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Abstract

This paper is concerned with the problem of a full formal dynamic linearized model-free
adaptive control scheme based on pattern class variable (P-FFDL-MFAC) for a class of
unknown non-affine nonlinear discrete-time systems. The concept of pattern class variable
is defined as dynamic operating variables rather than state variables or output variables.
The pattern classes is utilized as the system output conditions, and the purpose of the
control is to ensure that the system output belongs to a certain pattern class or some desired
pattern classes. The scheme of P-FFDL-MFAC mainly consists of an improved tracking
control law, a bias estimation algorithm, and a pseudo-gradient vector estimation algorithm.
Furthermore, based on the contraction mapping theorem, the bounded convergence of
tracking error has been proved. Finally, numerical examples and the actual sintering process
data are used, respectively, to verify the effectiveness of the proposed design techniques
and are compared with the traditional MFAC method. The results are better than the
traditional method.

Keywords: pattern class variable; nonlinear systems; model-free adaptive control

MSC: 93-10

1. Introduction

With the growth of modern industrial processes, complex control systems have
become crucial for optimizing production processes. These systems perform essential
functions that include regulating operational parameters, compensating for external distur-
bances, ensuring process stability, and improving efficiency. The complexity of large-scale,
nonlinear industrial systems, coupled with environmental uncertainties, makes system
modeling and control especially difficult, presenting significant challenges to conventional
control methods. At the same time, advances in information technology have signifi-
cantly enhanced the acquisition and processing of industrial process data, which provides
valuable insights into process and equipment conditions. In industrial production, key
equipment, including sintering machines, blast furnaces, and rotary kilns, plays a vital
role in manufacturing processes [1]. The operating laws of this equipment are to some
extent more in accordance with the laws of statistics than with the traditional laws of New-
tonian mechanics. Under similar operating conditions, a group of systems can produce
products with similar quality indicators and parameters [2]. In these systems, especially
when mechanistic models are difficult or impossible to establish, how to effectively use
the data for control has become an important issue in the field of control research. In this
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context, the concept of ‘non-Newtonian mechanical system” proposed by Professor Qu [3,4]
provides an important theoretical basis for expressing the dynamic properties of such pro-
duction systems. Since the concept was proposed, after more than two decades of in-depth
research, a large number of theoretical and practical results have been achieved, and the
following research path has been formed: based on the principle of statistics, combined
with the data-driven concept and pattern recognition technology, and applying the basic
methods of control theory, the framework of modeling and control of pattern based systems
has been constructed.

A practical approach to system modeling and control is the use of pattern recognition
techniques [5-7] to analyze operational data from production processes. Many scholars
have designed models and controllers based on the pattern class variables of the system
under different operating conditions [6]. However, Xu [8] proposed an innovative approach
to describe system dynamics based on moving patterns, which has unique advantages
over traditional methods. The core idea is to extract features from data and divide pattern
classes, “pattern moving space” is constructed by the pattern class as the space scale. And
in the “space”, the pattern class variable was defined to present the moving trajectory of
the process. Moreover, because there was no computational method in the “pattern moving
space”, the pattern class variables have mapped to a computable space and measured by
using pattern class centers [8], intervals numbers [9], and cell centers [10]. This robust,
dynamics-based method effectively handles parameter disturbances and noise. In the field
of robust control, sliding mode control (SMC) has made significant progress due to its
excellent performance in handling system uncertainties and external disturbances. Several
sliding mode control variants, such as global sliding mode control [11] and terminal sliding
mode control [12-14], have been widely used. Unlike sliding mode control, pattern class
variable-based system dynamics description methods can effectively eliminate disturbances
during the pattern classification process and ensure that external disturbances do not
affect the outputs of specific pattern class variables. For the measurement of pattern
classes, models such as ARX or IARX [15-17] are commonly used, and minimum variance
controllers, optimal controllers, and predictive controllers have been designed. However,
although mathematical prediction models based on moving patterns have been proposed,
it is still challenging to achieve accurate and efficient results.

Data-driven control, as an emerging control methodology, has gained widespread
attention in recent years and has made significant progress in several areas [18-22]. Unlike
traditional model-based control methods, data-driven control designs controllers by di-
rectly analyzing input and output data [21], thus avoiding the reliance on accurate models.
Iterative learning control [22,23], as an important application of data-driven control, has
been widely used in modern industrial processes with repetitive characteristics. In the
literature [24], some studies on how to select the learning gain to satisfy the system con-
vergence conditions are presented. Model-free adaptive control [25,26], as another typical
data-driven approach, has been applied to the control of several dynamic systems and
enhanced the robustness and adaptability of the system by transforming the discrete-time
nonlinear system [27], into a dynamic linear system [28] by utilizing the concept of pseudo-
partial derivatives. In the literature [29,30] three equivalent dynamic linearized data models
have been proposed, which describe the evolution of the system using different time-length
input and output correlation variables, thus providing various ways of describing the
dynamics. Data-driven control methods [31], especially model-free adaptive control, have
been rapidly developed and shown to be more robust and adaptive than traditional control
methods. In recent years, MFAC has attracted a lot of attention from experts due to its
versatility and effectiveness. This data-driven control technique has been successfully
implemented in a variety of systems in different industries, such as in an air vehicle pitch
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channel [32], a combined spacecraft [33], a cyber-physical system [34], a quadcopter [35],
wheeled mobile robots [36-38], and so on[39,40].

Although MFAC has been applied in many aspects of industry, it has not been applied
in the metallurgical production process. In this paper, a P-FFDL-MFAC scheme based on
pattern class variables is considered that can be used in the sintering production process.
The approach assumes that the difference between the output of the current moment
and the next moment is mainly determined by the difference between the input of the
current moment and a particular previous moment, and the core idea is that the dynamic
linearized of a control system not only depends on the current input and output, but is
also affected by the historical input differences, which vary with the length of the time
window. To this end, the number of elements in a pseudo-gradient vector is employed as a
measure of the time window length, called the pseudo-order of the equivalent data model.
Subsequently, a control law algorithm based on pattern class variables is designed, which
obtains pattern class variables through a neural network and dynamically describes the
traditional approach to achieve the control objective, to ensure that a specific pattern class
variable is associated with a system input. Furthermore, the contraction mapping theorem
is applied to rigorously demonstrate the bounded convergence of the tracking error in the
designed closed-loop control system. Simulation results indicate that accurate control of
complex nonlinear systems is achieved by the proposed control method, while the stability
and convergence of the system are ensured.

The main contributions are as follows: (1) We put forward a P-FFDL-MFAC derived
from the pattern class variable dynamical description method. Compared with the familiar
state-space models [25], the proposed method is described by using statistical attributes
of the process data, not real variables. (2) Different from [30], the K-means algorithm
and RBF neural network are applied to classify the data into different working condition
patterns. The pattern classes are updated in real time from the input and output data,
and the control strategy is adjusted based on the current pattern class variable and the
metric relationship between the classes. (3) Bounded convergence of the tracking error
dynamics of the closed-loop control system is proved by using the contraction mapping
theorem and compared with the traditional MFAC method [31].

The organization of this paper is as follows. The preliminaries are presented in
Section 2. The problem formulation is provided in Section 3, along with the design of a
pattern class variable-based scheme. Section 4 demonstrates the bounded convergence of
the tracking error in a closed-loop system. Simulation examples that validate the correctness
and efficiency of the proposed algorithm are presented in Section 5. A conclusion is
provided in Section 6.

2. Preliminaries

This paper investigates a model-free adaptive control algorithm that relies on pattern
class variables. The algorithm aims to control the production process by tracking and
adjusting the system’s trajectory within the “pattern moving space.” The algorithm con-
siders a SIMO nonlinear discrete system with unknown structure, order, and parameters.
It assumed that the input and output data of the system have been collected experimentally
and represented as a time series: the input and output of the system at the k moment are
denoted by {u(k)} and {y(k)}, respectively. The order of the system is represented by two
unknown positive integers m, n and the dynamics of the system is characterized through
f(.), an unknown nonlinear discrete-time function.

ylk+1) = f(yk),...,y(k—n+1),uk),...u(lk—m+1)) (1)
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Assumption 1. The input of this system (1) is bounded, implying the existence of a constant Ny
that satisfies |u(k)| < Nj.

In the following steps, a system dynamics description based on pattern class variables,
which corresponds to the pattern of system (1) is proposed.

(1) Pattern moving space. A substantial amount of input and output data are gathered
offline. The output data are then standardized, and the features of the output data
are extracted using the principal component analysis method, and the appropriate
number of principal components is selected for re-dimensioning to create the principal
component information set. The K-means algorithm and supervised neural networks
are then employed for pattern classes. These pattern classes are subsequently used as
scales to construct a pattern moving space.

(2) Define pattern class variable. The pattern variables obtained through feature extrac-
tion and classification are defined as pattern class variables. Within this pattern class
space, the literature [8] defines variables that describe pattern moving space.

(3) Dynamics description by pattern class variable. Based on the output pattern class
variable and the system input time series to establish a model-free adaptive dynamic
change relationship, the output time series becomes a time series of metric values
of the pattern class variables expressed as {dx(k)}. The system model based on the
pattern class variable method is as follows:

dx(k+1) = f(dx(k),...,dx(k—n+1),u(k),...u(lk—m+1)) ()

dx(k+1) = Fy(¢(k))

Fx(k+1) = S(dx(k+1)) ©)

where F,, serves as a classifier for the system pattern samples. Since a pattern class is a
collection of pattern samples with the same or similar attributes, it is measured using
the class center, S is a metric mapping whose ¢ is used to characterize the model of the
system dynamics, ¢x = ¢(dx(k),..., dx(k—n+1),u(k),...,u(k—m~+1)). dx(k+1)
is used as a metric in the pattern moving space for the samples of the system model,
such that samples with the same output pattern class variable constitute a class of the
system model.

Remark 1. The pattern-class variable-based description of system dynamics was initially proposed
in [3-10], with the fundamental idea being to treat a pattern as a moving variable. Since the property
of arithmetic operations is not possessed by this pattern moving space, it becomes necessary to map
its metric into the computable space and construct the corresponding dynamic equations within this
space. Clearly, the dynamic description methods introduced in this section are also applicable to
handling other nonlinear or linear time-varying systems.

Remark 2. These pattern classes indicate the state of the system and will be used to guide the
control law, and the center of the desired class is usually chosen as the desired trajectory. The specific
selection is dx* (k+1) = C(i, j), where C(i, j) is the clustering center, and dx* (k + 1) is the desired
trajectory at the current moment. For particular points in time, the choice of expectations is also
smoothed by a smooth transition through an exponentially weighted average, which ensures smooth
changes in expectations to avoid instability caused by sudden changes. For example dx*(k+1) =
a-dx* (k) + (1 —«a) - C(i, ), where a is the smoothing factor.
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3. Problem Formulation and Control Program
3.1. Problem Formulation

By using the method described above for system dynamics, the first step is to establish
a classification neural network. This network has a three-layer structure, including an
input layer, an implicit layer, and an output layer. The input layer is configured to receive
the pattern class from the system model outputs; the implicit layer is constructed using a
series of clusters obtained by K-means clustering algorithm, and the number of nodes in
the implicit layer is the number of the resulting coverage; and the output layer, in which
the number of nodes in the output layer is the number of output pattern class of the system.
The hidden layer is built based on the coverage results using this methodology.

2
i) = exp(~ L4l @
where x; is the input sample, ¢; is the center of i the first neuron in the implicit layer, 0; is the
width parameter of this neuron, which determines the range of the neural network. h(i, j)
is the activation value of the i input sample in the j neuron. This function evaluates the
similarity between the input sample and the neuron center in the implicit layer. Typically,
the output layer is a linear layer where the input is the implicit layer’s output (the response
of each neuron), and the weights are learned during the training process.
The formula for the output layer is

N
0j = iz1h(i’j)wj )
where w; is the connection weight of the j implicit layer neuron to the output layer, and o;
is the final output. In order to make the output of this RBF neural network approximate
the desired output of the system, the error used to train the weights is e(k) = o} — o0;, o}
is the desired output of the system and o; is the actual output of the system. Then, the
performance index function is E(k) = Je?(k).

In the output calculation formula (5) of the RBF neural network, the control input itself
has no explicit constraints. However, under the P-FFDL-MFAC framework, the control
input u(k) must satisfy two implicit constraints: (1) the time-varying boundedness of the
pseudo-gradient ensures the physical realizability of the control quantity; (2) where the
selection of the weighting factor A > 0 directly affects the smoothness of the input signal,

the implicit constraint on the rate of change in the control input is achieved through the
Mu(k) — u(k —1)||? term in (8).

Remark 3. The parameters to be learned in this neural network are the expansion variables and
the connection matrix of the hidden layer to the output layer, which is learned using the improved
gradient descent method. The neural network is trained to adjust the weights until the specified
error target is met. For the calculation of classification accuracy, the data are split into training and
test sets. The classification accuracy of the test set is calculated by comparing the labels predicted by
the neural network with the true labels.

By applying the aforementioned system dynamics description method based on
pattern class variables, the model-free adaptive tracking control problem for system (1) is
transformed into the corresponding control problems for systems (2) and (3). To proceed
with the subsequent analysis, the following assumptions and lemmas are established based
on the previous problems.
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Assumption 2. Continuous partial derivatives of the nonlinear system function f;(.) with respect
to each variable of system (2) exist.

Assumption 3. The system meets the generalized Lipschitzcondition, meaning that for any values
of k1 # ko, k1,ka > 0and Hy, 1, (k1) # Hp, 1, (ky) the condition holds.

dx(ki +1) = dx(ko + 1) < B|[H, 1, (k1) = Hi, 1, (k2) | 6)

where AHy, 1, (k) = [Adx(k), -+, Adx(k — Ly +1), Au(k), ..., Au(k — L, +1)]7, Ly, Ly de-
notes the input pseudo number and B > 0 is a constant. The constant B > 0 is typically unknown
but assumed to exist and be bounded.

Lemma 1 ([30]). For a nonlinear system satisfying Assumptions (2) and (3), a time-varying
parameter matrix Py, 1, (k), known as the pseudo-gradient (PG) vector, must exist. If

[UAHL%LH (k)” # 0, the system can be transformed into the following P — FFDL — MFAC
ata model

AdX(k + 1) = (Dery/Lu (k)AHLy,Lu (k) (7)

for any timek, @5 1, (k) = [P1(k) - - D, (b)) is bounded, and Hq)f,Ly,Lu (k) H < B satisfies
®;(k) € R™™,i =1,---,Ly + L, while also satisfying Adx(k +1) = dx(k +1) — dx(k);
AHLy,Lu (k) = HLy/Lu (k) - HLy,Lu (k - 1)

Since the traditional P-FFDL-MFAC method cannot be directly applied to such a
system, the main work of this paper focuses on the design of a new control scheme that
relies only on offline data {dx(k)}, {u(k)} and utilizes RBF neural networks to process the
data and analyze the performance of the closed-loop control system using a model-free
adaptive approach.

3.2. P-FFDL-MFAC Program

The controller is based on the pseudo-derivative estimation algorithm and adaptive
tracking control law from adaptive control theory. This method combines the dynamic
characteristics of the system and the desired output, which is adjusted online by means of
pseudo-bias updating. In this approach, the system error e(k + 1) = d&*(k+1) —dx(k+1).
The basic idea is to optimize the response of the system by smaller input variations in the
face of large fluctuating deviations, thus achieving better tracking performance.

J(u(k)) = ldz* (k+ 1) — dx(k + 1)||* + Alfu(k) —u(k — 1) (8)
where A > 0 is the weighting factor. Deriving u(k) and making it equal to zero yields the

control law as follows:

o1y 1@y, 3 (O (k+1) —dx(k+1))
2

uk) =uk—1)+

A+ ¢Ly+1 (k)
Ly ) Ly+Ly ) (9)
P, (k){.lei‘Pi(k)(Adx(kﬂH))f LZHPKPf(k)(Au(k+Ly*1+1))}
i= i=Ly
- 2
A+ CDLy-H (k)

where p; is the step factor, satisfying p; € (0,1] makes the control algorithm more gen-
erali=1,2,---,Ly+ Ly; A > 0 is the weight factor. Due to the presence of unknown
parameters, the following estimation criterion function on PG is proposed.
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The parameter estimation for the time-varying PG vector is derived from the following
optimization criterion.Proposed gradient vector criterion function

— — 2
J| @10, ()| = [dx(k) = Fx(e—1) = @F | (K)AHL, 1, (k—1)

2 (10)
+VH<1>Ly,u (k) —@p,1,(k—1) H

where i is a weighting factor that satisfies u > 0.
To minimize @, 1, (k), we apply the first-order optimality condition setting the
gradient to zero

(P11, (K))

1@ 0 (11)

By applying the optimality condition and taking the extremes of the above equation
with respect to @y, 1, 1, (k), also using the matrix inverse, the following estimation algorithm
for PG can be derived:

nAHL 1, (k=1)(Adx(k) =P 1, 1, (k=1)AHL, 1, (k=1))

(i)f,Ly,Lu (k) = (in,Ly,Lu (k—1)+ (12)

2
]

where 1 > 0,0 < 57 < 2 are the step factors, and yu are the weight factors. Combining (8) to
(12) algorithms, the PG estimation algorithm and the control algorithm are given to obtain
the P — FFDL — MFAC scheme as follows:

nAHL, 1, (k=1)(Adx(k) =& 1, 1, (k—1)AHy, 1, (k1))

Spr,r, (k) =S50, (k=1) + (13)

2
|| HL, 1, (1) |

To enhance the parameter estimation algorithm’s ability to track time-varying parame-
ters, the following parameter reset algorithm is given

AHLy,Lu (k -1) = HLy,Lu (k— 1) — HLy,Lu (k— 2)’&)Leru (k) = (/I\)Ly,Lu (1) if present

= s P (14)
@1, (0| < eor |[AHL L, (k=1)|| < e or sign(®y,1(K)) # sign(®r, 11, (1))
[ k)(dx* (k+1)—dx(k+1
u(k) _ u(k— 1) + pLy+1 Ly+1( )( x ( )2 x( ))
M@y, 4 (K)
Ly ) Ly+Lu . (15)
Pp, 1 (L L pi®i(k)(Adx(k—it 1))+ & 0 ®i(k)(Aulk+Ly—i+1))}
i=1 1:Ly+2
2
A\ (6)

where A > 0,4 > 0,0 < 5 < 2 are the step factors; y are the weight factors; CTJL%LM (1) are
the initial values of ® Ly,Lu (k);,i=1,2,---, Ly + Ly; and ¢ are given a small positive number.

4. Performance of Closed-Loop Systems

This paper focuses on analyzing the performance of the tracking system and
subsequently proving the bounded stability of the tracking error in the closed-loop
control system.

Assumption 4. Consider a nonlinear system where for any bounded desired output p, a bounded
input u* (k) always exists and it can make the system output equal to dx*(k +1).
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Assumption 5. Forany kand AH, 1, (k), the sign of the first element in system vector @1, 1, (k)
remains constant, satisfying ®1(k) > e > 0 (or ®1(k) < e < 0). To simplify the derivation of

conclusions without loss of generality, the general assumption ®1 (k) > € > 0.

Lemma 2 ([29]).
ay az ALy, Lu
1 0 --- 0
A= . . (16)
1 0

L
If ¥ |a;| <1, then s(A) < 1, where s(.) is the spectral radius.
i=1

Lemma 3 ((Contraction Mapping Theorem) [41]). Let S be a closed subset of a Banach space x
and let T be a mapping that maps S into S. Suppose that

IT(x) =TIl < pllx =yl ¥x,y € 5,0 < p <1 (17)
then, there exists a unique vector x* € S satisfying x* = T(x*) .

The proof of uniqueness and existence can be found in [31].
It is well known that Assumption 4 is necessary for designing and solving control
problems. It is demonstrated that the system’s output is controllable.

Theorem 1. For a nonlinear system, under the assumption of satisfaction, when dx*(k+1) =
dx*(k) = const, using the P-FFDL-MFAC scheme, there exists a positive number Amin, such that
when A > Amin.

(1)  The system’s tracking error converges asymptotically, and klim |dx*(k) —dx(k+1)] = 0.
—» 00

(2)  If the closed-loop system is BIBO stable, the output sequence {dx(k)} and the input sequence
{u(k)} will be bounded.

Proof. In the first step, if the conditions Hci)f,Ly,Lu (k)H < eor HAHLyzLu (k— 1)H < eor
sign(dy(k)) # sign(®1(1)) are satisfied, it is evident that qu,Ly’LM (k) is bounded.
When HAHLyzLu (k — 1)H > ¢, define d’f,Ly,Lu (k) = dADf,Ly,Lu (k) — D1, L, (k) as the

estimation error, subtracting ¢, 1, (k) on both sides of the equation simultaneously,
we have

_ 1AHL, 1, (=D)AHT, 1, (k=1)

I 2 ] s, (k)

o k) =
f,Ly Ly (K) -

— @51, (k) +Pp i, r, (k)

AHp, 1, (k=1) (18)

where 0 < # < 2and u > 0, I is the unit array corresponding to the given dimension.

HCID Ly, Ly (K) H is bounded, and assuming that its upper bound is b, taking paradigms
on both sides of Equation (18). Using Lemma 1, one obtains

+2b (19)

@, (k) < ’ l[ _ 1AHL, 1, (k- )AHT L 1, (kl)] %
Ly L —

@ k
AHy, 1, (k=1) z f,Ly,Lu( )

u+
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By squaring the first term of the right-hand side in Equation (19), we derive
nAHL 1, (k=1)AH 1, (k=1) | o ’ z 2
I— yLlu v uz CDf,Ly,Lu (k) < Hq)f/Ly,Lu (k) H
+ ’AHL%LM (k—1) 20)

’7”AHL L (k—l)Hz W(‘iﬂ (k)AHL, 1 (k—l))z
+<—2+ v 2> Selel o nr
pet [ 8Ly 1, (k1) et [ AHL, 1, (1)

where ¢ > 0, 0 < 17 < 2 ensures convergence by bounding the parameter update magni-
tude, while p > 0 guarantees the denominator remains positive, preventing division by
zero and maintaining numerical stability in the gradient estimation process. Combining
Equation (15), the inequality (21) is satisfied.

2
WHAHLy,Lu (k—l)H

—2+ 5
et | ALy 1, (1)

<0 (21)

Combining Equations (20) and (21), we obtain

0(®7,, 1, (0AHL 1, (1)
et | AL, 1, (1) HZ

>0 (22)

There exists a constant 0 < d; < 1 making (23) valid,

By substituting Equation (23) into Equation (19), we derive

I nAHL, 1, (k=1)AHT 1, 1, (k 1)
AHL, 1, (k—l)

] Prr,r, (k)| < di Hfo,Ly,Lu (k) H (23)

n+

Héf,Ly,Lu(k) H <d H‘bf,Ly,Lu (k—=1) H +2b (24)
< i@y 1,1, (k — 2)|| + 21k + 25

b(1—di ™)

< 41| & H
ot i)+ 22

This implies that the formula & oLy Lu (k) is bounded, thus proving the boundedness
of @7y, 1, (k). Therefore ) f,Ly,L, (k) is also bounded.

Since A > 0, and p; € (0,1], thus A > 0. It is known from the inequalities (24)—(26)
that chhy/ L, (k)

is bounded and noted that Hci)f,Ly, L, (k) H < by; here, by is a positive

constant. Given Hqu'L%L“(k)H < by, ‘ci)f,Ly,Lu(k)H < b, A >0, p; € (0,1], there exist
bounded constants M;, i € {1,2,3,4,5}, such that the following inequalities (25)-(29) hold
when A > Anin,

Let A > Amin > b? and using inequality x> 4+ y? > 2xy, one obtains

(i:'l (k) < A 0.5
At | (0 zf|<1>1 k)|‘ s =M <% (25)
while & (k)q? (k‘)z > 0, there must exist M, we have
b1 (k)d; (k) &, (k) 5 1
0= M=y f®<>‘<2 o 2 (26)




Mathematics 2025, 13, 2717 10 of 27

Let Mz = M; H‘Df,Ly,Lu (k)]

M; = M1H<I>f Lot H <Mb< % %h=05 27)
My + Mz <1 (28)
Ly,Lu | . b (k yLu=T
Let { Ez % } < My and choose pmax = i:lmaz; L, pi, then
Ly,Lu & A Ly,Lu .
1(k) i (k) 5 S ()Pi(k) | 5 Ly Lu-1 _ 29
i§2 1% A+|ﬁ>1(k) 7| S Pmax z';Z /\+|<T>1(k) 7 = PmaxM4 Ms <1 (29)
Define the tracking error as e(k) = dx* (k) — dx(k).
Let
[ o1 (Do) padi ()P (k) o oLy, Lu®1 (k) ®a (k)
At | (k)| At |1 (k)| At |1 (k)|
1 0 e 0 0
A(k) = 0 1 s 0 0 (30)
0 0 . 1 0)

The control algorithm may be written as
AHp, 1, (k) = [Adx(k),- -, Adx(k — Ly +1), Au(k), - - -, Au(k — Ly + 1)]7 1)

= A(k)AHLy Ly (k - 1) + %Ce(k)
| At |1 (k)]

where C = [1,0,---,0]" € R, the characteristic equation of A(k) is

pLyLucbl( ) ( )

Lyl 4 21 (k) D (k) SLy Lu—1 a
A+ "1’1 |

- 5 et
A+|q>1(k)|

=0 (32)

Combining Equation (28) with Lemma 2 yields |z| < 1, leading to the inequality

Ly, Lu—1 Ty L &, (k)di(k ) Ly,Lu—1
|z|Y <) pl Lok )| < PmaxM,” <1 (33)
=2

It can be shown that |z| < prlglyaﬁ‘ ! My, in which there always exists an arbitrarily small

number ¢, satisfies
[A(K) [, < s(A(k)) +e< ﬁr%yaLx” "My <1 (34)

Based on the definition of Hy 1, (k), k < 0, there is HAH Ly Ly (k) H = 0, then taking
v
paradigms on both sides of the Equation (31), we have
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&, (k)
At @ (k)

< [ AHL, 1, (k= D)+ pMife(k)|

AHL, 1, (k—=1) le(k)] (35)

[

HAHLy/Lu (k) Hv < ||A(k)

+p1
[

k

p1My Y a5 e(i)|
i1

Bringing in the P-FFDL-MFAC data model (7) and the control algorithm (29), we have

e(k+1) =dx*(k) —dx(k+1) (36)
= dx* (k) — dx(k) — CDTf,Ly,Lu (k)AHL, L, (k)
a ... Ay
=e(k) — Ae(k+1) — @7 f.LyLy (K)AHL, 1, (K)
Api -

B [1 B m] (k) = ®7 1, 1, (K)AKK)AHL 1, (k)
1

The total number of options available is 0 < p; < 1, making

p1%1 (k) @1 (k)

<1—-piMp=ds <1 (37)
- 2
A+ | D1 (k)|

‘1_P1¢1(k)¢1(k)| _ |1_
- > | =
A+ | D (k)|

By applying paradigms to both sides of the Equation (34), one obtains

le(k+1] < dae(®)] +da | @11, 00| |[AHL, 1, (K) (39)

0

k=1 4
< dSle())|+dp ) 51
i=1

s 1,1, (k) Hv HAHLy,Lu (k)

v

k=1 4 i
< dife(D] +da Y- a5 g1, (0)| o1y Y- 7 e(s)]
i=1 j=1

Let dy = p1 M3, dy < 1, then the inequality

k=1 NI
le(k+1| < d5le()] +dods Y a5 Y dy le(j)] (39)
1 j=1

1=

1=

k-1 A
Mark g(k + 1) = d§|e(1)| + dady Y d5 1" Y d, /[e(j)|. Observing that g(2) = dse(1)|,
=1 j=1

we demonstrate that the boundedness of g(k + 1) ensures the boundedness of e(k + 1),
thus verifying the boundedness property of g(k + 1).

k=1 i
glk+2) = dile(1)| +dody Y d5™" Y dy 'le(j)| (40)
j=1

i=1
= dag(k +1) + dydble(1)| + - - + dyd3|e(k — 1)| + dadae(k)|
< dag(k+1) + dgdsle(1)] + - - - + dyd3le(b — 1)| + dada|g(K)|
=dsg(k+1) + h(k)
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where i(k) = dydS|e(1)| + - - - + dad3|e(k — 1)| + dada|e(k)|, it can be shown that d3 =
1—p1 My > p1(My + M3) — py My = p1 M3 = dy, so h(k) should satisfy

h(k) < dads|e(1)] + - - - + dad3|e(k — 1)| + dydae(k)| (41)
< dydSle(1)| + - - - + dyd3le(k — 1)

k—2 i
+dada | d5 7 e(1)] + dady Z k=2 Zdlz Te(j)|

i=1 j=1
= dag(k+1)
Importing the inequality, we have
g(k+2) <dsg(k+1) +h(k) < (do +d3)g(k+1) (42)
Because
dy +ds = 1—P1M2+:0_§?M4 (43)
From (38) to (39), we have
lim g(k+2) < lim (dz +d3)g(k+1) <+ < lim (d + d3)*¢(2) = 0. (44)

From (35) to (38), by drawing on the existence proof in Lemma 3, a compressed se-
quence recurrence relation g(k +2) < (dy +d3)g(k+ 1) (Where d; 4 d3 < 1), is constructed,
then Conclusion (1) of Theorem 1 holds.

It is evident that g(k) is boundedly convergent, which implies that the tracking error
e(k) is also boundedly convergent. Consequently, it is proved that the output tracking error
of the system is convergent asymptotically.

Given that dx* (k) and e(k) are bounded, it follows that dx(k) is also bounded, so it
follows that

[ 0], < £ 0],

ki ..
< p1My Z; 21 dy ' le(j)| (45)
i=1j=
< P2 (eD)] + -+ [e(B))
< P (1) + 5(2) -+ 8(K)
—up
M 8(2)
<P (o)

The conclusion is valid, proving that both the output sequence and the input sequence
are bounded, which leads to BIBO stability of the closed-loop system. [

Remark 4. The contraction mapping principle is employed to prove the bounded convergence
of the system, and several inequalities are utilized to handle the mapping relations in Lemma 1
and Theorem 1. The key is to allow reasonable values for A, <y, and p; to exist and to ensure that
there exist reasonable values for the existence of the constant My, My, M3, My, Ms in order for the
inequalities applied in the above derivation to be valid.
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Remark 5. In the closed-loop control system based on pattern class variable, the output time series
data are classified by clustering method. The K-means algorithm and RBF neural network is applied
to classify the data into different working condition patterns and form a ‘pattern moving space’. The
pattern classes are updated in real time from the input and output data, and the control strategy is
adjusted based on the current pattern class variable and the metric relationship between the classes.
When using the desired trajectory, choosing the appropriate classes as the desired trajectory can
make the system more stable.

5. Simulation Example
5.1. Numerical Example

This section presents two examples to showcase the feasibility and effectiveness of the
implemented algorithms. Example 1 presents a SIMO onlinear discrete-time numerical case,
where the discrete secular press system serves as the controlled object, and the designed
P-FFDL-MFAC scheme is applied. In this simulation case, a comparison is made between
the designed control scheme and different controller parameters.

A nonlinear discrete system is shown below

2.5y (k)y(k—1) .

Y1) = 4 k=) +12u(k) + 14u(k—1) 0 < k < 500 (46)
—0.1y(k) — 02y(k — 1) — 0.3y(k —2) + 0.1 500 < k < 1000
u(k —2) +0.02u(k — 3) + 0.03u(k — 4)

where the system output is denoted as y(k + 1) and the system input as u(k); the system is
used solely to generate data with an unknown structure, order, and parameters.

The control objective of the designed scheme is to ensure that the output belongs to
one or more specific pattern classes, which distinguishes it from the previous model-free
adaptive control. Initially, clustering and RBF neural networks classify a large number
of outputs, obtained with valid control inputs, into several pattern classes. Then, one
or more desired pattern classes are selected as the target for system control. In this case,
1000 uniformly distributed inputs are selected, and the corresponding outputs are obtained.
The output is then normalized and then processed using PCA techniques to extract the
principal component information set (the contribution rate: 88.8317% > 85%). The principal
component information set is classified into pattern classes through clustering and neural
networks. The classification method’s parameter settings are h = 7,24 = 0.1,p = 0.01
(Figure 1: The I/0O data curves of numerical example; Figure 2: The clustering results
of numerical example. Different colors dots represent different classes; Figure 3: Tand
validation error of numerical example; Table 1: The property values of pattern classes).

Table 1. The property values of pattern classes.

Class No. Class Center Class Radius
1 (—0.0180, —0.0073) 2.9853
2 (7.3567, 6.2062) 5.5453
3 (—13.0390, —0.8266) 1.5866
4 (0.1367, 1.2690) 1.1211
5 (10.9540, —2.9166) 2.4866
6 (—7.1804, 1.8080) 2.8153
7 (3.6094, —0.2141) 2.5436
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Figure 1. The I/O data curves of numerical example.
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Figure 2. The clustering results of numerical example.
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Figure 3. Trainingand validation error of numerical example.

Remark 6. As is well known, statistical pattern recognition includes various clustering and
classification methods, such as ISODATA, K-means, and others. In this work, a combination of
classification techniques of K-means and RBF neural network is used to classify the pattern class
variable while training the neural network under the supervision of class results, trained with
700 datasets. It is then tested with 300 test sets to verify the accuracy of its pattern class variables
classification. The classification accuracy of its model is 95%.

The dynamics of the system, based on pattern class variables, can be described as (47).

dx(k+1) = F,(D(k)) (47)
dx(k+1) = S(dx(k+1))

Seven pattern classes were derived, and the program designed was employed to track
the following objectives:

C(1,1) 0 < k <500
dx*(k+1)={ C(2,1) 500 < k < 800 (48)
C(mod(k,h) +1,1) 800 < k < 1000

where the first two tracked targets are represented as pattern classes 1 and 2, in which
periodic updates are used to select the third tracked target, with the expectation dx*(k + 1)
takes this form.

The initial condition is set to y(1:3) = 0; y(4) = 1; y(5) = 0.2; y(6) = 0; u(1:6) = 0; u(5) = 0.5;
the controller parameters are setto L, =2; L, = 1,77 = 1; 4 = 1; A = 0.01; N = 1000; CTDL%L“ (1) =
[0.7,0.35, O.S]T, Figures 4-6 gives the PG estimation value, control input, estimated value,
and tracking error, respectively, with p = 0.5, 0 = 0.4, p = 0.3 step factors, respectively. In
Figures 4-6, y* denotes the reference value. However, from these three figures, it can
be seen that the tracking performance of p = 0.5 is poor and the tracking effect is poor,
the tracking effect of p = 0.4 is slightly better, and the target trajectory of p = 0.3 is tracked
well, and the tracking performance of the target trajectory has a better effect. The simula-
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tion results validate that the step factor value should align with the system’s complexity,

and demonstrate that an appropriate step factor can enhance the system'’s control perfor-

mance. The numerical example illustrates that the proposed scheme is a highly practical

method for a type of nonlinear discrete-time system. The simulation results show that

for discrete-time nonlinear systems with unknown time-varying parameters, the scheme

guarantees excellent output tracking performance of the closed-loop system.
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Figure 4. The PG estimation value, control input, error, and tracking performance curves with p = 0.5.



Mathematics 2025, 13, 2717 17 of 27

gFDL—MFAC tracking performance FFDL-MFAC input

40
y*(k)
4+ ~ — — — FFDL-MFAC
30
3..
20|
2 L
)
[8)
S 11 10f g
£ i
[¢) ’ -
‘© =}
_ N L 8 +—/—\_
g 0 ! & 0
o
C
€17
8 -10
2-
-20
3"
4" =30 7
-5 -40
0 500 1000 0 500 1000
time time
FFDL-MFAC <DpYL(k)
15 T T T T T T T T T -
| 00
R —— - 0,K)
o 05/ ®,(k)
o | T
o | i H
Kl S R N S E——— ]
0.5 i
_1 | 1 1 L 1 L L L |
0 100 200 300 400 500 600 700 800 900 1000
time
5 FFDL-MFAC tracking error
5 1
|
2o B - «
X
o |
[
5.1~ -
) .
0 200 400 600 800 1000 1200

time

Figure 5. The PG estimation value, control input, error, and tracking performance curves with p = 0.4.
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Figure 6. The PG estimation value, control input, error, and tracking performance curves with p = 0.3.

5.2. Actual Example

The proposed model-based model-free adaptive control system dynamics description
method is simulated and verified using measured data collected from 400 sintering machine
of Anyang Iron and Steel Co., Ltd (located in Anyang City, Henan Province, China). Many
working conditions and operating data can be collected in the production process, such
as temperature and pressure. However, since the end point of the sintering process is
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controlled at the penultimate bellows, the temperature of the three bellows at the end point
is used as the output of the system, and the ignition temperature is used as the input of
the system. There are 3000 sets of input and output data, the collected input and output
data are normalized, and the output data are processed bytechnology, which changes
the multidimensional output data into two-dimensional output data to obtain the princi-
pal component information set (principal component contribution rate: 86.5906% > 85%),
and then the principal component information set is classified into different classes by
this technology. In this study, the same classification technique approach was used as in
Example 1, supervised by the clustering results and RBF, trained using 2100 datasets. It was
then tested using 900 test sets (Figure 7: The clustering results of actual example; Figure 8:
The clustering results of actual example. Different colors dots represent different classes;
Figure 9: Training and validation error of actual example; Table 2: The property values of
pattern classes).

Table 2. The property values of pattern class variables.

Class No. Class Center Class Radius
1 (—0.5017, —0.5580) 0.4961
2 (0.1857, 0.6282) 0.4600
3 (1.8278, —0.4929) 0.4331
4 (—2.9019, —0.7778) 0.6773
5 (—1.7517,0.1289) 0.4487
6 (0.6954, —0.4751) 0.4388
7 (1.4996, 0.5842) 0.5166
8 (—0.8493, 0.4924) 0.3953
9 (3.0346, 0.2092) 0.6028

Normalized Data

T T

0 500 1000 1500 2000 2500 3000

0 500 1000 1500 2000 2500 3000

Figure 7. The clustering results of actual example.
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Figure 8. The class centers of actual example.
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Figure 9. Training and validation error of actual example.

The dynamics of the system, based on pattern class variables, can be described as (49).

dx(k+1) = F,(D(k)) (49)
dx(k+1) = S(dx(k+1))

Nine pattern classes were derived, and the program designed was employed to track
the following objectives.

C(4,1) 0 < k < 1200
dz*(k+1) =<{ C(8,1) 1200 < k < 2400 (50)
C(mod(k, 1) +1,1) 2400 < k < 3000
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where the first two tracked targets are represented as pattern classes 4 and 8, and the
selection of the third tracked target, expectation takes the form of periodic updates.

The initial condition is set to y(1:3) = 0; y(4) = 1; y(5) = 0.2; y(6) = 0; u(1:6) = 0; u(5) = 0.5;
the controller parameters are set to L,=1,L,=27=1u=1;A=0.001; N =3000;
dADLy, L,(1) = [0.6,0.55,0.4] T, Figures 10-12 give the PG estimation value, control input,
estimated value, and tracking error, respectively, with p = 0.5, 0 = 0.4, p = 0.3 step factors,
respectively. In Figures 4-6, y* denotes the reference value. The parameter settings of the
adopted classification method are h = 9, & = 0.001, p = 0.05. However, from these three
figures, it can be seen that the tracking performance of p = 0.7 is poor and the tracking
effect is poor, the tracking effect of p = 0.5 is slightly better, and the target trajectory of
p = 0.3 is tracked well, and the tracking performance of the target trajectory has a better
effect. The simulation results demonstrate that the tuning of the control parameters must
be aligned with the system’s dynamics and show that proper tuning significantly enhances
system performance.

The numerical example illustrates that the proposed approach is highly effective for a
particular class variable of nonlinear continuous-time systems, where the goal is to control
the output to specific desired states or ranges. The system’s output is dynamically adjusted
without the need for an explicit model, comparisons with the target output, ensuring the
desired performance even in the absence of a known system model. From the simulation
outcomes, it is evident that for continuous-time nonlinear systems with unknown time-
varying parameters, the proposed scheme guarantees robust tracking performance of
system variables under various operational conditions.

rho=0.7 rho=0.7
5 T T 5 T T
y*(k)
4 r — — — — FFDL-MFAC | 1 4t 1
o 3r 7
2 2 F =

tracking performance
[ ]
.
[
|
input
[a=]

< N i

b -2 )

-3 -3 1

-4 -4 1

. 0 10I00 20I00 3000 ) 0 1OIOO 20IOO 3000
time time

Figure 10. Cont.
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0 =03

In order to verify the effectiveness of the proposed method, it is compared with the

traditional MFAC method. The comparison results are shown in Figure 13. The P-FFDL-
MFAC tracking error is 0.068, and the MFAC tracking error is 1.178. The results show that
the proposed method is superior to the traditional MFAC method.
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Figure 13. The MFAC PG estimation value, control input, error, and tracking performance curves
with p = 0.3.

6. Conclusions

This study addresses the problem of model-free adaptive control for systems with
nonlinear time-varying dynamic properties. In the design process, the input-output rela-
tionship, pattern class variables, and the robustness of the system are considered. Based on
a combination of principal component analysis (PCA) dimensionality reduction, K-means
clustering, and neural network training, a model-free adaptive control strategy is used
to achieve the desired output pattern class. The method aims to minimize the tracking
error while ensuring robust performance under output perturbations and system uncer-
tainties. In order to verify the effectiveness of the proposed control scheme, its performance
is evaluated through a series of experiments for different values of system parameters.
The simulation results clearly show that the designed model-free adaptive control strategy
performs well in handling output perturbations and ensures the robustness of the control
system. However, it can be seen from the simulation results that the control method pro-
posed in this paper has good performance. But it should also include the ability to deal
with data dropout, which may be caused by sensor faults, transmission network failures,
or actuator damage. Therefore, the next topic that needs to be focused on is the robustness
of pattern moving-based model-free adaptive control on faults.
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