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Abstract

With the rapid development of online social networks, issues related to information security
and public opinion control have increasingly attracted widespread attention. Therefore,
this study establishes a constrained optimal control framework for information diffusion
in online social networks, based on the S;S;EIR (Susceptible Inactive-Susceptible Ac-
tive-Exposed-Informed—Recovered) information diffusion model on social hypernetworks.
This framework incorporates both cost and triggering constraints, with the goal of opti-
mally regulating the information diffusion process through dynamic intervention strategies.
The existence and uniqueness of the optimal solution are theoretically proven, and the
corresponding optimal control strategy is derived. The effectiveness and generality of the
model are demonstrated through experiments, and the impact of different combinations of
control strategies on system performance enhancement is investigated. The results indicate
that the proposed control framework can significantly improve system control effectiveness
while satisfying all imposed constraints and exhibits strong generalizability. Not only
does this study enrich the theoretical foundation of information diffusion control, but it
also provides practical theoretical support for addressing real-world issues such as public
opinion guidance and commercial marketing in online social networks.

Keywords: hypernetwork; online social networks; information diffusion; optimal control;
dynamic constraints

MSC: 93C15; 91D30; 49]15; 05C65

1. Introduction

As essential platforms for communication and information sharing, online social
networks are increasingly becoming the central medium for people’s social activities [1,2].
The widespread adoption of the Internet has led to a significant increase in the frequency
and spatiotemporal reach of social media use (e.g., on Facebook, Weibo, and Twitter) [3].
Concurrently, as the speed of information dissemination increases, network security issues
have gained widespread attention [4—6]. This situation underscores the urgent and critical
need to effectively control the influence of both positive and negative information within
online social networks.

Since Goffman et al. [7] introduced the SIR epidemic model into the study of infor-
mation diffusion in 1964, nonlinear dynamical models have played a significant role in
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characterizing the process of information diffusion within social networks [8-10]. Posi-
tive and negative information diffuse via interactions among user nodes in online social
networks, forming a complex and dynamic process [11]. In recent years, significant achieve-
ments have been made in areas such as rumor propagation [12,13] and public opinion
guidance [14,15], based on classical epidemic models. However, unlike the physical trans-
mission process characteristic of infectious diseases, information diffusion transcends
temporal and spatial limitations. Particularly in online social networks, the presence of
complex group structures and frequent multi-source information interactions among users
gives rise to higher-order dynamic characteristics [16,17]. Therefore, classical epidemic
models derived from ordinary binary relational networks are limited in their ability to
study information diffusion in online social networks [18]. To address this issue, our
team introduced hypergraphs [19] as a mathematical framework and proposed an 5;S,EIR
information diffusion model. This model aligns with the structural characteristics of so-
cial hypernetworks [20] and incorporates the specific features of information diffusion
in online social networks. Given that current research primarily focuses on modeling
and describing diffusion processes while often lacking systematic analysis of optimal
control strategies [21], many findings struggle to bridge the gap between theory and
practice in areas such as network security governance and product promotion. Some
recent studies have attempted to tackle information diffusion control using game-theoretic
frameworks [22], graph-based neural models [23], or resource-constrained optimization
techniques [24]. However, these approaches typically emphasize data-driven or heuristic
strategies and often lack rigorous mathematical guarantees or interpretability, especially in
constrained settings. Therefore, building upon our previous work, this study further inves-
tigates optimal control strategies aimed at achieving precise intervention in the diffusion
of both positive and negative information. Building on real-world information diffusion
processes, we comprehensively consider three key factors: user attributes, environmental
attributes, and information attributes [25-27]. We integrate their mechanisms of action into
the transitions between different diffusion states, enabling more accurate intervention and
control of the information diffusion dynamics.

In this study, to more accurately model and intervene in the diffusion process of both
positive and negative information, we propose three information control strategies and op-
timize their intensities using Pontryagin’s Maximum Principle. The research contributions
are summarized as follows:

(1) We introduce a novel constrained optimal control framework for information
diffusion. Incorporating both cost and triggering constraints, the framework facilitates
adaptive regulation of the diffusion process, aiming to optimize resource allocation and
maximize system control effectiveness. Compared to traditional methods, this framework
demonstrates superior adaptability to the dynamic variations and complex constraints
encountered in practical diffusion scenarios.

(2) We utilize an S5;S,EIR model grounded in social hypernetworks. This model
more accurately captures the higher-order dynamics of information diffusion. Compared
to conventional SIR/SEIR models based on pairwise interactions, the hypernetwork
approach effectively captures the complex, multi-dimensional relationships among users,
leading to more realistic and precise modeling of information diffusion.

(3) Leveraging optimal control theory (specifically Pontryagin’s Maximum Principle),
we rigorously prove the existence and uniqueness of the optimal solution. Furthermore,
through extensive experimentation, we validate the effectiveness and generalizability of
the proposed framework. Additionally, we develop a dedicated evaluation metric for
intervention strategies. This metric enables a comprehensive comparative analysis of
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multiple strategy combinations, highlighting the framework’s robust adaptability and
demonstrating its practical utility.

Section 2 reviews related work. Section 3 proposes three information control strate-
gies and presents the system’s objective function (and loss function, if applicable).
Section 4 solves the optimal control problem and defines the system benefit metric.
Section 5 verifies the optimal control solution experimentally and analyzes the gener-
alizability of the control strategies. Section 6 summarizes the main contributions and
outlines future research directions.

2. Related Work
2.1. The 5;S,EIR Model on Online Social Hypernetworks

Unlike traditional face-to-face communication, information diffusion in online social
networks typically relies on higher-order interactions within social groups [28-30]. To
realistically simulate this process, our team introduced hypergraphs [31-33] to model
multi-way user interactions and proposed the S;S,EIR information diffusion model [20].
Figure 1 illustrates the model’s state transitions and corresponding diffusion process in
the hypernetwork. Building on classical epidemic models while incorporating online user
behaviors, this model refines the Susceptible state (S-state) into two substates: Suscepti-
ble Active (S,-state) and Susceptible Inactive (S;-state). It retains the Exposed (E-state),
Informed (I-state), and Recovered (R-state) states. The E-state denotes users who have
received the information but have not yet begun to disseminate it; they may later transition
to the I-state to start spreading, or enter the R-state to cease diffusion behavior. The I-state
represents users who are aware of the information and are actively disseminating it within
the online social network. The R-state refers to users who are aware of the information but
no longer engage in its diffusion.
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Figure 1. Illustrates the state transitions of the S;S;EIR model and its application within a social
hypernetwork. (A) The state transition diagram of the S;S,EIR model, where icons in different
colors represent users in different states, and arrows indicate the transition rules between these states.
(B) The application of the model within a social hypernetwork, where different elliptical regions
represent distinct social groups. At the first time step, the orange user V; in the I-state begins to
disseminate information to users in the dark gray S,-state and the light gray S;-state. At the second
time step, the users who have received the information transition to the purple E-state. At the third
time step, the information diffuses throughout the entire network, and some users transition to the
green R-state. By the fourth time step, all users in the network have transitioned to the R-state, and
the information diffusion reaches a steady state.

As shown in Figure 1, the state transition relationships among nodes in the 5;S,EIR
model are as follows:
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*  Transition from S;-state to E-state: When a node in the S;-state is adjacent to a node
in the I-state, it transitions to the E-state with probability «.

. Transition from S,-state to I-state: When a node in the S,-state is adjacent to a node
in the I-state, it transitions to the I-state with probability B, thereby initiating the
dissemination of information.

* Transition from E-state to I-state or R-state: A node in the E-state transitions to the
I-state with probability § and begins to disseminate information. Additionally, the
node may also transition directly to the R-state with probability v, becoming immune
to the information.

e  Transition from [-state to R-state: A node in the I-state transitions to the R-state with
probability ¢, thereby ceasing the dissemination of information. Furthermore, the
node may forget the information at a rate v, resulting in a transition to the R-state and
termination of the spreading process.

The S;S,EIR model demonstrates strong modeling advantages and generalizability
in characterizing the process of information diffusion within online social hypernetworks.
When the parameters 7, v, and B are set to zero, the model degenerates into the classical
SEIR model. Furthermore, when the parameters «, <y, 6, and v are all set to zero, it further
simplifies to the classical SIR model. Therefore, this model can more accurately describe
the user state transition process in complex information diffusion scenarios, highlighting
its distinctive structural adaptability and theoretical extensibility.

2.2. Pontryagin’s Maximum (Or Minimum) Principle

Pontryagin’s Maximum (or Minimum) Principle (PMP) is one of the foundational
results in optimal control theory and is applicable to solving optimization problems with
dynamic constraints [34,35]. Consider a simple dynamical system where the state of the
system is denoted as x(t) € R" and the control variable as u(t) € R™. The system evolves
according to a first-order differential equation:

dx(f)
T = Fx(, (o), 0, W

Here, u(t) is the control variable, which belongs to a permissible control set U. The
objective is to find an optimal control u*(t) such that a given performance index (i.e., the
objective functional) is maximized(or minimized). This objective functional is typically
defined in the Bolza form:

= '/O'T L(x(t), u(t),t) dt + d(x(T), T), @)

Here, L(x(t), u(t),t) is the running cost function, referred to as the Lagrangian, which
measures the instantaneous cost during the control process. It is commonly used to reflect
real-time performance metrics such as energy consumption, resource usage, or time cost.
The terminal term ®(x(T), T) represents the cost associated with the terminal state and can
be interpreted as a penalty or reward corresponding to the system’s final objective.

To solve this optimization problem, PMP introduces a costate variable (Conjugate
variable) A(t) € R", and constructs the Hamiltonian function as follows:

H(x(t),u(t), A1), 1) = ATf(x(t),u(t), £) + L{x(£),u(t), t). )

If u*(t) is an optimal control and the corresponding optimal state trajectory is x* (),
then there exists a costate trajectory A(t) such that the following necessary conditions are
simultaneously satisfied:
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Condition 1: State Equation
() = = = f(" (1), u (b), 1) (4)
oA
Condition 2: Costate Equation (Conjugate Equation)
. oH
At) = oy ®)

Condition 3: Optimality Condition At any time ¢ € [0, T|, the optimal control u*(t)
must satisfy:

argmin H(x*(t),u,A(t),t), for minimization problems,

u*(t) — uel (6)
arg max H(x*(t),u,A(t),t), for maximization problems.
uel

Condition 4: Terminal Condition

9

MT) =52

(x(T))- (7)

PMP integrates the state variables, control variables, and costate variables into a
hybrid dynamical system, thereby transforming the original optimization problem into a
boundary value problem defined by a set of necessary conditions. In practical applications,
such as information diffusion control in online social networks, PMP can be employed
to design optimal intervention strategies. For instance, by steering control variables to
achieve the desired target state at minimal cost, the spread of false information can be
effectively suppressed while enhancing the coverage of positive information diffusion,
thereby enabling strong guidance and positive regulation of online public opinion [36].

Recent works such as [37,38] have extended Pontryagin’s principle to networked
control systems with asymmetric or unreliable communication. These studies provide
valuable insights into distributed and decentralized optimization, which inspire our ap-
proach. Differing from them, this paper applies Pontryagin’s principle to information
diffusion in hypernetworks, incorporating cost and triggering constraints, thus expanding
the applicability of optimal control theory in complex social systems.

3. Our Control Model

Information diffusion in online social hypernetworks is characterized by indirect
transmission, wide reach, and rapid propagation [39,40]. Traditional models often neglect
the heterogeneity in user behavior, limiting their ability to capture fine-grained diffusion
dynamics. To address this, we extend the 5;S;EIR model by incorporating three key influ-
encing factors—user attributes, environmental attributes, and information attributes—each
corresponding to a targeted control strategy.

The rationale behind this mapping is grounded in behavioral network theory. User
attributes, such as interest and cognitive ability, influence initial engagement, aligning with
the focus of Promotion Control. Environmental factors, including peer influence and social
conformity, shape collective behavior, which is addressed through Regulation Control.
Lastly, Guidance Control targets the intrinsic features of information—such as novelty or
emotional valence—that govern its virality.

3.1. Information Diffusion Model with Control Strategies

We observe that in online social hypernetworks, users” behaviors in receiving and
diffusing information are influenced not only by their individual characteristics, but also
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by the surrounding public opinion environment and the intrinsic value of the information
itself, as illustrated in Figure 2. Based on this observation, we consider the impact of
three categories of factors—user attributes, environmental attributes, and information
attributes—on the information diffusion process.

J‘n@

User Attributes

\ 2%,
gt | — e
AN

Environmental Attributes

D W

Information Attributes

L Receive Information L User make Decision L Information Dissemination |
I T T i

Figure 2. Factors influencing information diffusion. During the information reception stage, a
user’s attitude toward the information is determined by user attributes, environmental attributes,
and information attributes. After receiving the information, the user makes a decision based on a
comprehensive consideration of these three types of factors. If the user chooses to disseminate the
information, it will be further propagated across the network, thereby influencing other users.

User attributes refer to individual features and subjective judgment factors during
information exposure [41], such as the level of interest in the information or the user’s
ability to assess its credibility. Environmental attributes capture the influence of the overall
public opinion climate within the social network [42]. For example, the diffusion of negative
public opinion may stimulate uninformed users to participate in the diffusion of negative
information, while the widespread dissemination of positive information can help curb the
diffusion of negativity. Information attributes reflect the inherent diffusivity and timeliness
of the content itself [43]. For instance, topics related to public livelihood issues tend to
trigger more extensive and sustained dissemination than personal or routine information.

To design targeted control strategies based on attribute factors, we define the influence
of various attribute factors on state transitions within the online social hypernetwork
as follows:

e Users in the S;-stateand S,-state primarily undergo state transitions upon initial
exposure to information under the influence of user attributes, such as individual
judgment ability and interest in the information.

*  Users in the E-state, regarded as swing users who may transition to either the I-state
or R-state, are influenced by a broader range of factors, including user attributes,
environmental attributes, and information attributes.

¢ Users in the [-state, as active disseminators of information, exhibit varying levels
of enthusiasm for diffusing information, which are affected by both information
attributes and environmental attributes.

Considering the influence of attribute factors on user state transitions, this paper
introduces modified transition probabilities ag, Bo, 8o, Yo, and &g on the basis of the original
transition probabilities, to reflect the impact of attribute factors. The optimized dynamical
system is defined by the following differential equations:
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Here, ag, Bo, 0o, 70, and gy denote the state transition probabilities influenced by
attribute factors. The initial conditions satisfy S;(0) > 0, S;(0) > 0, E(0) > 0, I(0) > 0, and
R(0) > 0, and the system obeys the constraint:

Si(t) + Sa(t) + E(t) + I(t) + R(t) = 1. 9)

Based on the above analysis, we propose three information control strategies to achieve
precise control over information diffusion. The mechanisms and expected effects of apply-
ing these control strategies to the S;S,EIR model are illustrated in Figure 3.

Promotion Control Strategy (Ul) Promotion Control Strategy (Ul)
[ | | | |
[ (RS a 1 1 a
| YO | v7 £ o) vy £
| | g | g
| | y ] | ]
Positive | - 0 €= @ Negative - 0\ <= @
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& € —-=—-Cc & €—— C
| K } &
| |
Regulation Control Strategy (U2) Regulation Control Strategy (U2)

Figure 3. A schematic diagram of the working principles of the information control strategies.
(A) The state transition probabilities under the influence of the three control strategies in the con-
text of positive information; (B) the state transition probabilities under the influence of the three
control strategies in the context of negative information. The green upward arrows indicate an
increased probability under the effect of control, while the red downward arrows indicate a decreased
probability under the effect of control.

Promotion Control Strategy: The Promotion Control Strategy, denoted as 11 (t), is
applied to both positive and negative information through user-level interventions based
on user attributes. For positive information, this strategy focuses on optimizing content
presentation during the initial dissemination phase. By delivering information through
more engaging formats, it aims to enhance user interest, thus facilitating wider diffusion
across the network. It primarily affects users in the S;-, S;-, and E-states. For negative
information, the strategy targets E-state users who have received but not disseminated
the content. Through targeted educational campaigns, it enhances users’ critical literacy
toward negative content, reducing its propagation probability. This approach achieves
effective control during early and intermediate stages of positive information diffusion.
However, since negative public opinion in online social networks often emerges unexpect-
edly, interventions for negative information are primarily concentrated in the intermediate
diffusion stage.
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Regulation Control Strategy: The Regulation Control Strategy, denoted by u,(t),
modulates positive and negative information diffusion by leveraging environmental at-
tributes within the public opinion ecosystem. Research indicates that herd behavior sig-
nificantly influences information diffusion in real-world social networks. When users
observe widespread adoption of specific viewpoints in their communities, they tend to
rely less on independent judgment and are more likely to follow majority participation
patterns. For positive information, this strategy implements virtual incentives (e.g., point
systems and honorary badges) to encourage R-state users to re-enter the I-state, expand-
ing diffusion scope and prolonging active periods. For negative information, account
restrictions (suspensions or posting limitations) are applied to I-state users, prompting
their transition to the R-state. This approach effectively mitigates misinformation spread
within online environments.

Guidance Control Strategy: The Guidance Control Strategy, denoted by the control
function u3(t), regulates the diffusion of positive and negative information at the infor-
mation layer, accounting for the influence of information attributes on the dissemination
process. Information diffusion in online social networks can be abstracted as a process
of information energy propagation, where high-quality information typically exhibits a
higher energy level, facilitating wider dissemination. Building on this concept, this strategy
primarily performs optimization targeting the information content itself, focusing on influ-
encing user groups in the E-state and [-state. For positive information, content optimization
enhances quality to increase its energy level and promote its diffusion. For negative in-
formation, the energy level is reduced by limiting the exposure of related content, thus
suppressing its spread.

In online social hypernetworks, u1 (t), uy(t), and u3(t) are adjusted by administrators
at any time t. Considering the current technological limitations, especially under con-
strained intervention costs, the intensity of control cannot be infinite. Moreover, in practical
operations, control strategies are not triggered in a fully real-time manner throughout the
entire process. Since the implementation of control strategies typically depends on the
current state of the system and administrative decision-making, their activation is subject to
specific conditions. For example, in certain scenarios, when the number of disseminators of
negative information becomes excessive, additional intervention may be required; whereas
in other cases, when the diffusion of negative information remains at a low level, the
control strategies may not be activated immediately. Therefore, the control strategies are
dynamically triggered during implementation according to the evolving real-time state of
the system.

To achieve efficient intervention and control of the positive and negative information
diffusion process, two types of constraints are introduced for the control variables u1(f),
uy(t), and uz(t) in this study:

¢ Cost Constraint: Reflects the limits imposed by available resources and intervention
costs, expressed as upper and lower bounds on the control variables.

o Triggering Constraint: A mechanism whereby control strategies are activated only
when specific diffusion state conditions are satisfied, formally represented as comple-
mentarity conditions.

1. Cost Constraint

To ensure the rationality of control intensity, it is assumed that at any time ¢ € [0, T],
the three types of control strategies must satisfy the following upper and lower bound
restrictions, with their value ranges governed by the cost coefficients 1, ¢, € [0, 1].

0 S ul(t) S - A](t), (10)
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0< M2(i’) < 6-A2(t), (11)
0 < us(t) < §-As(h). (12)

Here, A1(t), Ap(t), and A3(t) are upper bound regulation variables associated with
the diffusion variables.

. Positive information

A1(t) = Si(t) + Sa(t) + E(t), (13)
Aat) = R(t), (14)
As(t) = E(t) + I(t). (15)
*  Negative information
Aq(t) = E(t), (16)
Aa(t) = I(h), (17)
As(t) = E(t) +1(t). (18)

2. Triggering Constraint

To represent the constraint concept that control strategies can only be activated under
specific conditions, a triggering function g;(f) is further introduced, and the following
standard complementarity constraint is imposed on each control variable:

ur(t) >0, g1(t) <0, wuy(t)-gi1(t) =0, (19)

ux(t) >0, g(t) <0, up(t)-g(t) =0. (20)

For the Guidance Control Strategy u3(t), since its activation is driven by two indepen-
dent triggering conditions, the complementarity constraint can be expressed as:

”3(t) >0, g3l(t) <0, g3z(t) <0, ”3(t) 'g31(t) =0or u3(t) 'g3z(t) =0. (21)

The above complementarity conditions reflect the following logic:

*  When g;(t) < 0, the triggering condition is not satisfied, and the control intensity
u;j(t) = 0.

e When g;(t) = 0, the control variable is free to take values within its defined
upper bound.

e When g;(t) > 0, the triggering condition is not met; this case falls outside the feasible
domain of the constraint and need not be considered in the model.

The specific forms of the triggering functions are as follows (taking positive informa-
tion as an example):

g1(t) =1 — (Si(t) + Sa(t) + E(t)) <0, (22)
§2(t) =1 — (Si(t) + Sa(t) + E(t)) <0, (23)
g3, (t) =1 —E(t) <0, (24)
83, (t) =R(t) =1 <0. (25)

Here, 71, 75, 13 € [0, 1] are the threshold values for control activation.

By integrating the constraints with the diffusion model, a constrained positive and
negative information diffusion control framework is established for online social networks.
The differential dynamic equations of this framework differ for positive and negative
information control, and can be reformulated as follows:



Mathematics 2025, 13, 2751

10 of 30

For the control of positive information, its differential dynamic equations are expressed

as follows:

B )51

B~ p(t) 51

I = ()i 1= (0() + (1)) - E . (26)
%:,B(t)~Sg~I+9(t)~E—v-I—e(t)-I+(71~u2(t)~R
%’f:y(t)-5+v.1+s(t)-1—al-u2<t).R

Here, a(t), B(t), 6(t), v(t), and €(t) are time-varying diffusion parameters influenced
by the control strategies, with their expressions given as follows:

a(t) = ag + @1 - ur(t), (27)
B(t) = Bo+ @2 - uq(t), (28)
0(t) = 60 + @3- uq () + &1 - us(t), (29)
Y(t) =70 — @a - ur(t) — G- us(t), (30)
e(t) = eo — C3 - us(t). (31)

For the control of negative information, its differential dynamic equations are ex-

pressed as follows:

ds;
Ut
ds,
’
dE
oF =051 T (8(0) + (1) E : (32)
dl

=B Se 460 E—v-T—e(t)- 103 us(t)- 1

dR

E*'Y

:—OC()'SI"I

= —Bo-Su-1

(t) - E+v-I+e(t) - I+oy-up(t) -1

Here, 6(t), ¥(t), and €(t) are time-varying diffusion parameters influenced by the

control strategies, with their expressions given as follows:

0(t) = 00 — @5 - u1(t) — g - us(t), (33)
Y(t) = v0 + @ - ur(t) + &5 - uz(t), (34)
e(t) = eo + G - u(t). (35)

Here, ¢1 ~ ¢4 represent the success rates of the Promotion Control Strategy under

different conditions, & and o, represent the success rates of the Regulation Control Strategy

under different conditions, and §; ~ ¢ represent the success rates of the Guidance Control

Strategy under different conditions. The value range of all these coefficients is [0, 1].
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3.2. System Benefit Analysis

To achieve maximum benefit for the information diffusion system at minimal cost, a
system objective function is defined for the control of positive information, and a system
loss function is defined for the control of negative information. The system’s overall benefit
is divided into two components: the benefit or loss generated by informed individuals, and
the cost incurred by the implementation of control strategies. For the sake of analytical
tractability and solvability, the control cost functions are assumed to take a quadratic
form [44-47]. The cost function of the Promotion Control Strategy is denoted as Cq [u1(t)],
that of the Regulation Control Strategy as Cy[ux(t)], and that of the Guidance Control
Strategy as Cs[u3(t)]. The cost weights of the three control strategies are denoted by k1, k»,
and k3, respectively.

Cil(0)] = 5 k1w (1)
Calia(£)] = % Ty 2(E) (36)
Calus(t)] = 5 ks 4B (1)

Over the time interval [0, T], the system objective function brought by positive infor-
mation can be expressed as:

Jp = /(]T[B(I(t)/E(t)/R(f)) — Ci[uq (t)] — Ca[ua(t)] — C3[us(t)])dt, 37)

B(I(t), E(t), R(t)) = by - I() + b - E(t) + by - R(t). (38)

Here, B(I(t),E(t),R(t)) denotes the benefit brought to the system by the three
information-aware states, and b, bg, and bg represent the benefit weights of each
state. The system benefit is obtained by subtracting the control costs from the benefit
of positive information.

Over the time interval [0, T], the system loss function caused by negative information
can be expressed as:

In = /OT[D(I(t), E(#),R(t)) + Ci[u1 (1)] + Calua ()] + C3[us(1)]]dt (39)

D(I(), E(t), R(t)) = ¢; - I(£) +ci - E(t) + cr - R(¢) (40)

Here, D(I(t),E(t),R(t)) denotes the loss brought to the system by the three
information-aware states, and cj, cg, and cg represent the loss weights of each state. The
system loss is calculated as the sum of the loss caused by negative information and the
control costs.

In summary, the optimal control problem of information diffusion with constraints in
an online social hypernetwork can be formulated, with the cases of positive and negative
information denoted as Pp and Py, respectively.

Pp = (i (), w3 (0,5 = | max  Jp(un (8, ua(t),us(1),

subject to constraints (26)—(31);
(41)

Py u( (00 15(0) = | min (8,8, w(0),

subject to constraints (32)—(35).
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4. Optimal Control of Positive and Negative Information

In this section, a theoretical analysis is conducted on the constrained optimal con-
trol problem of information diffusion proposed in the previous section. The existence
and uniqueness of the optimal solution are proved, and the optimal control solution
is ultimately derived.

4.1. Optimal Control Intensity Analysis

Due to the high similarity between the optimal control solution processes for pos-
itive and negative information, the analysis of optimal control for positive information
is presented as a representative example. Firstly, with the aid of optimal control theory,
the existence and uniqueness of the solution to the model-based control problem are an-
alyzed. The proof is provided in Appendices A and B. For the control systems given by
Equations (11) and (13) with specified initial values, there exists a unique optimal control
pair (u5(t),u;(t), u3(t)) such that:

Jp(ui (), u3(5),u3(5)) = max  Jp(u(t),ua(t),us(t)), (42)
u (8), uz(t), us (t)
After proving the existence and uniqueness of the solution, the Pontryagin Maxi-
mum Principle is applied to derive the optimal control in detail, and the unconstrained
Hamiltonian function H is constructed:

() + e - E(t) + br - R(H) — 2kl (8) — 2k (1) — sksud(0

+ As,py[— (2o + prua (£))Sil] + As, 1) [ (Bo + P21 (t))Sal]

+AE(t)[(wo + pru1())Sil — (60 + Paur(t) + S1us(t) + vo — pau1(t) — Gous(t))E]

(43)

+ Ar(£)[(60 + ¢p3ur (t) + G1us(t))E + (Bo + ¢our (t))Sal — vI — (g — E3us(t))] + oquz(t)R]
+AR(E)[(vo — Ppaur (t) — Gaus(t))E +vI+ (€0 — aus(t))I — oqua(t)R].

Subsequently, considering control constraints, the Karush-Kuhn-Tucker (KKT) con-
ditions are employed. For each control variable u;(t), Lagrange multipliers y;(t) and
1;(t) are introduced to handle the inequality constraints. Furthermore, to incorporate
a control-triggering mechanism, additional multipliers ¢;(t) are introduced to construct
the complementarity conditions. Among them, y;(t) and #;(t) are the KKT multipliers
corresponding to the lower and upper bounds of the controls, respectively, while ¢;(t)
serves as the Lagrange multiplier for the complementary triggering constraint. By integrat-
ing the constraint conditions into the Hamiltonian function, an extended Hamiltonian H
is obtained:

H = Hot (1) [ua () — A(Si(5) + Sa(t) + EB)] +m(t) - 10— ua (1)
T pa(t) - fua(t) — & R(O] + 72(8) - [0 — (1))
T p(8) - () — 8- (E(E) + 1(1)] + ya(8) - [0 — us(0)] (44)

g-
+61(t) ~ur(t) - g1(t) +62(t) - uz(t) - g2(t)
+ 63, (t) - us(t) - g3, (1) + 63, (t) - uz(t) - g3, ().

According to the PMP, the optimal control solution (u7 (t), u3(t), u3(t)) should make
H attain a maximum at all times. In this framework, the costate variables A(t) serve
as dynamic analogs of Lagrange multipliers. More specifically, each component A;(t)
represents the marginal value or sensitivity of the system’s objective function with respect
to changes in the corresponding state variable x;(t) at time ¢ In other words, the costate
variables quantify how variations in the system states (e.g., the densities of S;-state or



Mathematics 2025, 13, 2751 13 of 30

I-state users) influence the total system benefit or loss over time. The evolution of the
costate variables is governed by the following set of differential equations:

)\si = (/\51. — AE) -1- (060 +¢1M1) + u1f +g1(t) . ul(t) + gz(t) . le(t), (45)

/.\Sa = (/\Sa — /\[) -1- (ﬁo +(P2Lt1) + i+ gl(t) ~u1(t) +g2(t) . uz(t), (46)

A = —bg + (60 + ¢paur + E1uz) (Ap — A1) + (0 — Patty — Couz) (A — AR)

47

+paft 4+ p3s + g1 () - ur(t) +6a(t) - ua(t) + g3, () - us(t), @)

Ar = —br+ (ag + 111)Si(As; — Ag) + (Bo + ¢ou1)Sa(As, — Ar) (48)
+ (€0 — G3u3) (A1 — AR) + V(A1 — AR) + p3s,

/.\R = —bR+(71M2(/\R —)\1) +‘Z/12€—g32<t) ~u3(t). (49)

No additional terminal cost is considered in this system, and therefore, the following
boundary conditions hold:

As(T) = Ag,(T) = Ap(T) = Al(T) = Ar(T) = 0. (50)

According to the PMP, the optimal control solution (u (), u3(t), u3(t)) should satisfy
that the partial derivative of the extended Hamiltonian function H with respect to each
control variable u;(t) is equal to zero. By taking the partial derivatives of H with respect to
u;(t), the following equations are obtained:

oH
O kg + ¢ SiI(Ap — Ag) — daSal(Ag. — A
Em 11 + ¢1S;I(Ap — As;) — ¢2S41(As, — Ap) 51)
—p3E(Ag — A1) + p4E(Ap — AR) + 1 — 1 +¢1(t)g1(t) =0,
oH
Fe = —koup + 1 R(A; — AR) + 2 — 12 + 62(t)g2(t) =0, (52)
oH

Sy = ~as + GIE = Ap) + HE(AR = Ar) (53)

+831(Ar = AR) + p3 — 113 + 63, (£) 83, (£) +63, (£) g3, (£) = 0.
Considering the constrained nature of the optimal control solution (15 (t), u;(t), u3(t)),

and in conjunction with the KKT conditions, the symbols ¥1, ¥5, and Y3 are introduced to
represent the functions associated with the control variables,

Y, = (Plsil()t}; — AS,-) — 4)25”I(/\Sa — )L[) — ¢3E()\E — /\]) + ¢4E(/\E — )\R)

(54)
+u1—m+ci(t) gi(t),
Y2 = 1R(A; — AR) + p2 — 112 + 62(t) £2(t), (55)
Y3 =C1E(A1 — Ap) + G2E(AR — Ap) + G3I(Ar — AR) (56)
+ 13 — 113+ 63, () 83, (1) + 63, (£) 83, (¢).

0, Y <0

ui(t) = % 0< T—ll < 7 (Sit) + Sa(t) + E(t)). (57)
b g



Mathematics 2025, 13, 2751

14 of 30
0, Y, <0
k$ 2 _ 4
0 R < =<
w1 = 0 2 <ER). 69
¢R(t), T2 > ¢R(t)
ko
0, Y3 <0
T3 Y3 _ .
) =<4 —, 0< = <S(E(t)+I(1)). 59
B =4 F o SS(ED+I10) 9
Y
S(E() +1(1), > > $(E(H) +1()
3
The expression for the optimal control solution is rewritten as follows:
* : hél ~
uj(t) = mm{max{o, k}’ A (Si(t) + Sa(t) + E(1)) }, (60)
1
* : kP! A
uy(t) = mm{max{o, k}' CR(t)}, (61)
2
* : Y3 A
uz(t) = mm{max{O, k}' $(E(t)+1(t)) }, (62)
3

Up to this point, the derivation of the optimal control solution for the constrained
optimal control problem of positive information diffusion in the online social hypernetwork
has been completed. Similarly, the optimal control solution for negative information is

given by:
uj(t) :min{max{o,?}, ﬁE(t)}, (63)
1
. T2l .
us(t) :mln{max{o,kZ}, cl(t)}, (64)
uz(t) = min{max{o, 1;123}, S(I(t)+ E(t))}, (65)
3
Y1 =E(t) -6 (Ae — Ar) T E(t) - ¢5- (A1 — Ag) —G1(t) - &1(t), (66)
Yo=0p-1 (A1 —AR) —c2(t) - &2(2), (67)

W3 =E(t) Cs- (A —Ap) +E(t) -85+ (Ap — AR) + I(t) - o - (A1 — AR) — 63, (£) - 83, () — 63, (¢) - 83, (¢)- (68)

To verify the reliability of the proposed optimal control strategy, we employ Lya-
punov stability theory to analyze the global asymptotic stability of the controlled in-
formation diffusion system. Consider the closed-loop system under optimal control
w (1) = (w5 (1), w3 (1), w3 (D)

x = F(x,u*(x),t), (69)

where x = [S;,S,,E, I, R]" denotes the state vector. The following theorem guarantees
system stability:

The controlled information diffusion system (26) for positive information (resp. (32)
for negative information) is globally asymptotically stable at the equilibrium point x,,
under the optimal control law u*(x). See Appendix C for the complete proof.

4.2. Definition of System Performance Metrics

In the control problem of the information diffusion system, in order to accurately
evaluate the improvement in system performance under different control strategies, a
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control effectiveness metric is defined based on the area under the curve derived from the
state transition equations. This metric not only considers the effect of information diffusion
but also integrates the state transition process of the system and the actual impact of the
control strategies. Unlike traditional objective functions or loss functions, the currently
defined control effectiveness metric is not directly used as a measure of system gain or
loss. Instead, it serves to quantify the relative effectiveness of a control strategy, that is, the
improvement brought by the strategy compared to the uncontrolled scenario.

For the positive information diffusion process, the control effectiveness is measured
based on the temporal evolution of the state variables S;-state, S;-state, E-state, I-state, and
R-state. Specifically, it can be expressed as:

T
i =/O [—f(os. t) = flps, t) + floest) + fort) + f(or, t)]dt. (70)

Here, f(ps;,t), f(ps,,t) quantify the negative contribution of the S;-state and S;-state
to the overall control effectiveness, as indicated by their negative signs in the integral.
Conversely, f(pg, t), f(p1,t), and f(pr, t) quantify the positive contribution of the E-state,
I-state and R-state reflected by their positive signs. The symbol p denotes the density of
the corresponding state variable, and T is the time horizon of the control strategy. In the
absence of control, the system effectiveness is denoted by 7rp. Therefore, the improvement
in effectiveness due to control is measured by the following difference:

A = 11, — 1. (71)

This difference represents the improvement in system effectiveness brought by the con-
trol strategy through intervention in the positive information diffusion process, compared
to the uncontrolled scenario.

For the diffusion of negative information, the method for calculating effectiveness is
similar to that of positive information, but the signs of the considered state variables differ.
The control effectiveness metric for negative information can be expressed as:

e /oT [f (s t) + f(ps, 1) = Foe,t) = f o1 ) + £ (o 1) ]dt. 72)

Similar to the case of positive information, the system effectiveness without control is
denoted by 7, and the improvement brought by the control is also represented by Arr.

This difference quantifies the improvement in system effectiveness resulting from
the intervention of control strategies in the diffusion of negative information. Through
the defined control effectiveness metric, the impact of different control strategies on both
positive and negative information diffusion can be quantitatively evaluated. This control ef-
fectiveness metric is not a "objective function" or "loss function" in the traditional sense, but
rather a measure of the change in system effectiveness before and after the implementation
of a control strategy, specifically reflecting the actual improvement brought by the strategy.

5. Performance Analysis

In this study, the fourth-order Runge-Kutta method is employed to solve the optimal
control solution. The initial state is set by selecting 0.005% of the nodes in the online social
network as informed nodes, while the remaining nodes are assigned to the S;-state and
Sy-state in a ratio of 7:3. To mitigate the effect of randomness, each group of simulation
experiments is independently repeated 100 times under identical initial conditions, and
the average results are reported. The main parameters related to the experiments in this
section are shown in Table 1:
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Table 1. Experimental parameter settings.

Parameter Value Parameter Value
%) 0.8 P1 ~ Pe 0.5
Bo 0.6 81~ Ce 0.3
90 0.05 01,02 0.9
Yo 0.01 i 0.1
v 0.03 é 0.1
€0 0.01 8 0.1

5.1. Effectiveness Analysis of Control Strategies

To verify the effectiveness of the proposed control strategies, the actual impact of the
strategies on the information diffusion process is evaluated by comparing the dynamics of
positive and negative information before and after the implementation of control interven-
tions. To intuitively illustrate the intervention effects of different control strategies, three
control strategies u1(t), up(t), and us(t) are simultaneously activated in the experiments.
A real-world Facebook [48] social network dataset provided by Stanford University is
adopted as the experimental foundation for systematic empirical analysis and validation.
The experimental results are shown in Figure 4.

A B
1.0 1.0
0.8 0.8
06 . o®® I-Facebook 0.6 I-Facebook
) R—FaCEbeOk R-Facebook
\ I-Numerical I-Numerical
0.4 7 R-N: il 0.4
-Numerica R-Numerical
0.2 / . 0.2 /
0 50 100 150 200 0 50 100 150 200
Time Time

Figure 4. Empirical validation of control strategies. (A) The comparison between the numerical
solution of the differential equations and the empirical results on Facebook for positive information
diffusion under control. (B) The comparison between the numerical solution of the differential
equations and the empirical results on Facebook for negative information diffusion under control.
In the figure, the discrete points represent the results validated on the Facebook social network
dataset, while the continuous curves represent the theoretical values obtained through derivation
and calculation. The horizontal axis represents the time steps, and the vertical axis represents the
density of the state nodes.

Figure 4A presents the variation curves of the I-state and R-state after applying control
during the diffusion of positive information. The figure shows that, after implementing
control in the empirical network, the peak value of the I-state is slightly higher than the
theoretical value, while the inflection point of the R-state is slightly lower. This phenomenon
is related to the structural characteristics of the Facebook social network dataset. In real
social networks, some "celebrity nodes" possess high social influence. Unlike the theoretical
model, which assumes all nodes are equally positioned, high-influence nodes generate
more pronounced diffusion effects after receiving control, resulting in a higher peak in
the I-state and a lower inflection point in the R-state. Similarly, Figure 4B shows that the
control effect on negative information in the empirical network outperforms the theoretical
prediction. This is because a large number of peripheral nodes exist in social networks;
these nodes are less responsive to information diffusion and can be quickly isolated after
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control is applied, thereby reducing the impact of negative information. This results in a
lower steady-state value of the R-state. The experimental results based on the empirical
network clearly demonstrate the effectiveness of the control strategies, and also confirm
the feasibility of the proposed control framework for positive and negative information in
real-world online social networks.

5.2. Benefit Analysis of Control Strategies

To intuitively demonstrate the improvement in system effectiveness brought by control
strategies in the diffusion of positive and negative information, three control strategies
are combined to construct seven strategy combination schemes. During the experimental
design, both the triggering constraints and cost constraints of control were comprehensively
considered, and control effectiveness analysis experiments were conducted. To maintain
conciseness and highlight the key findings, Figure 5 only presents the control effectiveness
when all three control strategies are activated. The experimental results for the remaining
strategy combinations are provided in tabular form to facilitate a direct comparison of their
impacts on system effectiveness.

A1 B1
1.0 1.0
0.8 0.8 —_— i
== Si-Ctrl
Sa
0.6 0.6 Sa-Ctrl
p — £
== E_-Ctrl
0.4 0.4 _—
0.2 0.2
0.0 0.0 ..
0 50 100 150 200
A2 B2 Time
0107 1 —= cni1| 10 N - Crl ]
: \ Cirl 2 I\ Curil 2
0.081 | ‘l\ — Cul3 | 0.08 : \ —- Ctl3
[ \
I \ Iy i
0.061 1 " ‘~ 0.06] | \ 0.0 I/‘/
1 - . 1 ) .
A i
1 \ / ya
0.041 | .’\ ‘\ 0.04 : .)‘\\ 0.000
| \‘ X v 0
0.02 : I { \, 0.02{ | \\‘
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Figure 5. Time-evolution diagrams of state densities and control intensities when all three con-
trol strategies are activated. (A1,B1) The comparison of state changes in the diffusion of positive
and negative information with and without control interventions, respectively. In these figures,
dashed lines represent the scenarios with control, while solid lines denote those without control.
(A2,B2) The variations in the intensities of the three control strategies during the control of positive
and negative information, respectively.

Figure 5(A1) and Figure 5(A2), respectively, illustrate the dynamic evolution of each
state variable in the system and the corresponding control intensities over time under the
control of positive information. As shown in Figure 5(A1), after the implementation of
control strategies, the peak of the I-state increases significantly, and its subsequent decline
becomes more gradual. Meanwhile, the growth rate of the R-state slows down compared to
the uncontrolled scenario. For the uninformed states S;-state and S;-state, their quantities
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decrease more rapidly after control intervention, indicating that positive information dif-
fuses more quickly and effectively under the influence of the control strategies. According
to the control intensity variations shown in Figure 5(A2), a notable inflection point appears
in the curves of the I-state and R-state at the 62nd time step. This is because the 1, con-
trol strategy ceases to be applied at this point due to no longer satisfying the triggering
condition, which leads to a sudden change in the evolution trend of the system states.

Figure 5(B1,B2) depict the dynamic evolution of each system state variable and the
time-varying characteristics of control intensities under the background of negative informa-
tion control. As observed from Figure 5(B1), after the implementation of control strategies,
the peak of the I-state decreases significantly, with a faster rate of decline; simultaneously,
the growth rate of the R-state increases notably compared to the uncontrolled scenario.
Following the control intervention, the decreasing trends of the S;-state and S,-state be-
come more gradual, indicating that the diffusion of negative information is effectively
suppressed and the control strategies have exerted significant influence. In Figure 5(B2),
the red curve reflects the evolution of the u; control strategy’s intensity. Unlike the case
of positive information control shown in Figure 5(A2), negative information has not yet
reached the activation threshold for the u; strategy in the early stages of diffusion, and
thus this strategy is not triggered initially. Similarly, the u; control strategy also remains
inactive in the early-stage due to unmet activation conditions, resulting in a sustained zero
control intensity during the initial phase.

In the process of controlling the diffusion of both positive and negative information,
the three types of control strategies exhibit distinct patterns of intensity variation: the
uy strategy, once its triggering condition is satisfied, rapidly reaches the upper bound
of control intensity and subsequently demonstrates a gradual attenuation trend; the up
strategy shows a progressive increase in control intensity upon activation, but at a certain
point, due to the triggering condition no longer being met, the control intensity abruptly
drops to zero, resulting in control interruption; the u3 strategy exhibits a pattern in which
the control intensity first increases and then gradually weakens, forming a typical rise-and-
fall trajectory.

To investigate the enhancement of system effectiveness under different combinations of
control strategies for both positive and negative information, experiments were conducted
for all strategy combinations. The results are presented in Table 2.

Table 2. System benefit improvements under different control strategy combinations.

A B
Improvement Improvement

Strategy Art Rate Strategy At Rate
Uy 16.685 9.76% Uy 28.467 22.76%
U 38.969 22.79% Uy 37.366 29.87%
us 21.049 12.31% us 31.181 24.93%
Uy, Uy 50.221 29.37% U1, Up 60.169 48.10%
Ui, us 32.489 19.00% Uy, us 46.498 37.17%
Up, U3 50.779 29.70% U, U3 55.232 44.15%
Uy, up, us 57.855 33.84% ui,us, us 69.557 55.60%

Note: A7 represents system benefit increment under given strategies.

Table 2 presents the variation in system effectiveness under different combinations
of control strategies. Specifically, Table A corresponds to the improvement in system ef-
fectiveness under the control of positive information, while Table B reflects the change in
effectiveness resulting from the control of negative information. It can be directly observed
from the table that, based on the defined evaluation metric of system effectiveness, all com-
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binations of control strategies contribute to varying degrees of improvement in the overall
system effectiveness. A comprehensive analysis of both positive and negative information
cases reveals that the intervention effect of the u, control strategy is the most significant,
followed by the u3 control strategy, while the u; control strategy exhibits relatively weaker
effectiveness. Moreover, by comparing the experimental results of information diffusion
control for both positive and negative information, it is evident that the improvement in
effectiveness under negative information control is generally superior to that under positive
information control, further indicating that the control strategies possess a more substantial
practical impact in suppressing the diffusion of negative information in social networks.

5.3. Sensitivity Analysis of Control Strategies

In the aforementioned experiments, considering the differences in implementation
approaches of the three information control strategies in real social networks, different
control success rates were assigned to each strategy. Nevertheless, due to practical factors
such as network latency, the actual success rates of control strategies may exhibit more
diverse combinations. Based on this, a supplementary comparative experiment was further
designed. Building upon the baseline configuration, the success rates of all three control
strategies were systematically scaled to 0.5x and 2 x the original values. This parametric
variation enabled assessment of strategy efficacy across extended operational ranges for
both positive and negative information diffusion dynamics. To maintain the conciseness of
the overall structure of the paper, the case of positive information control is selected as a
representative example for analysis. The experimental results are shown in Figure 6.

Figure 6A shows that higher control success rates raise the I-state peak and accelerate
its decline. Correspondingly, the R-state growth rate increases, and its inflection point
occurs earlier. This indicates that enhanced control efficacy accelerates the overall diffusion
process via more effective interventions, albeit at higher inherent system costs. To optimize
overall effectiveness, the framework strategically reduces control intensity as success
rates increase, balancing intervention impact against resource use (Figure 6B-D). Higher
success rates decrease the required control intensity per strategy, demonstrating resource-
efficient objective attainment. Specifically: Figure 6B shows accelerated intensity decline,
enabling faster goal achievement. Figure 6C exhibits an earlier, shorter-lived intensity peak,
indicating rapid response and convergence. Figure 6D confirms this adaptive strategy
through a sharp intensity reduction, minimizing redundant interventions. Furthermore,
the accelerated ascent to peak intensity in Figure 6C,D under higher success rates highlights
the system’s early-stage rapid response capability. This maximizes the marginal benefit
of resources, reflecting high intervention sensitivity and strategic flexibility through rapid
intensity escalation and subsequent convergence.

To further analyze the sensitivity of experimental parameters and their impact on
the results, we conducted a sensitivity analysis of the triggering thresholds for the control
strategies. Based on the original threshold values, we expanded the thresholds by 2x and
4x to investigate the activation conditions of the control strategies under different thresh-
olds and their dynamic effects on the diffusion of both positive and negative information.
For the sake of brevity, we focus on the control of positive information as a representative
case, and the experimental results are presented in Figure 7.
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Figure 6. Presents the sensitivity analysis of control strategies. (A) The impact of differ-
ent control success rates on the I-state and R-state when all control strategies are activated.
(B-D) The variations in the intensity of the u;, up, and u3 control strategies under different im-
plementation success rates, respectively. In the figures, the blue curve represents an implementation
success rate of 0.5, the red curve represents the standard implementation success rate of 1.0, and the
green curve represents an implementation success rate of 2.0.
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Figure 7. Sensitivity analysis of control thresholds. (A) The effect of different control thresholds on
the I-state and R-state when all control strategies are activated. (B-D) The variations in the intensity
of control strategies 11, 1y, and u3 under different threshold settings. The blue curve represents the
initial threshold value, the red curve represents the threshold doubled, and the green curve represents
the threshold quadrupled.



Mathematics 2025, 13, 2751

21 of 30

From the curve of the I-state in Figure 7A, we observe that as the threshold value
increases, the decay rate of the I-state and the increase rate of the R-state both accelerate. In
Figure 7B-D, which show the intensity changes in the control strategies, we can see that
larger thresholds lead to a reduction in both the duration and intensity of the control. This
suggests that, in the context of positive information control, if the control requirements for
information diffusion are not strict, increasing the triggering threshold can save control
costs. However, this comes at the expense of a reduced control effect.

5.4. Universality Analysis of Optimal Control Strategies

By leveraging the structural flexibility of the S;S,EIR model, it can be reduced to two
classical diffusion models—SEIR and SIR. The specific degradation process is illustrated
in Figure 8. A further question arises: Is the proposed optimal control strategy equally
applicable to these two models? Does this strategy exhibit universality? To address this,
we continue to explore the universality of the optimal control strategy.

Specifically, the S;S,EIR model degrades into SEIR by setting § = 0, v = 0, and
assuming the S,-state density is negligible, while it reduces to SIR by settinga =0, v =0,
6 = 0 and ignoring the S;-state. These settings ensure that the state transition equations
align structurally with the classical models.

A B

a
—p

v ﬁ

——
e | e |
Figure 8. The degradation process of the S;S;EIR model. In (A), when the user density in the S,-state
is zeroand v = 0, B = 0, and v = 0, the S;S,EIR model degrades into the SEIR model. In (B),

when the user density in the S;-state is zeroand « =0,y = 0,0 = 0, and v = 0, the 5;S,EIR model
degrades into the SIR model.

Based on the model degradation paths shown in Figure 8, the relevant parameters
were reset accordingly, and the proposed optimal control strategy was applied to the SEIR
model and the SIR model, respectively, in order to verify its applicability under traditional
classical models. The resulting control effects are presented in Figure 9, demonstrating the
universality of the optimal control strategy across different classical models. In this study,
the case of positive information control is selected as a representative example for analysis.

Figure 9 illustrates the impact of applying the optimal control strategy on the changes
in user states after the S;S,EIR model is reduced to two classical information diffusion
models—the SEIR model and the SIR model. Specifically, Figure 9(A1,A2) reflect the
temporal changes in the densities of the I-state and R-state in the SEIR model under the
optimal control strategy, along with the corresponding control intensity curve shown in
Figure 9(A2); Figure 9(B1,B2) present the corresponding experimental results for the SIR
model. It is clearly observed from the results that, in both degraded models, the optimal
control strategy significantly alters the evolution trajectories of the I-state and R-state.
The peak of the I-state appears earlier and is reduced under control, while the R-state
increases more rapidly, indicating strong stability and high efficiency of the intervention.
This not only further confirms the structural degradation compatibility of the proposed
5;S.EIR model, but also fully demonstrates the good model universality of the optimal
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control strategy developed in this study. It can be adapted to various diffusion scenar-
ios, thereby providing theoretical support for its further application in different social

network diffusion structures.

A1 B1
1.0 - - 1.0
I-Ctrl
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= = R-Ctrl 7
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Figure 9. Universality verification results. (A1,A2) The changes in the densities of the I-state and
R-state, as well as the variations in control intensity, after applying the optimal control strategy when
the 5;S,EIR model is reduced to the classical SEIR model. (B1,B2) The corresponding changes when
the 5;S,EIR model is reduced to the classical SIR model. In (A1,B1), the red curves represent the
state changes under control, while the blue curves represent the uncontrolled state changes.

6. Conclusions and Discussion

This study focuses on the diffusion of positive and negative information in online
social hypernetworks, constructing a systematic optimal control strategy framework based
on the S;5,EIR information diffusion model. To address the multifaceted factors affecting
information diffusion in real-world social networks, three types of attributes are introduced,
embodied in the Promotion, Regulation, and Guidance Control Strategies, to effectively
intervene in the diffusion of both positive and negative information. During model construc-
tion, we fully consider both triggering and cost constraints during strategy implementation,
resulting in an optimal control framework that incorporates realistic applicability and con-
straints. Using PMP, we theoretically derive the optimal control solution. Combined with
actual social network scenarios, we propose quantitative performance indicators to eval-
uate strategy effectiveness. Using Facebook data, the experimental section first validates
the effectiveness of the proposed strategies in complex real-world networks. Compared
to traditional unconstrained methods, our framework exhibits enhanced robustness by
incorporating constraints, resulting in more effective intervention in simulated scenarios.
Subsequently, via a benefit analysis of multiple strategy combinations, we systematically
evaluate the intervention effects of different strategies on positive and negative information
diffusion. Furthermore, to account for possible fluctuations in implementation success
rates, we conduct a sensitivity analysis to investigate strategy stability and robustness.
Finally, leveraging the degradable structure of the S;S;EIR model, we simplify it into the
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classical SEIR and SIR models to verify the adaptability of the control strategies under
these classical frameworks, thus demonstrating their broad applicability.

Although this study has conducted initial investigations in theoretical modeling and
experimental validation, future work could focus on the three types of attribute factors
presented to enable more in-depth and detailed modeling analyses of information diffu-

sion mechanisms, thereby enriching the theoretical framework and practical applications
of this field.
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Appendix A. Existence of Optimal Solution

The intervention system is reformulated as follows:

o = Fx(®),u(t),t) = f(x(t)) + B(x(t))u(t), (A1)
where
Si(t)
Sa(t) up(t)
x(t)= | E(t) |, u(t)= |ua(t)]|, (A2)
I(t) uz(t)
R(t)
f fi = —woSil,
f f2 = —PoSal,
f(x(t)) = |f3|, with f3=a05—60E—YE, (A3)
fa fa = BoSal 4 60 — vl — €],
fs f5 = Y0E + ol +¢ol.
The control coefficient matrix is defined as,
—(plsil 0 0
— 28,1 0 0
B(x(t)) = |¢1Sil —@sE+@E 0 —GE+GE|. (Ad)
¢3E + @254l R GE+ G5l
—@4E - R —&E — 3l

According to Filippov’s theorem, the following conditions must be verified:

1. The first-order partial derivatives of the function F are continuous, and there exists a constant
Csuch that: |[F(0,0,t)] < C, |Fy(x(t),u(t),t)] <C, |Fe(x(t),u(t),t)| <C(1+|ul).

The system (26) as well as the control set and the set of feasible solutions are non-empty.
The function satisfies the form: F(x(t), u(t),t) = a(x(t),t) + b(x(t),t)u(t) .

The control set U is closed and compact.

ARl

The integrand of the objective function | is concave over the control set.
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Then, we verify the above conditions one by one. It is evident that the first-order
partial derivatives of F(x(t), u(t),t) are continuous, and there exists a constant such that
|F(0,0,t)| = [(0,0,0,0)T| < C.

Next, we calculate the partial derivatives of F(x(t), u(t),t) with respect to x(t):

F 0 0 FE O
0 F 0 kK O
Fe(x(t),u(t),t)=|Fy 0 F3 F4 O
0 Fy hsg Fo ko
0 0 ks By PBs

<C (A5)

where
Fi = —agl — @11uq(t), Fy = —aoS; — ¢1Siun (1),
F; = —Bol — g2lu(t), Fg = —BoSa — @2Sauy(t),
Fi1 = agl + @11uy (1), Fiy = a0S; + ¢1Su1(t),
Fi3 = —0 — @3u1(t) — G1us(t) — 7o + @aur (t) + Gous(t),
Fi7 = Bol + ¢2lus (t), Fig = 0 + @3u1(t) + G1us(t),
Fi9 = BoSa + ¢2Sau1(t) — vs. — eg + Cauz(t), Fyo = qua(t),
b3 = 0 — @aur(t) — Gaus(t), Fyy = vs. + o — Gaus(t),

Fys = —oqup(t).

Similarly, we calculate the partial derivatives of F(x(t), u(t),t) with respect to u(t):

18] 0 0
25l 0 0
Fu(x(t),u(t),t) = |¢;iSil—gsE+@sE 0 —GE+OHE| <C, (A6)
¢3E+ 92541 R GE+ 33l
—@4E —01R —GE — g3l

hence Condition 1 is satisfied. .

The control set is given as u(t) = [ul(t) uy(t) 1/[3(1')} , and the system admits
a constant equilibrium solution. Therefore, the system, the control set, and the feasible
solution set are all non-empty, satisfying Condition 2.

Leta(x(t),t) = f(x(t)), b(x(t),t) = B(x(t)), then the system can be rewritten in the
form F(x(t),u(t),t) = a(x(¢),t) + b(x(t), t)u(t) , which verifies Condition 3.

By definition, the control set U is closed. In a finite-dimensional space, any closed set
is also compact. Thus, Condition 4 holds.

The integrand of the objective function ] is defined as

GOx(t),u(t),£) = byI(£) + bEE(E) + brR() — skasd(6) — 2k (1) — kB (D). (A7)

For convenience, let B(x,t) = byI(t) + bgE(t) + brR(t).
To verify concavity, we apply Jensen’s inequality:
G(x(t),(1—Q)u'(t) + Qu" (t),t)
1 1
= B(x,t) = Ski[(1 = Q)i (£) + Quf ()]* = Sha[(1 = Q) () + Quig (1)]?
1 (A8)
~ Skl = O)us(6) + Ou (1)
> (1—Q)G(x(t),u'(t), 1) + QG(x(¢),u" (), 1),
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leading to

G(x(8), (1 — Q' (1) + Q" (1), 1) — [(1 — Q)G (x(t), ' (), £) + QG (x(¢), u" (1), )] > 0. (A9)

Therefore, the integrand G(x(t),u(t),t) is concave over the control set, and
Condition 5 is satisfied.

Appendix B. Uniqueness of Optimal Solution

Before proving the uniqueness of the optimal solution, we introduce the following
lemma, which will be used in the proof.

Lemma A1l. Given constants a,b with 0 < a < b, the function a*(x) = min{max{x,a},b}
satisfies the Lipschitz condition.

Proof. We first prove that the function max{x,a} is Lipschitz continuous. For any
x1,x3 € X, we consider the following cases:

1. Ifa < xq,xp, then
| max{xy,a} —max{xy,a}| = |x; — xz|. (A10)

2. If0 < xq,x <a,then
| max{x1,a} — max{xy,a}| = |a—a| =0. (A11)
3. If0<x <a<xy, then
| max{x1,a} — max{xy,a}| = |a — x| < |x1 — x2]. (A12)
4, If0<x <a<xpthen
| max{x1,a} — max{xy,a}| = |x1 —a| < |x1 — x2]. (A13)

Therefore, for all x1,x, € X, the function max{x,a} satisfies |max{xq,a} —
max{xp,a}| < |x; — x|, indicating that max{x,a} is 1-Lipschitz continuous (with Lip-
schitz constant K = 1). Similarly, min{x, b} is also 1-Lipschitz. Since the composi-
tion of Lipschitz functions is also Lipschitz, it follows that a*(x) = min{max{x,a},b}
is Lipschitz continuous.

Now we proceed to prove the uniqueness of the optimal solution. Assume that the
problem has two optimal solutions: (u], u},u3) and (u}, u}, u}). These correspond to the
respective state and adjoint variables:

(Sf,S;,E*, I*, R*, AS A5, AR AL AR) and (s,S,,E,I, R’,/\fSi, Ag A, AL AR). We de-
fine the following substitutions,

At ! At/ —At / —At
Si=ep, Si=elp, Ag,=e Mg, A =e M,

1
At / At/ —At / —At
Sa=¢"p2 Sp=e"py A5, =e Mg, A5, =e Vg,

Ef — e/\tpal E/ _ e/\tpé’ /\E — e*/\t%’ IE — e*/\t%’ (A14)
I* = e/\tp4, I/ _ e?\tpﬁy A’IF — ef/\tq4, /I — ef/\tq4,

At / At/ —At ! —At
R*=e"ps, R =eVps, Ap=e g5, AR =¢e "gs.
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where A > 0, Then put them into (26), (45)—(49) and (60)-(62), we have:
up (t) = %[4’16‘”1’1]04(‘13 — 1) — $2" papa(q2 — qa)

— ¢4p3(q3 — 9a) + Pap3(q3 — q5) + 1 — 11 + 6181, (A15)
up(t) = klz [01p5(q4 —g5) + p2 — 112 + G282), (Al6)
uz(t) = %[ 1p3(q9a — q3) + C2p3(95 — 93) + C3pa(qs — q5)

+ 13— 113 + 63,83, +63,83,]- (A17)

Apr+ d{% = —agp1pac™ — prur (H)p1pae’, (A18)
Ap2 + ddit = —Bopapae™ — pou1 (t)papac™, (A19)
Aps+ % = agp1pae™ — (60 +70)p3 + P11 (t) prpae’
— ¢aur(t)ps — S1us(t)ps + paur (t)ps + Sous(t)ps, (A20)
Aps+ —~ d = Bopapse™ + Bops — vs.ps — €opa + paun () papae’
+ ¢3u1(t)ps + Grus(t)ps + Gaus(t)pa + o1ua(t) ps, (A21)
Aps + % = Y0P3 + 0s.pa + €0ps — Pari1 (t)ps — Gous(t)ps — Caus(t)ps — rua(t)ps,  (A22)
;tl Aqr = (1 — 43)¢M palao + prua () + pa (DA + g1 (B)ua () + ga(Hua(t), (A23)
:: Ag2 = (2 — 42)¢M pa(Bo + paur (1)) + pa ()7 + g1 (D) (£) + ca(Hua(t), (A24)
d:: Ags = —bpeM + (60 + gur (t) + E1us(t)) (93 — q4)
+ (70 — ¢arr (t) — Gaus () (93 — q5) + pa ()7 + 3 (1)$
+e1(Hur(t) +ca(Hua(t) + g3, (Hus, (1), (A25)
d;: Mg = —bre + (ag + Prua (1))eM pr (1 — g3)
+ (Bo + d211 (£))eM p2(g2 — q4) + (€0 — E3u3(£)) (44 — q5)
+0(gq — q5) + p3(1)$, (A26)
d;f Ags = —bre" + o112(£) (g5 — 43) + 2 (£)C — g3, (H)us, (1). (A27)

Combining the above expressions and applying Gronwall’s integral inequality,

we obtain:
15 o 15
NGRS SRR Z + (g1 —qi)?] d
i=1 i=1

< (Ki +Kae™) /0 ;[(Pi — PP+ (i — a2 at

(A28)

where Kj and K; are the constants relying on p1, p2, p3, P4, P5, 91, 92, 93, 94, 45 and (A28) can

be rewritten as follows,

(A= Ri = Rae™) /O Y- [(pi = p)? + (g — q)?] dt < 0.
i=1

A—K
When T < %m( Kzl),we have: p1 = pl,p2 = php3 = P ps =

(A29)

_— /
= p5,

71 = 41,92 = 95,93 = q5,94 = 44,95 = 5. In other words, the optimal control solution is

unique over a sufficiently short time interval. [
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Appendix C. Stability Analysis of the Controlled System

Consider the controlled dynamics for the spread of positive information. The corre-
sponding analysis for the negative information model is analogous and will be discussed
at the end of this appendix. The controlled system is given by:

ds;

B ) s
%:—ﬁ(t)-sa-l

I = (1) ;1= (0 + (1)) - E . (A30)
Zi—[s() Sa-I+0(t)-E—v-T—e(t)-1+0y-uj(t)-R
C;—If:'y(t)-E+1/-I+8(t)~1—(71~u§(t)~R

Here, a(t), B(t), 0(t), ¥(t), and &(t) are time-varying parameters determined by the
optimal control laws in Equations (27)—~(31). The control inputs u] (t), u3(t), and u3(t) are
constrained within [0, #;max] to ensure the controllability and physical feasibility of the
system. Define the Diffusion-Free Equilibrium (DFE) as

xeq = (S%,55,0,0,R*), with Sf+S:+R"=1. (A31)

which represents the fully suppressed state of information diffusion.
To analyze the stability of the system around x., consider the Lyapunov
function candidate

lpylpy 1(R — R¥)% (A32)

Vix) = - T2l T

* 1 *
S(Si= S+ 5(Sa—5)*+

which satisfies the following properties: (i) V(xe;) = 0; (i) V(x) > 0 for all x # x.4; and
(iii) V(x) — o0 as ||x|| = oo. Thus, V(x) is positive definite and radially unbounded.
Taking the derivative of V(x) along the system trajectories yields:

=(

Si—S7)Si+ (Sa—S;)Sa + EE+ 1[I+ (R—R*)R

(5 = S [=a()Sil] + (Sa — S2)[=B(t)Sal]

Ela(£)S;I — (6(t) + v(t))E]

+1[B(1)Sal +0(t)E — (v +e(t)) [ + oyu; (£)R]
RY)

+ (R=RY)[y(DE+ (v +e(t))] — oru; (H)R].

We apply Young’s inequality to the cross terms (e.g., S;IE) and use the boundedness
of both control inputs and system parameters. Then, the derivative satisfies the inequality:

V < —a(t)SP1 - B(H)STT— (6(1) + (1)) E?
— (v +e() 24+ H(u¥,x), (A33)

where H (u*, x) contains bounded cross-terms from the interaction of state variables and
control inputs. According to the optimal control structure derived in the main text
(Equations (60)—(62)), we further bound H as:

H(u*,x) < kW7 + k%3 + k%3 — T'(x), (A34)
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where I'(x) is a positive definite function in E, I, and (R — R*). Consequently, the total
derivative of V satisfies:
V< -Q(x), (A35)

where Q(x) is a continuous, positive semi-definite function. Since V is radially unbounded
and non-increasing, all system trajectories are bounded.

Applying LaSalle’s invariance principle, the system trajectories converge to the largest
invariant set within {x € R} : V = 0}, which implies E = 0 and I = 0. Substituting these
into the dynamics yields:

s, ds, dE dI \

ﬁ —0, dt :0/ E _O/ E _Uluz(t)R’
dR .
E = —Uluz(t)R.

As ujy(t) — 0, — 0and R — R*, the system approaches the unique equilib-
rium x.5. Therefore, the system is globally asymptotically stable under the proposed
optimal control strategy.

For the negative information dynamics (Equation (32)), we define a similar Lyapunov
function as:

1
2

(si—s*)2+%(sa—s;)%r1E2+112+1(R—R*)2. (A36)

VN(X) = i 2 2 2

Using the same steps as above, it can be shown that the system converges to the
equilibrium x,; = (S;‘, S5,0,0,R*). This confirms the global asymptotic stability of both
the positive and negative information control models.
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