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Abstract

The adaptive fuzzy fault-tolerant formation control of nonlinear high-order fully actuated
multi-agent systems is studied in this paper, which contains time-varying delays and nonlinear
non-affine faults. In contrast to the state-space approach, the proposed control method is based
on the fully actuated system approach, which does not require converting a high-order system
into a first-order one but directly designs controllers for high-order nonlinear multi-agent
systems. The time-varying delays of the systems can be solved using the finite covering lemma
and fuzzy logic systems. Compared with the traditional Lyapunov—Krasovskii functional
method, the proposed control methodology relaxes the constraint of bounded derivatives
for time-varying delays. The problem of algebraic loop in controller design caused by
nonlinear non-affine faults is avoided using a Butterworth low-pass filter. Based on the
Lyapunov stability theory, the proposed controller methodology is demonstrated to ensure
the stability of the closed-loop system, and all followers can keep ideal formation with
the leader. Finally, the validity of the theoretical results is demonstrated through three
simulation examples, and the design steps of the controller for the simulation examples are
reduced by fifty percent compared to the state-space method.

Keywords: high-order multi-agent systems; fault-tolerant control; time-varying delay;
adaptive backstepping control; fully actuated system approach

MSC: 93A16

1. Introduction

As the Internet of Things becomes increasingly popular worldwide, multi-agent
system control has ascended to become a hot issue in the control field. Cooperative control
of multi-agent systems can solve difficult tasks that cannot be solved by a single agent [1],
such as the cooperative manipulation and transportation of multiple two-wheeled robotic
agents [2], cooperative control for multiple train systems [3], and microgrid systems [4].
With the appearance of fuzzy logic systems (FLSs) [5-7], neural networks [8], and adaptive
control technology [9], the intelligent control of nonlinear systems has experienced rapid
growth, and many gratifying results have been obtained. In [10], an adaptive fuzzy control
approach was proposed to solve the decentralized consensus tracking problem for nonlinear
multi-agent networks; the proposed control approach effectively solves the singularity
issue and simultaneously reduced the computational complexity. In [11], the memory-
based event-triggered leader-following fault-tolerant consensus problem was considered
for nonlinear multi-agent systems with semi-Markov switching topologies subject to the

Mathematics 2025, 13, 2813

https://doi.org/10.3390/math13172813


https://doi.org/10.3390/math13172813
https://doi.org/10.3390/math13172813
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com
https://orcid.org/0000-0002-4099-4113
https://doi.org/10.3390/math13172813
https://www.mdpi.com/article/10.3390/math13172813?type=check_update&version=2

Mathematics 2025, 13, 2813

2 of 20

generally uncertain semi-Markov jumping process. It can be seen that the abovementioned
approaches can obtain satisfactory cooperative control performance for nonlinear multi-
agent systems, but they are ineffective when there are time-varying delays in the systems.

Due to various reasons such as network transmission, it is inevitable that time delay
exists in an actual industrial system; this type of issue may potentially lead to degradation
in system control performance and even directly result in system instability. In recent years,
based on Lyapunov—Krasovskii functional (LKF) methods, significant advancements have
been achieved in the research of nonlinear time-delay systems [12-14]. However, it should
be noted that LKFs require time delays to be either constant or that the derivative of time-
varying delays be bounded. These conditions are not always feasible in practical scenarios.
And in actual engineering systems, components such as actuators/sensors may encounter
failures during operation. How to address the fault issue in nonlinear multi-agent systems
is an interesting problem. A fault-tolerant control scheme is a powerful method with which
to address the fault issues in nonlinear systems and maintain good control performance.
In [15-17], control strategies focus on linear faults and are not applicable to nonlinear faults.
However, the majority of faults encountered in real-world systems are nonlinear functions,
which contain state x and controller u, such as in [18-20]. As far as we know, research on
fault-tolerant control for nonlinear systems with consideration of nonlinear faults remains
limited in the current literature. For example, the fault-tolerant control algorithm proposed
in [21] effectively addresses the affine nonlinear fault problem in the functional form of
state x. However, these methods have been proven inadequate for addressing non-affine
nonlinear faults.

It is evident that the aforementioned control methods rely on the state-space approach,
that is, the first-order approach. In theory, the state-space method is capable of addressing
the control challenges in high-order systems. Nevertheless, the precondition involves
transforming the high-order system into a first-order system. Designing the controller
directly for high-order system while bypassing the system transformation process consti-
tutes a challenging yet highly practical endeavor. Professor Duan was the first to introduce
the high-order fully actuated (HOFA) system approach for designing controllers for high-
order systems [22-24], which avoids the system transformation process. Compared to
the state-space method, the HOFA system approach provides a glimmer of hope for de-
signing simpler controllers for higher-order systems. In [25], for discrete-time nonlinear
time-varying fully-actuated systems, an optimal tracking control mechanism was designed
to handle full-state constraints and time-varying delays. Designing an adaptive formation
controller directly for nonlinear high-order multi-agent systems with nonlinear non-affine
faults and time-varying delays presents a formidable challenge.

Based on the aforementioned discussion, this paper introduces a fuzzy adaptive fault-
tolerant formation control scheme for nonlinear high-order multi-agent systems with time-
varying delays. The principal contributions of this paper can be summarized as follows:

(i) By employing HOFA theory, controllers for higher-order systems can be designed
directly, eliminating the need for the prior conversion of higher-order systems into
first-order systems as required by state-space approaches. Therefore, the controller
design becomes much simpler.

(if) For practical industrial systems, the occurrence of faults is unavoidable. In existing fault
research, the majority of control methods exclusively address linear faults [15,16], with
limited consideration given to affine nonlinear faults [22]. However, in practical appli-
cations, faults frequently manifest more complex nonlinear non-affine characteristics,
where linear and affine faults merely represent special cases. Consequently, conducting
research on high-order nonlinear multi-agent systems exhibiting nonlinear non-affine
fault characteristics holds substantial practical significance and application value.
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(iii) Unlike the control methods in [12,13], which rely on the LKFs method and impose
restrictions on the derivatives of the delay to avoid singularity issues, this paper intro-
duces a new control strategy by combining the FLSs with a finite covering lemma [7].
This strategy enables nonlinear systems with time-varying delays to be converted into
a new nonlinear system with constant delays. The strategy discards the LKF method,
relaxes the constraints on the derivatives of time-varying delays, thereby overcoming
the limitations of previous strategies.

X
i identi j * (q0~%)
Notation 1 ([24]). I, represents the identity matrix, x(0~7) = ' , Tk =
; =irj
x(q)
I xl(%Nfik)
5 (80~1K)
1+1. P A A0~g—-1 Ay Ay - Aq—l }, q)(AO~q—1) _
x}(%Nfik)
[0 I
I
| Ay AL o A

2. Problem Description and Preliminaries
2.1. Problem Formulation

Consider higher-order nonlinear multi-agent systems as

xz(zi) = ﬁ,z‘(xz(,(;);qu) lk=t~i) + X1 + hy (xl(,(;iqufl) (t—Tk(t)) |k:1~i)
1<i<n-1

A7 = fn el ) + b (T = O ) )
+A1(t =Ty, (x},?fq"’” lk=1~n / Mz)

Y = X1/

wherex;; € R,i=1,2,...,n,1=1,2,...,N,is the state variable, and ﬁ,i(x,((;:qk_l) lk=1~i) €

R and hlli(xl(?(qu_l) (t =11 x(t))|k=1~i) € R denote unknown nonlinear functions, where

71k (f) denotes unknown time-varying delays. u € R is the input and y € R is the output;

v (xl([]):qk*l) | k=1~n/ul) € R indicates unknown exterior disturbances caused by faults;

Aj(t — T;) € R denotes the temporal characteristics of a fault occurring at an unknown time

0, t < Ty
/\l(t — Tl) = { 1_ efﬁl(t*Tl) t>T; (2)

where §; > 0 is the evolution rate of the unknown fault.

Assumption 1 ([7]). There exist unknown nonnegative functions r; (xl((l);qk b k=1, u1> satisfying

O~gi—1 0~g—1
i G ) + A= T (5 e )

< (xl(,(;);qi_l) ‘k:1~nr“l)- 3)
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Remark 1. Unlike the control methods in [15,16], which only consider affine faults, significantly
limiting their applicability, the proposed controller design takes into account nonlinear non-affine
faults, and relaxes the aforementioned assumptions.

Assumption 2 ([7]). 7(t) (k = 1,2,...,n,1l = 1,2,...,N) are contained within a known
compact set [0, T k1], where T pp tepresents the maximum upper bound for all Ty i (t).

Lemma 1 ([7]). Q, denotes a compact set upon which h(x) € R is defined as a smooth function.
Define uniformly continuous x = x(t — T(t)), where T(t) represents an unknown time-varying
delay within interval [0, Tar], with Ty denoting the maximum value of all T(t). The interval [0, Ty]
can be partitioned finitely as 0 < t; < tp < --- <ty < tpg, with the time-varying point being
independent of t. Then, for the time-varying point T, € {t1,..., tm},

|h(x(t —T(t)) — h(x(t — Tpp)))| <O, Vt>0 (4)
where o(t) € {1,...,m}, and ® is positive constant.

From Lemma 1, one can obtain
O~gp—1 O~gr—1
hy (xz(,k WU (- Tz,k(f))|k:1~i) =y (xl(,k Ak )<t - Tl,k,a(t)) |k:1~i) +9,;, (5

where 8, ; satisfies |0;;| < 8;;, and 9} is a constant.

For system (1), the unknown nonlinear functions are approximated by employing
FLSs. The fuzzy if-then rules in the knowledge base of FLS are as follows:

RLIf xq s Fll and x; is F2l and ...and x, is Ff,, then y is Gl,1=1,2,...,N, where yand
x = (x1,...,x,)" are the FLS output and input. N is the rules number. Fuzzy sets Fl-l and
G are related to the fuzzy membership functions u 2 (x) and pgi(y), respectively.

The FLS can be formulated as

B IARRB | Vpll(xi)
£ [T s ()

y(x)

where 7} = maxycg pgi (y). By defining the following fuzzy basis functions

B [T HEl (x;)
Z%il (I, Vpl.l (xi))

2

the following lemma can be derived.

Lemma 2 ([7]). The continuous smooth function f(x) is defined on a compact set U. For any
positive approximation error €, there exists an FLS 67 ¢(x) such that

sup|f(x) 0" p(x)| <+, ©)

xel

where ¢ satisfies |e| < &, and &* is a positive constant. ¢(x) = [¢1(x), ..., on(x)]T represents
the fuzzy basis function vector, 8T = [01,05,...,0x] stands for the ideal constant weight vector,
and N is the number of the fuzzy rules with N > 1.

Control objective: For high-order nonlinear multi-agent systems (1) with nonlinear
non-affine faults and time-varying delays, the designed adaptive fuzzy formation control
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enables all followers to maintain desired formation performance with the leader while
ensuring closed-loop system stability.

Assumption 3. The leader y, is a smooth function, y, and its derivatives y‘r,...,yﬁql) are
all bounded.

2.2. Preliminaries

To model the information exchange between agents, graph theory is introduced.
The exchange of information between the followers is portrayed by a strongly connected
directed graph © = (@, v, A). @ = {o1,...0n} is the node set, where the followers are
labeled as I = 1,...,N. v = {(01,0j)} € @ x @ represents the edge set; (¢;,0;) € v
means that follower j is able to gain the information of its neighbor agent /. The neighbor
set of node ¢; is denoted by @f = {Q]'| (0j,01) € 7v}. The adjacency matrix is defined as
A = [A) € RN*NIf (g1, 05) ¢ v, Ayj = 0;if not, Ayj € (0,1]. C = diag(cy, ..., cn) denotes
the degree matrix, where ¢; = Zjl\il,j;él A l=1,...,N.L=[Lj]=C-Ac€ RN*N stands
for the Laplacian matrix, which implies that L;; = —Ay; if | # j. A directed network © is
said to be strongly connected if there exits a directed path for any two distinct nodes g;
and o), i.e., (01, 01), (01, 01,), ---, (@1, 0j). Every follower agent owns at least one neighbor;
on the contrary, the leader does not own neighbors.

For the agents and leader, design the communication weight matrix as B :=
diag{by,b,...,.bxn}. d; = E]-Z\ill#l Ajj + by. If there exists information exchange between
agent [ and the leader, then b; = 1. Otherwise, by = 0. It is stipulated that at least one
follower connects with the leader, i.e., b; +by +--- + by > 0.

Proposition 1 ([23,24]). For an arbitrary selection F € R4, all nonsingular matrix V &
R4 and matrices A=Y € RY¥4i, satisfying ®(AY9~1) = VFV~1 with AP4i~1 =
Z

ZF
—ZFiV~YZ,F) and V(Z,F) = . , where Z € RYi is an arbitrary parameter

ZF9i—1
matrix satisfying det V(Z, F) # 0.
Proposition 2 ([23,24]). If ® € R%*% is Hurwitz, then the Lyapunov equation ®TP + P® = —1I
qi—1 ) qi .
has a unique solution P = '} C?P(;lcbl with Py = Y C?CD’, where c; and C; are defined by the
i=0 i=0
qi ‘ 9i—1 ,
equation det(sI + ®) = Y ¢Ps' and adj(s] + ®T) £ ¥ CPs'.
i=0 i=0

3. High-Order Controller Design

Based on the HOFA approach, for nonlinear high-order multi-agent system (1),
the adaptive backstepping formation control design approach can be directly provided
without transforming the system into a first-order one.

Inspired by [23], assuming matrix A?’:qi—l € R™ai, i = 1,2,...,n stabilizes
@ (A);" ) € RU%T,i=1,2,...,n,and

P, (A?:qi—l) _ [ P (A?;qi—l) P (AEJ’?ﬂi—l) P (A(l),iwqi_1> } € R0 (7)

is the sole positive definite solution to the Lyapunov equation

o7 ( A?;q,-—l) Pl,i( A?jqi—l) e ( A?;qi—l)@, ( A?/j”‘?i_l) — 1, (8)
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where P ;¢ (AO i~ ) € R9*1 and Dr (A?iwfi—1> c RIix1,
In the backstepping control method in this paper,
Pl i+ &y =i =2,...,n )

is a first-order filter with a;; as the input and &; ; as the output, and y; ; is a parameter.

Let @;; = &;; — a;; denote the filter errors. Then, it is easy to get y;;G;;(-) = py;;; +
@ ;, where G, ;(-) represents the continuous function.

Step 1: Define

(0~ 1 0 1) O~gp—1 O~gqp—1 O~gp—1
Cz n-1) _ Za ~1 = ;71( 1 )_y]( 0 )+;7]( 0 ))
]Elﬂf
+b (yl(owhfl) _ ySON%*U . UI(ONm*l)) (10)
and
~gy— ~gr—1 _(0~gyr—1
) ) g <n>

can be decomposed into ;o = x;, — &2, where ¢;; and ¢;, are the error surfaces, 7;
represents the distance between the leader and the /th agent.
According to Lemma 2, the g1th derivative of §; ; is given by

é‘l(ﬁl) = (fl (xl‘i”‘“‘l )+Clz+@1,2+0€1,2+h11(x,(2 - 1)(t—Tl,1(t))>>
_ Z ﬂlj(f] O ~q1— 1 )_|_x 2_|_h]1( (0"“71 1)(1._1_],1(1.)))) _bly}(ﬂl)

]G(Df

= dl(fl,l(Zl,l)+€1,2+c’01,2+0q,2+191,1) — Z al](f]]( (0~q1— ))+xj,2+l9j,1)
jELDf
—by™, (12)
where fia(e11) = fa (g )+ (57 (0= ma0) ) Fialein) = fiabg ) +
O~ —1 0~ O~y —1
i (x](,l " )(t_ fla(f)))fZlJ = {xl(l " 1),x,(,1 " )(t_Tl,l,(r(t)>}/and Zjg =

xO~m=1) O~ =)
i (g ) ) _
The FLSs are employed as approximators of the unknown nonlinear functions f;1(z;1)

and f;1(z;1) for the first virtual controller design

1 ~ ~ A
ap = _dz< A - v alj<9;1(l’j,l(zj,l)+xj,2) —bzy(ql))

]Elﬂf

+élT,1 ¢1,1(211)- (13)

Substituting (13) into (12) gives

0~g1—1 £(0~g —1) -
C;(,qf) = —AL" C, Y g, (91T,1 @11(z11) ten + 82+ @+ l91,1>
= X @Bl (zin) — X aj(ejn + 8). (14)
jE@F jE@F

(14) can be further written as

(0~ 1) O~g1—1 O~g1—1
‘fz q1— _q)lrl(Al,lql )51(,1 n-1)

0
, 15
hy ] (15)
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where b;; = dz( 1911(211) e+ 8o+ @+ B 1) — Yjea, 1j0]19)1(2i1) — Ljea, )

(8]‘/1 + 19]',1) .
Select a Lyapunov function as follows:

(O~gy—1)\ T 0~ =1\ x(O~g1—1) = AT & T A
Vi = (@) R (A )a Y 0+ a0

jECDf

Differentiating V; ; with respect to time produces

T
0~q1—-1) A0~ -1 #(0~41-1)
(&) A )an

(O~gi—1)\T A0~01=1) #0~m=1) _ 55T o 4
+(@s ™) P (A ey 200180 — Y @200103

jG(Of

— (QON% 1)) ( ( A0~ 1)1’11( ~ 1)+P1,1(A(1);q1_1)<b1,< A0~ 1))6(0%1 1)
+2911<d1 (C(ON% 1)) PML( A0~ 1) (xl((i 91— )) _@l,l)
2 3w (97 R (A5 i) + )

jeay

=
|

+2(§lONq1 l)) P (AON )dl(élﬁ@zz)

~, T ~g1—
+2<§(0 e U) Py (A?,l n 1) (dl(fl,l +0) — Y aj(eja+ 19]‘,1))-

jewf

(16)

(17)

According to ®f; (A?lwqu)Pll(AOqu l) + Py (AON’“ 1)<I>1 (AON‘h 1) = -1,

and by designing adaptive laws
(0~g1—1 T O~gq—1 O~ A
91 1=4 (Cz o )) P (Al,l o )GDI, (xl(l - )) = 711011,

A (0~ 1) O~gp1—1 A
1= (gl e ) P (A1,1 n )‘Pj,l (ijl) = Bjabi1

Vj can be transformed into

i = e 280 12 X asiafhé
]wa

+2(«§ZONq1 1)) Pr (AONq )d1(§1,2+601,2)

—I—Z(é,‘loqu 1)) Pir (AOqu 1) di(ern+90) — ) wj(ejn+051)

jec’Of

With inequalities

(élowh 1) PllL(A??qlil)dl(‘.fIZ‘i‘@lZ)

(0~g;—1) 20~m-1 40~m-1 (0~qa—1) [|2
el s (A ) bR 8] e (4]0 el

7

IN

(18)

(19)

(20)

(21)
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(QON% ! ) P (A?,quil) di(ern+811) — Y mj(ejn +9j1)

jG(Df
2
0~g1—1) A0~ A0~a1-1 2
< gl e () ot + sl (Al )| I e
jG(Of
2
O~g—1Y ||2 O~gr—1Y ||2
+8[P (A ™) ot + 8 pan (47777 [T T e | @)
jE(Df
(20) becomes
v go”qll 2 29,1670, +2 07,01 +8|| Py (A" '
11 11 Y1151 1011 + Zﬂl]ﬁ]1]1 1+ 0|5 1r Fop,
je
sl () P s @
where
A0~1-1 A0l 2
o = o (A ) e+ o () o
2 2
A0~ -1 A0~1—1
ol (A ) [ E avia ) sl (i) L i
Step i: Let
(0~gi—1) 0~gi— 0~gi—1
ffz q xl(,i 7:i—1) "‘z(,z q ), (24)
and ¢ (4~1) can be written as
i—1 i—1) _ -(qi—1
ST 25)

Differentiating Equation (25) yields

ffl(,ii) = fi, (xl((;);qk Dleeri) + Xp g1+ h (X;((;)c i 1)(1‘ - Tl,k<t))|k:1~i) - 5@(‘3")- (26)

Let
(0~gi41-1) (O~gip1—1) 7(0~di1— 1)
Clit1 =X &iv1 ’ (27)

which can be equivalently decomposed into

CLit1 = X1ip1 — Xpip1- (28)

According to Lemma 2, substituting (28) into (26) gives
(q:) _ r. . . . . 7—(‘11’) 9 29
G0 = fri(zii) + Criv1 + @pip1 + i — a0 + 8 (29)

7 (0~ O~
Wherefl,i(zl,l) flz(xlk = )|k 1~1)+hlz< ( Ak )(t lea >|k 1~1) andzl,i:

O~gp—1 (Y
{xl(,k A )|k=1~11x1(k %) (t_leU' )|k 1~1}

By designing the virtual controller &) ;1 as
Oqu -1 g(oqu

N = — 0 ipri(z10) + Dé(q') (30)
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§ (i) can be further transformed into the following:

i ON i 0"“ i—1 n
Cl(,l- )= g Cl WU 013911 (210) + Gris1 + @pig1 + €1 + O @31)

Then, (31) can be expressed as

(O~gi— ON% (Oqul—l 0
i =& z( )é b, ] (32)
where blri = é}:iqol,i(zl,i) + & i1+ @piy1 T+ 0
Select a Lyapunov function candidate as follows:
0~g;—1) T 0~ ; 0~g;—1 Jor
(g( q ) P 1( qi— )C( i )""912,1‘"‘91291,1- (33)

Differentiating V; ; yields

e = ()
(el ) e
) A A ¢ (e
+2é{i<(g(° #- )P,ZL(AOW )q)l,j(zlﬂ-)—éll,)
#2(80 ) B (AF ) (@0 + @100)

0~g;—1 0~g;—1 @) ;
+2 (Cl(,i i )) Prir (Azl- 1 )(Sl,i +8p4) + 20 <Gl,i(') - l) (34)
! M1

0~gi—1Y 2(0~gi—1 . AT A
Ali q )gl(,i 9i=1) + ZC'DI,,'CDZ' — 2917;91’1'

The adaptive law is constructed as
0~4i O~g;i—1 N
o= (20 ) B (A5 guan) — s 5

Due to @, (AONq‘ )P Ay ) (Al )@y (AT ) = —Tand (35), (34)
is given as

- O~gi—1) |2 AT A @i
Vii = —‘ 51( ! )H +271,z‘91T,i91,z‘+2@1,i(Gl,i(') - ml>
Ji
(O~gi—1 0~
+2(<§, i >) Ppir (A T )(Cl,i+1 +@pi41)
(O~vqi 0~a;
+2(§, e )) P (A " )(81,1' +9,). (36)

Utilizing Young’s inequality, the following inequalities are valid:

(610% ) Pt (AONq )(Cl i1+ @) (37)

Onvgi— A0~ O~git1—1) A0~ 2
Al s () et sl (48 [t

IN

(Clowqﬁl) P (A T )(81i+19zi)

e o () e o (A Yoz oo

IN



Mathematics 2025, 13, 2813 10 of 20

2 2
Gi;(-)@y;

20,;Gi(-) < B+ 5 (39)
Substituting (37)-(39) into (36) yields
2
7 0~g;—1) ||? ara [ 2 Gr () 2 '
Vl,z - 2 Hgl H + 2’)/1,191,191,1 (,”li ,3 wl,l + Cl

Ol 0~q; 1) O i—1 2
sl (A7) et + s (4t 0

O~gi—1 A0~4i—1 2
where Cl,i :8HPI,I'L<Al,iq )H Slz +8HP]1L( q )Hlllgl*’lz—'_‘B
Step n: Similarly, let

(0~gy—1) O~gn=1)  —(O~gu—1
é’l ! xl(,n ) “l(,n ! )’ (41)
which gives
n—1) =1 n—1
R L 42)

According to Lemma 2 and system (1), the derivative of (42) yields

(qn fln(zln) + 19171 +u; + Al(t - Tl)vl (xl( )|k 1~n /ul> - D‘(qﬂ) (43)

- Orog—1
where f;,(z;,) = fln(xl(k |k Ton) T Hy ( X0 )(f—TZka >|k 1~n) and z;,, =

0~gi—1 0~
{ ( = )|k 1~n/xl(k = )(t_lea )|k 1~n}
By designing the actual controller

0~ w=1(0~g—1) 4 0
Uup = I gl i el]:nqo(zl,nl ul,f) - “1(21 )r (44)
Equation (43) can be converted to
n ON n—1 ON n 1 r A
gzq = ! 51 P 4 f(z) — 0L (2,1 p) + Bim
0~gi—1
+)\z(t— T (xfy " lcan ). (45)

Subsequently, it is possible to transform it into a state-space form:

0 ] (46)

(0~gn—1 ON 1—1Y\ z(0~g,—1
Cl ) - q’l,n( i )Cz 1 )+ l
b,n

_ R O~gi—1
where by = fiu(z1n) — 0], 9 (210, 11,5) + i + M (t = Tp)yy (Xl(,k T |t Mz)~

Construct the following Lyapunov function:
O~qn—1 0"‘;11 0~gy—1 AT A
v = (e )) P (Apy el + @fy + 801, (47)
Then, derive its derivative to obtain

Vl,n _ (glONQn—l)) Pl'n<A(l)r;qn_1)Cl(gqun_l)+({:l(,?lqu_l)) P[ﬂ( ON%—1>§IONW—1

+2wl nd)l n 2élTnél,n
0~qy—1) 0~gn—1 O0~gn—1 0~gqy—1 O0~gn—1 O0~gn—1
R NG LA G R C A LA C )

+2 (g(oqu 1)) TPl,nL (A?,:qnil) (fl n (Zl n) - 91 nq)(zl ns U] f) ln
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O~ 1‘71 (Dl, ~ A
(= Too)wi (33 fecron 1) ) + 201 (Glrn(-) - ”) — 2070, (48)

In

Utilizing Assumption 1 and Young's inequality, one can obtain

(’gloqu_l ) P (A?,:qn_l> (fin(zin) +A1(E= Tio)v (xl(,(l)cwqi_l) ‘kilw”’ul»

|(§ION[’" 1) Pl,nL(A?;qn1)‘|’71(Zl,n/ul)|

( (C,ONqn_l ) Pl,nL (A?’;q"_l) ) 2;712 (Zl,nr ul) + 4a;

= (510% 1) Py (Aoqu 1)’71(Zl,nrul)+al/ (49)

IN

IN

(0~gp—1 O~gn—
where 77 (z;,0, u1) = (5; ! )> Pyp (A ! )U;Z(Zz,n,uz)-
Define the approximation error as

e = (210 11) — 0], @1 (Zl,nr ”l,f)/ (50)

where |¢;,| < ¢}, €, is a positive constant. Hy (s) is the Butterworth low-pass filter with
input u; and output u; ¢, ie., uyr = HL(s)u; =~ u;.
On account of (50) and ® (Aowqu) Py (AONq"fl) + P (AO = l) D, (Aowq”fl)

In Ln In
= —1, (48) can be written as

~ O~gn—1) |2 @,
Vie = —||e || + 21, (Gz,n(-> - >
Hin
(0~g,—1 O~gp—1
+2(Cl 1 )) P (A,,nq )(Sl,n +0in) +a
) 0~qn—1) T O0~gn—1 A
_’_29131 <(§( ! ) Py (An K )fl’(zl,n, up) — 91,n>- (51)

It is true that

<€lo~qn Y ) Pl nL (A?;qnil) (el,n + 191' n)

< e () e o ()03 o
201, G () < i+ Glzn(ﬁl)w%n (53)
By designing the adaptive law
0, = (CION% 2 ) Pl nL (AON% >(P(Zl,n,ul) - 7l,nél,n/ (54)
and according to (52) and (53), Vl,n can be obtained as
Vin = ZHCZON%—l Hz (Vlzn B Gfgl(-)>w%n + 291,407,000 + Cins (55)

where c; ,, = 4HPI L (AOW]" 1) H sln +4HP1 nL (AOW]" 1) H 19*2 + B +a.

Remark 2. It is worth noting that the existing controller design methods for high-order systems are
almost all based on the state-space approach. That is, the high-order systems must be transformed
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into first-order ones prior to controller design. However, through the HOFA approach, it is possible to
directly design controllers for high-order systems, eliminating the process of system transformation.
Therefore, for systems with a higher order, the design of their controllers becomes simpler.

4. Stability Analysis

On account of the HOFA approach, the adaptive fuzzy formation control process has
been finished for high-order nonlinear multi-agent systems that have nonlinear non-affine
faults and time-varying delays. Subsequently, a theorem is summarized.

Theorem 1. For nonlinear multi-agent systems with nonlinear non-affine faults and time-varying
delays (1), by designing controllers (13), (30), and (44) and adaptive laws (19), (35), and (54)
and choosing appropriate design parameters, all followers can maintain ideal formation performance
with the leader, and the closed-loop system is stable.

Proof. Select the entire Lyapunov function as

Y Vi (56)

i=1

1=

V =
)

Il
—_

Based on inequalities (23), (40), and (55), one has
N n O ) N n -
- Z( ml> HC, ; H *22271,1'91,1-91,1-
= —1i=1
5T 6 2 Gi(
+2 2 Y aiafl10;1 — Z Z( i)

1=1jeay Hii Bi

- (sl,i) @? + co, (57)

i

i=2,...,n—=11=1,...,N,and Gj,(-) satisfies inequalits

401 2
where ¢ —Zl 1 X021 i M = 0, 17,4 —max{8HP11L( )H d

2011 2
o = SHPZ,iL( T ) ,
|G1i(-)| < Gy, with G;; denoting some positive constant.

Based on Young's inequality, we have

JUSI ~ ~ ~ U 1.7~ 1
0110, = 6],(61; —6,:) = 6,6, —6[,6,; < —EGIT, 01 + 595 i1, (58)
JUSES ~ ~ ~ U 1+ ~
T T T T T
6]"19]‘,1 = ejl]‘ (9]"] - 9]’ ) == ]-,19]',1 - 9]"19]"1 S _59]',19]‘,1 + 29] 19 1 (59)
Substituting (58) and (59) into (57) gives
. N (0~ 5> N n _ N -
v < =) 2( 7711> H@l " H =2 Y miblfi— Y ) @b
1=1i=1 1=1i=1 I=1 jewf

N n 2
_ZZ(Z G‘B(l)—5h>(i) +CO+ZZ’)’11911611+ZZal]ﬁflerlef’

Hii =1li= I=1jevy
< bVt (60)

wherec—zl 1 0 11,8000+ X0 Yyew, 0178j16716j1 + o and b = min{5 — 1,7, Z
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5. Simulation Example

The following shows three simulation examples to demonstrate the effectiveness and
advantages of the control algorithm put forward in this paper.

5.1. Example 1

A numerical example is taken into account as

X1 = fl1( )+x12+h11<x1(1 )(t—Tz,1(f)))r
Xip = le(ka |k 1~2) +up+ h12<xz(?< )(t - Tl,k(t))|k:1~2)
(=T (x(y " lcaea )

Y= xl,l/

(61)

where fi;(x{7") = sin(xn)e*"‘fl Fa( S o) = Dastathg) e (o001

Tt | 1y ) =
0.5cos(xy1)e 21 s f22(x, ( V)iciea) —x%251n(x21+x21)+02x22,f31( (ONl)) = —0.2x3;
e 1, fao(x! |k:m> = 0533, + x4, cos(itan + 431, faa(xiy ) = sin(xg)e i,
faalr Vlicr2) = P sinin 4+ 42), 1) = 12(14sin()), wa(r) = 121+

cos(t)), h11 (x< V(=1 (t ))) = 15211 (t— 1.2(1 +sin(t))) sin(¥1 1 (f — 1.2(1+sin(t)))),
i (315 (= Ta(0) lkmoa ) = cos(xra (= 12(1 +sin(t)))s1,4( = 12(1 +sin(1))) + x

12(E=12(1 4 cos(t)))), hay (xg); )t — T21(t))> = 1.5xp1 (t — 1.2(1 + sin(t))) sin (s, (£ —
1.2(1+sin(1)))), oz (x5 (= Top(t)) lkm1ea ) = cos(xa(t = 12(1 +sin(t))) o (¢ — 1.2
(1 + sin(t))) + x22(t — 1.2(1 + cos(t)))), h31< o~ )(t—7,'31(t))) = 15x31(t—12(1 +
sin(t))) sin(31 (f — 1.2(1 + sin(t)))), h32( Vit =yt ))|kzm) = cos(xz1(t—1.2(1+
sin(t))) x3,1(t — 1.2(1 + sin(£))) + x32(¢ — 1.2(1 + cos(t)))), har (xff J(t— m(t))) -
15041 (t— 1.2(1 + sin(t))) sin(x41 (t — 1.2(1 + sin(t)))), h42(x§°,j”(t—T4,k(t))|k:1N2) _
cos(xg1(t— 1.2(1 +sin(t)))x41(t — 1.2(1 +sin())) 4+ xap(t — 1.2(1 + cos(t)))).

Suppose the adjacency matrix A is

0 05 0 08
06 0 08 O

A =
08 0 0 09
0 07 09 0
and Laplacian matrix L is
1.3 -05 0 —-08
L _| 06 14 -08 0
| -08 0 17 -09
0 -07 —-09 16
Case 1 (incipient fault):
Choose the fault function as 1y (x§0k~1)| k= 1N2,u1) = 5(xy1x1%11%12 +sin(uy))

0~1
+5,12 (xék k= 1~2,M2) = 15(x21x22x2 1% +sin(u)) +15,v3 (xélk )|k:1~2/u3) = 15(x3,1

x32%31%32 + sin(uz)) + 15, V4(x4k |k 12, Ug) = 15(x41x40%4 1540 + sin(uy))15(x4,1 %41
X42%47 + sin(u)) + 15, and the time profile of the fault as
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0, < Tl,O
Milt=Tio) = { 1—eat=T) t>T), ©2)

where 61 = 3,0 =d3 =6, =8and T; = 8s, T, = 5s, T3 = 17s, T, = 12s.

1 ; —
TTAETT According to u;f =

u;. And it can be further rewritten as s2ul,f + 1.414su; ¢ +

Select a Butterworth low-pass filter like Hy(s) =
Hpuj, onehas u;f = m
uf = u;. Performing the Laplace inverse transformation on the above equation yields
i r + 141411 ¢ + 11 ; = u. The leader is chosen as y, = cos(t).

Select the initial values as x11(0) = 1.8, x21(0) = 1.4, x31(0) = 0.6, and x41(0) = 0.2,
and set all other initial values to zero. Choose the design parameters as 1 = 0.8, 1, =
0.4, 3 = —04, N4 = —0.8, and Hi1 = MU21 = U31 = H4a1 = 0.01.

For system (63) with incipient fault (62), the simulation outcomes are presented in
Figures 1-3. As can be seen from Figure 1, the control algorithm proposed herein attains
excellent formation control performance. Figure 2 depicts the input trajectory of each
follower. Figure 3 shows the input and output of the filter. Figures 1-3 indicate that by
adopting the proposed control approach, the stability of the nonlinear systems is ensured.
Moreover, the desired formation control performance is realized.

Case 2 (abrupt fault):

For the time profile

0, t< T
/\l(t - TZ,O) = { 1 _ p—0i(t=T1) E> T (63)

when 6, — +oo is selected, 1 — e 0(t=Ty) equals 1. The selection of all other functions,
parameters, and initial conditions are the same as in Case 1.

time(s)

Figure 1. Tracking performance trajectories (Case 1).

For system (63) with an abrupt fault, the simulation outcomes are presented in
Figures 4 and 5. Figure 4 depicts that when the system encounters the abrupt fault, the pro-
posed control method can achieve the desired formation performance. Figure 5 shows the
input trajectory for each follower.

The simulation results once more verify the effectiveness of the proposed control
approach in handling incipient faults and abrupt faults.
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Figure 2. Control signal u (Case 1).

0 2 4 6 8 10 12 14 16 18 20
Time(s)

0 2 4 6 8 10 12 14 16 18 20
Time(s)

Figure 3. The filter’s input and output (Case 1).

0 2 4 6 8 10 12 14 16 18 20

Figure 4. Tracking performance trajectories (Case 2).

5.2. Example 2

Consider the following numerical example:

) 0~1
1= f z,1(xl(,1 Nt x4+ s (x
) 0~1
X10 = fl,z(xz(,k )|k:1~2) +up+hp (x
0~1
+A1(t=Tp)v (xl(,k )Ik:1~z,uz)

= xl,l/

TP -Ta),
t— Tz,k(f))|k:1~z)
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0~1 . 0~1 .
where f1,1(x§ 1 )) = 0.05sin(x11), fl,Z(xz(k )|k:1~2) = 0.1sin(x; 2) f21(x21 ) 2x %1
(0~1
COS(JCzrl), fzz(x )|k 1~2) = X%/l + erlelz + X272 COS(erl) f31(x3 1 ) = —x% 1 + (1 +
. 0~1

0.1cos(x31)), f32(x3k |k 1~2) = x32sin(x31) + (2 + 0.1cos(x31%32)), fa1(x, ( Ny =
0.01sin(x41) + x4 17 f42(x4k |k 1~2) = cos(x42) + 0.5x4 1. The time-varying delays and
the information exchange between the leader and the followers are the same as the selection
in Example 1.

250 T

150

200 L~
I

100 -4

-100

-150 20

-200

Time(s)
Figure 5. Control signal u (Case 2).

Select the fault function as vy (xgokwl)|k:1,v2,u1) = 5(x11x12%12 + sin(ug)) + 5,

0~ . . 0~1 ;
V2 (xék k= 1~2,u2> = 5(x02%21%22 + sin(up)) + 5, v3 (x:(’;,k )|k:1~zfu3) = 5(x31%3,1 +

sin(u3)) + 5, V4(x§,kN1) lk=1~2,U4) = 5(x41x4p + sin(ug)) + 5, and the time profile of the
fault is shown as in Equation (62), where 6y = dp =93 =4 =5and T3 =4s,Tr = 85,
Tz = 12s,and Ty = 16 s. The leader is chosen as y, = cos(t). The selection of initial values
and parameters is the same as in Example 1.

The simulation results can be obtained as presented in Figures 6-8. Figure 6 presents
that the proposed control algorithm realizes good formation control performance. Figure 7
shows the input trajectory for each follower. The input and output of the first-order filter
are presented in Figure 8.

0 2 4 6 8 10 12 14 16 18 20

Figure 6. Tracking performance trajectories.
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Figure 7. Control signal u.
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Figure 8. The filter’s input and output.

5.3. Example 3

In order to analyze the time-varying delay part, the control approach proposed in this
paper was compared with the control approach in [26]. When there is no fault, consider the
first subsystem of the first agent in example 1, for example,

= sin(x)e " +1.5x(t — 7(£))sin(x(t — (t))) + u
y= x

where 7(t) is selected as follows:

casel : 7(t) = 1.5+ 0.5sin(t)
case2:  T(t) =2-—2e7%

The leader is chosen as y, = cos(t) + 0.8. Since the study in [26] focuses on the
tracking control of the system, in this case, we only consider one agent as described above.
Assuming the agent is capable of fully acquiring information from the leader, the formation
spacing is set to 0. The initial value of the state is set to x(0) = 0.5, and all other initial
values are set to 0. Select the design parameters as 1 ; = 0.01.

The simulation results are presented in Figures 9 and 10. Figure 9 shows the control
performance and input trajectories of this paper and [26] in Case 1. It can be seen that both
both methods demonstrate excellent control performance in Case 1. Figure 10 shows the
control performance and input trajectories of this paper and [26] in Case 2. From Figure 10,
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it can be seen that the control method in [26] is not applicable in Case 2. Based on the
simulation results and analysis, it can be concluded that the control method in [26] is only
applicable when the derivative of the time-vary delay does not exceed 1. The control
method described in this paper is feasible regardless of whether the delay derivative is
greater than 1 or less than 1, thereby extending the condition in [26], which assumed
that the derivative of the time delay did not exceed 1. This is of greater theoretical and
practical significance.

b R |
v;,';w / ﬁ,

VAV,

Timefse

Figure 9. Control performance and controller in this paper and [26] (Case 1).

Tie{sec)

T
B

Figure 10. Control performance and controller in this paper and [26] (Case 2).

[} [} [ “ [ [
Tinefee)

6. Conclusions

In this paper, a novel adaptive fuzzy formation control method based on a Butterworth
low-pass filter and time partition is developed for nonlinear high-order multi-agent systems
with nonlinear non-affine faults and time-varying delays. Based on the HOFA approach,
the controller is directly designed without converting nonlinear high-order multi-agent
systems into first-order ones. Even if the systems have faults and time-varying delays,
a satisfactory formation performance can be achieved. The controller put forward in this
paper is adjusted in real time according to the formation errors of multi-agent systems.
This approach might result in the waste of computing resources and an augmentation
of the communication burden. In the future, our research will be expanded to the event-
triggered control for nonlinear systems with input/state constraints. This will be achieved
by adopting the fully actuated system approach.
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