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Abstract

Life testing of products often requires extended observation periods. To shorten the du-
ration of these tests, products can be subjected to more extreme conditions than those
encountered in normal use; an approach known as accelerated life testing (ALT) is consid-
ered. This study investigates the estimation of unknown parameters and the acceleration
factor for the modified Fréchet-Lomax exponential distribution (MFLED), utilizing Type
II progressively first-failure censored (PFFC) samples obtained under the framework of
constant-stress partially accelerated life testing (CSPALT). Maximum likelihood (ML) esti-
mation is employed to obtain point estimates for the model parameters and the acceleration
factor, while the Fisher information matrix is used to construct asymptotic confidence
intervals (ACIs) for these estimates. To improve the precision of inference, two parametric
bootstrap methods are also implemented. In the Bayesian context, a method for eliciting
prior hyperparameters is proposed, and Bayesian estimates are obtained using the Markov
Chain Monte Carlo (MCMC) method. These estimates are evaluated under both symmet-
ric and asymmetric loss functions, and the corresponding credible intervals (CRIs) are
computed. A comprehensive simulation study is conducted to compare the performance
of ML, bootstrap, and Bayesian estimators in terms of mean squared error and coverage
probabilities of confidence intervals. Finally, real-world failure time data of light-emitting
diodes (LEDs) are analyzed to demonstrate the applicability and efficiency of the proposed
methods in practical reliability studies, highlighting their value in modeling the lifetime
behavior of electronic components.

Keywords: constant-stress; partially accelerated life test; modified Fréchet-Lomax exponential
distribution; bootstrap methods; asymptotic confidence intervals; Bayesian estimation

MSC: 60E05; 62F15; 62F10; 62N01; 62N02; 62N05

1. Introduction
It is well established that all devices and equipment used in daily life have a limited

operating life. Understanding and modeling this useful life span is essential to improve
product design, reliability, and maintenance strategies. However, obtaining lifetime data
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through standard testing procedures can be both time-consuming and prohibitively ex-
pensive, especially when failures occur infrequently under normal usage conditions. To
overcome this limitation, accelerated life tests (ALTs) have become a widely adopted solu-
tion, particularly in manufacturing and engineering applications. ALTs involve subjecting
test items to higher-than-normal stress levels, such as elevated temperatures, pressures,
or voltages, to induce early failures. This approach enables researchers to gather failure
data more quickly, which can then be extrapolated using appropriate statistical models
to estimate product lifetime under normal operating conditions. Accelerated life testing
(ALT) is an essential methodology in reliability engineering aimed at obtaining failure
data more quickly by subjecting test items to elevated stress levels compared to normal
operating conditions. Depending on the availability of information on the relationship
between stress and life expectancy, ALTs are generally classified into two main types: fully
accelerated life tests (Fully ALTs) and partially accelerated life tests (PALTs). In Fully
ALTs, it is assumed that the functional relationship between stress and product lifetime is
known in advance. This assumption facilitates simpler modeling and allows for efficient
planning of the reliability experiment. Among the commonly employed strategies in this
context is the constant-stress ALT, where each test item is subjected to a fixed elevated
stress level throughout the experiment. This method has been thoroughly discussed in
the works of Meeker and Escobar [1], Dey and Nassar [2], Nelson [3], Lin et al. [4], and
Haj Ahmad et al. [5]. Another notable approach is the step-stress ALT, in which the stress
level is increased in stages at predetermined intervals if failure does not occur, allowing
earlier detection of failures. Studies by Hakamipour [6] and Wang [7] have contributed
to understanding and modeling of this type. Progressive stress ALT, on the contrary, in-
volves a constantly increasing stress level over time and is particularly useful to simulate
realistic degradation processes, as illustrated by Mahto et al. [8] and Abdel-Hamid and
Al-Hussaini [9]. Haj Ahmad et al. [10,11] applied a simple step-stress life testing and
considered multiple causes of failure. On the other hand, PALTs are employed when the
exact relationship between stress and life expectancy is unknown or cannot be easily mod-
eled. These tests serve as valuable alternatives for estimating the acceleration factor, which
is used to extrapolate failure information from accelerated conditions to normal usage
environments. One common form is the constant-stress PALT (CSPALT), where items are
tested under both normal and accelerated fixed stress levels. This form has been explored
under different censoring schemes by Hassan et al. [12] and Nassar et al. [13]. Another
approach is the step-stress PALT, which begins with a period of normal stress followed
by a transition to a higher stress level if the item does not fail, effectively dividing the test
duration into two distinct phases. This method has been examined in the works of Gouno
et al. [14], Wu et al. [15], and Bai and Chung [16]. Progressive-stress PALTs, where stress is
gradually increased over time, offer a more continuous transition from normal use to failure
and are discussed in studies such as those by Fan et al. [17] and Ismail and Al-Babtain [18].
These classifications reflect the diversity and adaptability of the ALT frameworks, each of
which provides specific advantages depending on the product characteristics and testing
objectives. Understanding the nature and structure of the ALT and PALT designs is vital to
select the appropriate statistical methods and ensuring meaningful reliability inferences.
In life testing experiments, it is often impossible to obtain complete data on failure times
for all test items, leading to a phenomenon known as censoring. The data collected from
these tests are referred to as censored data. The Type-I and Type-II censoring are the most
common types of censoring. In Type-I censoring, the units are tested simultaneously for
a predetermined duration. If not all test units fail within this period, the surviving units
are removed once the period ends; see Algarni et al. [19]. In contrast, Type-II censoring
involves running the units simultaneously until a specified number of items fail, at which
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point the remaining items are removed, see Kundu and Howlader [20]. In both of these
types, there is limited flexibility in withdrawing test items during the testing process. To
address this limitation, a more general approach known as a Type-II progressive censoring
scheme has been proposed. In this censoring approach, after each observed failure, a
predetermined number of surviving units are randomly withdrawn from the test. This
process continues sequentially, with removals occurring at each failure time, until a fixed
number of failures has been observed; the remaining surviving items are also withdrawn,
as illustrated in studies by Wu and Gui [21] and EL-Sagheer [22]. To reduce both testing
time and cost, the most flexible censoring scheme is the Progressive First Failure Censoring
(PFFC) scheme, proposed by Wu and Kuş [23]. This method is specifically designed to
preserve the maximum number of test units by progressively withdrawing surviving items
before they fail. Its efficiency and practicality have made it a popular subject of study under
various lifetime distributions. Notable contributions in this area include the work of Xie
and Gui [24] and Lin et al. [25]. A detailed discussion of the PFFC scheme will be presented
in the following section. In the field of probability theory, it has become commonplace in
recent years to adjust classical probability distributions to enhance the flexibility of existing
models. These adjustments are informed by various techniques, including the incorpora-
tion of additional parameters and the implementation of transformations of the original
distribution. The motivation behind recent modifications of classical lifetime models is to
improve their flexibility and adaptability to various types of data. In this context, Ahmed
et al. [26] introduced a new distribution derived from the Lomax exponential distribution,
originally proposed by Ijaz et al. [27], demonstrating enhanced flexibility compared to
several existing generalized models. This newly proposed distribution was constructed
using the modified Fréchet-G (MF-G) family, as described by Khalil et al. [28], and is,
therefore, referred to as the modified Fréchet-Lomax exponential distribution (MFLED) [26].
The MFLED is adopted in the current study due to its superior adaptability and modeling
capacity relative to other generalized forms of the Lomax distribution. The cumulative
distribution function (CDF) and the probability density function (PDF) of MFLED can be
written, respectively, as follows

F1(y) =
e−(1−η(y;µ)−γ)

β

− 1
e−1 − 1

, y > 0, γ, µ, β > 0, (1)

f1(y) =
βγe−(1−η(y;µ)−γ)

β

(1 − e−1)

(
1 − η(y; µ)−γ

)β−1
(

1 +
yey

µ

)−γ−1( (1 + y)ey

µ

)
, y > 0, (2)

where µ > 0 is a scale parameter that controls the horizontal direction of the distribution.
Hence, increasing µ spreads the distribution over a wider range. The shape parameter
γ > 0 affects the skewness and thickness of the tail for the distribution, while β > 0 is
another shape parameter that influences the peak and sharpness of the distribution near
its mode. The SF and FRF of MFLED can be expressed, respectively, as follows:

S1(y) =
e−1 − e−(1−η(y;µ)−γ)

β

e−1 − 1
, y > 0, γ, µ, β > 0, (3)

h1(y) =
βγe−(1−η(y;µ)−γ)

β

e−(1−η(y;µ)−γ)
β

− e−1

(
1 −

(
1 +

yey

µ

)−γ
)β−1

η(y; µ)−γ−1

(
(1 + y)ey

µ

)
, y > 0, γ, µ, β > 0, (4)
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where η(y; µ) = (1 + yey

µ ). The increasing complexity and performance requirements of
modern electronic and industrial systems have intensified the demand for flexible and
robust statistical models capable of accurately describing lifetime data. In response to
this need, the MFLED has recently emerged as a promising model due to its capacity to
accommodate a wide range of hazard rate shapes, such as increasing, decreasing, and
bathtub forms, making it well-suited for modeling various types of failure mechanisms.
This flexibility enhances its applicability in practical reliability studies across different
industries. Despite its modeling advantages, the statistical inference procedures for the
MFLED, particularly under advanced censoring schemes, remain relatively underdevel-
oped. This study addresses that gap by investigating point and interval estimation for
the MFLED parameters and the associated acceleration factor within the framework of
constant-stress partially accelerated life testing (CSPALT), incorporating the progressive
first-failure censoring (PFFC) scheme. This censoring structure is especially relevant to
real-world reliability experiments, where observing full lifetimes is often impractical, and
accelerated conditions are required to elicit failure information in a feasible time frame. To
achieve this, the study employs both classical and Bayesian statistical approaches. Maxi-
mum likelihood estimation (MLE) is used alongside the asymptotic confidence intervals,
while Bayesian estimation is conducted via Markov Chain Monte Carlo (MCMC) techniques
under different loss functions to capture uncertainty more comprehensively. Furthermore,
two parametric bootstrap methods are utilized to evaluate the stability and precision of
the estimators and to construct alternative confidence bounds. The practical value of the
proposed methodology is demonstrated through a real-life application involving failure
time data from light-emitting diodes (LEDs), a component widely used in modern elec-
tronics. This application underscores not only the modeling power of the MFLED but also
the effectiveness of the CSPALT-PFFC framework in handling realistic reliability testing
scenarios, thereby bridging theoretical development with industrial needs. The remainder
of this paper is structured as follows. Section 2 provides a detailed description of the
constant-stress partially accelerated life testing (CSPALT) scheme under the progressive
first-failure censoring (PFFC) framework. Section 3 presents the derivation of the maximum
likelihood estimates (MLEs) along with the observed Fisher information matrix (FIM). In
Section 4, two bootstrap approaches—the percentile bootstrap-p (B-p) and the bootstrap-t
(B-t) methods—are introduced and discussed. Section 5 focuses on Bayesian estimation, uti-
lizing both the linear exponential (LINX) and squared error (SQE) loss functions. Section 6
reports the findings of a Monte Carlo simulation study conducted to evaluate the perfor-
mance of the proposed estimators. A real-world engineering application involving lifetime
data of light-emitting diodes (LEDs) is analyzed in Section 7. Finally, Section 8 concludes
the paper with a summary of the main findings.

2. Characterization of the Model
2.1. Test Methodology

Consider a scenario in which a total of d test elements are divided into two groups
based on a specified proportion r. A fraction r is randomly selected for testing under stan-
dard use conditions, and the remaining fraction (1 − r)d items are subjected to accelerated
life tests. The implementation of the PFFC scheme is as follows:

i. The test items subjected to both standard and accelerated conditions are classified into
multiple groups, denoted by ni, where i = 1, 2, with each group comprising the same
number of items si, for i = 1, 2.

ii. Suppose Y
Rij
ij:vi :ni :si

represent two PFFC samples with censoring schemes Rij, where
(i = 1, 2) and (j = 1, 2, vi), derived from MFLED.
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iii. Upon the occurrence of the first failure item YRi1
i1:vi :ni :si

in a group, that group, along
with the Ri1 groups, is randomly withdrawn from the ni groups. Similarly, when the
second failure item YRi2

i2:vi :ni :si
occurs in a group, the group containing this failure item,

along with the Ri2 groups, is randomly withdrawn from the remaining ni − Ri1 − 1

groups. This process continues until the vi-th failure item Y
Rivi
ivi :vi :ni :si

occurs in a group,
at which point the group that contains this failure item, along with the remaining Ri2

groups, is withdrawn and the test is terminated. In our study, it is noteworthy that
vi< ni and the Rivi groups are predetermined

iv. The constant-stress partially accelerated life test (CSPALT) plan, as discussed in
Meeker and Escobar [3], provides a practical balance between cost and efficiency by
subjecting only a portion of test units to higher stress levels, while retaining others at
normal conditions, under the CSPALT model and given the censoring schemes Rij,

the joint PDF of the YRi1
i1:vi :ni :si

< YRi2
i2:vi :ni :si

< . . .< Y
Rivi
ivi :vi :ni :si

can be derived using the
principles of PFFC order statistics as

f (yRi1
i1:vi :ni :si

, yRi2
i2:vi :ni :si

, . . . , y
Rivi
ivi :vi :ni :si

) =
2

∏
i=1

Ci

vi

∏
j=1

fi(y
Rij
ij:vi :ni :si

)
(

1 − Fi(y
Rij
ij:vi :ni :si

)
)si(Rij+1)−1

, (5)

where Ci = ni(ni − Ri1 − 1)(ni − Ri1 − Ri2 − 1) . . . (ni − mi − ∑mi−1
k=1 Rik).

In particular, Equation (5) can deteriorate into complete sample, first failure censoring,
Type-II censoring, and progressive Type-II censoring.

2.2. Assumptions

In this context, it is assumed that the items’ lifetimes Y
Rij
ij:vi :ni :si

under normal conditions

follow the MFLED, as described by Equations (1)–(4). The lifetimes of the items Y
Rij
ij:vi :ni :si

under accelerated conditions decrease, as the hazard rate of the tested item is raised to
θh(y) where θ > 1 and is called the acceleration factor. The failure rate function under
accelerated conditions can be written as follows:

h2(y) = θh1(y) =
θβγe−(1−η(y;µ)−γ)

β

e
−
(

1−
(

1+ yey
µ

)−γ
)β

− e−1

(
1 − η(y; µ)−γ

)β−1
(

1 +
yey

µ

)−(γ+1)( ey

µ
+

yey

µ

)
; y > 0, (6)

where γ, µ, β > 0, and θ > 1. Also, the survival function under accelerated conditions can
be expressed as follows

S2(y) = exp

−
y∫

0

h2(z)dz

 = exp

−
y∫

0

θh1(z)dz

 =

 e−1 − e−(1−η(y;µ)−γ)
β

e−1 − 1

θ

, y > 0, γ, µ, β > 0, θ > 1. (7)

In practical terms, the survival function S2(y) under accelerated conditions is derived by
scaling the baseline cumulative hazard function by the acceleration factor θ > 1. This
implies that failure occurs more quickly under stress conditions. The greater the value
of θ, the steeper the decline in S2(y), reflecting increased risk and shorter lifetime due to
the accelerated environment. This approach is widely adopted in accelerated life testing,
where stressors such as temperature, pressure, or load accelerate the degradation process.
Moreover, from Equation (7), the survival function under accelerated conditions is given
by S2(y) = (S1(y))θ , where S1(y) ∈ (0, 1) for y > 0. Since the exponential function
is strictly monotonic, it follows that for any two values θ1 ̸= θ2, we have S(θ1)

2 (y) ̸=
S(θ2)

2 (y). Therefore, different values of θ yield distinct survival functions, ensuring that θ
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is identifiable. Consequently, the CDF and PDF of MFLED under accelerated conditions
can be written as

F2(y) = 1 −

 e−1 − e−(1−η(y;µ)−γ)
β

e−1 − 1

θ

, y > 0, γ, µ, β > 0, θ > 1, (8)

and

f2(y) =
θβγ

(
e−1 − e−(1−η(y;µ)−γ)

β
)θ−1

(e−1 − 1)θ

(
1 −

(
1 +

yey

µ

)−γ
)β−1(

1 +
yey

µ

)−(γ+1)(−ey

µ
− yey

µ

)
; y > 0, (9)

where γ, µ, β > 0, and θ > 1. Notice that the items’ lifetimes Y
Rij
ij:vi :ni :si

, i = 1, 2, j =

1, 2, . . . , vi are identically distributed and statistically independent.

3. Maximum Likelihood Estimation
In this section, we focus on producing ML estimators of the parameters based on the

data Y
Rij
ij:vi :ni :si

, where i = 1, 2 and j = 1, 2, . . . , vi, collected under the PFFC scheme with
CSPALT. Also, some abbreviations are introduced in this section to simplify the form of

equations, such as Y
Rij
ij:vi :ni :si

as yij and
(

1 +
yije

yij

µ

)
as µij. The likelihood function, without

the inclusion of the normalizing constant, can be expressed as follows

L
(

γ, µ, β, θ|y
¯

)
∝

2

∏
i=1

vi

∏
j=1

γβτi

(
e−
(

1−µ
−γ
ij

)β

− e−1

)−1

e−
(

1−µ
−γ
ij

)β(
1 − µ

−γ
ij

)β−1

µ
−(γ+1)
ij

(
(1 + yij)e

yij

µ

) e−1 − e−
(

1−µ
−γ
ij

)β

e−1 − 1


τisi(Rij+1)

, (10)

where τi =

{
1 if i = 1,
θ if i = 2.

By taking the natural logarithm of Equation (10), the log-

likelihood function ℓ, can be expressed as

ℓ ∝ (v1 + v2) log(γβ) + v2 log(θ)−
2

∑
i=1

vi

∑
j=1

log

(
e−
(

1−µ
−γ
ij

)β

− e−1

)
−

2

∑
i=1

vi

∑
j=1

(
1 − µ

−γ
ij

)β

+
2

∑
i=1

vi

∑
j=1

log
((

1 − µ
−γ
ij

)β−1
)
+

2

∑
i=1

vi

∑
j=1

log
(

µ
−(γ+1)
ij

)
+

2

∑
i=1

vi

∑
j=1

log

(
(1 + yij)e

yij

µ

)
(11)

+
2

∑
i=1

τisi

vi

∑
j=1

(
Rij + 1

)
log

 e−1 − e−
(

1−µ
−γ
ij

)β

e−1 − 1

.

Differentiating the log-likelihood function ℓ with respect to the parameters γ, µ, β, and θ

and equating the results to zero yields the following normal equations.
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∂ℓ

∂γ
=

(v1 + v2)

γ
+

2

∑
i=1

vi

∑
j=1

eβ
(

µ
γ
ij − 1

)β−1
log
(
µij
)(

e
(

1−µ
−γ
ij

)β

− e

)
µ

βγ
ij

+ (β − 1)
2

∑
i=1

vi

∑
k=1

µ
−γ
ij log

(
µij
)(

1 − µ
−γ
ij

) −
2

∑
i=1

vi

∑
k=1

log
(
µij
)

−β
2

∑
i=1

vi

∑
k=1

(
1 − µ

−γ
ij

)β−1
µ
−γ
ij log

(
µij
)
+

2

∑
i=1

τis
vi

∑
j=1

(
Rij + 1

) eγ
(

µ
γ
ij − 1

)β−1
log
(
µij
)(

e
(

1−µ
−γ
ij

)β

− e

)
µ

βγ
ij

= 0, (12)

∂ℓ

∂µ
=

2

∑
i=1

vi

∑
j=1

βγyije
yij+1

(
−1 + µ

γ
ij

)β−1
µ
−βγ
ij(

e
(

1−µ
−γ
ij

)β

− e

)(
yije

yij + µ
)
µ

+
βγ

µ2

2

∑
i=1

vi

∑
j=1

yije
yij
(

1 − µ
−γ
ij

)β−1
µ
−γ−1
ij

−
2

∑
i=1

vi

∑
j=1

1
µ
− γ(β − 1)

2

∑
i=1

vi

∑
j=1

xiexi µij(
1 − µ−α

ij

)
µ2

+
(γ + 1)

µ

2

∑
i=1

vi

∑
j=1

yije
yij(

yije
yij + µ

)
+

2

∑
i=1

τis
vi

∑
j=1

(
Rij + 1

) βγyije
yij+1

(
−1 + µ

γ
ij

)γ−1
µ
−βγ
ij(

e − e
(

1−µ
−γ
ij

)β
)(

yije
yij + µ

)
µ

= 0, (13)

∂ℓ

∂β
=

(v1 + v2)

β
+

2

∑
i=1

vi

∑
j=1

e
(

1 − µ
−γ
ij

)β
log
(

1 − µ
−γ
ij

)
e − e

(
1−µ

−γ
ij

)β
−

n

∑
i=1

vi

∑
j=1

(
1 − µ

−γ
ij

)β
log
(

1 − µ
−γ
ij

)

+
n

∑
i=1

vi

∑
j=1

log
(

1 − µ
−γ
ij

)
+

2

∑
i=1

τis
vi

∑
j=1

(Rik + 1)
e
(

1 − µ
−γ
ij

)β
log
(

1 − µ
−γ
ij

)
e
(

1−µ
−γ
ij

)β

− e

= 0, (14)

and

∂ℓ

∂θ
=

v2

θ
+

2

∑
i=1

τis
vi

∑
j=1

(
Rij + 1

)
log

 e−1 − e−
(

1−µ
−γ
ij

)β

e−1 − 1

 = 0. (15)

Unfortunately, the integral involved does not admit a closed-form solution and must be eval-
uated using numerical techniques. Due to the complexity of solving Equations (12)–(15),
non-linear optimization algorithms such as the Newton–Raphson method are used to
obtain parameter estimates for γ, µ, β, and θ. The Newton–Raphson algorithm is widely
regarded as an efficient and powerful root-finding method, particularly when the function’s
derivatives are analytically tractable and a good initial approximation is available. Never-
theless, this method has limitations, such as sensitivity to initial values and the potential
for divergence, especially in cases involving complex or ill-behaved likelihood surfaces.
To address these challenges, hybrid approaches or alternative optimization strategies may
be required to ensure reliable convergence. In this study, the convergence of the Newton–
Raphson algorithm is shown to be highly dependent on the careful selection of initial
parameter values, emphasizing the need for thoughtful initialization.
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Asymptotic Confidence Bounds

Utilizing the asymptotic normality of the MLE, the asymptotic confidence intervals
(ACIs) for the parameters can be constructed using the asymptotic variances obtained from
the inverse of the FIM, see [29]. This can be determined in accordance with the likelihood
equations, as expressed in the following form:

I−1(γ, µ, β, θ) =

E


− ∂2ℓ

∂γ2 − ∂2ℓ
∂γ∂µ − ∂2ℓ

∂γ∂β − ∂2ℓ
∂γ∂θ

− ∂2ℓ
∂µ∂γ − ∂2ℓ

∂µ2 − ∂2ℓ
∂µ∂β − ∂2ℓ

∂µ∂θ

− ∂2ℓ
∂β∂γ − ∂2ℓ

∂β∂µ − ∂2ℓ
∂β2 − ∂2ℓ

∂β∂θ

− ∂2ℓ
∂θ∂γ − ∂2ℓ

∂θ∂µ − ∂2ℓ
∂θ∂β − ∂2ℓ

∂θ2




−1

↓(γ=γ̂,µ=µ̂,β=β̂,θ=θ̂)

. (16)

At times, the FIM will be utilized without computing the expectation, as it can be chal-
lenging to determine a precise expression for Equation (16). Consequently, the inverse
of the FIM, also known as the asymptotic variance-covariance matrix, is given by the
following expression:

I−1(γ, µ, β, θ) =


var(γ̂) cov(γ, µ) cov(γ, β) cov(γ, θ)

cov(µ, γ) var(µ̂) cov(µ, β) cov(µ, θ)

cov(β, γ) cov(β, µ) var(β̂) cov(β, θ)

cov(θ, γ) cov(θ, µ) cov(θ, β) var(θ̂)


↓(γ=γ̂,µ=µ̂,β=β̂,θ=θ̂)

. (17)

It is important to note that the derivation of confidence intervals based on the inverse
of the Fisher information matrix, as shown in Equation (17), relies on the asymptotic
normality of the MLEs. Although rigorous verification of all regularity conditions is
analytically challenging due to the complex form of the MFLED and the structure of
the PFFC scheme, the fundamental requirements, such as parameter identifiability, dif-
ferentiability of the log-likelihood function, and the openness of the parameter space,
are satisfied. Furthermore, our simulation study confirms that MLEs exhibit desirable
asymptotic properties, including consistency and approximate normality, particularly for
moderate to large sample sizes. These empirical findings support the use of asymptotic
theory in the construction of confidence intervals within the proposed framework. The
asymptotic variances for γ̂, µ̂, β̂, and θ̂ can be derived from the matrix (17). Therefore, it
follows that (γ̂, µ̂, β̂, θ̂)∼ N[(γ, µ, β, θ), I−1(γ, µ, β, θ)], and this allows for the determination
of (1 − Ψ)100%, two-sided ACIs for ς = (γ, µ, β, θ) as follows:(

ς̂ − ZΨ/2

√
var(ς̂), ς̂ + ZΨ/2

√
var(ς̂)

)
, (18)

where ZΨ/2 represents the top percentile of the standard normal distribution. In certain
cases, despite the inherent non-negativity of the model parameters, the asymptotic con-
fidence intervals (ACIs) may yield negative lower bounds, which are not interpretable
in a practical context. To address this issue, we employed a logarithmic transformation
approach as proposed by Ren and Gui [30], in conjunction with the delta method intro-
duced by Greene [31]. This transformation allows for the construction of more appropriate
confidence intervals based on the asymptotic distribution of logς̂.

log ς̂ − log ς
D−→ N(0, var(log ς̂)), (19)

where D−→ denotes distribution convergence and var(log ς̂) = var(ς̂)/ς̂2. Therefore, the
log-transformed ML estimates-based ACIs are
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(
ς̂ ∗ e−

ZΨ/2
√

var(ς̂)
ς̂ , ς̂ ∗ e

ZΨ/2
√

var(ς̂)
ς̂

)
. (20)

When the sample size is too small, the normal approximation of ML estimates may become
less accurate and efficient. To get over the problem of creating ACIs of the parameters when
sample sizes are minimal, a resampling technique is presented in the following section.

4. Bootstrap Confidence Intervals
Small sample sizes are one of the difficulties with traditional statistical methods, which

can lead to insufficient confidence intervals CIs based on asymptotic results. This challenge
can be solved by using the parametric bootstrap method where the estimated parametric
distribution of the data serves as the foundation for this method, enabling the generation
of numerous resamples. This approach provides an effective way to approximate the
sampling distribution of a statistic, particularly when analytical solutions are complex or
unavailable. Confidence intervals constructed using the parametric bootstrap are gener-
ally more accurate and dependable, especially in small-sample scenarios. In this study,
two techniques for implementing the parametric bootstrap are explored: Bootstrap-p (B-p),
proposed by Efron [32], and Bootstrap-t (B-t), introduced by Hall [33].

4.1. Parametric Bootstrap-p Confidence Interval

1. From the original dataset yRi1
i1:vi :ni :si

, yRi2
i2:vi :ni :si

, . . . , y
Rivi
ivi :vi :ni :si

, i = 1, 2, determine γ̂, µ̂, β̂,

and θ̂ by using Equations (11)–(14).
2. Use the censoring strategy (ni, vi,si, Rij) along with (γ̂, µ̂, β̂, θ̂) to produce a PFFC

bootstrap sample y⋇Ri1
i1:vi :ni :si

, y⋇Ri2
i2:vi :ni :si

, . . . , y
⋇Rivi
ivi :vi :ni :si

.

3. Calculate the bootstrap estimates of the PFFC bootstrap sample generated from the
previous step, represented as ℘̂⋇, where ℘ corresponds to γ, µ, β, and θ.

4. Repeat steps (2) and (3) for a total of (N) times to derive ℘̂i , i = 1, 2. . . , N.
5. Organize ℘̂⋇

i
, i = 1, 2 . . . N ascendingly as ℘̂⋇

(i)
, i = 1, 2. . . , N.

Let ω1(z) = P (℘̂⋇ ≤ z) be the CDF of ℘̂⋇. Define ℘̂Boot−p = ω−1(z) For a given z. The
approximate 100(1−Ψ)% 1 Boot-p CI of ℘̂ is given by

[℘̂Boot−p(Ψ/2), ℘̂Boot−p(1 − Ψ/2)]. (21)

4.2. Parametric Bootstrap-t Confidence Interval

Consider the first three steps in Boot-p are the same here and continue as follows:

4. Calculate I−1(γ̂⋇, µ̂⋇, β̂⋇, θ̂⋇) utilizing the asymptotic variance-covariance matrix
specified in (17).

5. Determine the statistic ξ⋇℘ = (℘̂⋇−℘̂)√
var(℘̂⋇)

.

6. Steps 1–5 should be repeated for (Nboot) iterations in order to get ξ⋇℘
1 , ξ⋇℘

2 , . . . , ξ⋇℘
Nboot.

7. Arrange the values of ξ⋇℘
1 , ξ⋇℘

2 , . . . , ξ⋇℘
Nboot in ascending order to get ξ⋇℘

(i) i = 1,
2 . . . Nboot.

The cumulative distribution function (or CDF) of ξ⋇ is defined as ω2(z) = P (ξ⋇ ≤ z).
If z is a given value, define ℘̂Boot−t = ℘̂+

√
var(℘̂⋇)ω−1

2 (z). he approximate 100(1−Ψ)%
Boot-t CI of ℘̂ is given by

[℘̂Boot−t(Ψ/2), ℘̂Boot−t(1 − Ψ/2)]. (22)
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5. Bayes Estimation
The Bayesian approach is distinguished from the classical method by its capacity to

incorporate prior subjective information about life parameters, an aspect that is particularly
valuable and effective in reliability analysis. Additionally, the Bayesian method typically re-
quires smaller sample sizes, making it especially suitable for costly life-testing experiments.
To proceed with the Bayesian framework, it is necessary to specify prior distributions for
the unknown parameters. We assume that the parameters γ, µ, β, and θ follow independent
gamma prior distributions, due to the flexibility of the gamma distribution in capturing
a wide range of prior beliefs. In the absence of prior information regarding the accelera-
tion factor θ, its corresponding hyperparameters are set to zero. Consequently, the prior
probability density functions (PDFs) of the gamma distributions can be defined as follows:

π1(γ) ∝ γa1−1e−b1γ , γ > 0, a1 > 0, b1 > 0,
π2(µ) ∝ µa2−1e−b2µ , µ > 0, a2 > 0, b2 > 0,
π3(β) ∝ βa3−1e−b3β , β > 0, a3 > 0, b3 > 0,

π4(θ) ∝ θ−1 , θ > 1.

(23)

We chose the hyperparameters to represent prior information regarding the unknown
parameters. So, we mentioned a method for eliciting the values of the hyperparameters in
Section 5.3. The joint prior density can be expressed as:

π(γ, µ, β, θ) = π1(γ)π2(µ)π3(β)π4(θ). (24)

Thus, the joint posterior density can be expressed as:

π∗(γ, µ, β, θ | y) =
π(γ, µ, β, θ) L(γ, µ, β, θ | y)

∞∫
1

∞∫
0

∞∫
0

∞∫
0

π(γ, µ, β, θ) L(γ, µ, β, θ | y) dγdµdβdθ

. (25)

In the Bayesian framework, the estimate of a particular function is typically derived by
minimizing the expected loss under a chosen loss function, which reflects the cost associated
with estimation errors.

5.1. Loss Functions

In Bayesian theory, the loss function plays a crucial role in quantifying the deviation
between an estimated value and the true parameter. The central goal often involves
minimizing the expected loss while accounting for uncertainty in the parameter estimation.
Let Λ̂ denote an estimate of the true parameter Λ. The loss function, expressed as L(Λ̂, Λ),
is a real-valued function that satisfies the condition L(Λ̂, Λ) ≥ 0 for all possible estimates
Λ̂, and all values of Λ. This condition reflects the idea that the loss function measures the
penalty or discrepancy associated with using Λ̂ as an estimate when the actual value is
Λ. Loss functions are typically categorized into two types: symmetric and asymmetric,
depending on whether they penalize overestimation and underestimation equally.

5.1.1. Symmetric Loss Function

In practice, symmetric loss functions are favored, when the losses arising from overesti-
mation and underestimation are equally significant. One of the well-known symmetric loss
functions is the squared error (SQE) loss function due to its useful mathematical properties,
which can be defined as follows:

LSQE(Λ̂, Λ) = (Λ̂ − Λ)2. (26)
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The Bayesian estimate of Λ with respect to the SQE loss function is written as:

Λ̂SQE = EΛ(Λ, y
¯
). (27)

Therefore, the Bayesian estimate for a specified function g(γ, µ, β, θ) under the SQE loss
function can be written as:

ĝSQE(γ, µ, β, θ | y) =

∞∫
1

∞∫
0

∞∫
0

∞∫
0

π(γ, µ, β, θ)L(γ, µ, β, θ | y)g(γ, µ, β, θ)dγdµdβdθ

∞∫
1

∞∫
0

∞∫
0

∞∫
0

π(γ, µ, β, θ) L(γ, µ, β, θ | y) dγdµdβdθ

. (28)

5.1.2. Asymmetric Loss Function

In certain scenarios, asymmetric loss functions are preferred to improve the practical
applicability of the Bayesian framework. This preference arises from the fact that both
overestimation and underestimation may result in significantly different consequences,
potentially leading to substantial losses. In such contexts, symmetric loss functions may fail
to adequately capture the cost of estimation errors, making them less suitable. An example
of an asymmetric loss function is the linear exponential (LINEX) loss function, which is
defined as follows:

LLINX(Λ̂, Λ) =
(

ec(Λ̂−Λ) − c
(
Λ̂ − Λ

)
− 1
)

, c ̸= 0. (29)

The orientation and degree of asymmetry are reflected by the sign and magnitude of c,
respectively. When c > 0, the implications of overestimating are more pronounced than
those of underestimating, whereas the reverse is true for c < 0. When c approaches zero,
the LINEX loss function approximates the properties of the SE loss function, resulting in a
nearly symmetric behavior; for further information, see [34]. The Bayesian estimate for Λ
under the LINX loss function is given as:

Λ̂LINX =
−1
c

log
[
e−cΛ|y

¯

]
. (30)

Therefore, the Bayesian estimate for a specified function g(γ, µ, β, θ) under the LINX loss
function can be written as:

ĝLINX(γ, µ, β, θ | y) =
−1
c

log


∞∫
1

∞∫
0

∞∫
0

∞∫
0

π(γ, µ, β, θ)L(γ, µ, β, θ | y)e−cg(γ,µ,β,θ)dγdµdβdθ

∞∫
1

∞∫
0

∞∫
0

∞∫
0

π(γ, µ, β, θ) L(γ, µ, β, θ | y) dγdµdβdθ

. (31)

The Bayesian estimates associated with the previously discussed loss functions involve
four integrals and cannot be expressed in closed form. Consequently, the Markov Chain
Monte Carlo (MCMC) method will be used to derive these estimates.

5.2. MCMC Method

To address the challenges posed by complex or analytically intractable equations in
Bayesian computations, various algorithms have been developed based on Markov Chain
Monte Carlo (MCMC) methodologies. Among these, the Gibbs sampling algorithm, intro-
duced by Geman and Geman [35], is one of the most widely adopted techniques due to its
conceptual simplicity and ease of implementation. The core idea behind Gibbs sampling is
to iteratively draw samples from the full conditional distributions of individual parameters.
A more general and flexible alternative to Gibbs sampling is the Metropolis–Hastings
(M-H) algorithm, originally proposed by Metropolis et al. [36] and later generalized by
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Hastings [37]. This algorithm allows for sampling from complex distributions utilizing both
conditional densities and proposal distributions tailored to each parameter of interest. The
generated samples can then be used to compute Bayesian estimates and construct credible
intervals. As shown in Equation (25), the joint posterior distribution can be reformulated
as follows:

π∗
(

γ, µ, β, θ | y
¯

)
∝ γv1+v2+a1−1µv1+v2+a2−1βv1+v2+a3−1θv2−1e−(b1γ+b2µ+b3β)

2

∏
i=1

vi

∏
j=1

γβτi

e
−

1−
(

1+
yij e

yij

µ

)−γ
β

− e−1


−1(

1 +
yije

yij

µ

)−(γ+1)

(
1 − η(y; µ)−γ

)β−1
e−(1−η(y;µ)−γ)

β

(
(1 + yij)e

yij

µ

)
 e−1 − e−(1−η(y;µ)−γ)

β

e−1 − 1

τisi(Rij+1)

, (32)

where τi =

{
1 if i = 1,
θ if i = 2.

Consequently, the conditional densities may be articulated as

follows.

π∗
(

γ | µ, β, θ, y
¯

)
∝ γv1+v2+a1−1e−b1γ

2

∏
i=1

vi

∏
j=1

γτi

(
e−(1−η(y;µ)−γ)

β

− e−1
)−1

η(y; µ)−(γ+1)
(

1 − η(y; µ)−γ
)β−1

e−(1−η(y;µ)−γ)
β

 e−1 − e−(1−η(y;µ)−γ)
β

e−1 − 1

τisi(Rij+1)

, (33)

π∗
(

µ | γ, β, θ, y
¯

)
∝ µv1+v2+a2−1e−b2µ

2

∏
i=1

vi

∏
j=1

τi

(
e−(1−η(y;µ)−γ)

β

− e−1
)−1

η(y; µ)−(γ+1)
(

1 − η(y; µ)−γ
)β−1

e−(1−η(y;µ)−γ)
β

(
(1 + yij)e

yij

µ

) e−1 − e−(1−η(y;µ)−γ)
β

e−1 − 1

τisi(Rij+1)

, (34)

π∗
(

β | γ, µ, θ, y
¯

)
∝ βv1+v2+a3−1e−b3β

2

∏
i=1

vi

∏
j=1

βτi

(
e−(1−η(y;µ)−γ)

β

− e−1
)−1

1 −
(

1 +
yije

yij

µ

)−γ
β−1

e−(1−η(y;µ)−γ)
β

 e−1 − e−(1−η(y;µ)−γ)
β

e−1 − 1

τisi(Rij+1)

(35)

and

π∗
(

θ | γ, µ, β, y
¯

)
∝ θv2−1

v2

∏
j=1

θ

 e−1 − e−(1−η(y;µ)−γ)
β

e−1 − 1

θsi(Rij+1)

. (36)



Mathematics 2025, 13, 2585 13 of 28

It is clear that Equations (33)–(36) do not match known distributions. Because of this, the

Gibbs sampler is not appropriate for sample generation; instead, the Metropolis–Hastings
(M-H) algorithm is used to apply the Markov Chain Monte Carlo (MCMC) methodology.
In order to integrate Gibbs sampling with the M-H algorithm, the hybrid technique will go
through the following steps:

(1) Put MLEs (γML, µML, βML, θML) as initial estimate (γ(0), µ(0), β(0), θ(0)).
(2) Set j = 1.

(3) Generate γ(j), µ(j), β(j) and θ(j) from π∗
1

(
γ(j−1) | µ(j−1), β(j−1), θ(j−1), data

)
,

π∗
2

(
λ(j−1) | α(j), γ(j−1), data

)
, and π∗

3

(
γ(j−1) | α(j), λ(j), data

)
with the normal pro-

posal distributions using the M-H technique outlined below.
(4) Produce a proposal γ∗ from N

(
γ(j−1), var(γ)

)
, µ∗ from N

(
µ(j−1), var(µ)

)
, β∗ from

N
(

β(j−1), var(β)
)

and θ∗ from N
(

θ(j−1), var(θ)
)

.

(5) Set j = j + 1.
(6) Repeat Steps (3)− (5) N times and get γ(i), µ(i), β(i), θ(i), i = 1, 2, . . . N.
(7) To compute the credible intervals of γ, µ, β, and θ arrange γ(i), µ(i), β(i), θ(i),

i = 1, 2, . . . N as γ(1) < γ(2) · · · < γ(N), µ(1) < µ(2) · · · < µ(N), β(1) < β(2) · · · < β(N)

and θ(1) < θ(2) · · · < θ(N). Then, the 100(1 − Ψ)% credible intervals of γ, µ, β,
and θ denoted ßk, k = 1, 2, 3, 4 such that (ß1,ß2,ß3,ß4) = (γ, µ, β, θ) become(

ß(N (Ψ/2)), ß(N (1−Ψ/2))

)
.

To achieve convergence and remove the impact of starting value selection, the first M
simulated alternatives are deleted. The chosen samples are ß(j)

k , j = M + 1, . . . N for N.
The computed Bayes estimate ß̂k under SEL function for ßk is provided by

ß̂k =
1

N − M

N

∑
j=M+1

ß(j)
k . (37)

The estimated Bayes estimates ß̂k under LINEX loss function for ßk is given by

ß̂k =
−1
c

log[
1

N − M

N

∑
j=M+1

e−cß(j)
k ]. (38)

5.3. Method for Hyperparameter Elicitation

In Bayesian inference, prior distributions are typically categorized as either informative
or non-informative, based on the specification of their hyperparameters. Non-informative
priors are designed to exert minimal influence on the posterior distribution. This is often
achieved by assigning hyperparameter values that are either exactly zero or approach zero,
thereby reflecting a state of prior ignorance or neutrality. On the other hand, informative
priors are used to incorporate existing knowledge, empirical evidence, or expert opinion
into the analysis. The hyperparameters of such priors are determined through a structured
elicitation process, which may involve expert judgment, historical data, or domain-specific
considerations, as outlined below:

1. Collect a number of samples (n) from MFLED under both normal and acceler-
ated conditions.

2. Compute the corresponding maximum likelihood estimates (γ̂i, µ̂i, β̂i)
for i = 1, 2, . . . , n.

3. Determine the mean and variance of (γ̂i, µ̂i, β̂i) for i = 1, 2, . . . , n as:

Mean(Φ̂) =
1
n

n

∑
i=1

Φ̂i, and Variance(Φ̂) =
1

n − 1

n

∑
i=1

(
Φ̂i − 1

n

n

∑
κ=1

Φ̂κ

)2

.
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where Φ represents γ, µ, and β.
4. Determine the mean and variance of the specified priors, which in this paper are the

gamma priors 
π1(γ) ∝ γa1−1e−b1γ.
π2(µ) ∝ µa2−1e−b2µ.
π3(β) ∝ βa3−1e−b3β.

5. The estimated hyperparameters can be derived by equating the mean and variance of
(γ̂i, µ̂i, β̂i) for (i = 1, 2, . . . ., n) with the mean and variance of the gamma priors, and
solving the equations as follows:

aj=

(
1
n

n

∑
i=1

Φ̂i

)2

1
n−1

n

∑
i=1

(
Φ̂i − 1

n

n

∑
κ=1

Φ̂κ

)2 , bj=

1
n

n

∑
i=1

Φ̂i

1
n−1

n

∑
i=1

(
Φ̂i − 1

n

n

∑
κ=1

Φ̂κ

)2 , j = 1, 2, 3.

For more information on this method, one may refer to Dey et al. [38].

6. Simulations
To assess the efficacy of the suggested methods, Monte Carlo simulation experiments

are performed using Mathematica (version 11.3). Following the algorithm, which incor-
porates the distribution function 1 − (1 − F(y))s and introduced by Balakrishnan and
Sandhu [39], 1000 PFFC samples are generated under normal and accelerated conditions
from the MFLED, when the parameters γ = 0.8, µ = 0.8, β = 1.5, and θ = 4. Using the
maximum likelihood estimation, two parametric bootstrap techniques, and the MCMC
method, are used to derive point and interval estimates for the parameters γ, µ, β, and
θ. For point estimates, the mean estimates (MEs) and the mean square error (MSE) are
evaluated, while for interval estimates, the mean of width (MOW) is evaluated. To carry
out this study, we consider distinct combinations of (s: group size) s1 = s2 = s. We
consider distinct combinations of group size s1 = s2 = s and different values of (n: the
number of groups) n1 = n2 = n while the observed data are vi, where i = 1, 2. This
analysis is conducted under several censoring schemes (CSCHs) Ri, where i = 1, 2. For
clarity, we focus on three distinct types of CSs: SCH I: Ri = (ni − vi, 0∗(vi−1)); SCH

II:

 Ri = (0∗(
vi−2

2 ), ni−vi
2 , ni−vi

2 , 0∗(
vi−2

2 )), if vi is even

Ri = (0∗(
vi−1

2 ), ni − vi, 0∗(
vi−1

2 )), if vi is odd
SCH III: Ri = (0∗(vi−1), ni − vi),

where ∗ in the above schemes represents the number of repetitions of zero failures.
In this simulation analysis, informative priors are used with hyperparameters chosen

based on the approach detailed in Section 5.3. Specifically, the values selected are
a1 = 80.4154, b1 = 95.1087, a2 = 5.7574, b2 = 19.075, a3 = 10.8199, and b3 = 5.63102,
which are utilized to compute the necessary estimates. Additionally, the MCMC procedure
is repeated 11,000 times, with the first 1000 times eliminated as a sufficient burn-in period to
reduce the impact of the initial values. Tables 1–4 display the simulation results of MEs and
MSEs when n = 100. Tables 5–8 display the simulation results of MOW when n = 100.
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Table 1. MEs and MSEs of the estimates of γ, µ, β, and θ when n = 100, v1 = 60, v2 = 60, and s = 1.

SCH:(n, v1, v2, s) P MLE Boot-P Boot-t Bayes

MLEs B-pEs B-tEs SQE LINX: c1 = −0.1, c2 = 0.3

Mean (MSE) Mean (MSE) Mean (MSE) Mean (MSE) Mean (MSE)

I:(100, 60, 60, 1)

γ 0.98996 (0.118203) 0.99481 ( 0.14157) 0.96261 (0.113938) 0.99584 (0.12485) 0.997256, 0.993422 (0.124909, 0.124742)

µ 1.33296 (0.843549) 1.34082 (0.966729) 1.24933 (0.758567) 1.34518 (0.85883) 1.345471, 1.344726 (0.859231, 0.855327)

β 1.61839 (0.071673) 1.59414 (0.063199) 1.56312 (0.053733) 1.62543 (0.072892) 0.162575, 0.165141 (0.72919, 0.725472)

θ 5.04509 (2.24321) 4.82203 (1.52907) 4.69756 (1.33695) 4.96605 (2.06473) 4.967131, 4.965426 (2.06724, 2.06028)

II:(100, 60, 60, 1)

γ 0.72987 (0.030107) 0.71455 (0.023503) 0.69311 (0.025822) 0.73397 (0.031223) 0.734432, 0.733526 (0.031231, 0.031129)

µ 0.77743 (0.184755) 0.76219 (0.187466) 0.70870 (0.17045) 0.78253 (0.185318) 0.782938, 0.782271 (0.185426, 0.185281)

β 1.58344 (0.133729) 1.60354 (0.206116) 1.56313 (0.163075) 1.66538 (0.136254) 1.684237, 1.673242 (0.137225, 0.135422)

θ 3.97315 (0.506339) 3.96332 (0.542733) 3.86682 (0.557473) 3.94344 (0.544304) 3.943758, 3.942471 (0.546196, 0.54256)

III:(100, 60, 60, 1)

γ 1.08664 (1.02648) 1.09573 (0.712011) 1.02276 (0.490098) 1.09632 (1.028188) 1.096552, 1.960841 (1.028361, 1.028012)

µ 1.26775 (2.26894) 1.30915 (2.53062) 1.16893 (1.70341) 1.27064 (2.271507) 1.271423, 1.270031 (2.275117, 2.269136)

β 1.65601 (0.20685) 1.65951 (0.224709) 1.63283 (0.197213) 1.68975 (0.214418) 1.692543, 1.684352 (0.214511, 0.214403)

θ 4.16982 (0.77581) 4.22051 (0.802373) 4.15264 (0.747182) 4.13043 (0.75685) 4.130570, 4.130232 (0.758857, 7.754082)

Table 2. MEs, MSEs of the estimates of γ, µ, β, and θ when n = 100, v1 = 90, v2 = 90, and s = 1.

SCH:(n, v1, v2, s) P MLE Boot-P Boot-t Bayes

MLEs B-pEs B-tEs SQE LINX: c1 = −0.1, c2 = 0.3

Mean (MSE) Mean (MSE) Mean (MSE) Mean (MSE) Mean (MSE)

I:(100, 90, 90, 1)

γ 0.93374 (0.070961) 0.921521 (0.035088) 0.898139 (0.0299217) 0.945986 (0.072033) 0.945987, 0.945982 (0.072034, 0.072030)

µ 1.24617 (0.715527) 1.18249 (0.149045) 1.11547 (0.101943) 1.274631 (0.72436) 1.275426, 1.272532 (0.726143, 0.722583)

β 1.50289 (0.072667) 1.52589 (0.050548) 1.49886 (0.0448837) 1.51335 (0.0733628) 1.514235, 1.512438 (0.07347, 0.073215)

θ 4.42952 (0.534393) 4.41443 (0.173745) 4.32113 (0.105018) 4.38064 (0.485045) 4.38097, 4.37965 (0.485433, 0.483886)

II:(100, 90, 90, 1)

γ 0.86103 (0.03476) 0.85510 (0.032736) 0.833491 (0.0133811) 0.89103 (0.03476) 0.891282, 0.889162 (0.035226, 0.035017)

µ 0.99823 (0.300914) 0.94318 (0.221974) 0.887744 (0.1900786) 0.102243 (0.32062) 0.10463, 0.10382 (0.322324, 0.317512)

β 1.5282 (0.201181) 1.57326 (0.158992) 1.54262 (0.1228922) 1.53217 (0.201181) 1.53321, 1.53141 (0.20824, 0.200612)

θ 4.11984 (0.35887) 4.12186 (0.216281) 4.03675 (0.2071083) 4.10284 (0.339425) 4.103723, 4.101531 (0.339787, 0.339127)

III:(100, 90, 90, 1)

γ 0.88683 (0.103146) 0.88856 (0.08317) 0.860537 (0.040624) 0.898244 (0.10526) 0.898278, 0.898145 (0.105264, 0.105238)

µ 0.99186 (0.517752) 0.99611 (0.40868) 0.927417 (0.182321) 1.01949 (0.529116) 1.01969, 1.01891 (0.529202, 0.528862)

β 1.58903 (0.130558) 1.58574 (0.079017) 1.55312 (0.0330395) 1.6042 (0.13349) 1.60426, 1.60402 (0.133502, 0.133453)

θ 4.14956 (0.428595) 4.15459 (0.258639) 4.06453 (0.1602438) 4.10491 (0.417234) 4.10521, 4.10399 (0.417298, 0.417043)
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Table 3. MEs, MSEs of the estimates of γ, µ, β, and θ when n = 100, v1 = 60, v2 = 60, and s = 2.

SCH:(n, v1, v2, s) P MLE Boot-P Boot-t Bayes

MLEs B-pEs B-tEs SQE LINX: c1 = −0.1, c2 = 0.3

Mean (MSE) Mean (MSE) Mean (MSE) Mean (MSE) Mean (MSE)

I:(100, 60, 60, 2)

γ 0.448765 (0.133829) 0.442805 (0.139062) 0.431792 (0.145933) 0.460173 (0.125946) 0.460206, 0.460073 (0.072034, 0.072030)

µ 0.882178 (0.265189) 0.836739 (0.26424) 0.775376 (0.230768) 0.909804 (0.270492) 0.912411, 0.909224 (0.270841, 0.269327)

β 1.66196 (0.149287) 1.70078 (0.175462) 1.65759 (0.140934) 1.67713 (0.154431) 1.67719, 1.67695 (0.15473251, 0.1541264)

θ 4.82548 (1.13221) 4.81325 (1.01727) 4.64309 (0.815276) 4.78083 (1.06049) 4.78114, 4.77992 (0.485433, 0.483886)

II:(100, 60, 60, 2)

γ 0.350502 (0.206345) 0.345849 (0.211251) 0.337247 (0.218633) 0.372735 (0.1918522) 0.374239, 0.369953 (0191481, 0.19241)

µ 0.548334 (0.219891) 0.537974 (0.23656) 0.495048 (0.23893) 0.556247 (0.2073821) 0.558214, 0.553719 (0.204518, 0.209421)

β 1.67161 (0.340768) 1.73298 (0.481137) 1.67336 (0.374413) 1.692281 (0.3412736) 1.69285, 1.691821 (0.34132, 0.341226

θ 3.82199 (0.259815) 3.84037 (0.263617) 3.70568 (0.29649) 3.782199 (0.265421) 3.7864314, 3.77638 (0.26341, 0.26732

III:(100, 60, 60, 2)

γ 0.51021 (0.144465) 0.50112 (0.14712) 0.4644 (0.15231) 0.5283198 (0.721583) 0.532401, 0.52324 (0.7180213, 0.722354

µ 0.88141 (0.770236) 0.924579 (0.816932) 0.781107 (0.516176) 0.907564 (0.7731537) 0.910236, 0.9030236 (0.7737852, 0.7726341)

β 1.70661 (0.299814) 1.72057 (0.357603) 1.66406 (0.279754) 1.738975 (0.314418) 1.741161, 1.735721 (0.3192814, 0.31219

θ 4.10861 (0.573625) 4.11694 (0.501255) 3.96033 (0.463666) 4.0599043 (0.52432) 4.062713, 4.056237 (0.52612, 0.521634)

Table 4. MEs and MSEs of the estimates of γ, µ, β, and θ when n = 100, v1 = 90, v2 = 90, and s = 2.

SCH:(n, v1, v2, s) P MLE Boot-P Boot-t Bayes

MLEs B-pEs B-tEs SQE LINX: c1 = −0.1, c2 = 0.3

Mean (MSE) Mean (MSE) Mean (MSE) Mean (MSE) Mean (MSE)

I:(100, 90, 90, 2)

γ 0.426457 (0.146109) 0.448998 (0.123255) 0.437602 (0.131379) 0.437301 (0.135531) 0.440214, 0.432603 (0.13454, 0.135946)

µ 0.861212 (0.24373) 0.883718 (0.0830145) 0.819096 (0.0148375) 0.867562 (0.248943) 0.869142, 0.863909 (0.24961631, 0.248163)

β 1.56086 (0.125088) 1.66022 (0.0262556) 1.62027 (0.0149662) 1.56908 (0.1317125) 1.574219, 1.56395 (0.134335, 0.1276822)

θ 4.39153 (0.41703) 4.82678 (0.685791) 4.32113 (0.105018) 4.34331 (0.374268) 4.34363, 4.34235 (0.374588, 0.373311)

II:(100, 90, 90, 2)

γ 0.397729 (0.166536) 0.395252 (0.169831) 0.387245 (0.175868) 0.4131698 (0.149128) 0.4135132, 0.412715 (0.1485221, 0.14934)

µ 0.658085 (0.178674) 0.629836 (0.21586) 0.587753 (0.20968) 0.7016704 (0.132135) 0.7032360, 0.698216 (0.131243, 0.133214)

β 1.68033 (0.304688) 1.63887 (0.150127) 1.59913 (0.122116) 1.692118 (0.348127) 1.6950138, 1.68924 (0.348127, 0.348127)

θ 4.08086 (0.188729) 4.04438 (0.215647) 3.96104 (0.215775) 4.065012 (0.1636233) 4.0660241, 4.04930 (0.163832, 0.1633107)

III:(100, 90, 90, 2)

γ 0.416928 (0.156621) 0.412096 (0.160658) 0.402241 (0.167307) 0.4231698 (0.149128) 0.426239, 0.421427 (0.148224, 0.151811)

µ 0.700667 (0.251296) 0.687573 (0.264977) 0.636709 (0.245689) 0.7216704 (0.232135) 0.725374, 0.717103 (0.221651, 0.236039)

β 1.64828 (0.242527) 1.69457 (0.267445) 1.64588 (0.21032) 1.6521182 (0.248127) 1.655127, 1.649128 (0.246013, 0.250712)

θ 4.0988 (0.400514) 4.10638 (0.448956) 4.01762 (0.414179) 4.0650121 (0.362331) 4.065531, 4.064702 (0.361821, 0.363237)
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Table 5. MOW of the estimates of γ, µ, β, and θ when n = 100, v1 = 60, v2 = 60, and s = 1.

MOW of SCH (I): (100, 60, 60, 1) MOW of SCH (II): (100, 60, 60, 1) MOW of SCH (III): (100, 60, 60, 1)

P ACIs B-p CIs B-t CIs MCMCs ACIs B-p CIs B-t CIs MCMCs ACIs B-p CIs B-t CIs MCMCs

γ 1.04922 1.12272 1.04511 0.04634 0.757333 0.571604 0.53935 0.03991 6.78832 3.08824 2.67374 0.111907

µ 3.00646 2.92983 2.71654 0.03005 1.86238 2.0255 1.90652 0.04853 9.0383 6.50349 5.37888 0.030823

β 1.05837 0.917924 0.877832 0.06988 1.23396 1.65064 1.55557 0.03148 1.91666 1.94518 1.84671 0.03472

θ 4.481 3.67658 3.63208 0.117283 3.2226 3.18492 3.16359 0.084346 4.12455 3.27528 3.2112 0.112669

Table 6. MOW of the estimates of γ, µ, β, and θ when n = 100, v1 = 90, v2 = 90, and s = 1.

MOW of SCH (I): (100, 90, 90, 1) MOW of SCH (II): (100, 90, 90, 1) MOW of SCH (III): (100, 90, 90, 1)

P ACIs B-p CIs B-t CIs MCMCs ACIs B-p CIs B-t CIs MCMCs ACIs B-p CIs B-p CIs MCMCs

γ 0.809484 0.977113 0.931175 0.03345 0.736345 0.83426 0.79524 0.03345 0.940861 1.08504 1.01535 0.026428

µ 2.38864 2.73872 2.58255 0.02377 1.96291 1.47298 1.34204 0.02377 2.30301 2.49211 2.30318 0.06481

β 0.886629 0.87473 0.85822 0.06584 0.967843 1.29054 1.22135 0.068314 1.11006 1.38248 1.30672 0.035144

θ 3.1672 2.562 2.49444 0.082896 2.87494 2.21379 2.15709 0.081279 3.03033 2.52861 2.46008 0.081281

Table 7. MOW of the estimates of γ, µ, β, and θ when n = 100, v1 = 60, v2 = 60, and s = 2.

MOW of SCH (I): (100, 60, 60, 2) MOW of SCH (II): (100, 60, 60, 2) MOW of SCH (III): (100, 60, 60, 2)

P ACIs B-p CIs B-t CIs MCMCs ACIs B-p CIs B-t CIs MCMCs ACIs B-p CIs B-t CIs MCMCs

γ 0.383604 0.480127 0.454451 0.05345 0.297329 0.263209 0.247813 0.073675 1.32917 0.916058 0.762043 0.0511907

µ 2.17554 1.94514 1.80396 0.072377 1.47358 1.54766 1.45415 0.074352 4.65786 3.46171 2.71811 0.060823

β 1.35155 1.40957 1.31819 0.05854 1.7934 3.13499 2.70275 0.06315 1.84765 2.32357 2.14196 0.06472

θ 4.23784 2.70742 2.61982 0.087896 3.09187 2.09188 2.02766 0.062173 3.86059 2.81748 2.72388 0.0712669
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Table 8. MOW of the estimates of γ, µ, β, and θ when n = 100, v1 = 90, v2 = 90, and s = 2.

MOW of SCH (I): ( 100, 90, 90, 2) MOW of SCH (II): ( 100, 90, 90, 2) MOW of SCH (III): ( 100, 90, 90, 2)

P ACIs B-p CIs B-t CIs MCMCs ACIs B-p CIs B-t CIs MCMCs ACIs B-p CIs B-t CIs MCMCs

γ 0.303674 0.403508 0.383232 0.042051 0.2721 0.219165 0.202322 0.0379154 0.341243 0.33323 0.317408 0.0379154

µ 1.82961 1.89019 1.75296 0.04821 1.47751 1.66766 1.56896 0.0383223 1.71365 1.74445 1.64051 0.0383223

β 1.1581 1.41887 1.30983 0.06647 1.6201 1.59018 1.45879 0.0390132 1.45629 1.9246 1.75702 0.0390132

θ 3.12598 2.76494 2.67366 0.081817 2.83328 1.89634 1.88533 0.0621636 2.98204 1.95411 1.90363 0.0621636



Mathematics 2025, 13, 2585 19 of 28

7. Applications
In this section, we illustrate the performance of the proposed inferential methods

utilizing the failure times of light-emitting diodes (LEDs); see Cheng and Wang [40],
who implemented this dataset with the Burr XII distribution. Table 9 provides compre-
hensive observed failure data records under standard and accelerated testing conditions.
The goodness-of-fit between MFLED and the LEDs lifetimes is performed using the Kol-
mogorov–Smirnov (K–S) test statistic, and the results are shown in Table 10. For the
assessment of robustness and efficacy, we compare the proposed MFLED model with
the Burr XII distribution for normal and accelerated conditions. The obtained statistics
and p-values infer that the MFLED offers a statistically significant and reliable fit to the
observed data, providing strong evidence to support the adequacy of the MFLED model
in capturing the behavior of the failure data under both normal and accelerated con-
ditions. The observed p-values exceed conventional significance thresholds (e.g., 0.05),
indicating that there is no significant difference between the empirical distribution of
the data and the theoretical MFLED distribution. Moreover, when compared with the
Burr XII distribution, the MFLED shows comparable or superior goodness-of-fit, thereby
affirming its flexibility and suitability for modeling lifetime data across varying stress
levels. Figure 1 illustrates the differences in PDFs between the normal and accelerated
scenarios. The procedure described in Section 2 was applied to the failure times of LEDs
data presented in Table 9, with a group size of one, resulting in the acquisition of PFFC
samples. A comprehensive overview of the CSPALT framework is provided in Table 11.
The point estimates for ML, B-p, and B-t, along with their respective CIs, have been de-
rived. Additionally, we utilize the methodology outlined in Section 5.3 in the Bayesian
estimation process to select the hyperparameters of the informative priors as follows:
a1 = 161.5728, b1 = 220.1550, a2 = 2.1700, b2 = 6.6962, a3 = 0.2767, and b3 = 0.03199.
Furthermore, the Markov chain has been executed for a total of 55,000 iterations, with the
first 5000 values discarded to remove the effect of initial values, Bayesian point estimates
are obtained using both SQE and LINX loss functions. Tables 12 and 13 present the results of
point and interval estimates based on various values of the parameter c = −0.1, 0.0001, 0.3,
along with the corresponding 95% CRIs. Figure 2 illustrates the SF of MFLED under a
normal scenario with the normal failure times of LEDs, while Figure 3 illustrates the SF of
MFLED under a stress scenario with the accelerated failure times of LEDs.

Table 9. The failure times of LEDs.

The Failure Times Under Normal Use Conditions The Failure Times Under Accelerated Use Conditions

0.18 0.19 0.19 0.34 0.36 0.40 0.44 0.44 0.45 0.46 0.13 0.16 0.20 0.20 0.21 0.25 0.26 0.28 0.28 0.30

0.47 0.53 0.57 0.57 0.63 0.65 0.70 0.71 0.71 0.75 0.31 0.33 0.35 0.35 0.35 0.39 0.50 0.52 0.58 0.60

0.76 0.76 0.79 0.80 0.85 0.98 1.01 1.07 1.12 1.14 0.60 0.62 0.63 0.67 0.71 0.73 0.75 0.75 0.78 0.80

1.15 1.17 1.20 1.23 1.24 1.25 1.26 1.32 1.33 1.33 0.80 0.86 0.90 0.91 0.93 0.93 0.94 0.98 0.99 1.01

1.39 1.42 1.50 1.55 1.58 1.59 1.62 1.68 1.70 1.79 1.03 1.06 1.06 1.10 1.22 1.22 1.24 1.28 1.39 1.39

2.00 2.01 2.04 2.54 3.61 3.76 4.65 8.97 − − 1.46 1.48 1.52 1.74 1.95 2.46 3.02 5.16 − −
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Figure 1. PDFs of the failure times of LEDs under normal and accelerated scenarios.

Figure 2. Empirical normal LEDs with the SF of MFLED.
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Figure 3. Empirical stress LEDs with the SF of MFLED.

Table 10. The MLEs under normal and accelerated use conditions with k-s and p-value.

Models-Normal Conditions Parameters k-s p-Value

MFLED (γ, µ, β) 0.665037 0.359871 3.5673 0.08513 0.7975

Burr XII (α, η) 2.409 1.01774 − 0.0915414 0.719301

Models-Accelerated Conditions Parameters k-s p-Value

MFLED (γ, µ, β, θ) 0.538076 0.004825 31.323 1.76828 0.08172 0.8359

Burr XII (α, η, λ) 2.06012 0.360519 4.51817 − 0.0961207 0.661022

Table 11. The failure times of LEDs under CSPALT framework.

Normal Condition with SCH1 : (8, 0∗22, 2, 0∗24) When s1 = 1 Stress Condition with SCH2 : (8, 0∗22, 2, 0∗24) When s2 = 1

0.18 − 0.19 0.34 0.36 0.40 0.44 − 0.45 0.46 0.13 0.16 0.20 − 0.21 0.25 0.26 0.28 − 0.30

0.47 0.53 0.57 0.57 0.63 0.65 0.70 0.71 − 0.75 0.31 0.33 0.35 0.35 0.35 0.39 0.50 0.52 − 0.60

0.76 − 0.79 0.80 0.85 0.98 1.01 1.07 − 1.14 − 0.62 0.63 0.67 0.71 0.73 0.75 0.75 − 0.80

1.15 1.17 1.20 1.23 1.24 1.25 1.26 1.32 − 1.33 0.80 0.86 0.90 0.91 0.93 0.93 0.94 0.98 − 1.01

− 1.42 1.50 1.55 1.58 1.59 1.62 − 1.70 1.79 − 1.06 1.06 1.10 1.22 1.22 1.24 − 1.39 1.39

2.00 − 2.04 2.54 3.61 3.76 − 8.97 − − 1.46 − 1.52 1.74 1.95 2.46 − 5.16 − −

Table 12 gives the estimates of the parameters of the MFLED when n1 = 58,
n2 = 58, v1 = 48, v2 = 48 for LEDs data.
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Table 12. MLEs, B-pEs, B-tEs, and the Bayesian estimates of γ, µ, β, and θ .

P MLEs Boot Bayes

B-pEs B-tEs SQE LINX:(c1 = −0.1 c2 = 0.0001 c3 = 0.3)

γ 0.623107 0.716861 0.695938 0.771067 0.771072 0.771067 0.771052

µ 0.311321 0.553852 0.492496 3.1207 3.12201 3.1207 3.11679

β 3.49591 3.60927 3.31868 5.65999 5.66134 5.65999 5.65595

θ 1.58853 1.68104 1.63806 1.5555 1.55553 1.5555 1.55543

Table 13 gives the length of the confidence intervals of the MFLED estimates when
n1 = 58, n2 = 58, v1 = 48, v2 = 48 for LED data. The Bayesian results in Tables 11 and 12
can be seen in Figure 4, which shows the values γ, µ, β, and θ for 50,000 simulated
variables, after excluding the first 5000 simulated variables, for the MFLED parameters.
The decision to select a group size of one is intended to facilitate a comparison between the
estimator values, when the failure data are omitted (the elements failed) and when there
are no omitted failure data. The K-S and p-values are calculated as explored in Table 14.
Choosing a group size of one was intended to make it easier to compare the estimated
values when failure data are omitted (i.e., only failed items are considered) and when no
data are omitted. This helps in understanding how the removal of failure data affects
the accuracy of the estimates. Table 14 shows that the MFLED model still provides a
good fit. This confirms the model’s stability and reliability, even when some failure data
are missing. This is considered a good result, as it is close to the results obtained when
n1 = 58, n2 = 58, v1 = 58, v2 = 58, and the size of groups are equal to 1, as in Table 15 for
the complete LEDs. The close agreement between the current findings and those based on
the complete LED data highlights the robustness of the MFLED model. Furthermore, when
compared to the Burr XII distribution, the MFLED consistently demonstrates a comparable
or better fit across both complete and grouped data settings. This suggests that MFLED
maintains its flexibility and reliability even under different data configurations, offering a
more stable modeling alternative in accelerated life testing scenarios.
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Table 13. Length of the confidence intervals of γ, µ, β, and θ.

P ML B-p B-t Bayesian Using MCMC

ACIs Length B-pCIs Length B-tCIs Length CRIs Length

γ [0.410769, 0.83545] 0.424676 [0.516085, 0.989804] 0.473719 [0.505498, 0.960961] 0.455463 [0.751087, 0.789291] 0.0382039

µ [−0.71532, 1.33796] 1.33796 [0.109814, 1.7711] 1.66129 [0.0839664, 1.62445] 1.54049 [2.84085, 3.39173] 0.550879

β [−2.58854, 9.58036] 9.58036 [1.65534, 6.97376] 5.31842 [1.60264, 6.40268] 4.80003 [5.36744, 5.95096] 0.583517

θ [0.948355, 2.2287] 1.28035 [1.02693, 2.7308] 1.70386 [1.00262, 2.66101] 1.65839 [1.51285, 1.59805] 0.0851937

Table 14. The MLEs under normal and accelerated use conditions with K-s and p-value.

Models-Normal Conditions Parameters k-s p-Value

MFLED (γ, µ, β) 0.623107 0.311321 3.49591 0.0936931 0.692041

Burr XII (α, η) 2.26857 1.03553 − 0.0938414 0.690152

Models-Accelerated Conditions Parameters k-s p-Value

MFLED (γ, µ, β, θ) 0.623107 0.311321 3.49591 1.5885283 0.115321 0.427112

Burr XII (α, η, λ) 2.26857 1.03553 1.55075 − 0.126221 0.317171

Table 15. The MLEs under normal and accelerated use conditions with K-s and p-value.

Models-Normal Conditions Parameters k-s p-Value

MFLED (γ, µ, β) 0.619046 0.330938 3.259749 0.0911931 0.723681

Burr XII (α, A) 2.20281 1.06128 − 0.100941 0.599429

Models-Accelerated Conditions Parameters k-s p-Value

MFLED (γ, µ, β, θ) 0.619046 0.330938 3.259749 1.557418. 0.107221 0.521204

Burr XII (α, A, λ) 2.20281 1.06128 1.5159 − 0.117621 0.402207
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Figure 4. The figure shows the values γ, µ, β, and θ for 50,000 simulated variables, excluding the first 5000 simulated variables, for MFLED.
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8. Conclusions
In this study, statistical inference for MFLED has been investigated under CSPALT

within the PFFC framework. The motivation behind this work lies in its practical relevance
to industrial applications, where reductions in testing time, number of units, and associated
costs are increasingly important. Parameter estimation for MFLED has been conducted
using various techniques. Classical estimation is performed using the ML method, and the
corresponding ACIs are constructed based on the FIM. Additionally, for point and interval
estimation, the two parametric bootstrap methods (B-p and B-t) are proposed. Also, the
MCMC technique has been employed to obtain Bayesian point and interval estimates, due
to the intractability of the Bayesian estimates in closed forms. A simulation study has
been conducted to evaluate the behavior of the model parameters under varying sample
sizes and experimental conditions, including both normal and stress environments across
different testing schemes. The analysis demonstrates that increasing the number of failed
units from 60 to 90 leads to a reduction in both the overall MSE and the MOW across all
estimation methods. Bayesian methods outperform classical likelihood estimation when
the group size is greater than one, while B-p, B-t, and ML methods show better performance
when the group size is one. Based on these findings, it is recommended that Bayesian
estimation can be used when group sizes exceed one, as it offers robustness against data loss
due to group deletion. For a real application, a group size of one is applied to the LED data.
It is worth noting that while the simulation study shows that the MLEs yield less mean
squared errors comparable to those of the bootstrap and Bayesian approaches, the real-data
application reveals a noticeable increase in the confidence interval lengths associated with
the MLEs. This discrepancy may be attributed to the greater complexity and variability
inherent in the real dataset, such as smaller sample sizes, stronger censoring effects, or the
presence of outliers, which are not fully captured in the idealized simulation scenarios. In
controlled simulations, data are generated under assumed model conditions that ensure
identifiability and regularity, whereas real data may violate these assumptions to some
extent. Therefore, the observed difference highlights the importance of complementing
simulation studies with robust real-data analyses when evaluating estimator performance.
The results demonstrate that the MFLED provides a reliable and flexible fit to failure data
under both complete and grouped conditions. Compared with the Burr XII distribution,
MFLED showed comparable or better performance in terms of goodness of fit. Selecting a
group size of one enables effective comparison between full and partial data scenarios, and
the model remained stable even when failure data were omitted. Overall, MFLED proves to
be a robust choice for lifetime data modeling, particularly under censoring and acceleration
settings. For future work, we plan to explore Bayesian estimation using non-informative
priors. Furthermore, the investigation of alternative censoring schemes will be considered
to enhance the flexibility and applicability of the proposed inference methods.
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Abbreviations

ALTs Accelerated life tests
ACIs Asymptotic confidence intervals
B-p Bootstrap-p
B-t Bootstrap-t
B-pEs Bootstrap-p estimates
B-tEs Bootstrap-t estimates
B-p CIs Bootstrap-p confidence intervals
B-t CIs Bootstrap-ts confidence intervals
FRF Failure rate function
SCH Scheme
CSCH Censoring scheme
CSPALT Constant-stress partially accelerated life test
CRIs Credible intervals
CIs Confidence intervals
PALTs Partially accelerated life tests
PFFC Progressive first-failure censoring
FIM Fisher information matrix
LINX Linear exponential
LEDs Light-emitting diodes
MCMC Markov chain Monte Carlo
MEs Mean Estimates
MFLED Modified Fréchet-Lomax exponential distribution
MSEs Mean squared errors
MW Mean of width
ML Maximum likelihood
MLEs Maximum likelihood estimates
P Parameters
K-S Kolmogorov–Smirnov
SF Survival function
SQE Squared error
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