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Abstract

In this paper, we are concerned with the Cauchy problem of the compressible Oldroyd-B
model without stress diffusion in R”(n = 2,3). The absence of stress diffusion introduces
significant challenges in the analysis of this system. By employing tools from harmonic
analysis, particularly the Littlewood-Paley decomposition theory, we establish the global
well-posedness of solutions with initial data in L? critical spaces, which accommodates the
case of large, highly oscillating initial velocity. Furthermore, we derive the optimal time
decay rates of the solutions by a suitable energy argument.

Keywords: compressible Oldroyd-B model; global well-posedness; decay rates

MSC: 35Q35; 35B65; 76B03

1. Introduction and the Main Results

The Oldroyd-B model serves as a fundamental framework for characterizing viscoelas-
tic fluid dynamics, mathematically representing the behavior of certain viscoelastic flows:

dtp +div (pu) =0,

p(dru+u-Vu) — pAu— (A+p)Vdivu+ VP = div (T — H(y)Id),

o1 +div (qu) = eAy, (1)
9T+ div (Tu) — (VuT + TVTu) = eAT + %qu - %T,

(0,17, T)1=0 = (po(x), uo(x),70(x), To(x)),

for (t,x) € Ry x R"(n = 2,3). Here the unknown funcitons p, u, 7, and T represent the
fluid density, the fluid velocity, the polymer number density, and the extra stress tensor
in the fluid, respectively. The pressure P = Ap" for some A > 0 and ¢ > 1. The extra
stress tensor T = (T ;) is a positive definite symmetric matrix, and the notation div (Tu) is
understood as

(le (']I‘u))l-] =div (u'IFl-,j).

7,
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Especially, 7 is the integral of a probability density function i with respect to the confor-
mation vector, which is a microscopic variable in the modeling of dilute polymer chains,
that is

ntx) = [ 9(txa) =0,

where i is governed by the Fokker-Plank equation. The term H(y) = kLy + (5% in the
momentum equation can be seen as the polymer pressure. Here  and A are both unknown
viscosity constants that satisfy y > 0 and A + 2774 > 0. The constant parameters k, A, v
are all positive numbers, whereas { > 0 and L > 0 with { + L # 0. More precisely, in
the modeling of (1), L = 2 is the number of beads in the polymer chain in the classical
Kramers expression. In particular, the parameter ¢ is the centre-of-mass diffusion coefficient,
and system (1) is known as the diffusive Oldroyd-B model when the diffusion coefficient
£ > 0. Furthermore, the Oldroyd-Jeffreys-type model, a constitutive equation in rheology,
is derived as an extension or modification of the Oldroyd-B model, which can be used for
the flow of viscoelastic liquids, but its linear characteristics limit its application in high
strain rate or complex dynamic scenarios (e.g., the predicted damping factor for pendant
droplet oscillation is an order of magnitude larger than the experimental value, which may
underestimate the viscosity reduction caused by elasticity). For more details, please refer
to [1].

In the case where both the additional stress tensor T and polymer number density %
approach zero, the system (1) simplifies to the well-known compressible Navier-Stokes
equations that have been thoroughly investigated in [2-9].

Apart from the aforementioned references, some interesting works on the absence of
the polymer number density # in (1) were performed. Early investigations focused on the
incompressible limit problem of the compressible Oldroyd-B model in T"((n = 2,3)) [10].
Subsequent research extended this analysis to bounded domains [11]. A significant ad-
vancement was achieved by Baranovskii [12], who successfully resolved the limit problem
for O C R” (a bounded domain with a locally Lipschitz boundary). Then the global
results in R”(n > 2) to small initial data in the critical L? Besov space was recently proved
by Zi [13]; see [14] for the stability in T"(n > 2). Subsequently, the result without the
damping mechanism was generalized by Zhai and Chen [15] in the critical LP spaces.
Furthermore, some investigations on the compressible Oldroyd-type model at the basis of
the deformation tensor were also reported in [16-18]. Furthermore, more interesting works
(e.g., [19-24]) were devoted to the incompressible Oldroyd-B model, where p is constant.

Considering its physical significance and mathematical applications, the Oldroyd-B
model has been considered by many researchers. We review key results for the compressible
Oldroyd-B model, originally derived via micro-macro analysis of the compressible Navier—
Stokes—-Fokker—Planck system in [25]. Furthermore, by taking the limit { — 0, the existence
of solutions for { = 0 was proved in Section 12 of [25]. For more explanation on the physical
background of the Navier-Stokes-Fokker—Planck system, one may refer to [25-27] and the
other relevant references. Barrett and Siili [25] established the existence of global-in-time
finite energy weak solutions for large initial data in R?, though the question of uniqueness
for these weak solutions remained unresolved. Later, Lu and Zhang [28] derived local well-
posedness, weak-strong uniqueness, and an improved blow-up criterion in R?, under the
condition that the fluid density is bounded above. Wang and Wen [29] further established
the global well-posedness in R® for initial data close to a non-zero equilibrium state.
Subsequently, Zhai and Li [30] extended the results of [29], demonstrating global well-
posedness and long-time asymptotic behavior for the compressible Oldroyd-B model in
R"(n = 2,3), with their analysis accommodating scenarios where the polymer number
density may vanish and the stress tensor is near a zero equilibrium. Most recently, Liu,
Wang, and Wen [31] achieved global well-posedness and optimal decay rates for the highest-
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order derivatives of solutions to an inviscid Oldroyd-B model in R3, under the assumption
of sufficiently small initial perturbations. Subsequently, Zhai and Zhao [32] extended
these results to the periodic domain T"(n = 2,3), proving the global well-posedness of
this model with small initial data. In addition, they derived the exponential decay of
the solutions.

Research on the compressible Oldroyd-B model without stress diffusion remains
relatively scarce. In their seminal work, Lu and Pokorny [33] established the global
weak solutions without any restriction on the size of the data in a bounded open do-
main Q) C R"(n = 2,3). Subsequently, Liu, Lu, and Wen [34] established the global well-
posedness of strong solutions near an equilibrium state using the standard continuity
method, and the authors provided optimal decay rates for the highest-order derivatives
of the solutions in R3. The goal of this paper, on the one hand, is to prove the global
well-posedness of the Oldroyd-B model without stress diffusion for initial data in L? critical
Besov spaces on R"(n = 2,3) and, on the other hand, is to investigate the optimal time
decay rates of the solutions using an energy framework, circumventing reliance on spectral
analysis.

In this paper, wesetk = 1, L = 2, and { = 0, that is to say, H(7) = 25. The system (1)
without stress diffusion (i.e., ¢ = 0) can be rewritten as the following equation derived by
introducing a transformation ¢; ; = T; ; — 1; ; in the Section 1.1 of Ref. [34]:

oip + div (pu) =0,
p(dru+u-Vu) — pyAu — (A + p)Vdivu + VP = div (o — y1d),
o + div (qu) =0,

90 + div (cu) — (Vuo +oVTu) — 7(Vu+ Vi) = —%a.

We further make a serious simplifying assumption that the extra stress tensor ¢ is a
scalar matrix:

o =rT1Id for some scalar function T.

Letting Ag = 1 and v =  for brevity and neglecting the deformation tensor (i.e., V“%VT“ =0)

4

the simplified compressible Oldroyd-B model without stress diffusion becomes

9tp + div (pu) =0,

p(dru+u-Vu) — pAu— (A +u)Vdivu+ VP = V(T — 1),
91 +div (qu) =0,

o¢T +div(tu) + 7 =0,

which is supplemented with far field behaviors
p—p, u—0 y—7, T—0 as |x|— oo,

wherep > 0,77 > 0.

Without loss of generality, we may assume p =77 = p = v = 1, A = 0, since the other
cases can be essentially reduced to this case, after omitting some high-order terms. Denoting
p =1+4+aand n =1+ b, we can reformulate the system (2) into the following form:
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dia+divu+u-Va+adivu =0,
ou+u-Vu—Au—Vdivu+Va+Vb—Vt=F(a,u,b,7),
dib+divu+u-Vb+bdivu =0, 3)
0T+ T+ div (tu) =0,

(a,u,b,7)|1=0 = (ao(x), up(x), bo(x), 0(x)),

where

F(a,u,b,7) def —I(a)VT+1(a)V(a+Db) —I(a)(Au+ Vdivu) with I(a)= 1—7—11'

Now, we state the first main theorem of the paper as follows.

Theorem 1 (Local well-posedness). Let n = 2,3 and 2 < p < 2n. For any (ag, by, 10) €

B ; 1 (R™) with 1 4 ag bounded away from zero, and uy € B ” (R”) Then there exists a positive
tzme T such that the system (3) has a unique solution with

n

g 1 JE41
(a,b) € Gy([0,T);B),), weCy([0,T;By, )NLY([0,T];B), ),
T € G([0,T];B),) NL'([0,T]; B) ).
Theorem 2 (Global well—posedness) Letn =2,3and2 < p < 4, and addztzomzlly, p#4
if n = 2. For any (a§,ul,bf) € B221 (R”) 7 € Bzzl(R”) and (alt, bl 7lt) € B; (R™),

A
ul € B ”;1 (R™), there exists a positive constant co such that, if

||(’10/‘10/ bo)HBﬂ 1+ ||To||

h ph h h
+ b b ) g + 1wl g < co

n
B2
B pl pa

then the system (3) admits a unique solution (a,u,b, T) satisfying
(a',b') € Cy(RY; BE ), (a",b") € Cy(R*;B) ),
Ln_ .1 R 4
uf € (R B, ) NLIRY; B, ), u' e G(RYB), ) NLIRY B! ),
R R | L n L n
¢’ € C(RY; B3, )NLY (RS B3, ), ¢" € G(RY;B) ) NLY(RYB))),
' € G(RY;B3) NL'(RY;B})), " € G(RY;B),) NLY(RY;B),),

with ¢ £ 4+ b. Moreover, there exists some constant C such that

o, w o) wy Tl 1+ (ab, T)Hh y
L (Byy L (Bs) Ly (Bpl L§ (Bpl)
+||(<P/u)||()’1 + T Hf g +l@l" +Hu\|h 1 < Coeo. (4)
Ly B2,1 ) L{ (B3, L} 3,57,1 Bpl

Remark 1. For some basic knowledge on the Littlewood—Paley decomposition theory in the above
theorem, see the beginning paragraph of Section 2.

Remark 2. Although there are are no dissipations in the equations of a and b, by exploiting the
structural characteristics of the system (3), we can also obtain the smoothing effect of a + b in the
low frequency and the damping effect of a + b in the high frequency. Especially in the high frequency
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part, we need two effective velocities, which are used to eliminate the coupling between the fluid
density, the velocity, and the polymer number density.

Remark 3. Drawing upon the recent advancement presented in [35], we intend to investigate the
global well-posedness of (3) with substantial initial data in our future research.

1.1. Scheme of the Proof of Theorem 2

To complete the proof of Theorem 2, we proceed in three key steps. Due to the absence
of explicit dissipation or damping terms in the fluid density and polymer number density
equations, it is essential to strategically leverage the system’s hidden dissipative properties
by exploiting the inherent structure of the system. A crucial aspect of our analysis involves
decomposing the dynamics into low-frequency and high-frequency components, as the
fluid density and polymer number density display markedly distinct dynamical responses
across separated spectral bands.

Low frequency: To uncover the hidden dissipations in the fluid density and polymer
number density, we primarily employ the cross-energy method. For this purpose, we first
define the operator A’z = F~1(|¢[*Fz), s € R and introduce the following key quantities:

w = A"lcurly, v =Aldivu.
For convenience, we denote
pLa+b S=2p—2a=b—a,
thus satisfying

at(P +2Av = fl,
oV —2Av — AP = fo,

with the nonlinear terms f; and f, defined in (8) and (9), respectively. Our main goal is
to derive the dissipation estimates for a and b through careful analysis of the combined
variables ¢ and J. To achieve this, we construct the following “cross-energy” estimates:

d
— A0 20| AV, + | AgI,

= —2(Avi, Adp) — ((f2)i Adp) — (A(f1)i Vi, see (12).

Combining with the estimates of 7, w, v, ¢, and §, we can infer the dissipation estimates for
a,b,u, 7, and ¢ in the low-frequency regime,

1@ o5 uf) ) w0 @D aa T s
T e LP(B2) ¢ 810 XA L}(B2,)

ot
< ||(ﬂ€/b5ru5)||3g71 +lwll g + /O (1+ Exo(5))Eeo(s)E0(s) dis.

2,1 B

For the definitions of £ (s) and & (s) , refer to Lemma 8 of Section 4 for more details.

High frequency: In the high-frequency regime, the primary objective arises from the
absence of diffusion terms in the equations for a and b. The quasilinear terms in these
equations lead to a loss of the derivatives. To capture the damping effect of ¢ = a + b, we
introduce the new auxiliary variable

G2 Qu-— %A*lw.
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Then we get the compressible part of Equation (3) as follows
0tp+¢+divG = —pdivu —u- V¢,
{a,G —2AG =G+ %A”ch + %Q(zpu) —Q(u,Vu) + V1 + QF(a,u,b, 7).

To establish the damping properties of ¢ and G, we construct the following estimates:

e NI L e
t pl t pl) (Bpl t( p,l)
SIGH -1+ bl g +/ (16", -+ o'l ds+/ Il
[ (H(4>divu) ||.n +(u- Vo)’ ||.%,1+||<4>u>’1||.n 1+||d1VuHL°°HfP I3 ds
Pl By Bpl pl
—i—/ Y. 2P]|| A,a-Vp|r + ||E(a,u, b, )" _%,1)ds, see (41).
jZjo Bp,l

Based on the estimates for 7, the incompressible part Pu, 4, and b, the aforementioned
estimate, and the nonlinear product laws in Besov spaces, we can now derive the dissipation
estimates for a,b, u, T, and ¢ in the high-frequency regime,

hoh [/ h
I(a", 0%, T )ILW 5 'l e +Hw'll e +1(¢" I

n
1(B?
,1 Ly pl p1 ) t(Bp,l)

S th Ay + Il g+ [ En(o)En(e)as.

Pl pl

Through a continuity argument combined with the a priori estimates established above,
we establish the global existence of solutions as presented in Theorem 2, with the detailed
proof provided in Section 4.3.

Having established the existence of global solutions, we now turn to investigate their
long-time asymptotic behavior. The third main result of this work characterizes these
asymptotic properties as follows.

Theorem 3 (Optimal decay). Let (a,u,b, T) be the global small solutions addressed by Theorem 2
with p = 2. Assume that the initial data (af,uf,bf) € B (R"), 1§ € BS{N(R") with
—75 < 0 < 5 — 1. Then the following decay properties hold:

|AT (@ w)] 2 < CO+D7,  for any 11 € (0,5 —1],

—o—1

A2 < C(1+ t)_72 Tz, for any v, € (0+ 1, g}

1.2. Scheme of the Proof of Theorem 3

To complete the proof of Theorem 3, we consider the following asymptotic analy-
sis features:

Regularity Propagation: Proposition 1 maintains initial data regularity with negative indices.

Lyapunov Dynamics: Constructing a Lyapunov-type inequality for (¢, u, T) in time via
pure energy methods, we obtain

d
7 (1@" ) g+ 170

21

14 l
+er(ll(¢%u )||Bﬂ i+l

2
2,1

+u"|], 771+||(<P T )HB%)
B3 21

4
+Huh\| e (O] N 7) T <0

2] 21

n
2
2

n
B2
2
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Decay Estimates: The time-decay rates can be rigorously derived through interpolation
techniques applied to the Lyapunov functional.

For a deeper understanding of the work, we provide a summary of the paper below.
Inspired by Lu and Pokorny [33], we study the global well-posedness of the compressible
Oldroyd-B model without stress diffusion in R"(n = 2,3). A key challenge arises from
the lack of explicit dissipation or damping terms in the fluid density and polymer number
density equations. The key issue lies in skillfully performing high—low frequency decom-
position and establishing new effective fluxes to eliminate the coupling problems caused
by p, u, 7, thereby achieving global well-posedness. The Lyapunov functional constructed
in this project is one of the key scientific problems for solving the global solution with large
initial data and optimal decay estimates of the compressible Oldroyd-B system.

The remainder of this paper is organized as follows. After presenting the necessary
preliminaries in Section 2, we provide a brief proof of Theorem 1, establishing the local
well-posedness of solutions in Section 3. Section 4 develops the global well-posedness
through the proof of Theorem 2. Finally, in Section 5, by investigating temporal decay
characteristics through three analytical stages, we establish the optimal time decay rates,
thereby completing the proof of Theorem 3.

Notations. For two operators A and B, we denote [A, B] = AB — BA as the commutator
between A and B. For two positive numbers, by 2 < b we mean that there is a generic
constant C which may be different on different lines, such that 2 < Cb. We shall denote
(f,g) as the L?(R") inner product of f,g € L?(R"). For a Banach space X and an interval
of R I, C(I; X) is the set of continuous functions on I with values in X. For g € [1, +-c0],
Li(I; X) is the space of measurable functions on I with values in X, such that t — || f(¢)||x

belongs to L(I). We always let (d;)cz be a generic element of ("(Z)sothat ¥ dj = 1.
JEZ

2. Preliminaries

In this section, we list some basic knowledge on the Littlewood—Paley decomposition

theory, which plays a key role in our analysis. We set A; def ¢(27/D), S; wf x(277D) with

¢(%) « X(%) — x(€), and yx is a non-increasing nonnegative smooth function supported in
B(0, 3) with a value of 1 on B(0, 3) (see [36] for more details).

Definition 1. For s € R, 1 < p < oo, the homogeneous Besov space B;l(R”) is the set of
tempered distributions f satisfying

lim |[Sifllre =0, and |fllg =Y 2°(Aif ||y < co.
j——o0 p.l jez

For any f € S'(R"), the lower and higher oscillation parts can be expressed as

FLE Y Af and 1Y A

i<No 7>No
for a large integer Ny > 0. The corresponding truncated semi-norms are defined as follows:

def def

0 s h h .
(e i P G A i P

As we shall work with time-dependent functions valued in Besov spaces, we introduce
the norms:
Ao s ) Mg Moo
L7(B5,) s, llLa(o1)
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Moreover, in this paper, we frequently use the so-called “time—space” Besov spaces or
Chemin-Lerner space to solve parabolic estimates (see [36] for more details). Let s € R and
0 < T < +co. We define

1
def sl (T 7
lzgqe5,) 2 ([ 183700t

JEL
for p, q € [1,0) and with the standard modification for p, g = .
Remark 4. Forany 1 < q < oo, from the Minkowski’s inequality, one can deduce that
“fHL%(B;,l) < “f”Z%(B;,l)'
The following lemma describes the way derivatives act on spectrally localized functions.

Lemma 1. Let B be a ball and C a ring of R". A constant C exists such that for any positive real
number A, any nonnegative integer k, any smooth homogeneous function o of degree m, and any
couple of real numbers (p,q) with 1 < p < g, the following inequalities hold:

Supp it C AB = sup [|0%u[s < CEHAT G w1,

|a|=k
Supp it C AC = C™* "ANjuf|pr < supl|o®ullrr < CAulls,
|a|=k

1 1
A= )| .

Suppit C AC = ||o(D)ul|ps < Com

Now we shall recall a few nonlinear estimates in Besov spaces that may be derived

by means of paradifferential calculus. Here, we first recall the decomposition in the
homogeneous context:

uo = T,o+ Tyu + R(u,v),

where T,o £ ¥, S;_qudjo, R(u,0) = ¥ Ajugjv, and Zjv = ¥ Ao
j€z j€z li=j'l<1
The paraproduct T and the remainder R operators satisfy the following continu-
ous properties.

Lemma 2 ([35,36]). Foralls € R,0c > 0,and 1 < p < pq,p2 < oo, the paraproduct Tisa
bilinear, continuous operator from B ma X By, 1 to By with 5 = o T ps The remainder R is

. . 551 557 5S1+S2 - 1_ 1 1

bilinear continuous from Bm,l X sz,l to Bp’l with s1 + sp > 0, and 5= 5 + Py
Next, we give the important products that act on homogenous Besov spaces as well as

composition estimates, which will be also often used implicitly throughout the paper.

Lemma 3 ([20]). Lets; < 2,5, < min{%, g}, and s1 + sy > max{O,% + g —n}forl <p,
g < oo. Foranyu € B;}l (R"), v e B:frl (R™), we have

00 -5 5 Il ol
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Lemma 4 ([30]). Letn > 2and 2 < p < min{4, ;25 }, and additionally, p # 4 if n = 2. For

L= L |
any u € B;/l(R”) and v' € B3, 1(R”), ol € B;;,l (R™), the following holds:

¢ << ¢ h )
uv n oy S0 e U n_ ul| n.
10) g2 S (19 goa 41970 g )l

In order to overcome the nonlinear terms, we also need the classical commutator’s
estimate as follows.

Lemma 5 ([36]). Let 1 < p < oo, min{—%,% —n} <s <2 Foranyov € B;J(]R”),

<|

Vu € B;l(R”), we obtain

I[Aj,u- Vol < djTjSHWHB%1 o1l -
12

Lemma 6 ([36]). Lets > 0,1 < p,q < oo, and a € |, where | C I is a bounded interval. Let
F with F(0) = 0 be a smooth function defined on an open interval I of R containing 0. Then we
obtain the following estimates:

e < : ~ < ~a
IF@) sy, S lallg o 1@z ) S lallzy s,

Lemma 7 ([36]). Let c € R, T > 0,1 < p,r < o0, and 1 < qy < qp < oo. Let u satisfy the
heat equation

o — Au = f,  uj—g = Uo.
Then the following a priori estimate holds:

il 2 Sluollgg, +IFI, sai2
s Bpr 28, 2

3. Proof of Theorem 1

In this section, we shall give the brief proof for Theorem 1. Similar to the case
of barotropic Navier-Stokes equations, we refer to [2,5,37] for more details. Define

A+vdiv)

up = efl ug, and 1r = e~ '7y. Then 7 satisfies the linear system

0ttr + 17 =0, TP(O) = 1.
Let =u—up, T =7 — 7, then (4, @, b, T) satisfies the following systems

dia+divu+u-Va-+adivu =0,
oi+u-Vu— At —Vdivi+Va+Vb—Vt=F(a,u,b,1),
b +divu+u-Vb+bdivu =0,

0T + T = —div (7u).

Now we can prove the existence of the solutions by a standard scheme, which proceeds
according to the following steps (to simplify the procedure, we omit the details of the
process here; please refer to [2,5,37] for more details):

Step 1: Smoothing out the data and getting a sequence of smooth solutions
(a",a",b",T") of an approximated system of (5), on a bounded interval [0; T"] which
may depend on 7.
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Step 2: Exhibiting a positive bound T for T", and proving uniform estimates on
a’,a", b, T,

Step 3: Applying compactness to show that the sequence (a",@", b", T") converges to
the extracted solution of (5).

4. Proof of Theorem 2

In this section, we will prove Theorem 2 by using the bootstrap argument. First,
we obtain a priori bounds by introducing a novel analytical framework. Meanwhile,
we distinguish their different behaviors by separating the low frequency from the high
frequency. The proof is organized into the following three subsections.

4.1. Low-Frequency Estimates

In this subsection, our goal is to obtain the low-frequency estimates of the solutions
(a,u,b,7). Let Az & F~1(|Z[*Fz),s € R. w = A~ !curl u denotes the incompressible part
of uand v = A~!divu denotes the compressible part. Then, we see that w satisfies the
heat equation

dw — Aw = A lcurl g

with
g=—-u-Vu+Vt+F(aub,r1).
Applying Lemma 7 gives
el w0l wa Sllwpll g + 1T, o+ (e V)|
i) g™~y L) LB )
+ ¥ (a,u,b,T P 6
I @bl o ©

Next, we consider the coupled system of (a,v,b). For convenience, we set
p=a+b

Then it follows from (3) that (¢, v) satisfies

otp +2Av = fi, )
oV —2Av— AP = fo,
with the nonlinear term f1, f, defined by
f1 = —div (pu), (8)
fr» 2A7div (—(u- Vu) + V1 +F(a,u,b,7)). 9)

Now we present the following lemma, which will be used in establishing the low-
frequency estimates.

Lemma 8. Let ko be some integer, and f* def Skof- Forany t > 0, it holds that

(A + (g0l S ||(¢g'vé)||sz'f’fl + () (fz)’g)HL}(Bz%;ly (10)

HNoo g LN |
LP(Bj, ) LBy )



11 of 22

Mathematics 2025, 13, 2589

Proof. Let fi = Ayf. Apply the operator A;Sy, to the above equations and multiply (7)
by ¢, /2 and (7), by vy, respectively. Using the standard energy argument, then we deduce

the following three equalities:
1d
5 a7 UGkl /2 + 1vilE2) + 21 AvilI T2 = ((F)k 94/2) + ()6 V) (11)
d
— VAP —20 AV + IAGIE: = ~2(avi AgD) — ()b AGD) — (A(FL VD, (12)
(13)

and
S S IAGLIZ = (avh, Agl) + () A200).

By multiplying both sides of (11) and (12) by 2, 1, respectively, then adding the result

of multiplying both sides of (13) by 1/2, we obtain

S L 3AVEIR: + 2 gl
= (90 + 2 v) — 5 () A — S (AR V) +

+ 3 A%,

where 1
0 Al ¢
= ||4’k|| 2 +2HV1€||%2 — (v, A¢y) + EH/\‘Pk“iz

By Young’s inequality we see that
~ (i A9k ViIT2 = (i vi0 172,

which leads to
d
i 2% L S (A (POl 2

Multiplying the above inequality by 2(2 =1 formally on both hand sides, and then inte-
grating from 0 to ¢, we finally obtain the desired estimate (10) by summing for k < kg. This

completes the proof. [

For simplicity, we define (), £1(t)

Ex(t) = [ (9", u)], 771+|luh|| w17 g+||(4> Ll
21 Bpl Bia BPJ

h l
E(t) £ (@ u) gon + 0" g+ 17 53 + @
B3y B B3y By

Combining (6) with (10) yields
[
(¢, w1 + [I(@, )]l skt

L°°(B
: 14
g iy (),

< ||(<P0/u0)|| pa T g|| 3
B3 Li(B3) t(B34

=

V)| F'(a,u,b, " 14
+ ||(u- Vu) HL](BZ%1 1)+|| (a,u T)||L}(B§11) (14)

t
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In the following, we estimate each term on the right-hand side of (14). By Lemma 4, we
first estimate the term || (u - Vu)* || ,,1 as follows

[[CROR (Ilu"}\l it Il ) Vel

21 B, B, p,l
S(CN e +||uh|| ) (Il B4 + I50)
2 p,l pl
SEeo(H)E1(1). (15)
Using Lemmas 4 and 7, the same strategy can be used for the term ||(div (¢u))* ”3%71'
21
which is bounded by
(i (¢u))“|] 54 S lull 5 (||<P H +H<P I3 )+H<PH 5 (H L)H +H "Il )
21 By,
S llu EH27 +||uh||2 +1g* ||27 +¢" Hzn
21 p1 21 ﬁrl
S Il )H 1H(4> )|, ”+1+\|uh|\ ,,1\|uh|\ g+ llg" Hzn
Pl Pl p,1
S (&1(8) +goo(t))8oo(t). (16)

We now begin to estimate terms in ||F’(a,u,b,7)| »_y - Itis easy to check that the first

L(B3y )
term ||I(a )VTHe , can be bounded by

21

11(a )Vfllfn 1 SlT@)l] s € IIVTHZn 1+I|Vfllhn )

B3y P B3y B
(Hﬂ€|| g+ et )(||TZ|| g ). (17)
B3y B B3y By

Keeping in mind that
I(a) =a—al(a),

we first use Lemmas 3 and 6 to get

(@)l g Sla'll, . @I @) g

21

Sla'll g+ [11(a )H.% (Ilﬂéll 1+||ﬂ I,5-1)

21 pl
Sllatyl a3 St la || n (HaZII 7_1+||a’1|| 7)
B3 P P1
< l YA
S|l 771+(Ila Il 771+||a || 5 )?
21 21 pl
S(1+ Exo(t))E0 (). (18)

Similarly, we can infer from Lemmas 3 and 6 that

1@ 51 Shall g o+ llal@)]] g
B B

Pl pl pa
Sl 771+|Iﬂh|| 3 )+ llall gallI(@)l] g
21 pl pl Bp,l
l h
Sla™l g+ lla™ll 5 ) + llall 5 -allall »
21 pl pl pl
S+l a1 tlla h|| 5 ) (llal], R "Il 55)

1 p1 By, ,,1

S+ (1) Eucl). (19)
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Now, for the term I(a)V¢ in F(a, u,b, T), in view of the fact that ¢ = ¢* + ¢", we can write

(@) V) Il 31 S MA@V g1+ (1@ V)| 5 (20)

2
1 21 2,1

Thanks to Lemma 3 again, we have

(1@ VeIl 51 <! 15 (Il (I(a NI g1+ [1(1(a))" I,5-1)

2 B2
21 p1 2,1 pl
<llg sz, (I1(1() ||Bg71+||(1(ﬂ))h||3g71)- (21)
: P

2,1

Combining (18), (19), and (21) leads to

(1@ V)Nl 5 Sl llig, (1 + Eeol(t))Euo(2). (22)

2
BZl

For the term ||(I(a)V¢")¢ ||B%,1 in (20), we use Bony’s decomposition to write
2,1

Sipr1(I(a) V") =Ty Sjy41V " + [Sjp11, Ti(0) | V9"
+ Sjy11(Tygil(a) + R(1(a), V§")). (23)

Applying Lemma 2, it holds that

||Tl(a)5jo+1v¢h“Bg—1 SH@) o 1801V ¢ gy S (@) ——1”4’”32 /

2,1

from this result along with (19), we can further get
||T1(u)sjo+lv¢h‘|3%—l S+ Soo(f))foo(f)||¢>||§§1~ (24)
2,1 4

The last two terms in (23) can be estimated similarly so that

18j+1 (TognI(a) + R(1(a), V"))l gi T II[S']-OH,TI@)]V(l*IIB%_l
2 2,1
< v || 11| I(a )II.% < o |I.g lall »
nl p prl Bpll
< (el 7_1+Ha’“!| 7)||4> | 2
21 pl B
S Ex(t)]l9" || (25)
pl

From (24) and (25), we have

1@Vl 51 S 1+ Ealt) (B9 N1gz, + 14”13 53

2,1 P 1

which together with (20) and (22) give rise to

||(1(ﬂ)V¢)£HBg4 S (14 Ex(t) () (101 ez, + 19" 7) (26)
Similarly,
[[1(a)(Au+ Vdiv u)ZH g S E(t)Er(H). (27)

2
BZ,l
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Collecting (17), (26), and (27) together, we get
|\F€(a,u,b,r)\|B§1 15 (T4 () € (B E1 (). (28)
Thus plugging (15), (16), and (28) into (14) implies
R (TS (e
< 11(96,up) HBZ%JI +1 KH ek + / (14 Eeo(s))E00(s)E1(s) ds. (29)

Now, applying A]- to the fourth equation of (3) and taking the inner product L? with A]'T
gives

d. . \
T IATIE +ell Al < Adiv (Tu) |2 l| AT 2. (30)

N —

Multiplying (30) by 22/ / |A;7| ;2 formally and integrating the resultant inequality from 0
to t, we can deduce by summing for j < jj that

t
I e T e S +/H<div<ru)>‘*|\.nds.
L2 (82,) tez) ~ 0 B2,

By Lemma 4, the last term on the right side of the above inequality can be controlled by

ll(div (ta)]| 5 Sll(zdiva)‘|l 5 +[(u- VT)* || 5
By Bl B
§||TH_ (||u‘HBn +Huh|\3% ) +||u\|_% (||T[H.g +\|Th|\.L,;)
p/l 2,1 p1 p/l p,l
ks H2 +IT H2 (||ué|\ 771+Huh\| 1) (Jlu I 7+1+Huh|l 5i1).
2,1 pl 2,1 pl Bpl
Thus
ot
l l { 012 hy2
T~,+T n<1.',n—|—/777+1'ﬂd5
Il »(ed) <l k) Il 4 (1= 5 l HB;;)
SRR ) (g 4 o) ds. G
21

pl

Multiplying (31) by a suitable large constant, and then adding to (29), we finally get

L e A [P L e
@) g + 1705 + [ (1 En(s)En(9)E () 85 (2)
2,1 2

Subsequently, it is natural to derive the bound of ||a]| . a1 Due to the appearance
Ly (B3,
of the unwanted term divu, the boundedness cannot be directly established through

conventional methods. Thus, we introduce a novel truncation technique to circumvent this
obstacle. Define

5&2¢p—2a=>b—a,
which satisfies the following transport equation

dt6 +u-Vo+ddivu = 0.
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Now applying A]- to the above equation and using the commutator argument yields
atA]-(S +u- VAj(S + [Aj,u . V]5 + A]-((Sdiv u) =0.

Taking the inner product L? of the resulting equation with Aj(S, and applying the Holder
inequality and integrating the resultant inequality over [0, t], we derive

94 /
151 g3, SO g+ N )+ w91
+/ 221 [Aju- V)5 2 ds. (33)
i<o

Using Lemma 4, the second and third terms on the right-hand side of the inequality can be
controlled as follows:

I(6div u)* IIB2 o v s 16 g (116 g 5 8y Idivall

21 ;;1 Pl

< (@99 5+ 1" ¢ "y )(HHZIIBZH - (34)

pl

The last term in (33) can be bounded by a similar derivation of (4.9) in [38]:

Y 2G4 u- Vo S(HuZH gt [u” H (1", ")l g0 + H(ah,¢h)\|3% ). (35

]<]0 pl a pl

Taking (34) and (35) into (33), we obtain

16°1.. 5, Slab @), ,,1+/ Exo(s)E1(5)ds.

L°°(B21

which, combined with the definition a = 1(¢ — 4), leads to

‘ <6t ‘
a|. n.q 3 . on_q + . oon_
W ) S gy 197
t
@b gi) g2+ 10" 50+ [ @B @0
2,1 2,1

In the same manner, we can infer from the forth equation of (3) that

14
161 g3, S g 19 o + [ e @

Consequently, combining (32), (36) and (37), we finally arrive at

bg, / " él l / B
I g I Ol o 10
S Gab U)o+ Iy + [+ En(s)En(9)E () 85
2,1 2

4.2. High-Frequency Estimates

In the high-frequency regime, the primary challenge arises from the absence of diffu-
sion terms in the equations for a and b. The quasilinear terms in these equations lead to a
loss of the derivatives. To overcome this difficulty, we introduce the new variable ¢ = a + b
and apply the operators Q to the momentum equation, obtaining the compressible part of
Equation (3) as follows
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0t¢p +2divu+u- V¢ + ¢pdivu =0,
0:Qu —2AQu + V¢ = —Q(u- Vu) + V1t + QF(a,u,b, 7).

Similar to the approach used in [3,37], if we define an effective viscous flux
G2 Qu 7A v,
then G satisfies
1,4 1
;G —2AG =G + EA Vo + EQ(([Ju) —Q(u,Vu) + V1 + QF(a,u,b,7).

Applying the heat estimate for the high frequencies of G, we get

165 g5, + 16" 50
S IGoly 1+||Gh|| el +le" :11,2)+\| | peh) +1Q(pw)"| , Nel)
+ ||@(u, Vu)" HL}(Bfl’“) + ||@F(a,u,b/ )" ”L}(ij(’)' (38)
Furthermore, ¢ satisfies
0tp+ ¢+ divG = —¢pdivu —u- V. (39)

Applymg A to (39) and taking the inner product L” with A](p then multiplying by

2 / ||A ¢||;2 formally and integrating the resultant inequality from 0 to ¢, we deduce
by summing for j > jy that

[ +lg"|

Lo B” L! B”)

t
: h : h
S5 16"y g5+ (vl -+ vl [0 ) ds
pl pl

1

+/ Y 29]|[A, u - V]g||Lrds, (40)

jZjo

where we have use a commutator argument.
Then by a standard energy argument, we deduce from (38) and (40) that

h h
IG™l w8l +lg" IIN .%)+IIG I el +¢"|

p,l Ll BP )

S 1GHg 2+ W5 + (G + 1975 2) s+ 1241, s

+ [ (ltgetivuy ||B% e V) w)" g +||divunmu¢h||3,a,>ds
Pl pl Pl pl
+/ ;wu [A,u- Vgl + |F(a,u,b,T)" l54) 45 (41)
]1Z2Jo P

To control the right-hand side of (41), we have to estimate the nonlinear terms. Applying
Lemma 3 and the interpolation inequality, we treat the nonlinear terms as follows

I(gdiva)"|| 5 < 19115 ull 50 < < (lofl, 771+|I4’ I f)(l\u‘)\l 7+1+|Iu [ 51),
B BB B} B/

pl pl pl

I(u- Vu)" H 5 NIIuHB il g N(Hue\l 1+Huh|| 771)(Hu"|\ 7+1+||uh|| ), (42)

pl pl ﬁ P 1
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and

h 2 2
[[(gu) I\Bgfl S ||<PHB% HullB S el y +lully

P 1 P:l

S o' || 1H<P I +1+H<P ||2n +Hu[|\ 3 1||ué|\ 40 +HuhHB~1Hu Iy

n pl pl

By Lemma 5 we infer that

Y20 |[A,u- Vgl Slell

j=Jjo

[l

» P
Br B

¢ [/
1 S (lgf || 3ot lg" I )(IIu g er + 10l 5s)-
2,1 B

pl

The term I(a)(Au + Vdivu) in F(a,u, b, T) can be estimated in a similar way to (42). Here
we just give some representative term I(a)(VT — V¢) as follows, and, with the aid of
Lemma 6, we get

11(a)(VT = V)", SIT@)l 5 HVT—WJII’% 1 S H(a )||2,, +HVT—V4>||2
Pl pl ;7,1 p 1 p,l
<lla Hzn + (VT —Ve) HzgqﬂI( T—V¢)h||24%71
Vl By,
SHaH;% + o Is et I3+ + ¢ H2 + H2 2y
p1

21 Biy B, B o1

Next, we deal with the estimation on 7. From the fourth equation of (3) we get

7 I
LP(Byq) L;(B,,
< |l g +/ | (tdiv )" ||,n ds+/ Hdlvu||LooHThH y ds+/ Y 28 (A, u- VT ds
pl j=jo
S HToH 1 +/ (I H u +HThI| 5 ) (]l 2+1+Hu Il m) s, (43)

2 1 B, o B, 9
where we used the fact

[(rdiva)"|| » + ) 20 1A, u - Vil S (g + 17w ) (1o g + 10" 5)-
B, :34 B}, B
nl 2o 21 b1 2,1 o1

Applying the operator IP to the momentum equation, we get the equation for the incom-
pressible part of u as follows

dtPu — APu+P(u-Vu) = PF(a,u,b, 7).

By using a standard energy estimation, we get

h h
N e A U

f pl pl pl p1
+/Hﬂambﬂwnds (44)
BY

pl

Summing up (41), (43), and (44), and noticing that Qu = G + %A*ng, we obtain

[ hH~ -1 +||(‘P T )||~ | h“ +1 +H(4’ T )”
P
©(BF ) L (B, (B L

n
1(pP
t pl p1 p1 ) t(Bp,])

SRR +/51 )Exo(s) ds 5)

p,l
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Finally, we combine the estimates above to obtain the bound of ||a"||_ . It directly
t pl
follows from a similar derivation of (40) that

la"]]__ 3 ||ao|| 3 +|| hll S+ +/ IVl 5 llall 5 ds
Ly (BP P pl Pl
Sl + 10y g +/el )Exs(s)ds (46)
p]

In the same manner, we can infer that

IIbhH~

f

SHegl g + ol g +/51 )Exo(s)ds. @)
P

n
P
P

Multiplying by a suitable large constant on both sides of (45) and then adding (46) and (47),
we finally achieve

(" b" T w 5+ u dl e [0 ] I
L=(87) e8!, ) PICIAS LIB!)

el ) g+ bl gt [ E)Ew()is
BPJ Bp,1 0
4.3. Proof of Theorem 2

In this subsection, we shall prove Theorem 2 by applying the local existence result and
the continuous arguments. Denote

RO [ R [ R R [CaAtl +II°l,

LB ) Lr(B2) L3 LH(BZ)
h h h
+|ju” |- n_ 4 ||(a b - n 4 + n -,
[ HL, w7 | (a", b, 7)) toely [u || Bpﬂ) (9" )”L}(B;’J)
X = \|(ﬂéru€rb6)\|3g L+ HTOH +||uoH ot H(ﬂOIbtho)H
2,1 21 p'l p,'l

Subsequently, we deduce from (32) and (45) that
X(t) < X+ C(X(H)*(1+CX(H)).

Let &y < ¢ as stated in Theorem 2. Using the local existence in Theorem 1, we deduce that
there exists a positive time T such that

X(t) <2, Vte[o,T). (48)

By using a standard continuation argument, we can show that, if g is small enough, then
T =sup{T* > 0| X(t) <2cpholds} = oco. This completes the proof of Theorem 2.

5. Proof of Theorem 3

The goal of this section is to obtain the decay rate of the solutions by the method
(which is different from the spectral analysis) used in [39,40]. This approach relies on
constructing a Lyapunov function for (¢, u, T), which is derived from the energy inequality
of the solutions, along with the interpolation and embedding theorem. To achieve this,
we first establish the propagation of the initial data’s regularity in Besov space with low
regularity, as shown in the following Proposition 1.
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Proposition 1. Let (a,u, b, T) be the solution of (3) constructed in Theorem 2 with p = 2. For any
—1 <o < % —1suchthat (af, uf, b§) € BS (R"), 7§ B"Jrl (R™), then there exists a constant
Co > 0 depending on the norm of the initial data such that for allt >0,

(a0, b)(t, )l + 17t -)Ilf’;g;l < Go. (49)

Proof. The proof of this proposition can be obtained the same as Proposition 5.1 in [41].
We omit the details here. [

In the following, our main goal is to establish a Lyapunov-type inequality. From the
proof of Theorem 2, we can get the following inequality

(H(¢ u)H 1+||T/H g +Huh\| Ll+\|(¢h Lollp f)

é
+ (¢, u’ )HB%HHIT I

2,1

h h h
g 11" T s

n n
2 2
21 21 2,1

< (@ ull g+ ull]5 ) (1@ ud)], +1+Hu Iy51)

2,1 21 21

(1l 5 el + 7 )HB%)(HT ls 1@ ). (50)
Since the solution which we have proved in (4) satisfies

ol b’ Tt h n h ph h < C
l[(a®,u", )”z;» 51 + | ||~ + [ HZ?Q(B?)HI(Q, , )Ilzf(Bf < Cco,

@4
2 1
this, along with (50), allows us to obtain

(H((P u’)|, 771+HT£H %+|luh|\ R (CADIEY

2
21 21 BZl

+||uh|| pa+ @My <o0. (51)

2
B}, B;

F
+ (¢ u’ )lleﬂ +r

|y
2
2,1 2

—

By applying the interpolation inequality, for any —% < ¢ < 4§ —1, it holds that

(¢, u)IIBn 1 < C(ll(g )IIf;gw)el(II((P,u)lIZgH)H’l,

21 ¢ 21
with 6; = #m € (0,1). By using (49), we directly obtain that
. ¢ 1
e @)l g x = coll (@ w)lf 5 1) (52)
BZ,l BZ,l

Subsequently, again by the interpolation inequality, we have

Iy < C(HTHBM)91(||T\|€7+z)1_91 < co(llTl’ 5.0)" "
21 B21 BZ,I

Hence, we obtain

l
Iells >

1
CIITII() (I\T\Ig%)”l- (53)

1 2 1 2,1

In addition, thanks to ||(¢,u, VT Hh po <Lt follows by taking « = 1+ 6; that

2]

C(li(e, )Ilh +||u|\hﬁl) > (II(@T)IIZ% +||u||th71)1+”‘- (54)

2,1 2 1 2,1 2,1
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Finally, substituting (52), (53), and (54) into (51), we infer that

d
O A g+ 170+ g+ 19 )

2,1 B4 2,1 2,1

4 h 1"!‘#
(g + Iy I Ty ) <0

| 2
21 21 2,1 BZ,]

Thus, by solving this differential inequality we obtain
n—20-2

l@ Iy, + el + @0l + by, < b=
B B B B

2,1 2,1 2,1 2,1

Choosing any 71 satisfying ¢ < 91 < 5 — 1, then it follows from (49) and the interpolation
inequality that

J4 14
I wlgy <Cl@ I, gy

2,1

<C(ll(@,w)llgg )*(lla, u,b\lg%_l)l‘ng

<c4+n tEp T, g, = %%1__11 € (0,1). (55)
2
For the high frequency, we have
@ Wi, < CClall"y + by ) < C+n~" . (56)

2,1 2,1

Then combing (55) and (56) yields

Subsequently, using the embedding Bg,l < L2, it implies

11—
[T (@l < CO+6)
Choosing 7 such that o +1 < 7, < 7, it follows from the interpolation inequality that
14 h
Il <l + lelle)
h
<Clizlli +Clltl"y
21 BZ,l
l 0 0 \1-6, h
<ClTllgg )=zl 5 )= +CliTlly
2,00 B2 B2

2,1 2,1
_ rp—0—1

<C(1+t) 72

Thus, again by using the embedding Bg,l < L2, we finally get

rp—o-1

|AT2T||2 < C(1+t)” 2

This completes the proof of Theorem 3.
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