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Abstract

The aim of this paper is to show some uncertainty inequalities for the linear canonical
Dunkl transform (LCDT), including sharp Heisenberg-type, entropic-type, logarithmic-
type, Donoho-Stark-type and local-type uncertainty principles.
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1. Introduction and Preliminaries

Dunkl operators play a vital role in the analysis of special functions exhibiting reflec-
tion symmetries, and recent years have witnessed significant advancements in harmonic
analysis linked to root systems. These developments have attracted substantial interest
within the field of mathematical physics. To proceed with precision, we first introduce
some notation related to the Dunkl transform. For a more comprehensive overview of
Dunkl theory, the reader is referred to [1-3].

Let 0, denote the reflection across a hyperplane in RN orthogonal to a nonzero vector
a € RN. Consider a root system R such that 0,(R) = R, for all &« € R. The reflections
corresponding to the elements of R generate a finite subgroup W of the orthogonal group
O(N), known as the reflection group. Given a multiplicity function k defined on the root
system R, we define the associated weight function wy and the index x by [1]

k= T k@), IT e 2@, 1)

aER 4+ aER 4+

wi(t) =

where R 1 denotes a system of positive roots associated with ‘R. In addition, we introduce
the Mehta-type constant defined by

_l?
Cx = ./RNe T wi(t) dt, ()

where | - | = (-,-)1/2 denotes the standard Euclidean norm on RV,
The Dunkl operators {T;} jen are given by the following definition:

u(-) —u(o(:))

T]Ll(> = ax]'u(')+ Z k(a)<lx’vj> <DC/'> '

aER 4

)

where {v;} is an orthonormal basis of RY.
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The Dunkl kernel e (—i-, -) is the unique analytic function on R¥ that solves following

the system:
Tju(t,z) = zju(t,z), ji=1,...,N,
4
u(0,z) = 1,
This kernel satisfies the inequality
lex(it, z)| <1, forallz, t € RN, (5)

In addition, it admits a unique holomorphic extension to CN x CV, and fulfills the identities
e(Azt) = e(z,A), et z) = ex(z,t), e(z,0) =1,

forallA € Cand t,z € CN.
For 1 < p < oo, and for a fixed multiplicity function k, the space L} (RN) consists of
measurable functions f on RV satisfying the following:

1/p
fully = ( [ 0P an®) " < 1<p<c

lulls 1= es5 supy ey [u(t)| <00, p=rco,

where dvy(t) = ¢ Lwi(t)dt.
Moreover, if u(-) = v(| - |), then [4]

/R u(@)dy(x) = 2My /O " o() 2N g, ©)

where .
M, = (ZN”*”"F(N/Z + K)) . @)

For any function u € L11< (RN), the Dunkl transform is defined as

Ouu)(2) = [ uBe—itdn(t),  zeRY. ®)

Let M := (ﬂ Z) be a matrix in SL(2,R), with b # 0. The linear canonical Dunkl
c

transform (LCDT) of a function u € L}(RYN) is defined by

oY ()(z) = (i) N2 [ B, u(n), ©

where .
i 2 a2
‘BkM(z,t) — ez(y\z\ +5lt )ek(—iz/b,t), (10)

which satisfies the following: For every z,t € RN,
1BM(z,1)] < 1. (11)

This transformation generalizes the classical linear canonical transform (LCT), which was
independently introduced by Collins [5] and Moshinsky—Quesne [6]. It serves as a powerful
and versatile tool for exploring complex problems in areas such as signal processing, optics,
and quantum physics [7-12]. In recent years, it has attracted considerable interest and has
been studied to a broad class of integral transforms [13-24].
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We define the differential-difference operator AM by the following:
d a2
AY =M —iy Zm]T Tym; | = 3z %1% (12)

N
where m;(u(t)) := tju(t) and Ay = Z; Tj2 is the Dunkl-Laplacian operator. Then, we have
]:
the following relations:

1. A}I{VI and Ay are connected by

1

e 2515 o AM o 5P = A (13)

2. We have for any functions u, v in the Schwartz space S(RY),

L stu@ot@in) = [ uafoldn). (19
Lo ARG () = [ FaTg (). (15)
3. The kernel BM(, t) satisfies the following:
AVBY(, 1) = =578 (1),
| (16)
BM(0,t) = 211,
4.  Forevery u € S(RV) we have
M(1e2u() = —b2a (o (w)), (17)
and
—1
2PN (1) =~ (A (). (18)
We define the chirp multiplication operator Ls, by
Lsu(:) = e%|‘|2u(~), s eR, (19)
and the dilation operator 7z; by
_ 1 0 20
msu(-) = Wu(~/s), s #0. (20)
Then on L} (RN),
s 0 D = Dy oy, (21)
and
P (N/2+1)§ sgn(b)gglic\/I =L, omyoDyo L%. (22)
d

Forall u € L}(RYN), its LCDT belongs to Co(RN) and satisfies the following relation:

1P ()l < 617N fu] . (23)
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1. Forallu,v € L}(RN),
Ly 2 @e@dn = [ ax)08 @) xdrx). (24)
2. Foru e Ly (RN)NLZ(RN), we have DM (u) € LZ(RN) and
1o @l = [ull, (25)

3. The LCDT has a unique extension to an isometric isomorphism on L?(RYN), denoted
also by @,IC\/I .
4. Forallu,v € LF(RVN),

<®,€A(u),v>2 = <u,©,1{\/rlv>2. (26)

5. Forevery u € L}(RYN), such that its LCDT belongs to LL(RY),

(@,Z{VI o ’Dqu)(u) = (@fcvrl o ’DkM) (u) =u, a.e, (27)

where M~ = < d _b>.
—Cc a

Since Dy : Ly (RN) — Lf/ (RN) is well defined on L} (RN), p € [1,2], then the LCDT is
defined on L} (RN) by

@ﬁ/[ — e—i(N/2+K)gSgn(b) (Ld o 7'[b o @k o Lﬁ) .
3 b
Therefore, we have a Young-type inequality
‘|@l§4(u)||p, < |b|(K+N/2)(2/p/,1)Hqu (28)

forall u € LI (RN) and p € [1,2], where p’ is the conjugate exponent of p, such that
pt =1

The existing literature presents numerous developments of uncertainty principles
for integral operators generalizing the Fourier transform in one dimension, such as the
fractional Fourier transform (FRFT) and the LCT [25-33], and in arbitrary dimensions,
such as the free metaplectic transform (which can also be considered as a generalization
of the LCT) [34-40]. Most of these uncertainty principles have been studied in one or
two dimensions, and some of them have considered the general case of the N-dimension,
among others only considering real signals or a particular case of the LCT.

In this paper, we will address the N-dimensional case, and prove some uncertainty
inequalities for the LCDT, which is a generalization of the LCT, the Dunkl transform, the
Fresnel-Dunkl transform, the fractional Dunkl transform, and other [13]. Note that the
Fourier transform and the FRFT are two special cases of LCDT (for k = 0). Our first result
will be the following entropic uncertainty relation: For all f € L{ (RN) N L2(RN),

He(IfP) + H(I (HP) > [|f[[5((N +20) In | — 21n(] £15)), (29)

where

Hi(f1) = = [ UAIm(lf D (30)
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Then we will provide the following sharp Heisenberg-type uncertainty inequality, that is,
for every f € LZ2(RN),

1l 11, 1181281, = 1BIN/2+5)]|f

| Y (31)
where the equality occurs in (63), if and only if, f = ¢ 4)’6,,”, m €N, ¢ € C. Here 47’5,,” is the
first term of the sequence of Laguerre functions, || |x| f||2 is the temporary dispersion, and
| 1] DM (f)||2 is the frequency dispersion.

Equation (31) is an analogue of the well-known Heisenberg uncertainty inequality
for the Dunkl transform [41-45]. For other uncertainty principles in the Dunkl setting, the
reader is referred to [46-52].

More generally, for every s, t > 0, there is C > 0 such that, for every f € L2(RV),

Pl E o (Ol = ClLA™ (32)

where the constant C does not depend on f, but in the general case it is not optimal. For
the case s, t > 1, one can take C = |b[*(N /2 + «)*. For p € (1,2], the L} -case of (32) is also
studied in Theorem 3.

On the other hand, by showing Nash-type inequalities and Clarkson-type inequalities
for the LCDT, we have obtained some uncertainty inequalities involving L! and LP-norms,
p € (1,2]. In particular (see also [50,53]), for every f € LL(RN) N LZ(RYN), we have

H |x| fHN+2K+2t H |€|59M HN+2K+25 > CHfHNHsz

fH N+2K+2f (33)

and

N+2x N+2k+2s 2t
H ‘ ‘tfHN+2K+2r H |§| @k )Hz s Z C||f“2 2s N+2K+2t‘ (34)

Other variations of such inequalities have been proven in this paper, for functions in
LY (RN) N LT(RN), where1 < p < g < 2.

In Section 2.5, we will show a Pitt-type inequality for the LCDT, that is, for all f €
S(RN) we have

o [l

DM (O] #nl@) < ) [ W antn, 69

where

2
F((N+2K—2’X)/4)> 0<a<x+N/2 (36)

= (1/2

Cila) := (1/2) <F((N + 2K+ 20) /4)
Using this inequality, we derive the following logarithmic uncertainty inequality for the
LCDT: For every f € S(RN), we have

[ loglxl [FoPanx) + [ toglyl|of(£) ) Fanw)

> N(F’(N/4+K/2)

FTi e )IAIE e

In Section 2.6, we will prove some Donoho-Stark-type uncertainty principles for
functions in L,’z (RN )N LZ(]RN ), where 1 < p < g < 2. In particular, if a nonzero func-
tion f € L} (RN) N LZ(RYN) is es-concentrated on S for the L{-norm and its LCDT is ex-
concentrated on X for the L%—norm, then

Ye(S) 1k (E) > [bP TN (1 —e5)%(1 —ex)?, (38)
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where a nonzero function g € L,’: (RN) is said to bees—concentrated on S for the LZ—norm, if

g —xssll, <esllgll,,  es€l01), (39)

where y is the characteristic function. Notice that, if eg = 0 in (39), then g is concentrated
onS,and S = suppg = {x € RN : ¢(x) # 0} is the support of g. Moreover, if ¢5 € (0,1)
is close to zero, then S is said to be the essential support of g. Therefore, (38) shows that
the supports or the essential supports of a nonzero function f and its LCDT cannot be too
small. Consequently, if a function f € L}(RN) N LZ(RN) satisfies

Ye(supp f) 1e(supp D' (f)) < [b[*FN, (40)

then f is the zero function [54].

In Section 2.7, we will show some local uncertainty inequalities, comparing the
concentration of a function f or its LCDT, with the the time or frequency dispersions.
Following this, we derive uncertainty inequalities involving the essential supports and
time or frequency dispersions. Moreover, we obtain other general forms of Heisenberg’s
uncertainty inequality.

2. Uncertainty Principles for the LCDT
Our first result will be an entropic-type uncertainty principle for the LCDT.

2.1. Entropic Uncertainty Inequality

A positive measurable function ¢ on RV that satisfies

[ e@dn(@ =1 (41)

is a probability density function on RN. Then

Ee(e) == = [ In(e(€))e(@)dn() )

defines the entropy of ¢ on RY, in accordance with Shannon [55]. Therefore, if the integral
in (42) is well defined, we extend (42) to any positive function ¢ defined on RN,

For any nonnegative measurable function g on RN, we define the weighted entropy of
g by the following:

Helg) = = [, 80 In(g(1)de(y). @)

Then we have the following entropic uncertainty inequality.
Theorem 1. Forall f € LL(RN) N LE(RN), with || f||, = 1, we have
Hi () + He(19¢(F)?) = (N +2x) In (|b]). (44)

Proof. For t > 0, we have

: _ 2In(t), g€1,2). (45)

Let f € L{(RN) N LZ(RN) such that || f||, = 1. Then by Hélder’s inequality, f is in
LZ(]RN ) for every g € [1,2]. So, we can define the functions ¢ on (1,2] by
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1
q—2

o) = [, M) — N ([ rwpanco)

Involving (28), we have for all g € (1,2], ¢(g) < 0. Moreover, (25) implies that ¢(2) = 0.
Then Z—‘s (27) > 0, as long as the derivative exists.

By (45),
d
i (Lot ) @) = 3 [ 1P 52 e
Therefore,
Jim [ FGRn(x) = [ 1f P (e) = 1. )

Combining relations (46) and (47), we get

(L reman) ™ @) =3P )

Then

([ M@ T @ ) @) = -3 [ PEO@F (oY ()@ an(@).

By a simple computation we get,

dq(| (NI 27) = (x4 N/2) In (Jb]). (49)

Thus we obtain the desired result. [

Corollary 1. Forall f € L{(RN) N L2(RY),

He(If12) + H(1OY (HOP) = [|f[[5( (N +26) In o] = 2In( | £]))- (50)

2.2. Sharp Heisenberg-Type Uncertainty Inequality

Let A € Cbe such that Re(A) > —1, and let LEA) be the Laguerre polynomial given by
the following:

0; 8 & DTA+140) t

{
) )\+1
LV (b) - ) 51
o) ; /\+1]]' ]; —J'TA+1+J)J' 1

where (£); := £(£+1)--- (£ +j—1). Then we have the following proposition (see [56]).

Proposition 1. For a fixed integer m € N:
1. Let

(k) 21+)\k,mr(£+1) 2 L( km) 2 1 2 Y N )
fﬁ,m(r) T ZAk,"fl"(/\k,m +€+1) < )exp(—zr )I SR\ (5 )

where Ay, 1= M Then the sequence{ ( ): fg m(| [):¢¢€ N} is an orthonor-
mal basis for L,%(]RN ).
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2. The sequence of generalized Laguerre functions {@ékil} ¢eN Is the basis of eigenfunctions of
Dy, for L%(RN), such that

@k@%) _ e—in(é-&-%)q)g‘%. (53)

3. The sequence {@gk%}geN forms a complete set of eigenfunctions on L2(RN) for (—Ay),
such that

— 8@ = (N +2x + 40)0). (54)

For m € N, we define the sequences {¢f }%  and {lpllf n)i—o of modified Laguerre

functions as follows:

_ia‘x|2
e 2b
(P]é(,m(x) = (L_% o ﬂ\/m)q)g?n(X) = W(q)g?n(x/ |b|)/ X e RN/ (55)
and ,
®) et N
9hu(x) = (Lo n\/m)@&m(x) = W@%W ), xeRN. (56)

Proposition 2. Let m € N. Then,
1. The sequences {¢% 1 ,and {y 1% are two orthonormal bases of L2(RN) such that

(N2 DM) gk (x) = e DIk (), 57)

and
(efi(x+N/2) z sgn(b)z)]]{\/rl ) l/JIZ,m (x> _ e*i”(@r%)(pzm (x) . (58)

2. Each of the sequences {¢f 1% and {yk 1% forms a complete set on L2(RN) of eigen-
functions for the operators

—1 -1
H' = |x? = |pPAM and HM = [x]* — |b]?AM (59)
such that
-1
HM ¢}, = |bl(40 + 2 + N) g, (60)
and
HMyp = [b](40+ 2k + Ny . (61)

Proof. The first result is an immediate consequence of the fact that any unitary operator
transforms any orthonormal basis to an orthonormal basis. Moreover, as

Diorm |h‘:nﬁo©k and n|b‘onﬁ:7r\/‘?,
then
4 . '
(ez(K+N/2)2 sgn(b)@kM) (@5, (x) = (L% o 71} 0 Dy oL%) o (L_% o ‘b|>q>§’2n(x)

= Dyl ()

’
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and

—i(x T sgn -1 k
(e (k+N/2) 7 sg (b):D]](VI )#J’é,m(X) = (Li% o Tl"b‘ ODkOL,%) (¢} (Lg o7l ‘b|><1>£,n)1(x)
= G ().

For the second result, let u(x) = e**p(tx). Then by a simple computation we have

AMu(x) = 126115 Ao (tx). (62)

Thus, using (12), (54), (59) we obtain (60), for A = — &t = |b|"1/2, v = @gk) and we obtain

T2 m
_ k
e forA= & t=p" 2 0=0l O

Theorem 2 (Sharp Heisenberg-Type Uncertainty Inequality).
For every f € LZ(RN),

1Al T2 = 1N /24 ) £ (63)
Furthermore, we have equality in (63), if and only if, f = crp’&m, meN, ceC.

Proof. We have

oo

F= U0 a0k, and DM(F) = Yo (F, ¢k, 020N (k). (64)

(=0 (=0
Then by (59), (61), and (17), we get

fI5+ IR = 11 L N 26+ 40)|1 9h02]

[bI(N +2«) | f

%

2 (65)

with equality in (65), only if <‘P§,m' f)2 =0, for ¢ # 0.

aA?

Now, for A > 0, let M = and for f € L2(RYN), let f5(x) = f(Ax).

b
dr=2)’
Then by replacing f by f, in (65), we obtain

- 2 2 2
A2l Il + A2HEIDR (A, > 1IN +26) [ £ (66)
Takin the minimum of the left-hand side of (66) over A, we get the result. O
Corollary 2. Let t,s > 1. Then for all f € LZ(RN),
t +t
[P £ 181 DR = 1B (e + N/2)¥[| £ (67)
Proof. If f € L%(]RN ) is a non-vanishing function with finite dispersions

|| 1xI°f

o |[ED), < oo, (68)

then

f HItiE (69)

2z 20 ;12
5 =l 1xlPI£15

2
H

[ 1xI°f

s/l
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From Holder’s inequality and (69), it follows that
Load
[ Ixl £l < A5 AL (70)
Then
t t 1—s)t
1l = [ LA A
Likewise,
1—
a5 > EM ol oy 71)

Then the result follows from (63). O

Since the last corollary’s proof uses Holder’s relation, then the result eliminates the
special cases in which 0 <'s,t < 1.

2.3. Heisenberg-Type Inequality Involving the LP-Norm
In this subsection, we will prove an LP-Heisenberg-type inequality for the LCDT. Our

proof is motivated by [57], in which the L?-case is introduced and studied for Lie groups.
Lemma 1. Letq € [1,00) and t € (0,00). There is a constant C > 0, for which

_ N+2«

He_tHqu —Ct 27 (72)

Lemma?2. Lett>0,1<p<2and0<s; < %. Then there exists C(p, k) > 0 such that for
all f € LU(RN),
_t]2 _9
le DY (N, < Clp.k) 2| 1x[ 1], (73)

Proof. Assume that || |x|51f||p < oo, and forr > 0, let f, = xp,f and f" = f — f,. Then,
we have

Fr@)] < ()|
Moreover, from (28), we have
ol R /Gl M Gl
< |b|(N/2+x)(2/p/,1)HXBCpr
< o |p|(N/240 2/ 1) | [x [ f]] .
- P

By (23) we have,

e opoan], < |7 [ob a0

< o2 e

, HXBerl
p

< |b|f1c+N/2H€71,‘|-|2

= et 1,

It is straightforward to show that C > 0 such that,

_ Cr781+ N;»/ZK
p/

[1y1™"xs,
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Consequently, we obtain

Heiﬂ'Iz@kM(f)Hp, < HeftHZ@kM(fXB;)

_ 4.2
|, e ok fxn,)

p/

N+2x
o e P

BTN [ £,
P

Forr = t%, we get the result. [

Theorem 3. Let 0 < 51 < %, 1 < p <2andlet sy > 0. Then there is a positive constant C
such that for every f € LI (RN)

52 51

et (N, (74)

[P, < ] " £

51
P
Proof. Assume first that s, < 2. Then by (73), we have

[0 (A, < 3 ], + - (A, £>0

In addition,

(1= e KPP, < #2 [[(Hle®)~E (1 = e F) | | lel=2p (f)]]

7.

p

If s, < 2, then the function 7 (1 —e7")is bounded for all » > 0. Thus,
1M (AL, < (=2 | 1x £, + 2] =D (A, ) (75)

The result for s; < 2and 0 < 51 < % follows by minimizing the last inequality over
t>0.

On the other hand, let s’2 <2 < sp. Forr > 0, we have 52 <1+ r%2, which fore > 0
andr = %, we obtain the result.

|EB I, < DM, + 5| |22 (1)

7.

p

1
sp—sh\ 5
Forez(2 2)2

!
Sy

1 1
]@kM(f) Hp/sz || |C|52®,]<M(f) H:ﬁ , we obtain the inequality. O

Corollary 3. Forsq,sp > 0, there is C > 0 such that, for every f € L%(RN),

52

I£]l, < ClHxfr £l

51
s1+sp
, (76)

212D (f)

Proof. From Equality (25) and Theorem 3, we obtain the result when 0 < s; < x + N/2.
If s; > k+N/2,1lets] < k+ N/2. Foru > 0, uS1 < 14 u% which for u = |x|/€ gives
the inequality

(Jx|/e)t <1+ (|x|/¢e)*t, foralle > 0.

It follows that
/ / ’_
[ x[1 £, < | ]l + e ||l £,
Minimizing over ¢, we get

/ /
5151 51
51

P fll, < ClLFl™ (1 f

a. (77)
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Then, by (76) for (s} and s,), and (77), we deduce that
S
+s 1S
I£l, = C] x| e (f |2 ’
52(91 sl) 152 Sl
s +s B +s < +s
< QLT A | e ()|
Hence for s; > « + N /2, we have the following:
s] (sl +52) 5152
s1(s" +s +s s/ +5
LI < Clf £l || et H =
Thus, we obtain the result. [
2.4. Heisenberg-Type Inequalities Involving the L' — LP-Norms
In this subsection, s and S are two positive, nonzero real numbers.
Theorem 4 (Nash-Type Inequality on L (RN) N LL(RN)).
Let1 < p < 2. Then forall f € L (RN) N LL(RYN),
bP N+2k
N+2k+s N+2x+sp’
1D (Il < Kals, ko pLFIL> [ IEFDR Ay, (78)

where

2 / N ’ o 7 v N+215<+5 J _Pl%
Kl(S,k, p) = N ox (sp /2) N+2x+sp’ (Z/Sp )N+2K+sp Mk P |b| 2(N+2x+sp’) |

Proof. Forr > 0, we have

IR Al = lxs 2K A + 1= x8) D A (79)
Firstly,
1= x8 )OI < || gD (A1 (80)
By (23), we get
Ixs. D (DI} < 1B DAL < m(Br)lpl N7 £
Since M
o Vi N+2K
(B = [ xm in) = g2, (81)
then M /
s DRIy < ™ 2ol =20 £ (82)

It follows from (79), (80), and (82), that

2M
= N+2k

/|| oM () |,
Forr = 7
2Mk|b|*(N/2+K)P’ ||f”§’

H@k Hp N+2K|b|_(N/2+K)p/HfH§7 +r—SP/H |C|S©]1(\A(f)“;j/ (83)

N+2K+sp
) , we have the desired result. [
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The last theorem implies, in particular that,
Hsz < Kl s, k 2 HfHN+2x+25 | |§‘S©k HN+2;<+25 (84)
Theorem 5 (Clarkson-Type Inequality on L} (RN) N L (RN)).
Let1 < p < 2. Then forall f € L (RN) N LL(RYN),
_ N+2x
N 2K s N+2K+s
11l < Dals,p R (1Al (85)

where

s N+2k sp’
B 2My N-+2k+sp’ sp/ N+2x+sp’ N 4+ 2K\ N+2x+sp’
Di(s,k,p) = (N+2K> (<N+2K> +( o ) ) (86)

Proof. Forr > 0, we have

Il = +1(=x8)f ;- (87)
First,
1@ =xs)flly <[ IxF£];- (88)
Then
, M 1/77 +2x
e sl < eI, < (e ) 7 Al )

Combining the relations (87), (88), and (89), we obtain

M 1/p N+2
I < (s )

/
14
N+2K+sp/

= P l- (90)

p(N +20) P 1+
M7 |71,

Forr = , we obtain the result. [

The following Heisenberg-type uncertainty inequalities are obtained from the relations
(78) and (85).

Corollary 4. Let 1 < p < 2. Then for every f € LI (RN) N LL(RYN),

N+2x _ p'tN N2« N-+2x

A= U = DA A < Call e £ e () ™, o)

where
Cy = Ci(s,k,p,t) = Di(t, k, p)Ky (s, k, p).

In addition,

p't N+2x+sp’ N-+2x N+2k

||fH;N+2K+p’t Hgl]cw(f)Hp’ sp/ < C2 s, k P/ || |x|tfH N+2k+p't H |§‘s©£/l(f)uplsp/ , (92)

where
N+2k+s p/

Cals, k, p,t) = Di(t,k, p)(Ki(s K, p))
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Remark 1. For p = 2, we deduce the following Heisenberg-type uncertainty principles:
1. From (91), for every f € LL(RN) N L2(RN), we have

Hf“ N+2K+Zs

f||N+zK+2t < C1(S k 2 t H |x|tfHN+2x+2t H |C| Qk ||N+2K+25' (93)
2. From (92) we have for all f € Ly (RN) N L2(RN),

H ||2 N+2K+2t < Cz(s k 2 t || |x|tf||N+2;<+2tH |€| ;Dk ||2 (94)
3. From (84) and Theorem 5, for every f € L{(RN) N L2(RN), we have
4st 2t(N+2k)
||f||1 (2s-++N+2x) (2t+N+2xk) < C3H |x|tfH N+2K+2f H ‘§|s©l](\/f<f) ||2(N+2K+25)(N+2K+2t) (95)
where ”
Cs = C3(s, k, t) :== (Kq(s, k,2))N=2F2 D1 (¢, k, 2).
Theorem 6 (Nash-Type Relation on L} (RN) N L2(RN)).
Let 1 < p < 2. Then for every f € LY (RN) N LZ(RN),
Zsp p 2)(N+2K)
s (N+2x) s (N+2x)
7]l < Ko [[£ll 220 gl (h) 17 (96)
where
M \ =7t S —
sp! +(p' —2) (N+2x S
Ky, = Kz(s,k, p) = <|b|N—lic-2K> re (N/Z + K) 2sp’ +(p’ —2) (N+2x)
(p' —2)(N+2x) 2(p'-2) 2sp/
2 sp/ (p’—r’Z)(N+2:)+Zsp’ |p|N+2x TN T N p -2 TR
N+2c\p' -2 My sp’ '
Proof. Forr > 0,
2 2 2
19" (N5 = lxs D (H5 + [[(1 = x5)DF (][5 (97)
Firstly,
2 _ 2
1= x8) D ()2 < [ EFDE (P2 (98)
By Holder’s inequality, (28) and (81), we get
o) = NI,
My 1-2/¢' ;o 2
< (MrNJrZK) |b| /P l)(N+2K)Hf||p. (99)
By (97), (98), and (99), we obtain
M 2 —2s syM 2 My Ny i (2/p =1)(N+2x) || £]|2
e T T O I 17
) sp’ ) Z/p’ |b‘N+2K 1*2/17' H \g\sng(f)Hz 2sp/+(p/‘flz)(1\]+2x)
By choosing r = 72 (Nvo2r) ( yn ) WZ , and apply-

ing Parseval’s identity for i),](VI , we obtain the result. O
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Theorem 7 (Clarkson-Type Inequality on Ll’f(]RN ) N LZ(RN)).
Let 1 < p < 2. Then for every f € L,f(]RN) NLZ(RN),

2ps (2—p)(N+2x)
HfH < D2 S P/ Hszz p)(N+2x)+2ps |x| fH (2—p) N+2x)+2ns (100)
where
___%p (2—p)(N+2x) 2ps 1/p
D ‘ N 42 | 2@ PNz ps \ BN (2 —p\ BpEpN)
Z(Slp/ )_ 2M]1 z/p (2_P> +( pS )
Proof. Forr > 0, we have
LA = llxs £, + 1= xs ) A (101)
Firstly,
1 =x )£, < 7P (1AL (102)
Then o2
2M -r
ln S} < CnED 200G < (™) Il o
From (101), (102), and (103), we have
- 2M 1-p/2
I < Pt + (™) A (104
, SpMP/Zle |x|SfH2 Wm
Forr = (N T 2 £ 4 , we obtain the result. [

2-p|fl}

Corollary 5. Let1 < p < 2. Then
1. From (96) and (100) we have for every f € L} (RN) N LZ(RN),

(2—p)(N+2¢) N2 @2- p><N+zx)
||fH2pt+2 p)(N+2k) |f”;(7p —2)(N+2x)+2sp < M](S k PI H |x| f“szz p)(N+2k)

(v ~2)(N+2x)

% || |€|S©£A(f) ||2(p’—2)(N+2K)+25p’ , (105)

where
M (s, k, p, t) = Ka(s, k, p)Da(t, k, p).

2. From (96) and (100) we have for every f € LY (RN) N L2(RN),

4pp’st (p'=2)(N+2x)
— 7 7
||f|| T 2sp"+(p"—2) (N+2x)) (2pt+(2—p) (N+2x)) S M2|| |€‘5©11{V[(f) HZZSp +(p'—2)(N+2x)
2sp/ (2— P)(Ij+21</)
)(N —2)(N-
% H ‘ ‘tfHZthr (2—p)(N+2x))(2sp"+(p' —2)( +2K))’ (106)
where
Zsz

My = Ma(s,k, p, t) = Ka(s,k, p) (Daft, k, p)) =N/ =02+ 2-1N)
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3. From (96) and (100) we have for every f € L (RN) N L2(RN),
4psp't (2—p)(N+2x)
||pr (p"—2)(N+2x)+2sp") 2pt+(2—p) (N+2x)) < M3H ’x tfH 2pt+(2—p)(N+2x)
. 2pt(p! /2>< +2x)
% || |§‘S©II<VI (f) Hz(p —2)(N+2K)+2sp )((2—p)(N+2»<)+2rp, (107)

where
2pt

M3 = Ms(s,k,p,t) = Da(t,k, p)(Ka(s, k, p)) CpI 205200,

Theorem 8 (Nash-Type Inequality on L (RN) N L] (RN)).

Let 1 < p < q < 2. Then there exists a positive constant K3(s, p,q,k) such that for all

f €L (RN)NLI(RN),

S (N2 —q)
DA, < Kate P a AT b=

Proof. Letr > Oandlet f € Llf(RN) N LZ(RN). Then

1o A = s DRI + 11— xs) 2 (A

&\

Firstly,
| = x5 )OO <= 1EFR A

From (28) and (81), we have
ks 2 DI < (BT PR AY,

1— // / ,
2My FN+2x 7or Hfof |b|(2q’/p’—q’)K+N/2
(N +2x) P ’

Combining the relations (109), (110), and (111), we obtain

(108)

(109)

(110)

(111)

M7 < 2Mk Nevax e | @A/ =g RANI2) 1T o= || 1 F s M (A I|T,
(Al < r b LAIT + 57 || 1gP oM (-

N+ 2«
By choosing
s o \T/P M q (Nm)(,,f’iq%,,/q/
sy () e
r =
2My[b| 0 /PN — )|

we obtain (108). O

Corollary 6. Let 1 < p < 2. Then for every f & L,’:(RN) NLZ(RN),

2sp’ (¢ ~2)(N+2x)

I, < Kater 2 LA ot I3

Theorem 9 (Clarkson-Type Inequality on L} (RN) N LT(RN)).

(112)

Let 1 < p < g < 2. Then there exists a positive constant D3 = D3(s, p, 4, k) such that, for every

f e LY(RN)NLI(RYN),

s (N%J;)Z(?ggi)sw (N+2K)EZ‘1P)+SP'1
I£1l, < Dsl| IxI°f[p 1£1q -

(113)
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Proof. Forr > 0and f € L]f(]RN) N LZ (RN), we have
A1 = s Al + 11 = xe )1 (114)
Firstly,
0= xa I < v A 15)
By Holder’s inequality, we get
- 2M =r/e
ln S} < nBD AL < (™) Il i)
Combining the relations (114), (115), and (116), we get
It < (2t ) ™ g sl
“\N+2k q P’
q
Squ ‘x‘spr (N+2x)(9—p)+spq
By choosing r = o E =577 , we conclude
(N+26)g—p) (%) IA
the result.
O

From (108) and (113), we have the following Heisenberg-type uncertainty relations.

Theorem 10. Let1 < p < g < 2.
1. Forall f € L} (RN) N LI(RN),

p// t

P'i
[l ST T o

(N+26)(9—p) (N+26)(p'=q")

< Ni(s, g k)| [l FlLpT 200l ()|, 1)

!/

where
Ni(s,p,q,k) = Ds(t,p,q,k)Ks(s, p, q,k).
2. Foral f € L]f(RN) N LZ(RN)/
M ((N+2)(q—p) szt)p(/([;\/zpqz Y ) )
+2x)(q—p)+ 20 (0 —a N +sp'a”
Hgk (f)Hq’ < Nz(S,t,P,q,k)Hqu —p)+pa P —a)+spq

sp'q (g—p) (N+2x) (N+26)(p' —q')
H |x|tf||;(N+2K)<q—p)+pqt)((N+2K)(V’—q’)+5p’q’) H mS@IIcVI(f) H (/(N+2K)(p’—q’)+5p’q’) (118)
q 7

where y
spq

Na(s,t,p,q,k) = Ks(s, p, ,k)(Ds(t, p, g, k)) (N+2 0 =)',

Corollary 7. Let1 < p < 2.
1. Forall f € LY(RN)NL2(RN),

(p 2)(N+2x) (2—p)(N+2x) (p' =2)(N+2x)
2 —2)(N+2x) 2t2 ) (N+2 M 2sp’ +(p’ —2) (N +2i
sp/+(p' +2x) f” pt+(2—p) (N+2x) < Nl(s,p,?-,k)H |§|s©k (f) 2>P +(p'—2)(N+2x)

(2—p)(N+2x)

T Pl (119)

£l
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2.  Forevery f € LZ(RN) NLZ(RN),

4stpp/

17
[, G @ PO < N, (5,1, p, 2, k)
Zsp’(27p)(7\{+21<2 M
« H |x|tfH}(72pt+(27p)(N+2K))(ZSP +(p'=2)(2c+N)) H \§|S©]1(V1(f) 22510 +(p'=2)(N-+2x) . (120)

3. Forevery f € Ly (RN)NL2(RN),

(2—p)(N+2x) sp’—g)(zwzx) 2pt
Hf”p S N3 || |x|tf||;pt+(2—p)(N+2K) || |é|S©]](VI (f) H225p +(p'—2)(N+2x) 2pt+(2—p)(N+2x) , (121)

where
2p

t
N3 = N3(s,k, p, t) = (Ks(s, p,2,k)) ¥+@pWN+2) Ds(t, p, 2, k).

2.5. Pitt-Type Inequality

Pitt’s inequality explains the relation between the variance of a function and its
Dunkl transform, which makes it fundamentally important in the Dunkl framework. An
optimal version of this inequality has recently been proved in [52]. That is, for every
f € S@®N) C L2(RY),

L e 20 @ (@) < Guta) [ 162 70) Pameto), (122)
where
2
Colw) = (1/2)% Gggzi;’:;i;jg) , 0<a<x+N/2 (123)

The following result is an analogue of (122) for the LCDT.

Theorem 11. Forall f € S(RN) we have

o [l

where Cy () is given by (123) and 0 < o < k + N /2.

DM (@] dnl@) < ) [ W antn, (24

Proof. From (9) and (10), we have

|b|N+2K /RN |(—:|—2a

Then the result follows by a change of variable. [J

o (¢ B F) 6) [ d1e() < Culw) [P 70) Pael). 129

The Beckner-type inequality in the Dunkl setting states the following (see [52]): For all
f e SRY),

L log x| [ () Pan(x) + [ 101yl [94(F) ) Fane(y)

> (WH@(Z)) /RN F(5)dy(t).  (126)

The next theorem is an analogue of inequality (126) for the LCDT.
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Theorem 12. For every f € S(RN), we have

Lyloglxl [FPan(x) + [ 1oglyl|of (£ ) )

()

2
F(%) +log(2b|)) 1£1l5- (127)

Proof. For0 < a < x + N/2,let

F@) = 10 [ 12 [0 dnetw) - Cela) [ F0Pancn. (29
Then
Pla) =2 [ 1yl loglyl [o(F)(w)| dnly)
+2lbPloglel [ vl [ (1)) )
~2Cy(w) [ Tog ][t £(8) Fanult) = Cilw) [ 1P| (1) P,
where

r’ ( N+2i<—2a ) r’ ( N+2k+2a )

_l’_
N+2k—2 N+2k+2
l"( +i< a) l"( +4<+a)

/(N2
Cl(0) = 2(2((%_42;{; —l—log(Z)). (129)

Using (124), we derive that F(«) < 0. Moreover, since

Cila) = —Cila) ( + 210g(2)) .

In particular,

FO) = [ o8] ant) - 60 [ |70 (o
= |2z - IFIz =0,

then we deduce that

F(0%) = lim 1)

x—0t o

<o.

Equivalently,

2ioglv| [ [o(1) )| amty) ~2 [ toglyl [ W) dnty)
—2C(0) [ og 1 [£(t)Fane(t) = C4(0) [ 1£(t)Fdn(t) <o.

It follows that, by (25) and (129),

2i0g8] [ [0 (1)) dret) ~2 [ toglyl [(F) 0| amity)

2 [ loglt tzdtzwr,(%)lz 220
2 [ tog l]£(0) () + ) e V<o
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[ Jogltl [f0) Pty + [ toglyl [} () )| amety) 2 (

Alternatively,

T’ ( N+2x )

")

+log(2[b]) ) 1£1-

As desired. O

Corollary 8. Forall f € S(RN), we have

r( N+2x
Il £l Iyl 21|, = exp ( (M +log(2/b]) )) Ifl5 aso)

(]

Proof. Applying Jensen’s inequality to (127), we obtain

1/2 M 2

fop, oM W)
|t | (t)} Y|P ————d1(y)
{/ T Jos T

1/2

2 ‘ Ny ‘2 1/2
Fof o)
= |t Vi (t) +log | ————dn(y)
{/ iz fe 1£1I2
2 2
t oM
> [ tog 1 L0y, + [ gl LD 4,
11I2 1112
T ( NA2«
> (N jzx) +1log(2[b])
r(*)
which completes the proof. [
Remark 2. By virtue of the identity [58],
I'(z) 1 o0 t
Fo) =85 -2 Gl (131)

we infer that

I'((N +2k)/4
exp{ (M +10g(2|b|))} ~ (k+N/2)b|, forxk+N/2>1, (132)

which is exactly the same constant as in (63).

2.6. Donoho-Stark-Type Uncertainty Inequalities

Let1 <p<20<e¢gex <landletS X C RN. Then we say that a nonzero function
g€ L,’Z (RN), is eg—concentrated on S for the Llf -norm, if

s~ xssll, < 133)
and we say that CDQA (g) is ex-concentrated on X for the Lz/—norm, if
12 (9) — 2= (@), < exl| DR (D)]],- (134)
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Notice that if g = ex = 01in (133) and (134), then S = suppg = {t € RN : f(t) # 0} is the
support of f and £ = supp®M(g) = {x € RN : DM(f)(x) # 0} is the support of DM(g).

In the remaining of this subsection €g, €5, will be in (0, 1) and S, X will be two measur-
able subsets of RN with finite measure 0 < 7(S), 74 (Z) < co.

Theorem 13 (Donoho-Stark-Type Inequality on L} (RN) N L}(RN)).
Let 1 < p < 2. If a nonzero function f € L,f(]RN) N Li(RN) is eg-concentrated on S for the

!
Li—norm and its LCDT is ex-concentrated on X for the Llf -norm, then

< ()P (mE)Y 1 (135)

Hgllcv[(f)Hp’ — (1—85)(1—82) |b|K+N/2Hpr‘

Proof. Let f € LV (RN) N LL(RN), 1 < p < 2. Then

19 (f)

IN

Iy < eslML,+ 2P,

ex|[ O ()], + (n(ENYP D ()

IN

leo

Therefore from (23),

(e (E)Y 1 136

Hgllcvl(f)Hp’ < (1 _SZ) ‘b|K+N/2 HfH1

On the other hand, since f is eg-concentrated on S for the Li—norm,
IFll < esllfll, + lIxsfll,
< es||flly + SNV If
Thus,
’Y
£l < k Hfl! (137)

Combining (136) and (137), we obtain the result of this theorem. [

Corollary 9. Ifa nonzero function f € LL(RN) N LZ(RN) is eg-concentrated on S for the Li-norm
and its LCDT is ex-concentrated on L. for the L%—norm, then

Te($)7k(2) = (BN (1~ e5)*(1 —ex)”. (138)

Theorem 14 (Donoho-Stark-Type Relation on LI}Z (RNYN LZ(RN ))-

Let1 < p < q < 2. Ifa nonzero function f € L]’Z(RN a LZ(RN ) is eg-concentrated on S for
the L,’Z—norm and its LCDT is ex-concentrated on X. for the Lzl—norm, then

It

T el (N+2;< J2—p/)
I < D EDE 5 129

19 (f)

Proof. Let f € Lz(RN) N LZ(RN), 1 < p < q < 2. Then we have

19 (f)

IN

||q’ ||XZ®IZ<VI<f)||q’ +£Z||©kM(f)||q’

/ol

(n(2) 77 [P,y +ex] D)

IN

/e

I,
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Thus by (28),
" (1(®) 77, Lz
o)l < DL o ), a40)
On the other hand, since f is eg-concentrated on S for the LZ—norm,
1A, < eslifIl, + llxsfll,
a-p
< esllfll, + () £l
Thus,
q
Y
19, < T (141

Combining (140) and (141), we obtain the result of this theorem. [
Corollary 10. Ifa nonzero function f € L (RN) N L2(RN), 1 < p < 2, is es-concentrated on S
for the L,’Z -norm and its LCDT is ex-concentrated on % for the L2-norm, then

v 2/

(1(S) T (1e(E) T > [b] T (1 e5)(1 - ex). (142)

Letl < p < 2andlet BP(X) = {h € L;{’(RN) : x2DM(h) = @,é/[(h)} be the set of
functions of Llf (RN) whose LCDT are supported on X. Then we say that f is ex-bandlimited
on X for the Llf -norm if there is i € B¥(X) such that

1f = hll, < ezl fl],- (143)

Theorem 15. If a nonzero function f € L} (RN) NLI(RN), 1 < p < q < 2, is eg-concentrated
on S for the Lz-norm and ex-bandlimited on X for the Lz-norm, then
g-p

_ (S

I, < == (<1+sz><vk<s>>“q<vk< DAl ”22+€z>||fl| (144)

Proof. Let f € Lz(RN) N LZ(RN), 1< p<q<2 Then

£, < esllfll, + llxsfll,
< es|fll, + ()7 [Ixsfl,
Thus,
171, < 7= SN sl (145)

Since f is ex-bandlimited for the Lz-norm, then there exists h € B1(E) such that

If =nlly < esllf]l,

It follows that

Ixsfla@ny < llxshll, +llxs(F =,

(146)
[xshll, +ex[| ],

IAIA
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For h € B1(E), we have from (27), h = M x=DM (1)), and by (28) we have
k k y
(ne(2))" (7e(x))"/
[h()] < WH W, < Sl
Thus,
1/q Z
Jxshll, = ( [Inpanan) < (vk<s>>“q”|"(|llhll
Then by (146) and the fact that HhH (1+ex) , we get
N+2k
s fll, < ((U+e2) ()1 n@) Y07 +ex) [ 1], (147)

By (145) we conclude. [

Corollary 11. If a nonzero function f € LZ(RN), 1 < p < 2, is eg-concentrated on S and
ex-bandlimited on % for the L} (RN )-norm, then

1—e5—ex)?

§) m(x) > oV L es —ex)” 148
TS N(E) 2 N2 (149
Remark 3. If we take e = ex = 0 in the previous inequalities, we derive the following

Matolcsi-Szucs-type relations:

1. For every nonzero function f € L, (RN) N LY (RN), 1 < p < 2, we have

1 ; 1/p'
1),y < e (retsupp)'Y (e (supp@i (1)) 1AL, (149)
2. Forall nonzero function f € LL(RN) N L2(RYN), we have

e(suppf )1 (suppD! () = [bIN 2. (150)
3. For all nonzero function f € L,f(RN) N LZ(RN), 1 < p <gq <2, we have

(N+2x)(2—p")

[9M(£)]l, < ((suppf)) 7 (7 (suppt <f>)) o “1el, asn

4. For all nonzero function f € Ly (RN)NL2(RN), 1 < p < 2, we have

- (1/2-1/p") L .
(relsuppf)) 7 (e (suppo()) ) > [p|0/27 /N2 (15)

2.7. Local Uncertainty Inequalities

In this section we will show another type of uncertainty relations involving general
dispersions and the fraction of the norm on sets of finite measure. We start with the
following lemma [59].

Lemma3. Letp € (1,2].
N+2x
1. Ifo<é< o , then

1
_ 2M W o4 N2
.l = () s (153)
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2. Ifo> N;r,z", then

N+2x P’ N42
7 . 7 7 .

Theorem 16. Let 6 > 0, p € (1,2] and let S C RN be a subset of finite measure 0 < y;(S) < oco.
Then for every f € L} (RN), we have

Lx 0 N+2
Cr((8) ¥ | 1x°£]] . 0< < Nize,
M B N2
s Nl < CalmS) T Il ™ PA"™ 0> N,
1 ElE | 1l 12 N2k
Cs(ve(S)) > A1 =PIl g = NiZ,
where
ap)(N+2) o
Ci=Ci(0,p) = 2/p] ¥ 9(N++k—9p/) Ni%x
P 1 , N+2/K L,
C=CO,p) = |bI™ N2 () (R —1) ™ (CO.p)7,

— — N+2x
C3 - C3(9/ P) - ch( 2y ,P)
Proof. Lets > 0, and suppose that
| |x|9f}|p < oo.
Define f; = fxp, and f° = f — f,. Since

£ <57 P F ()],

then by (28) we have
xsD(fxe) y < H@f(\/l(fXBg)Hp/
(N+2x)(2—p")
< b ¥ ||fXB§||p
(N+26)(2—p")
< ol @ s x|

P

On the other hand, by (23) and Holder’s inequality,

||XS©£A(fXBS)Hp/ < |‘©]]<\/I(fXBs)||ooHXS||p’
1
< g (097 [fxs.
1
< v (S 7 || x| | 121
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Therefore, from Lemma 3,

s (Nl < sl + s,
- . 1 M
< s 9<|b|(1/p VN2 4 |b|K+N/2<N+2x—9p’) (n(9))7's

Choosing

==

1
I

)u ]

N+2K 0 N+2K =
= |b|(2Mkp> (1k(S)) V=2,

we obtain the first inequality.
The second inequality holds if || f ||p =ocoor || [x|?f Hp = o0. Assume that

As above using (23), we obtain

IN

lxs2' Ay = 1298 Allellxsly

;,|N1/2+K(vk<5>)5’ I1£1l:- (155)

Finally, by Lemma 3, we have

1 14
N R Ty

(1+ Jx]0)?
dyg(x) " p 0 ||P
< v | UL+ A
(/R <1+|x|r’9>p) (W 2
< @) (IFIE+ [ OA11). (156)

Therefore f € L} (RY), and by replacing f(x) by f,(x) := f(Ax), A > 0, in (156), we get

IFIE < (C(0, )7 (AP-DNS29 04 200082000 x|

In particular, the inequality holds at the critical point

W R ERAY
(v ( IA,

which implies that

N9+2;< N9+2;<
1£]l, < &6, pk ||pr I (157)
where
5 op’ % op’ I;;;f/x
sk = o (pv—x) (v -1) - )

which allows as to conclude.
Finally, since for A > 0, we have

42K N+2x
(/)% <14 (xl0) 7,
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then
M M _M M
[l 2 £, < A2 A, +A 2 1=l £,

Optimizing in A, we obtain

N2+/2K % N+,2K %
2 £, < 2[5 e £

Thus, using the first case (for 6 = N +2;<) we deduce that

A\

N + 2k 0 N
2Pl < e (Fgrr) w7 1
N+2 L 1 N+ 1
o s G e Vi H i

IN

The proof is complete. [

Remark 4. Notice that, in the case of 0 = %, one can provide an other inequality that improves
that in Theorem 16. In fact, taking

s_(1—e)2<k;:N>, 0<e<l,

and using the following relation,

"= £1l, <

o

we get for every 0 < e < 1,

IxsDr (), < Cale,0,p) (1)) 7 |f (MR (160)

Corollary 12.
1. If0< 0 <x+ N/2, then thereis C > 0, such that for any e-bandlimited function f on S,

('Yk(s))ﬁ

[121°]]5 = (1= &) |13 (161)

2. If0 > x+ N/2, then there is C > 0, such that for any e-bandlimited function f on S,

Ol e [ e CR 5 [ 162)
3. Forall A € (0,1), there there is C > 0, such that for any e-bandlimited function f on S,

() AR A5 = ca =) £l5 (163)

Proof. Since f € L2(RYN) is e-bandlimited on S, then
lxsD (N5 = 17115 = lxs D3 = @ =) F -
The results follows by Theorem 16 and Inequality (160). O

Corollary 13. Let 6 > 0and 1 < p < 2. Then for all f € L{(RYN),



Mathematics 2025, 13, 2729 27 of 33

12 ()] pevey < Gl
Lk2+N(2K -Np'0

0<6< N;f,z’(,

N+2x N+2k

Y ()l <Cllslhy ™ 1P, 0> 2,

9 = N;IZK,

1
1D A 2w < Call 1l 11

where L,’:’q(]RN ) is the Lorentz space defined by the following norm:

‘:h—‘
\m»_n

||g||LkW = sup (7(8))7 ||ng|| (164)

SCRN,0< 7y, (S)<o0

Theorem 17. Let 6,6 > 0and 1 < p < 2. Then forall f € L} (RN),

. rh A
Cufl [Pl g1 () 0 <6<,

/

i, <] V7 1)

k
N+2x

XH ’§|5©II(\/I(f)HFII\5+2x+5p/, 0> N;ZK’

~ b i 6
C3Hf||z+25|| |x|9f||z+z(s”|§|5©M(f)”;/+25/ p = N+2

p/ 7
where

~ ~ 5\ 0 0 L l’ NGZ ﬁ

:C1(9/5rp) = ((@)9+(5+(3)9 ) (C Uk+K> 4

N+2 o J
, _ N42x op! 4 N s

- ~ 5 P NTosT K+op!
Cp = CZ(G/ S, p) — (((ZKflfN-ﬂ) N+2x+6p + (N;;%K) Nt2c+op ) (Ukcg ) N+2x+op ,
~ ~ 26 0\ 5225 % ﬁ e
G =G(0,0,p) = ((7)‘”25 + (ﬁ)‘”z") (Uk C3> ’

oM
and oy := Yk(B1) = N

Proof. Let0 < 6 < %, 0 >0andr > 0. Then
/ / /
1 N5 < llxe. DR O3 + xss DR (O] (165)
From Theorem 16 and Lemma 3, we have
XB,Dp <Clo X (166)
) M P r' N 5, 9p f P
Moreover, it is easy to see that

s (A% < - [P oM ()1 167)
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Combining the relations (165), (166), and (167), we get

/

M, < o= | |xlff|

+ g (N

The first inequality follows by choosing

’ % 1
oc] T1=°AT,

Now letr,6 > 0and 6 > %. Then from Theorem 16 and Lemma 3, we have

/ / /_ N+2k N+2x
Ian DRI < o P42 =5 | o ] 168)

Combining the relations (165), (167), and (168), we get

Hgllcw(f)HZ < Ukcg/r(N-FZK)Hfuz’_N#éZK

N+2x /
xF, T+ P el )

Choosing
S/t N2 p op’ +N+2x
( 5/ )*’* R B TR T
P=\"— I N+2x N2«
(N+2K)UkC§ HfHZ 0 H ‘x‘é)pre
provides the second inequality.
Finally, given 0 = 2";N ,0 > 0and r > 0. Then from Theorem 16 and Lemma 3,
we have ) )
/ , P P
lxs, DR (IIE < var(Ca(6,0))7 N2 £]|2 || 1] 2 (169)

Combining the relations (165), (167), and (169), we get
/ / v 4
IF NN, < VaECEN | f 7 1l

+ o epo |

The last inequality follows by choosing

2Np'
(2k—1+26p")N+2

( 26N/ 1 ) s (| 18P0 ()],
"= - , T T
2+ (2c =N gzt IF1Z [ 219 £)2

O

Corollary 14. Let 6,6 > 0. Then for every f € L2(RN),

0

1£1l, < €@ 0,0 1x° £ e D (Il
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where ~
¢1(6,6,b,2), 0<6<x+N/2
5 0(N+2x+25)
€(0,0,k) = (Cy(6,6,b,2)) N+ 2t20@+), 0 >k + N/2,
(C3(6,6,b,2)) 77, 0 =x+N/2.

Building on the ideas of Faris [60] and Price [61,62] in the classical setting, we will
provide another local-type uncertainty inequality for the LCDT.

Theorem 18. Let0 < 17 < x+ N/2and p € [1,00). Then there is C(p,k), such that for all
f € LL(RN) and every subset S C RN of finite measure v (S) < oo,

% 1 __2(N+26)
(/S O (f) (y)l’“dvk(y)> < Cp, k) (7 (8)) P || |y|'733]1(\/f(f)H2(N+2K+211)(p+1>

(N+2x+2) (p+1) —2(N+2x)

% ||f”l (N+2x+217)(p+1) ) (170)

Proof. Suppose that || f ||1 = 1. We have for every s > 1,

Ly (s)
From (23) we have

=

o alys = (L oHOOIm0xsinG) )

1

_P_ P
< REOIE ([, M0 xm s wan))
_(2+N2K1 M L
< ol AN (S )“’“)Hi)k )XBsHlp
,P(N+2 11
<5 ()75 04 |57 1

Moreover, by Lemma 3, we have

1
— sz 2 B
H lyl 7]XBSHZ < (IV—!—ZK—ZT?) gKtN/2—1

Thus, we get

1
+2 ) 2M; 2(p+1) N+2x-2y 1
e O R 1 0

On the other hand, by (23), we have

1
p

28y, < RO ( L, PH 0 xae(xs )ine(o))

(p—1)(N+2x) T

<1 ()7 ( [ 1ol ><y>|2ng<y>dvk<y>)”“

—1)(N+2«

< Jol 0 (vk(S))Wlllyl”gk ||’Hls o
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Hence, for every 7 € (0,x + N/2),

(p—1)(N+2x)

1
1 1
(fRrnwianm )’ < b "5 (u(s) o ) s

1
2Mk 2(};74@) N+2x _ N+2k M 1
’ <<N+ZK:M) A S ot WQ

Choosing

2
o (O]

N 21 2 N2(2+1)2
50— N + 2k — 25\ N+2s+2y 2y +K+U|b‘mN+x2f2q|
2Mp N + 2k

we derive the result. O

Corollary 15. If0 < 7x(S) < oo, then for f € L,’z (RN), p € (1,2], we have

G (1e(8) T E Yy

‘bl (k+N/2)(1-2/p")

0< 6 < Nz,

N +2K N+2x

[9¥ sy < e )P A e 7 WA, 6> X,
31 1
W(?k S))% szHﬁ [ 1yl 0= N;ﬁz",

where C]-, j =1,2,3 are the constants given in Theorem 16.

Proof. By (28) we have

1D (xsDp ()| [b| /P DN DM ()|

IN

v P

IN

|6 2/P DN/ (o, (§)) 7P| xsDM(F) [,

Theorem 16 allows to conclude. O

Proposition 3. If 0 < 7x(S), 7x(X) < oo, then for f € BP(S), p € (1,2], we have

1 01
e ()P (1(8)) =7 |y 0 << N2

1 N+2x N+2x

sl <4 S Gn@ @Il ™ Nl o> N,

==

i ()7 () (A5 17 ), 0 = 232,
where C;, j = 1,2,3 are the constants given by Theorem 16.
Proof. For f € BP(S), p € (1,2] we have
f=o o).
By (23),
fl < ke (0(8) 7 s ()],



Mathematics 2025, 13, 2729

310f33

Therefore,
1 1 1
= fll, < W(Vk(z))p(“Yk(s))”||Xs®£A(f)Hp~

which implies the desired inequality from Theorem 16. [

Proposition 4. Let 0 < 6 < N;,Z", p € (1,2]. If f € BP(S) is ex-concentrated on X for the
Ly (RN)-norm, then

0<9<N+2K

1 641
e ()7 () T ||yl f |, y

71, < L , = el N+2x
fll, = W(W(Z))P%(S)HJIHP IylPfllp™ 6> ",
&3 v %2 £)|2 0/ N-+2x

e (@D ()2 F|2 | lor)|2 6= N,

Proof. Using the fact that f is ex-concentrated on ¥, and Theorem 3, we obtain the result. [J

In a similar way we have the following results.

Proposition 5. If 0 < 7, (X) < oo, then for all f € L,’f(RN), p € (1,2], such that DM (f) is
ex-concentrated on X, for the L,’:, (RN), we have

_0
L (7(D) M | |yl f|

» 0<9<%,

_ N+ N+2x
op’

a1 1 2K
[ A = 4 1S n@) 7l ™ oAl 0> M,

% 0 = N+2k
p’ v

S (n(@) ¥ A1 | Iyl

3. Conclusions and Perspectives

In the present paper, we proved some quantitative uncertainty principles for functions
in the L,If -spaces, comparing time or frequency dispersions, the supports or the essential
supports of these functions. All these uncertainty inequalities show the impossibility of a
function and its LCDT to be both well concentrated in the time-frequency plane.

In future work, we will study some qualitative uncertainty principles for the LCDT,
including in particular Hardy and Beurling uncertainty principles. Moreover, we will
extend some results proved in the recent paper [63] to arbitrary dimension.
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