The
data presented in the numerical model suggests that media coverage is more effective in
preventing and controlling disease outbreaks when the impact factor is exponential.

Figure 15. Maximal Lyapunov Exponent at E2, E3.

Figure 16 represents the Maximum Lyapunov exponent when system (2) changes only
the value of the media coverage impact factor take and flip bifurcation occurs at equilibrium
E2. The set of parameters taken is: β = 0.5, Λ = 0.9, µ = 0.1, γ = 0.9. In particular, b is
a localized zoomed-in view of a. When the media report different impact factors m, it is



Mathematics 2025, 13, 2873 15 of 17

earlier at m = 2 than at m = 18 as far as the emergence of chaos is concerned. The data in
the numerical model suggest that judicious use of media coverage factors can be effective
in mitigating and controlling infectious disease outbreaks.

(a) (b)

Figure 16. Maximal Lyapunov Exponent at E2: (a) the complete curve; (b) a magnified view within
the interval [0.3, 0.35].

6. Conclusions
This paper explores a discrete epidemic model influenced by media coverage. We

develop a discrete epidemic model and then incorporate different forms of media coverage
influence. Local stability and instability conditions associated with equilibrium points
within the system are analyzed. We describe the flip bifurcation of two positive equilibrium
points and identify critical thresholds through coefficient analysis. We derive and control
the chaotic dynamics through state feedback control and hybrid control methods to stabilize
the bifurcation-induced instability. The above numerical simulations verify the occurrence
of bifurcation and chaos in the system. The different effects of the two forms of media
coverage influence factors are comparatively analyzed.

The results show that media coverage can modulate the intensity of an epidemic and
amplify the chaos mechanism, and that outbreaks of large-scale infectious diseases can
be effectively prevented by controlling the chaos mechanism. The exponential form was
found to be suitable for short-term prediction without intervention at the beginning of an
epidemic, which is efficient and fast, and has a high intensity in a short period of time. The
nonlinear form is closer to reality, can dynamically reflect the impact of media coverage
interventions, and is suitable for long-term prediction. The intensity of media coverage can
be used appropriately to combat epidemics efficiently.

Current research lacks a comprehensive interdisciplinary investigation bridging media
coverage, discrete modeling, and bifurcation theory. This article addresses this gap by
constructing a more realistic discrete model of media influence and establishing a corre-
sponding bifurcation analysis framework tailored to this model. The Euler discrete method
proposed in this paper shows higher computational efficiency. When the same solution
accuracy is achieved, the calculation time and strength are greatly reduced. At the same
time, it also has rich dynamic properties, which reduces the threshold of practical applica-
tion. Therefore, it provides an efficient, stable, and practical tool for solving discrete and
bifurcation problems. These results have demonstrated that the dynamic behavior of the
discrete model is more complex. Consequently, discrete epidemic modeling has emerged
as a significant direction for future research.
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