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Abstract

This paper establishes a rigorous theoretical framework for analyzing the existence and
uniqueness of solutions to Cohen—Grossberg bidirectional associative memory neural net-
works (CGBAMNNS) incorporating four distinct types of time-varying delays: leakage,
neutral, distributed, and transmission delays. This study makes three key contributions
to the field: First, it overcomes the fundamental challenge posed by the system’s inherent
inability to be expressed in vector-matrix form, which previously limited the application
of standard analytical techniques. Second, the work develops a novel and generalizable
methodology that not only proves sufficient conditions for solution existence and unique-
ness but also, for the first time in the literature, provides an explicit representation of the
unique solution. Third, the proposed framework demonstrates remarkable extensibility,
requiring only minor modifications to be applicable to a wide range of delayed system
models. Theoretical findings are conclusively validated through numerical simulations,
confirming both the robustness of the proposed approach and its practical relevance for
complex neural network analysis.

Keywords: Cohen-Grossberg BAM neural networks; existence and uniqueness of solution;
time-varying leakage; distributed delays

MSC: 93D20

1. Introduction

Neural networks (NNs) have garnered significant attention due to their broad appli-
cations in engineering and technical fields, such as signal processing, automatic control,
image restoration, associative memory, and optimization [1-6]. As traditional NNs became
increasingly prevalent, diverse types emerged, including Hopfield NNs, memristor-based
NN, cellular NNs, Cohen—Grossberg NNs (CGNNSs), bidirectional associative memory
NNs (BAMNNS), and fractional-order NNs. Among these, CGNNs were introduced in
1983 as a single-layer autoassociative Hebbian correlator [7]. Building on this, BAMNNSs
were proposed by Kosko in 1987 [8,9], extending CGNNSs to a two-layer heteroassociative
structure capable of retrieving complete stored patterns from incomplete or noisy inputs. In
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practical applications, recurrent neural networks (RNNs) are used to process a group of in-
put neurons and produce a related but distinct group of outputs. Meanwhile, the BAMNN
architecture consists of two layers: the X-layer and the Y-layer. Neurons in one layer are
fully connected to all neurons in the opposite layer, but there are no connections between
neurons within the same layer.

In hardware implementation of NNs, time delay is an unavoidable factor in the
characteristics of signal transmission between neurons. Time delay may lead to some
complex dynamical behaviors of the whole network, for example, instability, chaos, periodic
oscillations, and poor performance. Therefore, it is of prime importance to consider the
delay effect on the dynamical behavior of NNs. In general, time delays in NNs can be
classified as transmission, leakage, distributed, and proportional delays [10-13].

A considerable number of results have been reported regarding the combination of
CGNNs and BAMNN:S (i.e., CGBAMNNS) which have been applied to many areas, such as
associative memory, signal processing, combinatorial optimization and parallel computing.
Accordingly, many researchers have paid more attention to CGBAMNNS. The existence
and uniqueness of solutions to recurrent neural networks under impulsive perturbations
were investigated in [14,15]. In [14], Li et al. utilized the contraction mapping theorem
to establish sufficient conditions for the global existence and uniqueness of solutions for
neural networks with leakage delays. Building upon [14], the authors of [15] further incor-
porated distributed delays into the system and derived analogous sufficient conditions for
the global existence and uniqueness of solutions by using the same methodology. In [16],
the theoretical framework for reaction—diffusion stochastic Hopfield neural networks with
S-type distributed delays was developed, where the existence and uniqueness of wild
solutions was rigorously established using the homotopy invariance theorem combined
with topological degree theory. In [17], fundamental global existence and uniqueness
theorems were established through compatibility analysis of initial values, thereby laying
theoretical foundations for applications of differential-algebraic NNs. The methodologi-
cal spectrum expanded in [18] through discrete nabla operators of variable order, where
Banach’s fixed-point technique was successfully applied to derive existence—uniqueness
criteria for discrete-time fractional-order neural networks. In [19], sufficient conditions
were established for the existence, uniqueness, and global Mittag-Leffler stability of so-
lutions in fractional-difference BAMNN models. Ref. [20] proposed a novel five-neuron
fractional delayed BAMNN, deriving solution existence and uniqueness through Lipschitz
conditions. Concurrently, ref. [21] established criteria for solution boundedness, existence,
and uniqueness in fractional delayed BAMNNSs, while also proposing a delay-independent
bifurcation criterion and stability conditions for the modeled systems. The study in [22] con-
ducted qualitative bifurcation analysis of an incommensurate fractional-order five-neuron
BAMNN incorporating four delays, including establishing the existence and uniqueness
of solutions. Furthermore, ref. [23] employed equivalent integral equation formulation to
systematically analyze BAM cellular NNs, achieving comprehensive existence-uniqueness
proofs of solutions through functional analytic methods.

Based on the preceding analysis, this paper investigates the existence and uniqueness
of solutions to CGBAMNNSs with four types of time-varying delays: leakage, neutral,
distributed, and transmission delays. Since the system model cannot be expressed in vector—
matrix form, conventional analytical techniques for such dynamical system constructs are
inapplicable. To overcome this hurdle, this study proposes a novel and more general
methodology. Specifically, by defining a new norm, we establish a sufficient condition to
guarantee a direct analysis approach proposing the uniqueness of solutions to CGBAMNN .
Furthermore, an explicit expression of the unique solutions is derived and presented.
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Notation. The sets of real numbers and positive integer sets are denoted by R and
N, respectively. The symbol C([—c,0],R) denotes the set that consists of all functions
¢:[—0,00 >R Z={1,2,...,k}, ke NT.

2. Problem Description
Consider a class of multiple-delay CGBAMNNS, which can be described as

Zi(t) = ai(Zi(t)) [_Pi(gi(t_pi(t))) + ) [bij B (8(£) + ¢l (9;(t — pij(£))]

€L

+ ) Dij/ + ) agaw(t)

t
hii(aid;(s))d
—6,(0) ](“] (s))ds

JELm 1€Zy
+ Z eijéj(t—rij(t)),iezn,te [0,“1‘00), (1a)
JEZLm

Bi(t) = aj(%;(t)) [—ﬁj(ﬁj(f—%(f))) + ), [Gjifli(éi(t)) "‘Ejiii(gi(t_qji(t)))}

i€y
t A
+ Y Uﬁ/ hi(BiCi(s))ds | + ) ap@(t)
icz, i) k€L
+ Y §idi(t—05i(t)),j € Z, t € [0,+00), (1b)
i€Zy
gi(s) = (Pi(s)/ 19]'(5) = 1/)]'(5)/ —0<5<0,i €%y, jE L, (1)
= Z‘E%rln,?é(lm{pi, q]/ Pij/ qji/ 51']'/ r)/jl'/ Tij/ 6ji}/ (1d)

where ;(t) and ¢;(t) denote the ith and jth neuronal state of layer-X and layer-Y, respec-
tively; w; € C([0, +00),R) and @, € C([0, +c0),R) are the input of the neurons, respec-
tively; hj(-),fzi(-), L), L), fii(-), and f1;(+) are continuous activation functions; ;(-) and
0;(+) represent the amplification functions; p;(-) and p;(-) denote appropriately behaved
functions; the constants a;, d;, bjj, ﬁji, <ijr i, Oij, ﬁ]-i, ¢jj, and ¢&;; represent the connection
weights; ¢;(s), #j(s) € C([—0c,0],R) stand for the initial functions; p;(-) and g;(-) are the
time-varying leakage, pi; < pi(-) < pi, 4; < q;(-) < §j; p;;(+) and gj;(-) are the transmis-
sion delays, p;; < p;;(-) < pij, 4ii < q;i(+) < §ji; 6;j(-) and ;;(+) are the distributed delays,
0<4;(-) < Sij, 0 < 7ji(+) < 9ji; and T;j(-) and 0;;(-) are the neutral delays, %; < 7;(-) < %;,
6ii < 0;i(-) < 6.

This paper will deal with the existence and uniqueness issues of solutions to CG-
BAMNN:S (1) that involve time-varying leakage, neutral, distributed, and transmission
delays. By proposing a direct analysis approach, we shall derive delay-dependent criteria
to guarantee the existence and uniqueness of solutions to CGBAMNN:S (1).

To realize the purpose, we require the assumptions below:

Assumption 1. There exist scalars 21;,Ap; > 0 such that |0;(a1)p;(az) — 0i(b1)pi(b2)| <
Aq;la; — by | + Apilap — by holds for all i € Zy, and aq,a;,b1,by € R.

IN

Assumption 2. There exist scalars ﬁllj, QAlzj > 0 such that |0j(a1)p;(az) — 0j(b1)p;(b2)]
Ql1j|a1 — b+ ﬁlzj\az — by| holds for all j € Zy, and ay,a,b1,by € R,
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Assumption 3. There exist scalars §;, hi, I, B, 0i, h;, 1;, h; > 0 such that

|0i(a) — ai(b)] < @ila —b], |hi(a) — hi(D)
[li(a) -
)

loi()] <

Li(b)] < Lila = bl, [i(a) — 1 (D)]
Qi [hi ()] < By, ()] < T ()

hold foralli € Zyn and a,b € R

Assumption 4. There exist scalars éj, fzj, fj,fzj, Q],h], l/, fi; > 0 such that

X

0j(a) —
|lj(a) —
|Q]()‘

hold forall j € Zy, and a,b € R

gj(b)] < éjla—bl |hj(a) — hj(b)| < hjla —b],
| hj(a) — fl](b | < hjla—b],
(- <

)| < I hi(-)] <

) -

Qj
fj(b /| )
5|fl() I, I (

Assumption 5. There exist scalars 1, Typ, Ty1, and Ty such that Ty <
Tap < %j(t) < Ay forany t > 0,1 € Zy and j € L.

A
Kl
=
—
—
N~—
IN
v~l>
=
A
—_
I
=
QU

A\
\CD
;\
v
IN
>
QU
—_
A
—_
)
=
[N

Assumption 6. There exist scalars 041,600,041, and 0o such that 6 <
b < 9ji(t) <Oy foranyt>0,i € Zyandj € L.

3. Existence and Uniqueness of Solutions

In this section, we will prove a sufficient condition for the existence and uniqueness of
the solutions to CGBAMNN:s (1) by defining a new norm:

lg(B)ll = max  sup (lgi(t)le™),
i€Zy tE[—U,-‘rOO)

lo(®)]l- = max  sup  (Jv;(£)]e™).

J€Zm te] g, too)

Theorem 1. Under Assumptions 1-6, if there exist K; > 0 and K]- > 0(i € Zy,j € L) that are
to be solved, such that

Ki 4 B1; + By + B3 | Gj+ s

B; 2 <1, 2
0i + Ki+1 K]'"‘l S (2a)
K'+¢1‘+€2'+€3' By + Bs;
Coi+ L——L—— 7% P, 2b
o Ri+1 Ki+1 — (20)
where
‘eljl —Tij

E]GZm 1— lee 4
_ Jeij| max{|K;i(1—Ta1)+Taa | | Ki (1=Ta1 )+ o |} e i,
By = ZjeZm (1=%4)2

By = 2Ay; + Agie 7,
Bai = Ljez, 6il0ij|h; + [cijlTj + [04j]7,8;),
4i = Ljez,, 0i(|bijlhj + |°ij|l~'e7ﬁij
= EjeZm Ql|0,]|fz]¢x](1 € 51/)

‘e]zl
ZZEZn 1— Gd /
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¢ =Yies |&;] max{|K;(1—641)+02] | K; (1—641)+642} 79
1j = &A€L (1-0)?

¢ = Liez, (3 + ?‘2;’3 )/_ .

€3 = Licz, 5j(|5ji|f:li + |fji!l:z‘ + [3;ilhiyi),
€y = Yiez, Q;j(|6ji~|fli + [¢ji] e ),

Csj = Yiez, 0[8;ilfupi(1 —e i),

then for any given initial conditions ¢;(t) and ;(t), the CGBAMNN (1) has a unique solution:

Here,

i € Ly,

) o Ri(t), € [0, +00),
Zi(t) = {(Pi(t), e o0,

5 . o~
l9j(t) _ 21?:0 ﬁ]K(t)r te [0,+ )/] € Zom,
¥;(t), t € [-0,0),
Rio(t) = 7r1i(t) + e Kt (9;(0) — 711;(0))
Rin(t) = fteK’(sft)K Zi(s)ds,
Rio(t) = — Ljez, Jo € DEi(s — Ti5(s)) maij(s)ds,
Riz(t) = ot Kils=1) 0,(Zi(s))pi(Zi(s — pi(s)))ds
Rig(t) = [y kil Qz(él(s)) i(8,5)ds,
Ris(t) = Tiez, Jy €56 Dagay(s)ds,
m;i(s) = YicZy 7%]@(1 T(l])(s)),
Tij(s) = s e”(l(l?f(;z);zeiﬂ”( !,
i(9,5) = ;%J%m<<»+%m (5= py(s))) + 0y 25, )
Rjo(t) = 7t (A) +e N ((0) — 711(0))
R (1) = [y eNEIR0;(s)ds,
Ria(t) = = Liez, Jo €9C85(s — 6ji(s)) raji(s)ds
Riz(t) = — o eC70;(9;(5))p; (8;(s — g(5)))ds
Ria() = Jo eM6700;(8;(s))11(Z, 5)ds,
Ris(t) = Lrez,, Jo €° Vajc(s)ds,
1i(s) = Liez, 7e]1191i(_59~;{z)(5)),
A _ Riej(1-65(s))+¢i65:(s)

7'[2]'1‘(5) - (1— 9}1( 5))2 ’

T1(8,5) = ez, (B hi(i(s)) + &l (@ils = () + 35 S

(8 (u))du),

hi(Bi2i (1)) dlu

)
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Proof. (i) Existence. Next, we will first show that the set of functions defined in (3) and (4)
are the solution to (1). According to (3), we can obtain

G = Y ebit—t) + Y eijC;(t — (1)) 1ij (1)

& i, (=1(1)?
—Kie Xt (;(0) — 71;(0))
—Ki¥i1 (t) + Kigi(t)

Bz‘(l — i (t)) + e tij(t)
I VL e
—KiRi3(t) — 0i(Gi(t))p (§ (t—pi(t))

_Ki%zél t + % Qz z [buh( (t))+cz]l( ( pq( )))
JELm

t
Oij hj(a;0; d K;¥Rs(t ; t
+ ij /t—5i]‘(f) ( &j ( )) Ll] i 5( )+lezznalw1( )

= Ql(gz(t)) [—Pi(gi(t + Z [bq h +Cz]l ( ( pl]( ))]

€L

+ Y auaw(t)

1€Zy

+ Y eili(t—Ti(t),i € L, t € [0, +00),
=

+ Z 0jj /t(s " hj(uc]-ﬁj(s))ds

€Ly t0i(0)

That is, (1a) holds. Similarly, from (4), it can be obtained that (1b) holds. Therefore,
the functions given in (3) and (4) are a solution to the CGBAMNN (1) corresponding to the
initial function (1c). This shows the existence of the solution.

(ii) Uniqueness. Now we will prove the uniqueness of solutions of the CGBAMNN (1)
corresponding to the initial functions ¢;(t) and ;(t) in (1c). Assume that {;(t) and & (t)
(i € Zy,j € Zy) are also a solution of the CGBAMNN (1) corresponding to the initial
functions ¢;(t) and ¥;(t) in (1c), which differ from the ones given in (3) and (4).

According to (1a), we can obtain

a (. eyt — (1)
w(g"(”_z R )

i, 1)
 hen e (t— Tij(1) (1 — 1 (1)2 — e 03(t — T35(1)) - (— (1))
= gz(t) ]&—ZZW (1 _ Tij(t))z
. s eijGj(t — (1)) T (#)
= G0 3 adit-w0) - 3 = ’(1_;], OB
= Ql(gz(t)) [_Pi(gi(t ].E% ij ] +cz]l]( ( pl]( )))]

+20”/§t

]EZm ij )
v eiiCj(t — T;(t)) tij (1)

iz, (1=1(1)?

i (a ﬁj(s))ds

+ ) agw(t)

1€y

,i € Zy,t €10,400).
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Accordingly, we have

jt[“@() Y _W Tfiit))ﬂ

]EZ,n (
- K (éz(t) ]g Tl]() )

eKitQi(gi(t)) [ Pl(gz(t —pi(t Z ij ] )+ c1]1]( i(t pl]( )))]

€L

+eKit 2 aﬂwl(t)
1€Zy

+ Y al]/ hi(a;i(s))ds

JE€ELm Gij(t)
oKit elJC] — () %(t)
R (R )

JELm

i € L, t €10, +00).

Taking the integrals from 0 to t on both sides and applying (1c), we obtain

L = Y W—i—emt ((pi(o)_ ), W)

€L J€Lm

+/(;t eKi(sit)Kigi(S)dS
t ~
- ) /O im0 Zi(s — 7y (s))

Kieij (1 — 1i(s)) + etij(s)

(1—1(s))? as

+ Z /OteK,-(sff)Qi(gi(s))[bl] h]( i(s)) +cl]l]( (s Pz;( 5)))

JE€L
B s (s—t)
+0; /S_Ms)h( ))du] ds+l€ZZ; / ) ajjw; (s)ds.

Let

Rio (1) = 71i(t) + e Kif (;(0) — 711;(0))

R (1) = [y eKEDKZi(s)ds,

§]?31'2(” == ZjeZm f(; eKi(57t)€](S Tl]( ))7721]( )ds,

3:?1'3(15) =- fot eK”(S_t)Q (@'(S))Pt(é'( — pi(s)))ds

Ria(t) = Jy X6 0;(Zi(s))TT;(F,5)ds,
where

~ 4 i
7'[11( ) Z]GZM %]’E])(S))

As a result, we have

4

Z ) + Ris(t). ©)
Similarly, we can derive from (1b) and (1c) that

4 X
=) Rt

k=0

bl

where
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Rio(t) = () + e (1;(0) — 74;(0)),

R (t) = [1eN0DR;3;(s)ds,

Ria(t) = — Tiez, Jo €1718i(s — 0;i(s)) (5 s
Ria(t) = — Jo 96 00;(8;(5))pi(8y(s — ;(s)))dls
Riu(t) = [, eK"(S_f)@j(ﬁj(S))ﬁj(~/S)dsf

1j(s) = Liez, éﬂﬁll(,sg;g(j;)(s))-

1}

Let ¢;i(t) = Zi(t) — Zi(t) and vj(t) = §;(t) — 0;(t). In light of (3) and (5), for any
€ [0,4),i € Z,, we have that

e7t|gi( ) 1( )|

_ ¢iiGi( Tl

¢ ].GZZ: %ij6j(t — Tijt)) - ] +/ Kici(s

(s— Kiei'(l—ﬁ‘(s))""ei'fi‘(s)

_JEZZM/ (s —j(s)) : 1 —]T'Z-]-(s))2 ——ds
- /ot eKi=D0;(Zi(s))pi(Zi(s — pils))) — @i(Gi(9))pi(Gils — pi(s))))ds
+ ¥ / i(8))11;(9,8) — 0:(8i(s))T1;(8, 5)]ds

€L
ot ellg] Tl] -tk

< (JEXZ: Tz] ‘ ‘/ Kigi(s)ds

+K; Z

€L

‘/ (50 [04(Zi(s))0i(Zis — pi(5))) — @i(Zi())pi(Gi(s — pi(s)))]ds
+ ) )

JE€EZm

/O er(s—f)gj(s — Tj(s)) 724 (s)ds

N0i(Zi(s))IL;(8,5) — 0;(Li(s))IT;(8, 5)]ds

Based on Assumptions 1-6, we have

L eijgi(t —Tj(t)) ‘ ¢
e LRl < e l¢i(t — ()]
jezzm 1—1;(t) ]ezzlm le Y
el ~ (1)
= Y e W gt —Ty;(1)) e )
JE€Lm 1- le
leijl 4
< ) —e W sup ([gj(t)]e™")
JE€Lm 1- a1 te[—0,+00)

= Bo;max sup  (|g;(t)]e™),
JE€Zm te[—0,+00)

eft

t
/ K= Kici(s)ds
0

t
< /e(KfH)(S*t)dsKimax sup  ([gj(t)le™"),
0 J€Zm te[—g,+oo)
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Py / (706 (s — 1ij(s)) maij(s)dls

JE€ZL
t Kl-el--(l —’fi'(S)) +€i';fi'(5)
< Ki(s—t)—t - . s—Tii(s ] ]’ 1Y ds‘
S j;Zm/O e GJ( ]( )) (1_Tij<s))2

Kieij (1 — 1(s)) + eijtij(s)
(1—1(s))?

t
(K t1)(s-)
L e

IN

dse” sup  ([gj(f)le”)
te[—0o,+o0)

|e,]|max{|K (1= 1a) + Tl [Ki(1 = 1) + T} o

€L

LK) (-0 g

= jezzm/o ' (1—1p)?

x sup  (lgj(t)]e”)

te[—o,+00)

= ; te(K"H)(S_t)d max su (Hle™),

poy! smax _sup _(gj(0)le”)

e /0 i [0:(Z3(5))pi (Li(s — pis))) — 0i(Zi(s))pi(Zi(s — pi(s)))]ds
< /Ote Kt D)= e =510, (Zi(5))pi(Li(s — pi(s))) — 0i(Gi(5))pi(Li(s — pi(s))) |ds
< [ (5) — 0s) 4 eIl — pils)) — a5 — )l

—~

= /eK+1 =Des[20y;]gi(s)| + Aailgi(s — pils))[)ds

</ KA DE=0ds[21; + e ] sup  (Jgi(t)]e™)

te[—0,400)
= By; Z / (Kit1)(s=) ds max sup  (|gi(t)]e™),
JE€Ly, JE€Lm te[—o,+00)

e—t

/Ot K= 10;(Zi(5))IL (8, 5) — 0i(Zi(5))IL; (9, 5)]ds

/ K5 gy (Z ()L, 5) — 0,(Ci(s)IL (B, 5)

0

+0i(Zi(s))11;(9,5) — 0i(Zi(s))T1;(9, 5)]ds

[ o (5)) — @I (3,5) + e @OITT(3,5) ~ T11(8,5) s

IN

F A KAD -0 ds (11T : 5.8 Nlet
/oe i ds@;([bijh; + [eijll; + [055]R05)  sup ([gi(t)]e™)
te[—0,+00)

t
+/ e(Kit1)(s—t) g (|bl]|h —|—|c1]|le pll)max sup (\Uj(f)|e_t)
0 JELm te[—o,+o0)

t - _
+/ e(K#l)(S*’f)ds@i]aij|hjzxj(1 e di )max sup |Uj(t)|e !
0 J€Zm te[—g,+o0)

t
= By [ MENds sup (lgi(t)le”)

te[—0,+o0)

t
+®By; [ e Ddsmax sup (Juj()le )
0

JE€Zm te[—g,1-00)

t
+%5i/e(Ki+l)(Sft)dsmax sup (|v]-(t)|e*t).
0 JELm te[—g,+o0)
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So,
sup e '[Z;(t) — Zi(t))|
te[—0,+00)
Ki + B1; + By + By —t
< ; ,
< (ot SRR e sup (i)
Byi + Bs; —t
+t—g 7 max sup (lvi(t)|e™). (7)
Ki+1  jezn te[—0,+o0) !
Similarly, in light of (4) and (6), for any t € [0, +0), j € Z,,, we have that
e | B;(t )—ﬂj(t)l
ot eﬂvl / (s=HR
=e —|— el s)ds
K (1—=0. 2.0
-y / K= 0,(5 — 051(s)) i€ ]1<S)) +:ﬂ i(5) 4
= (1—6;i(s))
t ~ ~
-/, M0 [8;(3;(5))p;(3(s — q(5))) — 6;(8;())p;(8;(s — g;(s)))]dls
+ ¥ [ S @o)(Es) - (3D E9)lds
i€Zy
gjiv;(t — 0j;(t e
< et< ) e]v(]())’+ /eK!(s t)K]v](s)ds
= 1_9ji(t) 0
Kj(s— t)v (s — 8;i(s))71pji(s)ds
1€Zn
tos ~ ~
| [ e 83059695 = 4,(5))) = &5(8)())8(8(s = 9;(5)))ds
t %4 ~ A ~ ~
+ X /0 N0 (Bi()ITH(E,5) — 4;(B;())TTj(¢,9)]dls
i€y
Based on Assumptions 1-6, we obtain
sup e [d;(t) — 8;()]
te[—o,+00)
Ki+ €1j 4 € + &5
< (e + T e sup (u(ole)
Kj +1 €20 te|—g,400)
+ S S max sup (Jei(0)le) ®

K +1 i€z, t€[ L7+oo)
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By (7) and (8), we obtain

12(8) = ()1« + [18(t) = B(B) I«

= max sup [G(t) = Gi(t)| +max sup [9;(t) — ()]
€20 te|— g +00) J€Zm te[—g,+oo) ! !

Ki 481 + By + B3;

< (Boi + max sup (|gj(t)le”")
(B Ki+1 >J€the[ orroa)
wmax sup (|vj(t)|e7t)
it Ll jelmiel g o)
R+ €1+ € + &, B
+(€oj + / A ] ])max sup  (|v;(t)]e™)
K] + 1 ZGZn te[,o-ﬁLoo)
&y + s B
TS ek sup (lei(t)]e)
K] + 1 IGZV, t6[7{7,+00)
Ki+%B1+ By +B3 &+, -
< (B + + — t) —Z(t
< (B o AR IORCI
K'+¢1‘+€2‘+¢3‘ By + Bsi\ =
) ] ] ] ] 4i 5i () _ 9.
e+ rass | IORLICI

Through (2), we obtain a contradiction. Then we can conclude that for any given initial
conditions, the CGBAMNN (1) has a unique solution. [

4. Illustrative Examples

In this section we will present the effectiveness of the proposed method by numeri-
cal examples.

Example 1. Consider the CGBAMNN (1), where n = 2,m = 2, [51]]2x2 = [_2'6 016]'
Bilper = |08 04] (o, o = [04 02| 1 oy = |05 04
jilx2 = 5 gl il = g5 go|  il2x2 = g5 gl il = gy 9o
5] |04 03 [a1] |24 14 8] 1.7 21 e -03 —-0.2
il =105 gq|loilze= o, gy Bilze =17 oy blelae =00 ool
tiilaxo 02 —02 , time-varying leakage p;(t) = g; 92 transmission delays
S 0o 02 ying leakage pi(t) = qi(t) = 33 Y

pij(t) = q;i(t) = 0 25 + 0.25cos(t), distributed delays 6;1(t) = dp(t) = 0.2+ %,’yjl(t) =
Yja(t) = 0.1+ 1+t2, neutral delays T1(s) = 0;1(s) = 0.2+ 0.1sin(s), Tp(s) = Opp(s) =
0.2 —0.1cos(s),

0i(s) = 6i(s) = 0.2+ 0.1sin(s), pi(s) = pi(s) = 0.2 — 0.1 cos(s),

hi(s) = hi(s) = 1;(s) = I;(s) = h;(s) = f;(s) = 0.3tanh(s),
SERE>0,i=1,2,j=12

Assumptions 1-6 are satisfied by taking A1; = p; = Uj =2y =003, = [; = h; =
—h; =03, =T =Fh=h =1 =h =030 =0,=03, gj =8 =03, % = fn =01,
2 —sz = —0.1, 9d1 = 9d1 =0.1, 9d2 = 9d2 =—0.1, Tz] =01, Tl] = 03,9]1 :0.1,9]-i =0.3,
ii=03,%;; = 02,01 = 04,a, = 0.03, 1 = 0.4, B, = 0.03.
According to Theorem 1, there exist Ky = 0.7694, K, = 0.5469, Ky = 0.8991, and

Ky = 0.4314 which satisfy (2a) and (2b), and we have By = 0.5027,Bp, = 0.4021,

=l

1

1

04) r-k.l..“
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By = 0.5286,B1, = 0.3135, By = 0.0546, By = 0.0546, Bz, = 0.2223,B3, = 0.2952,
By = 0.1768,B4 = 0.2613, Bs; = 0.0049,B1, = 0.0039, €; = 0.4021, &y, = 0.4021,
¢ = 0.4866,¢1, = 0.2567, €1 = 0.0546,Cy» = 0.0546, €33 = 0.3906,C3, = 0.3042,
¢y = 0.2718,&4 = 0.2793, €51 = 0.0028, 1, = 0.0020, Then for any given initial condi-
tions @;(t) and ;(t), the CGBAMNN (1) has a unique solution. For different initial functions,
Figures 1 and 2 show the state trajectories of the CGBAMNN (1). The figures clearly demonstrate
that the system exhibits a unique state trajectory under different initial functions, providing visual
confirmation that under the conditions of Theorem 1, the CGBAMNN (1) admits a unique solution.

4 4
15><10 . . 3 x10

25
1L
2t

sl e 151

NN B 4k
G G

05 ————

Figure 1. State trajectories of {1 (¢) and {»(#).

x10*

3

(
Do (t)

Figure 2. State trajectories of ¢, () and 9, (#).

5. Conclusions

This paper delves into the issue of existence and uniqueness of solutions to CG-
BAMNN:Ss featuring four distinct kinds of time-varying delays. These time-varying delays
encompass leakage, neutral, distributed, and transmission delays. The involved system
model cannot be formulated in vector-matrix form, so certain techniques for analyzing
the performance of such models are not directly applicable. To overcome this hurdle,
anovel and general approach is put forward.To establish a new norm, a sufficient condition
guarantees the existence and uniqueness of solutions, and a representation of a unique
solution is presented for the first time. Significantly, with slight adjustments, this method
can be extended to a wide range of delayed system models. Finally, a numerical example is
provided to verify the validity of the theoretical findings.

Based on our research foundation, the following issues can be further explored: relax-
ing the Lipschitz assumptions to handle more general activation functions, investigating
stability and synchronization properties, developing efficient numerical algorithms based
on our solution representation, and extending the approach to stochastic or impulsive
delayed systems, which would significantly broaden the practical applications of these
findings in real-world neural network implementations.
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