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Abstract

The paper advances the theory of queuing networks by presenting generalized product-
form solutions that explicitly take into account the service intensity depending on the
number of customers in the network nodes, including the presence of multiple service
channels and multi-threaded nodes. This represents a significant extension of the classical
results on the Jackson network by integrating graph-theoretic methods, including basic
subgraphs with service rates depending on the number of requests. The originality of the
article is in the combination of stationary and non-stationary approaches to modeling ser-
vice networks within a single approach. In particular, acyclic networks with deterministic
service time and non-stationary Poisson input flow are considered. Such systems present
a significant difficulty, which is noted in well-known works. A stationary model of an
open queuing network with service intensity depending on the number of customers in the
network nodes is constructed. The stationary network model is related to the problem of
marine linear navigation along a strictly defined route and schedule. A generalization of
the product theorem with a new form of stationary distribution is developed for it. It is
shown that even a small increase in the service intensity with a large number of requests
in a queuing network node can significantly reduce its average value. A non-stationary
model of an acyclic queuing network with deterministic service time in network nodes and
a non-stationary Poisson input flow is constructed. The non-stationary model is associated
with irregular (tramp) sea transportation. The intensities of non-stationary Poisson flows
in acyclic networks are represented by product formulas using paths between the initial
node and other network nodes. The parameters of Poisson distributions of the number
of customers in network nodes are calculated. The simplest formulas for calculating such
queuing networks are obtained for networks in the form of trees.

Keywords: product theorem; open network; stationary distribution; ergodicity theorem

MSC: 60]28

1. Introduction

Along with the classical multiplicative theorems for open queuing networks [1] and
closed queuing networks [2], many generalizations have been made recently (see, e.g., [3]).
Generalizations of multiplicativity theorems are of interest if they are related to new practi-
cal applications, for example, when introducing blocking probabilities into models [4,5].
Thus, the inclusion of service intensity dependencies on the number of customers in the
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network nodes in the open network model is a consequence of the actual conditions of
its operation. Thus, in marine transport there is even a special operating mode for the
so-called linear networks (operating strictly according to the schedule). Similarly, for real
networks, networks with non-stationary input flows are considered, which requires a signif-
icant complication of calculations. The presence of non-stationary flows is associated with
the so-called tramp transportation, that is, with irregular maritime cargo transportation.
Therefore, the subject of this work is the study of queuing networks with service intensity
dependences on the number of customers in nodes and networks with non-stationary
input flows.

This article is prompted by the emergence of new interesting simulation models of
networks and queuing systems in maritime transport (see, e.g., [6-8]). These models lead to
the emergence of new problems, the solution of which requires new mathematical methods,
since the relationship between theoretical generalization and practical significance raises
many questions. In particular, this is related to the stability of the solutions obtained
when changing the parameters. In addition, non-stationary input flows are interesting
because they allow us to describe the occurrence of traffic jams in queuing networks. It
should be noted that similar problems arise when using queuing networks to optimize
the ports [9-11]; modeling network flows regarding logistics [12,13]; and using railway
stations [14], aviation networks [15], electrical networks [16], and computer networks [17].

In this paper, we propose a generalization of the product theorem for an open network
that allows us to determine the dependence of the service intensity on the number of
customers in different nodes in the network or on the number of customers from different
flows in one node. This problem is currently not considered within the framework of the
product theorem. This generalization requires a new form of expression for the stationary
distribution of the number of customers in the network nodes. The definition of new
formulas for stationary distributions in queuing networks is based on the allocation of
basic subgraphs [18] in the graph of transient intensities. The basic subgraphs satisfy the
equivalence conditions of the stationary Kolmogorov—Chapman equations with the system
of balance relations. This enables one to consider networks with multi-channel nodes,
multiple customer flows to individual nodes, and nodes with refusals.

To calculate non-stationary customer flows, we consider acyclic queuing networks
with non-stationary Poisson input flow, deterministic service time, and no queues. These
conditions are understandable to operators and logisticians. It is well known that non-
stationary models for queuing networks are very difficult to calculate. To solve this problem,
the following simplifications of the network model are proposed. The vertices of an
acyclic network described by a directed graph (digraph) are divided into sets with a
fixed maximum path length from the input (initial) vertex to the remaining vertices. This
allows us to construct a recurrent procedure for calculating the intensity of flows passing
through the edges of the network, which is the simplest for tree-shaped networks. This
recurrent procedure is based on the coloring theorem of the Poisson flow vertices [19] and
on the additivity of the intensities when merging independent Poisson flows. The proposed
models and methods for their study are illustrated by the analysis of the efficiency indicators
of service networks.

2. The Dependence of the Service Intensities on the Numbers of
Customers in the Nodes of the Queuing Network

The main idea of this section is to divide a connected directed graph (digraph) of
transient intensities into basic subgraphs that do not have common edges. It is proved that
for any basic subgraph, the stationary Kolmogorov-Chapman equations are reduced to
balance relations for a queuing network. And since the subgraphs do not have common
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edges and the stationary Kolmogorov—Chapman equations are valid for each of them, these
equations are valid for the entire graph. This circumstance makes it possible to expand
the applicability of this technique, assuming a fairly general dependence of the service
intensity on the number of clients in the nodes of the transient intensity graph. New
product formulas are proposed, taking into account the dependence of the service intensity
on the number of customers in the network nodes. The simplest example here is a network
model with multichannel nodes. Queuing systems and networks with several customer
flows passing through their nodes are more complex. These formulas are based on the
classical ergodicity theorem for discrete Markov processes.

2.1. The Ergodicity Theorem of a Discrete Markov Process

Consider a discrete Markov process x(t), defined by a weighted connected digraph
of transient intensities I'. Let the digraph I have a finite set U of vertices and a finite
set V of oriented edges. There are no loops or multiple edges in the graph I'. Here, the
edge (v,v') € V is directed from vertex v to vertex v’ and has weight L(v,v') > 0. Itis
characterizing the intensity of the transition of the Markov process x(t) from the state v to
the state v'. There is a path with edges having positive weights from any vertex v € V to
any vertex v’ € V, v/ # v in the digraph T

Theorem 1. Let there be a set of positive integers f(v), v € V, satisfying the equalities

Y, f@)LE@,v)= Y f(v)L(v,7), veV. (1)

(v',v)€E (v')€E
Then the Markov process x(t) is ergodic, and the function

_ )
S v icak

is its limit distribution [20] (Theorem 2.4, p. 77).

veV, 2)

2.2. New Product Theorem for Open Queuing Networks

Consider an open Jackson network G with a Poisson input flow with intensity A, con-
sisting of m multi-channel queuing systems with exponential service times with intensities
ui, i = 1,..,m (which may depend on numbers of customers in nodes of the queuing
network). The dynamics of customers motion in the network is set by the route matrix
0= |0i]-| |?320, where 6;; is the probability of switching from the i-th node to the j-th node
after service, fyg = 0, and the node number 0 is an external source. It is assumed that the
route matrix is indecomposable:

Vi,j S {0, 1,.., m} diq,ip, ..., Z}E{l, ey m} : 91‘1'1 >0, 9,‘11‘2>0, ey 9w‘>0.

Further, for the convenience of presenting the material of the article (but without
limiting generality), we consider a family with two service nodes (m = 2) assuming
6;; = 0, i = 0,1,2. Then the vector A = (A, A1, A;) is the only solution to the balance
ratio system

A = Aq010 + A2020, A1 = Abp1 + Azthy, Ay = ABp + Aq012. 3)

The functioning of the network (numbers of customers in nodes) is described by a discrete
Markov process y(t) with transient intensities:

L]/[(nl/nZ)/ (7’11 +1, 7’12)] = )L901,
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Ly[(n1,12), (n1,nz +1)] = Abpa,
Ly[(n1 +1,n2), (n1,n2)] = p1(n1 4 1)y,
Ly[(ny,n2 + 1), (n1,n2)] = p2(n2 + 1),

Ly[(n141,n2), (n1,n2 +1)] = p1(nq +1)612,
Ly[(n1,n2 4+ 1), (n1 4+ 1,n2)] = pa(nz +1)62,

which define a weighted digraph of transient intensities.

Let the connected digraph of transient intensities of the Markov process y(t) be a col-
lection of basic subgraphs I'y (11, n2) with sets of vertices V (11, n2) = {(n1,12), (n1 +1,n2),
(n1,ny + 1)} and edges connecting these vertices. Let us call the vertex (11,1;) the basic
vertex of the basic subgraph I'y (11, 12) (see Figure 1) and

N, = {(1’11,1’12) :0<nm <K, n < K},

V(N*) = U V(nlrnZ)r Fy(N*) = U ry(”lan)'
(nl,nz)EN* (nl,nz)EN*

12621

12620 11612
\ 4 A6,
[0.0)= —((1,0)

#1610
Figure 1. Example of basic subgraph I', (00).

We will look for the stationary distribution of the process y(t) for (n11,12) € V(Ny) in
the form

t(ny,ny) = C g1 (n1)@a(n2), C = ) ¢1(n1)p2(n2),
("1/”2)6V(N*) (4)
(n)—ﬁ M S0 (n)—ﬁ A2 o0 (0) = @2 (0) =1
¢1\1n1 ol Vl(kl), 1 , @2(12 s ﬂz(kz)' 2 , @1 ¢2 .

Lemma 1. The Kolmogorov-Chapman stationary equations coincide with balance Equation (3) for
any basic subgraph T, (n1,ny).

Proof. For subgraph I',(0,0) the Kolmogorov-Chapman stationary equations have the
following form: in the point (0, 0)

A A
ABo1 + 002) = =2 1610 + =2 pabag = A6 + Aabao,
"1 H2
in the point (1,0)

A A
A= Vfi(}ﬁ@lo + p1612) = Abo + 5#2921 = Ao + A20o1,
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in the point (n1,n2) = (0,1)
)\2 /\l
Ay = E(m@zo + 126021) = Abp2 + E#ﬁu = A0y + Aq6y1.

Consequently the Kolmogorov—Chapman stationary equations in the basic subgraph
I';(0,0) coincide with balance relations (3). Using Formula (4) it is easy to repeat this
result for any basic subgraph I' (11, 1). Lemma 1 is proved. [

Remark 1. The service intensities u1(0), p(0) are not formally defined. So the latter equalities
become obvious if y1(n1) = pq and py(ny) = py are constants and so

(M/m)° =1, M/ m)’ =1.

This construction allows generalization for digraph T'y(N), N = {(ny,n2) : ny =0,..., np =0,
...} to the case when py = py(n1), po = ua(ny) and

niy) = , 1 >0, n = , Ny >0,
¢1(m al (k1) 1 P2(n2 Ll 12(k2) 2

¢1(0) = ¢2(0) = 1.

From Lemma 1, we obtain that the stationary distribution 7t(nq, ny) satisfies the stationary
Kolmogorov—Chapman equations on the entire digraph, since this digraph is a union of basic
subgraphs that do not have common edges. Thus, the stationary Kolmogorov—Chapman equations
at any point of a connected digraph are the sums of these equations for finite numbers of basic
subgraphs containing this point (see Figure 2).

n,

0!

Figure 2. Subgraph I'; (N ) with basic vertices marked with bold dots.

Remark 2. If py(n1) = min(ny, )iy, p2(n2) = min(ny, r2)f,, 1,12 < K, then we may
obtain the product theorem for a network with multi-server nodes (with r; servers at i-th node).

2.3. Queuing System with Few Input Flows

The proposed scheme for the allocation of basic subgraphs in the graph of transient
intensities allows for the following generalization. Let the discrete Markov process z(t)
with a set of states N be determined by the intensities of the transients

L;[(n1,n2), (n1+1,n3)] = Ay,

L;[(n1,n2), (n1,n2 +1)] = Ay,

Lz[(n1 + 1,1’[2), (1’[1,1’12)] = ,‘141(1’!1 + 1),
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L [(ny,np +1),(n1,n2)] = pua(np +1).

This process describes a queuing system with two input flows of intensities A;, Ay and
service intensities y1(n1), p2(n2). Then the state (111, 1y) of the process z(t) characterizes
the number of customers of the first and second flows in the system. In the graph of transient
intensities I, (N.) = | J  Tz(my,np) of the process z(t), we may distinguish the basic
(n1,n2) €N

subgraphs I';(n1, n3), connecting the vertex (ny, ny) with vertices (17 +1,np), (11,1, +1)
and satisfying Remark 1 (see Figure 3). Thus, it is convenient to represent a two-flow
queuing network with a graph of transient intensities I'; (N ).

n,

LTI
® n]

Figure 3. Graph I';(N.) with basic vertices marked with bold dots.

In this case, the stationary distribution 7t(n1, 1), defined by Equality (4), also satisfies
the stationary Kolmogorov—Chapman equations, which are transformed at the vertices of
the graph I';(n1, ny) into the identities A = A1, Ay = Ay. Due to Remark 1, the stationary
distribution 7t(ny, 1) satisfies the stationary Kolmogorov—Chapman equations on the
entire graph

(N = |J Ta((m,m))

(n1,m3)EN

of the transient intensities of the discrete Markov process z(t).

Example 1. This model applies to a queuing system with two types of customers, in which
A1 = Ay = A = pand for some finite k > 1 and K > 1 the following equalities are true:

pi(n) =p, 0 <ny <K, pp(n2) =p, 0 <npy <K,
p1(n) = pk, K < ny < 2K, pp(np) = pk, K < np <2K.

This model arises when considering a warehouse that accepts containers arriving
by sea for shipment to land transport and containers arriving by land for shipment to
sea transport. In this model, as the number of customers from a certain flow increases,
the intensity of their service increases. According to logisticians, this may be due to signals
that arrive at a certain node of the network from another nodes.

Let us break down the set of queuing system states

M ={(n,n2): 0<mny,n <K},

Na = {(n1,m2) : K <mny,np <2K}\ (2K, 2K),
Nz ={(ny,n2): 0<m <K, K<np <2K},

Ny ={(ny,n2): 0<np <K, K<n <2K}.



Mathematics 2025, 13, 2810

7 of 14

As a result, for n’l =n — K, n’2 = ny — K, the following products of functions:

A A
plnym) = [] ———- 2

o<k, <n, H1(k1,m2) oggnz p2(n1,k2)

satisfy the equalities
p(ny,np) =1: (n,m2) € Ny; (ny,np) = kM (n1,n2) € Ny,

¢(ny,np) = K (n1,n2) € N3; @(ny,ny) = KM (n1,n2) € Ny,

Now we calculate fori = 1,...,4 the sums

Ci= ), o¢@(m,n), Di= Y. ¢(n,n)(m+n),
(n,m2)€N; (m1,12)EN;

to determine by them

C= )3 ¢(n1,m2), D = ) ¢(nm,n2)(m +na).

(n1,m3); 0<nq, np<2K (n1,m3); 0<nq, np<2K

4 4
Using the equalities C = )~ C;, D = )  D;, we may obtain the mathematical expectations

i=1 i=1
S = M(ny +np) = C~'D. In turn, for k > 1 we have

C1=K, G = <1 _k“> kK =y = KAZET)

D; = K*(K—1), D,

2 [K(1—k K12
1k

-1 _ 1—K-1
(k(ll_:_l) — (K+ 1)kK1>} — 4Kk 2K,

N = == R

Numerical calculations show: if K = 100 then S ~ 200 for k = 1 and S ~ 99.116 for k = 2
and S ~ 99.08 for k = 3. These results show that for K = 100, increasing parameter k does
not change S significantly.

Remark 3. It is not difficult to obtain the following asymptotic relations for K — co : if k = 1 then

C=(2K+1)2—-1~4K? D =2(2K +1)2K ~ 8K>, s:%fsz,

and if k > 1
K
Ci=K%, C~1, C3=C~——, C~K?
1 2 3 C
2K D
Di~K, Dy~w—""_  Dy=D;,~K:, D~K3 S== ~K.
1 2 (1—k 12 3 4 C

Therefore, the product theorem for the intensity of service, depending on the number of customers,
allows us to see possible asymptotic dependencies in the calculations. And then, using simple
analytical methods, obtain them in a fairly general way. By themselves, these asymptotic relations
are formally independent on k > 1. Therefore, it becomes possible to reduce k > 1, which may have
a certain practical effect.
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Remark 4. In queuing theory, many results are known for systems with multiple customer flows
and with priorities (absolute or relative). However, the application of the product theorem with the
allocation of basic subgraphs on the graph of transient intensities, as shown in Example 1, makes it
possible to expand the computational capabilities of these systems.

3. Non-Stationary Flows in Queuing Network Without Queue and with
Deterministic Service Time

The main idea of this section is that for all nodes of an acyclic queuing network,
the length of the maximum number of edges of the path from the initial vertex is calculated.
The set of network nodes is divided into subsets with a fixed maximum path length. In this
case, edges from any vertex with a given maximum path length can only go to a vertex
with a greater maximum path length. This allows us to construct a recurrent procedure for
calculating the deterministic intensities of flows passing through the edges of the network.
The same recurrent procedure can be applied to determine Poisson flows with a given (e.g.,
uniformly continuous) intensity. This method allows us to establish that all flows entering
the network nodes are Poisson and to calculate the parameter of the Poisson flow by the
number of points at each node. Indeed, if the intensity of the Poisson process is A; > 0
on the half-intervals [i,i + 1), then this process satisfies the coloring theorem on all these
half-intervals and so on along the entire real axis. This statement enables one to extend the
coloring theorem to a Poisson process with uniformly continuous intensity.

For acyclic queuing networks with non-stationary input Poisson flow, a deterministic
service time, and an absence of queues, a recurrent procedure was constructed for calcu-
lating the intensity of Poisson flows exiting the network nodes and the parameters of the
Poisson distribution of the customer number at different points in time. The absence of
a queue in a queuing system is known for a multi-server system with a large (tending to
infinity) number of servers proportional to the intensity of the input flow (see, e.g., [21,22]).
Such simplifications of models of non-stationary queuing networks are caused by the high
complexity of calculating more general models [23].

These methods are based on defining sets of nodes Uy of a network with a given
maximum path length k (the number of vertices other than the initial ones on the path from
the initial vertex to another vertex of the network). Such a classification of network nodes
leads to the fact that each node from the set Uy includes only edges from nodes in the sets
Uy, k' < k. This presents the possibility of calculating the non-stationary intensity of flows
sequentially by k > 1, from the nodes of the set Uy to the nodes of the sets Uy, k' > k and
establishing that these flows are Poisson and independent. The determinism of the customer
service time in the network nodes is also a source of fairly simple integral formulas for
determining the non-stationary parameters of the Poisson distributions of the number of
customers in the network nodes.

3.1. Calculating Maximum Path Lengths in Acyclic Digraphs

Consider the acyclic directed graph (digraph) R with a set of vertices U = {1,...,n}
and a set of edges V. We assume that in the graph R, for any vertex i € U, there exists a
path from vertex 0 to vertex i. For each vertex i of the graph R, we determine the maximum
length path I(7) from vertex 0 to vertex i, [(0) = 0 and putK = riréauxl ().

To constructively calculate [(i), i € U, we introduce the matrix D! = |[d} where

7 =1

d}i =0,i=1,...,n, dl-lj =o00,if (i, j) ¢ V, d}]- = 1,if (i, j) € V. Thus, fc])r a]ny pair of
vertices that are not connected by an edge (by way of length one), the value of d}j = 0.

Let us construct an analogue of the Floyd-Warshall [24] algorithm to find the matrix

of maximum lengths of all paths between the vertices of an acyclic digraph. We denote

Df = Hdi‘]| |ff].:1, k =1,...,n, where the value di.‘]. = oo if in the graph G there is no path
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passing only through vertices 1, ..., k and connecting vertices i, j. If such paths exist, then
the value di»‘j is equal the maximum length of such paths. Then the following theorem
is valid.

Theorem 2. Matrices D¥ = de]] | =1, k=1,...,n, satisfy recurrent relations
k k-1 k-1 k—=1y k-1 k-1 k—1
dj; = max(d;; ", dy +di), if max(di T, dj +di) < oo, (5)
else df; = min(dj; !, " + d’,g]fl). (6)

Using Theorem 2, we may calculate the maximum lengths of paths from vertex 0 to
vertices i € U as follows [(i) = djj;.

Remark 5. Splitting the set of vertices of the acyclic digraph R into subsets Uy with a fixed
maximum path length k from the initial vertex allows us to assert that any edges of the graph may
be transferredonly from the vertices of the set Uy to the vertices of the sets U, r > k. Dividing
the vertices of an acyclic digraph into subsets with a fixed minimum path length does not allow us
to make the same statement. For example it is possible to consider acyclic digraph from Figure 4,
in which minimal lengths from 0 to 1 and to 2 equal one. But there is the edge (1,2) between them.

3.2. Construction of a Non-Stationary Queuing Network Model R

Calculation of transient intensities in the queuing network R. Let us define subsets
Ly ={i: I(i) = s}.Thenforr >k, i € Uy, j € U, the digraph R does not contain the edge
(j, 1), so in the acyclic digraph any edge (j, i) may belong the graph R only if r < k. As an
example we give the digraph R (see Figure 4).

Let us split the set of vertices U into disjoint subsets U, = {i : I(i) =k}, k=0,1,...,S
k
We denote Uk = U Us, then
s=0

U=1{0,1,2,34}, 1(0)=0,1(1) =1, [(2) =2, I(3) = 1(4) =3,

Up = {0}, Uy = {1}, U> = {2}, U3 = {3,4},
EIO = {0}/ Ul = {0,1}, UZ = {Or 1/2}r

LNl

©

Figure 4. Example of digraph R.

Let each edge (j,i) € V be associated with a non-negative uniformly continuous
function Aj;(t) of time  and the function Ag(#). This function determines the non-stationary
intensity of the Poisson flow passing along the vertex 0. We require that for some a(i) > 0,
the equality holds
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K= ¥ Ayl Bl = At —a(i)), i UL %
(i): j&Us
The value a(i) determines the right shift of each point of the input flow, i.e., the delay time
(servicing each requirement) at the top of the network.
Suppose that for each vertex i € Uy, a set of positive numbers is given {6(i, ) : j & Uy},
Y(ijev 0(i,j) = 1 and the equalities are fulfilled

Aij(t) = 030, )Ai(t), (i,f) € V. (®)

Here, 6(i, j) are the probabilities with which each customer leaving the vertex i arrives at
the vertex j.

Theorem 3. Using the sets {0;; : (i,j) € V} and numbers a; > 0, i € U forany i € Uy
initially specified by the function Ay(t), it is possible to calculate the functions A;i(t, (i,j) € V)
and A;(t), i € U using Equalities (7) and (8).

Proof. The proof is carried out by induction fork = 0,...,5 — 1. For k = 0, the set of indices
{j ¢ Uy} is divided into disjoint subsets {j € U;}, {j ¢ U }. Moreover, in the first case,
Aj(t) = Agj(t) with Ag;(t) = (0, j)Ao(t — a(0)). Now assume that we have A;(t), i € Uy.
Further, using the Formulas (7) and (8) we calculate for all j € U4

Aty =Y, A(t)= ), 05A(t—a(i)),

i (ij)eV i (ij)eV
and all Aji(t), | ¢ Uy. Theorem 3 is proved. [

Definition of Poisson flows in the network R. Let us define a Poisson flow of points
Ty =1{0 <t <t < ...} with intensity Ay(t). Then by shifting all points of this flow
by 4y > 0, we may obtain a Poisson flow Ty = {0 < t; +ag < to +ag < ...} intensity
Ao(t), if we assume that the points of the Poisson flow T, correspond to the moments when
customers arrive at node 0 of the network. Then the flow points T with the same numbers
correspond to the moments when the input flow customers leave node 0.

Suppose that each point of the output flow T with probability 6y; enters the flow Ty,
following the edge (0,i), i ¢ Uy. Then, due to the coloring theorem [19] all these flows
are independent and have intensities Ag;(t). Those of the flows Ty;, i ¢ Uy, which connect
at the vertexes i € Uy, form Poisson flows T;, i € Uy and have intensities A;(t), i € Uj.
Moreover, Poisson flows Ty;, i ¢ U; and Poisson flows T;, i ¢ Uj are independent.

We continue to prove by induction on k the Poisson property and the independence
of flows T;, i € Uy and Poisson flows Ti]-, iel, j¢ LAlk. We may define Poisson flows,
passing through all edges of the network R, the intensities of these flows coincide with
Ai(t), i€ Uy Ay(t), i € Uy, j ¢ Us.

Determining a random number of points in the network nodes R. It is known that
the points of the Poisson flow T, entering the node i € U, form the moments of arrival of
customers to this node. Since the residence time of each customer is 4;, it can be argued
that the random number of these customers at time t has Poisson distribution with the

t
parameter / A;(T)dt. In this way, it is possible to determine not only the intensity of
t*ﬂi
non-stationary Poisson flows passing along the edges of the digraph R but also the time

dependence on t of the Poisson parameters of distributions of the number of customers in
the network nodes.
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3.3. The Product Formula for Acyclic Queuing Network

Let I'; be the set of all paths v = (0 = ko, k1, ..., ks = i) from the initial vertex 0 to the
vertex i # 0. For the path v € I';, we define

s—1 s—1

B(y) = [ [ 6(kg kgr1), A(7)
q=0 q=0

©)

|
g

x
—~
&W‘
~—

Then it is not difficult to prove from Formulas (7) and (8) by mathematical induction that
the equality holds

= Y B(7)Ao(t— A(7)). (10)
yerl;

To calculate necessary coefficients in Formulas (9) and (10), let us define a recurrent
construction procedure, putting

AG) ={Ap(j), 1< p < P(j)}, B(j) ={Bp(j), 1 < p < P(j)}-
To do this, set the initial conditions:
P(0) =1, A(0) = {0}, B(0) = {1}, Ag(t).

Assume that we have A(j), B(j), P(j), A;(t) for j € Uy,..., Uy Then fori € Uyyq
the following relations hold:

Y. PG), = U {A(G) +a(j), 1 <k <n(j)},

jeL() jeL(i)
= U {Bc(6G, 1), 1 <k <n(j)}, A1) = ) ZBk )Ao(t — Ak(7))-
jeL(i) JEL(i) k=1

Then the Formula (10) will be rewritten as
Z By (t ), By =B(¥"), Ay =A(F), p=1,...,P(i). (11)

This recurrent procedure allows one to avoid a description of all paths y in Formula (9).
If the digraph R is a tree then always P(i) = 1, so calculations are very simple. But in
general, case calculating complexity is sufficiently large (cubic by the number of vertexes in
digraph R), and a sufficiently large volume of memory is necessary too. This is the price
of solving a non-stationary problem in this case. The analysis of networks that are used
in well-known simulation procedures indicates that the assumption of a tree-like network
(even with small distortions) is quite common.

4. Examples and Applications

Example 2. Consider queuing system with constant service time a, without a queue and with
Poisson input flow, which has the intensity

—(f—p)2
Aoy = SR b2/(20))
27tc
when ¢ = 1. Calculate a parameter A(t) of Poisson distribution for a number of customers in
t
this queuing system A(t) = / A(T)dt on a segment [0, T| with T = 10, b = 5 for different
t—a

meanings of a.
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Figure 5 shows how A(t) decreases with decrease in service time a.

04 04
a=0,1 a=0,3
03 B Y 03
02| / \\ 02

o1 / A\ 01

a0s5 7N a-07

a=1,0455

a=3

Figure 5. Graphs of functions A(t) (dotted line), A(#) (solid line).

Example 3. Consider the queuing network shown in Figure 5. Apply Formulas (7), (8) to calculate
the input intensities \;(t), i = 1,2,3,4 and obtain

Ay (£) = Aot = a(0))8or, Aa(t) = Ay (£ — a(1)) + Ao (t - a(0))6s,
Aat) = Ao(t — a(2))6s, Aglt) = Ayt — a(2))2s.
Expressing A;(t), i = 1,2,3,4 in these formulas in terms of Ag(t), we obtain the equalities
Aq(t) = Ao(t = a(0))601, Aa(t) = Ag(t — a(0) — a(1))f1 + Ag(t — a(0))6o2
As(t) = Ag(t — a(0) — a(1) — a(2))6y1625 + A (t — a(0) — a(2))Boabs,

Ay(t) = Do(t —a(0) —a(1) — a(2))001024 + Ao(t — a(0) — a(2))002624

As a result of these calculations, we obtain the Equalities (9) and (10), in which the sets of paths I'1 =
(0,1), I ={(0,2), (0,1,2)}, T3 = {(0,2,3), (0,1,2,3)}, 'y = {(0,2,4), (0,1,2,4)}.

Remark 6. Calculate A, (t), assuming that Ag(t) = A(t) as in Example 2 then

Ny(t) = 2\/12% {exp(—g_b_a(zi) —a(l))2> +exp(_(t_bz_ca(0))2>]

because the constants B1(2) = By(2) = 1/2, A2(1) = a(0) +a(1), A2(2) = a(0).
Consequently we obtain the following asymptotic relation:

-1
1 a(1)
g 20 max M) g BV
This means that it becomes possible, by passing the input flow through two paths (0,1,2) and (0,2),
to reduce its maximum intensity by half. This shows how we may reduce the maximum intensity
A, (t) of the flow entering vertex 2 in Figure 5.
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5. Discussion and Conclusions

This article is based on the analysis of simulation modeling methods for studying
queuing networks in maritime and rail transport. These methods allow one to identify nodal
elements in the networks under consideration, for example, those through which several
flows of customers pass. Theorems on the number of customers in open networks in the
steady-state mode assume their independence at different nodes. Thus, it becomes possible
to focus on individual nodes and calculate various performance indicators. The analysis
of these performance indicators shows the presence of various synergistic effects that
can be used in practice. Moreover, such techniques can be applied, among other things,
to large-scale and cyclic networks.

Theoretical Contributions

To study stationary modes in networks, new product formulas were proposed, taking
into account the dependence of the service intensity on the number of customers in the
network nodes and, in particular, in networks with multi-channel nodes and in queuing
networks with a certain number of input customer flows. These constructions are based on
the allocation of basic subgraphs in the graph of transient intensities and the equivalence
of the system of stationary Kolmogorov-Chapman equations to the system of balance
relations. To analyze non-stationary networks represented by acyclic digraphs, a stochastic
model of the passage of the input customer Poisson flow through queuing networks was
constructed. The proposed method for calculating queuing networks involves considering
graphs of transient intensities when studying stationary modes in networks. However,
when constructing and studying non-stationary queuing networks, attention is mainly
paid to the graphs of transient intensities of flows passing between network nodes. This
procedure is based on the calculation of constants related to the customer flows along
various paths between the original node and another node in the network. Therefore,
trees are the simplest graphs for such procedures for calculating non-stationary flows in a
queuing network.

Practical Contributions

The synergistic (nonlinear) effect found in Remark 3 shows how the average number
of customers in the network nodes can be significantly reduced by changing the service
intensity. If non-stationary flows follow different paths and then merge, then the following
pattern is found in Remark 6. We can split the input flow into parts and, using their
service in intermediate nodes, significantly reduce the maximum intensity of merged flows.
Particular attention should be paid to queuing networks represented as trees, since all
calculations are greatly simplified for them. This method is likely to simplify calculations for
networks resembling trees. It seems that the generalizations of product theorems presented
in this paper can be used not only in transportation models but also in other models,
for example, in consumer service models, as noted in Example 2. The service intensity
depending on the number of customers in the nodes is analyzed using asymptotic estimates.
The intensity of non-stationary Poisson flows entering and exiting the network nodes is
determined using a special recurrent procedure. The synergistic effects found in Remarks 3
and 6 require not only additional analytical studies but also computational experiments.
For this purpose, the algorithms for calculating various characteristics of queuing networks
constructed in the article should be adapted to computational experiments. Consequently,
further development of this topic will require the development of algorithms for a set of
paths from the initial vertex to other lvertices.
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