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Abstract

This study proposes a parallel model reduction method for two-dimensional discrete-time
systems, utilizing Krawtchouk moments and equivalent transformation. This work makes
two significant contributions. First, we introduce a projection subspace that is independent
of the input as well as of the Krawtchouk parameters, thus ensuring robustness. Second, we
propose an efficient parallel algorithm for computing the basis of the projection subspace.
With the difference relation of Krawtchouk polynomials and the analytic identity theorem,
we obtain the explicit formula for the Krawtchouk moments of the state, which is input-
dependent and Krawtchouk-parameter-dependent. We derive a projection subspace that
is independent of both input and Krawtchouk parameter, such that it is equivalent to the
subspace spanned by the Krawtchouk moments. Further, we propose a parallel strategy
based on the equivalent transformation of the block bi-diagonal Toeplitz matrices with
bi-diagonal blocks to compute the basis of the projection subspace, facilitating acceleration
of the model reduction process on high-performance computers. Moreover, we analyze the
Krawtchouk moment invariants of the proposed parallel method. Finally, the effectiveness
of the proposed method is illustrated by two numerical examples.

Keywords: model reduction; parallel computation; two-dimensional system; Krawtchouk
moments; equivalent transformation

MSC: 93C35; 68W25; 68W10; 33C47; 34C20

1. Introduction

In virtually all scientific and engineering disciplines, mathematical modelling of physi-
cal systems often leads to complex high-order systems, described by large-scale differential
or difference equations [1-4]. Direct simulation of these complex high-order systems is
generally not recommended due to the excessive computational burden. Consequently, in
practical applications, it is desirable to design a lower-order system to replace the high-
order system according to certain given criteria. Model reduction is a powerful tool for
generating a lower-order model that accurately approximates the responses of the original
system while preserving important dynamical properties [5-9]. Such a reduced system
serves as an efficient alternative for analysis, control, and synthesis. Over the past few
decades, extensive research has been conducted on model reduction for one-dimensional
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systems, encompassing a variety of efficient techniques, such as the balanced trunca-
tion methods [10-14], the moment matching methods [15], the orthogonal polynomial
methods [16,17], the optimal model reduction methods [18-22] and so on.

Multi-dimensional systems, governed by differential equations or difference equa-
tions, arise naturally in various engineering applications, including control theory and
signal processing [23,24]. As a special case, the analysis and synthesis of two-dimensional
systems have received much attention and have been extensively studied. This kind of
system represents the propagation in two independent directions, which occur in various
engineering fields [25,26]. To represent a two-dimensional system in the state-space form,
several generalized descriptions are presented in literature, where the well known ones are
the Roesser model [25] and the Fornasini-Machesini local state-space (FMLSS) model [26].
The analysis, simulation, and design of two-dimensional systems are challenging due to
their two-dimensional variables, which introduce significant difficulty and complexity.

However, many established results for one-dimensional systems are not directly
applicable to two-dimensional systems. Numerous researchers are dedicated to investi-
gating model reduction for two-dimensional systems and have proposed various effective
methods. For two-dimensional filters, the concepts of local reachability and observabil-
ity are initially defined, and the reachable and observable realizations are subsequently
discussed [27]. In addition, the generalizations of reachability and observability Grami-
ans to two-dimensional discrete-time systems are explored in [28]. Based on the two-
dimensional Gramians, the balanced realization of two-dimensional discrete-time systems
is proposed and the frequency error bounds for reduced systems are given [29]. For
two-dimensional discrete-time systems with separable denominators, balanced truncation
methods based on frequency-domain interval Gramians are proposed [30,31]. In addition,
He model reduction techniques are proposed for handling two-dimensional discrete-time
systems. For two-dimensional discrete-time systems described by the Roesser model, the
literature [32] solves the H model reduction problem by using the linear matrix inequality
(LMI) technique, and the solvability conditions for the two-dimensional reduced systems
are derived. Besides, the H model reduction problem for two-dimensional discrete-time
systems with parameter uncertainty is discussed in [33]. To enhance the approximation
performance over a specific frequency interval, the authors in [34] explore the generalized
He model reduction for stable two-dimensional discrete-time systems, where the resulting
reduced models are stable and have a prescribed generalized H, performance index.

Orthogonal polynomial-based methods have been studied for different kinds of dy-
namical systems, such as bilinear systems [35], time-delay systems [17,36,37], and paramet-
ric system [38—40]. These literatures have demonstrated the effectiveness and practicability
of orthogonal polynomial methods. The inherent orthogonality and compact representation
of polynomial moments make them particularly suitable for devoloping the model reduc-
tion methods for discrete-time systems. Specifically, the model reduction methods based
on the polynomial moment derived from bivariate discrete orthogonal polynomials are
proposed for two-dimensional discrete-time systems [41]. However, the current orthogonal
polynomial-based methods typically construct projection subspaces by solving large-scale
linear systems for the expansion coefficients, which leads to significant computational
burden. Moreover, the resulting reduced systems may exhibit sensitivity to variations
in inputs and polynomial parameters, potentially compromising their robustness. This
implies that the selection of inputs and polynomial parameters can affect the result of the
reduced systems, which may introduce ambiguity regarding the optimal choices for inputs
and polynomial parameters.
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Motivated by this, we propose a parallel model reduction method based on the
Krawtchouk moments and the equivalent transformation of block bi-diagonal Toeplitz
matrix for two-dimensional discrete-time systems. The present work comprises two pri-
mary contributions: the construction of an input-independent and Krawtchouk-parameter-
independent projection subspace, and the development of a parallel strategy to compute the
basis of the projection subspace. Utilizing the difference relation of Krawtchouk polynomi-
als, the forward terms in the two-dimensional discrete-time system are approximated in the
subspace spanned by bivariate discrete-time polynomials with the product of Krawtchouk
polynomials. By applying the analytic identity theorem, we obtain the explicit formula
related to the Krawtchouk moments of the state, which is input-dependent and Krawtchouk-
parameter-dependent. By analyzing the subspace spanned by the Krawtchouk moments,
we prove that this subspace is equivalent to the subspace spanned by a sequence of input-
independent and Krawtchouk-parameter-independent vectors. By iteratively computing
these vectors, the projection matrix is obtained to reduce the original system. However,
with the increase of the scale of the original system, this process will cause the huge com-
putational burden. For this, we further investigate the parallel strategy for computing the
bases of the projection subspace. By defining two scaling matrices and using the block
diagonalization technique, a parallel strategy is proposed to equivalently solve the linear
equations and compute the basis of the projection subspace. The parallel strategy enables
the transformation of the block bi-diagonal Toeplitz matrices into a block-diagonal form,
facilitating the decoupling of computations of the basis of the projection subspace. This
structural transformation allows for independent and concurrent processing of each block,
significantly enhancing the method’s parallelizability and computational efficiency. This
also enables acceleration of the model reduction process using high performance computers.
Theoretical analysis shows that the resulting reduced system can preserve the first several
Krawtchouk moments of the original system. Finally, the numerical experiment is given to
demonstrate the efficiency of the proposed method.

The structure of this paper is as follows. In Section 2, we review essential definitions
and properties of Krawtchouk polynomials and Krawtchouk moments, and formally
formulate the model reduction problem addressed in this study. In Section 3, we present
a parallel model reduction method for two-dimensional discrete-time systems that is
independent of both the inputs and the Krawtchouk parameters. And we also analyze the
properties of the proposed method in this section. Numerical experiments are presented to
illustrate the effectiveness of the proposed methods in Section 4. We end the paper with a
short conclusion and discussion in Section 5.

Notations: Throughout the paper, we adopt the notational conventions commonly
used in matrix computation literature. Specifically, Iy denotes the k x k identity matrix, AT
denotes the transpose of the matrix A. We use (%) to denote binomial coefficients and use (i) j
to denote Pochhammer’s symbol, which is defined by (i); = (i +j—1)(i+j—2)--- (i +1)i
for j > 1and (i); = 1for j = 0. We use span{ag, a1, --,a, 1} to denote the space
spanned by the vectors 4; withi = 0,1,---,r — 1, and apply colspan{V} to denote the
space spanned by the columns of V. For the constants i and j < i, we denote the matrix
0 O

H‘ . =
g [ Ii.j 0

c Rixi‘
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2. Preliminaries

This section commences with a presentation of the fundamental definitions and math-
ematical properties underlying Krawtchouk polynomials. Subsequently, the notion of
Krawtchouk moments is defined through orthogonal projection operations in the sub-
space spanned by bivariate discrete-time polynomials. After that, we formulate the model
reduction problem for two-dimensional discrete-time systems.

2.1. Krawtchouk Polynomials and Krawtchouk Moments

In this section, we present an overview of the essential concepts and expressions asso-
ciated with Krawtchouk polynomials and revisit the definition of Krawtchouk moments.
For further details on Krawtchouk polynomials, one can refer to [39,42,43]. The k-th order
Krawtchouk polynomial is defined as follows

. N, ) 1
Kk (i; px, Nx) = (—PK)k( kK)ZFl (—k, —i,—Ng; >
PK

where i,k =0,1,---,Ng, Ng > 0, and pk € (0,1) is the Krawtchouk parameter. Here, F;
is the hypergeometric function and defined as

) = 3 (@)
zpl(a,b,c,:/:)—k; () kU

The set of (N + 1) Krawtchouk polynomials forms a complete set of discrete basis
functions with weight function

. Nk\ i Ng—i
w(ll pK/ ’7K/ NK) = ( ZK) leqIIz]K l’
where gg = 1 — pk. These polynomials satisfy the orthogonality relation
Nk
Y w(i; px. qx, Nx) Kie(i; pr, Nk ) Ki (i; px, Nx) = p(k, px, gk, Nk )0,
i=0

forallk,1 =0,1,---, Nk, where J;; is the Kronecker delta function, and

N,
P(k/PK/QK/NK) = ( kK)plIC(q];(

From [43], the difference relation for the Krawtchouk polynomials is represented by
the forward difference operator, denoted as A, and is expressed as:

Ay K (i; pr, Nx) = Ki—1(i; px, Nk — 1), 1)

where A Ky (i; px, Nx) = K (i + 1; px, Nx) — Ki(i; px, Nk ). This relation reveals a recur-
sive structure inherent to the Krawtchouk polynomials. However, the difference relation
of Krawtchouk polynomials contains Ky_1(i; px, Nx — 1) about Nx — 1, which poses a
challenge when attempting to directly obtain the expansion coefficients required for model
reduction processes. To address this, the explicit difference relation is derived in [38], i.e.,

k-1
ALKy (i; pr, Nx) = Y piKr—s—1(i; pr, Ni)- 2
s=0

Krawtchouk moments have extensive applications in the field of image processing. For
the functions with two-dimensional variables, we present a brief introduction about the ex-
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tended definition of Krawtchouk moments. For simplicity, we denote the bivariate discrete-
time polynomials with the product of Krawtchouk polynomials K (i; px, Nx)K;(j; px, Nk)
as IC;{’,JI, where k,1 =0,1,..., Nk. For the function f (i, j) with the discrete-time variables i, j,
it can be expanded in the subspace spanned by bivariate discrete-time polynomials with
the product of Krawtchouk polynomials, i.e.,

Nk Nk Iy
i)=Y fiky)
k=01=0

where fi | is defined as the Krawtchouk moments of the function f(i, j) and computed by

(i; P, 9% Nk)w (j; P, 9K NK) 1oij 70 -
= K i,7).
fkl 120]20 p k PK, 9K, NK)P(Z/ pquKrNK) ( ])

This expansion allows for the efficient representation of the function f(i,j) in
terms of its Krawtchouk moments, which can be used for model reduction of two-
dimensional systems.

2.2. Model Reduction Problem of Two-Dimensional Discrete-Time Systems

Consider the two-dimensional discrete-time system described by FMLSS model in the
states of the form

{x(i +1,j+1) = A1x(i,j + 1) + Apx(i + 1,j) + Byu(i,j + 1) + Bou(i + 1, ), @)

y(i,j) = Cx(i,j) + Du(i, j),

where Ay, Ay € R"*", By, B, € R"*P, C € R1*", and D € R7*P. The variable x(i,j) € R"
is the state, u(7,j) € R? is the input which belongs to [,{[0, +0), [0, +0) }, and y(i,j) € RY
is the output.

In this paper, we aim to explore the time-domain model reduction method based on
the Galerkin projection. Concretely, we first construct a projection subspace defined by the
projection matrix V € R"*" with VTV = I,. Then, the solution x(i, j) is approximated in
the subspace spanned by the columns of V, i.e., x(i,j) &~ V£(i, j). Consequently, we obtain
{92(1’ +1,j+1) = A12(i,j +1) + Ao#(i +1,j) + Bru(i,j + 1) + Bou(i + 1, ),

N Asie o A (4)
9(i,j) = C2(i,j) + Du(i,j),

where A, Ay e R, By, B, € R"™*?, C € R7*", and D = D. The variables %(i,j) € R"and
9(i,j) € R7 represent the state and output of the reduced system (4), respectively. Next,
we explore a novel model reduction method that is both parallelizable and independent
of inputs and Krawtchouk parameters. The proposed method is based on the equivalent
transformation of block bi-diagonal Toeplitz matrices whose block elements are also block
bi-diagonal Toeplitz matrices.

3. Model Reduction in Parallelization Based on Equivalent
Transformation of Block Bi-Diagonal Toeplitz Matrices

In this section, we first explore the time-domain model reduction process utilizing
Krawtchouk moments for the two-dimensional discrete-time system (3), and derive an
equivalent projection subspace that is independent of both the inputs and the Krawtchouk
parameters. To compute the basis of the projection subspace, we propose a parallel strategy
based on the equivalent transformation of block bi-diagonal Toeplitz matrices. Furthermore,
we analyze the Krawtchouk moment invariants of the proposed parallel method.
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3.1. Equivalent Input-Independent and Krawtchouk-Parameter-Independent Projection Subspace

Now, we derive an equivalent projection subspace that is independent of both the in-
puts and the Krawtchouk parameters, and propose the input-independent and Krawtchouk-
parameter-independent model reduction process for the two-dimensional discrete-time
system (3). In the subspace spanned by bivariate discrete-time polynomials with the prod-
uct of Krawtchouk polynomials, the state x(7, j) and the input u(i, j) in the system (3) can
be approximated as

r1— 17‘2 1 71—17’2 1

x(i,j)~ ) Z xkl’Ckz/ i,j) Z 2 Mkl’Ckl, (5)

k=0 I=
where r1, 7, < 1, x;; € R" and uy; € RP are respectively Krawtchouk moments of the state
and the input. With the difference relation (2) of Krawtchouk polynomials, the variables in
the system (3) can be approximated as

71—1 7271

x(i+1,j+1) = Z me( k1+ZPK’Ck s— 1I+EPK]Ckl t—1

+ZZP5“’Ck”s 1t 1)

s=0t=
r 172 1

x(i+1,j) ~ szkl< kl+ZpK’Cksll>
71—1}'2 1
x(i,j+1)~ szkl< kl+ZpK’Ckltl>’

r— 17’2 1

u(i+1,j) =), Z”kl<Kkz+ZpK’Cks 11)

k=0 1
71—17’2 1

(i 1) ~ zzukz( +2pkfcklt1)

Substituting the above expansions into the two-dimensional discrete-time system (3),
and with the analytic identity theorem of the bivariate discrete-time polynomials with
the product of Krawtchouk polynomials Ci(i; px, Nk)K;(j; px, Nx)(k = 0,1,---,rq,
1=0,1,---,rp — 1), we obtain the explicit formula of the Krawtchouk moment x;, i.e.,

17271{ 7’27271 szrz 2—1
s t st
Fxii+ ), pikBPidigsini+ ) PkBXcicea+ )L YL PR Mkeselie
s=0 t=0 s=0 t=0
(6)
7’1—2—]( ?’2—2—1
s t
= (Bi+Bo)ugs+ ), piBathkrsiri+ Y, PrkBitiiii,
s=0 t=0

where F = (I, — A1 — Ay), Fi = (I — Az),and F, = (I, — Ay).

By iteratively computing (6), we derive the projection subspace
span{xy; k = 0,1,---,r1 —1,1 = 0,1,---,r, — 1} for the model reduction of the two-
dimensional discrete-time system (3). However, the computational process of the coeffi-
cient xy ;, depends on both the input u(7, j) and the Krawtchouk polynomials parameter
px, which leads to the projection subspace span{xk,l,k =0,1,---,n,1=0,1,--- ,rp,—1}
is input-dependent and Krawtchouk-parameter-dependent. This implies that the choices
of the input and the Krawtchouk polynomials parameter can affect the result of the re-
duced two-dimensional discrete-time system and leaves ambiguity regarding which input
is superior and which polynomial parameters are preferable. To address this issue, we
are devoted to finding an input-independent and Krawtchouk-parameter-independent
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projection subspace, such that it is equivalent to the subspace span{xy; k =0,1,--- ,r; — 1,
1=0,1,---,ry — 1} for arbitrary input and any px € (0,1), which is given in Theorem 1.

Theorem 1. For arbitrary input u(i,j) and arbitrary Krawtchouk polynomials parameter
px € (0,1), the subspace spanned by the Krawtchouk moments {xy;,k = 0,1,---,r — 1,
I = 0,1,---,rp — 1} is equivalent to the input-independent and Krawtchouk-parameter-
independent projection subspace

VY =span{vx;, k=0,1,---,r1 —1,1=0,1,--- ,rp — 1},
and v} € R"*P satisfies
Fog) + Fiog-1) + Bogi—1 + vk-11-1 = Ex 1, )
where By ) = 0 except Eog = (B + By),E19 = By, and Eo1 = By; vy = 0fork < 0orl <O0.

Proof. For simplicity, we denoted by F = F~1, | = —F;, and F, = —F,. We first prove
that the result of this theorem holds by showing x;; € V withk =ry —land [ =r, — 1.
For arbitrary input u(i, j) and px € (0,1), we have

Xp,—1,r,—1 = F(B1 + Bo)uty, —1,4,-1 = Ur_1000 € V.

Next, we use mathematical induction to prove that x,,_1 € V holds for k = r; — 2,
rn—3,---,0.Fork=r1 —2,11 —3,---,0, assume that

Tlflfkl s—1 s — 1 s
Xky,rp—1 = 00,0Uky,r,—1 + Z Z ( 51 )pKlUss],O Uk) +s,rp—1

s=1 51=0

holds for k < k; < r; — 1. From the explicit formula of the Krawtchouk moments in (6),
we have

7]7171{

Xpry—1 =F(B1 4+ Bo)ugry—1+ Y, P (FFiXepsi1r,-1 + FBotlgisi1r,-1)
s=0

rl,l,k

. i
=000Uk -1+ Y, Pk(FE1v00tkssi1rm—1 + FBathisy1nm—1
s=0

r1—2—k—s [/s1—1 51— 1\ o nn
+ Z Z ( )pKZFplvslsz,O uk+s+51+l,7271

si=1  \s,=0 \ 952

r—1—k r—2—k—s [/s1—1 51— 1
=00,0Uk,r,—1 T Z Pk | 010Ukts+1,m,-1 + 2 Z ( )
o

-0 si=1  \s,=0 \ 52

s2
X P s 752+1,0) Uts+s, +1,r271)
=00,0Ukr,—1 + (V1,0Uk41,r,—1 T 02,0Uk42,r,—1 + (030 + PKU2,0) Uk 3,—1 + )
+ (PKV1,0Uk12,r,—1 T PKO2,0Uk+3,r,—1 + PK (V3,0 + PKU2,0) Ukt 41+ )

2 2 r1—2—k
+ (PRV1L0UK+3,ry—1 T PRU2,0Uk44p—1 + -7 )+ -+ PY U1,0Ur, —1,1p—1

rl—l—k s—1 s — 1
=00,0Uk,r,—1 + 2 ( 2 < )p?vs_sl,()) Uktsr,—1 € V.
s=1 s1=0 51
To further substantiate Theorem 1, we apply mathematical induction on the index  to
demonstrate that x,, _;; € V holds for/ =r, — 2,7 —3,---,0. For l=ry—2,1,-3,---,0,
assume that
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72717,11 t—1 - 1 ;
— 1
Xp -1, = V0,04 -1 T+ 21 Zo< t )pKUO,ttl Up —1,11+t

t= t1=

holds for ! < I} <y — 1. According to (6), we have

727171
Xp,—1,] =F(B1 4+ Bp)uy 1+ 20 pi (FBoxy, 1 14e01 + FBitty, 114441)
=

1’27171

[ _
=vo0Up 10+ Y. Pi(FBvootty,—114¢+1 + FBitty, 11441
t=0

rp—2—I1—t [t1—1 tl—l b
+ ) Z( b )P[%FFZUO,tqftz Up, 14141+

t1=1 t,=0

rp—1-1 ; rp—2—I1—t [t1—1 tl—l
=00,0Ur, -1, + Z Px | vo1tr —114t41 + 2 2( >

t=0 h=1 \m=o \ P2

5]
X Pk 9o,t *f2+1> Up) —1,14+t+14+1 )

=00,0Uy, 1,1 + (V0,11p—1,141 + V028p 1,142 + (V03 + PKU22)Up 1143 + )

+ (Pxv01 Uy, —1142 + PKV02Ur, —1,1+3 T Pr (V03 + PKV02)Up 1144 + - -)

1’2—2—l

2 2
+ (PO U, — 1,143 + PRU02Ur 1,44 T )+ -+ PR T 001Uy 1,01

ro—1—1 [/ t—1 t—1 ;
:UO,Ouﬁ*l,l_'— Z Z ( t )p[(lvo,t—h Up 1,1+t ev.

t=1 t1=0
Further, we assume that

1 T]—l—kl s—1

s—1\ s
_ 1
Xky =2 = Z | Do tlky -2+t T Z , 2 , ( 5 >PKUS—51rt Uky 5,79 —2+t

t=0 s=1 s1=0

holds fork < ky <r; —1withk=ry —2,7;1 —3,---,0. Then, it obtains

T —2—k . . r —2—k _
X2 = Z P?(Flek—i-s-&-l,rz—Z + FFZXk,rz—l - pink-&-s-&-l,rz—l
s=0 s=0
. - ri—2—k .
+ F(By + Ba)utgy, 2+ FBuuugr, 1+ ), pkFBattisi1, 2
5=0

1 —2—k

=00,0Ukry,—2 + V01tkr—1+ Y, Pk(FFivo1 + FFvig — Fogp)ugysitrm-1

5=0

1 (rn—=3-k r—-2-k-s[s—1 s1—1
5~
EE R (e
t=0\ s=0

S1 =0 Sz=0

rn—2—k r—1-k [ s-2 s—1
o
+ Y pkOoMkistim—at Y, | Y ( 5 )PKIFszsfsl,o Ukts,r—1
s=0

= s=2 s1=0

r—3—k r1—2—k—s [sp—1 s — 1
s So 7
- Z Px 2 Z ( )pKFvslfsz,O Uk4s41451,1—1
s=0

51=0 5p=0 S2
a1 —2—k

— S
=00,0Uk,r,—2 + 001Uk, —1 T Z P (01,0%k4541,r—2 + 01,1 Ukps41,r,—1)
s=0

s=2 s1=0 51
71717]( s—2 5—1
S
+ 2 Z ( s >pK1’0575110 Ukts,r,—2
s=2 s1=0 1

r—1-k [ s—1 s—1
s
= Z V0,t Uk, ry—2+t T Z 2 ( 51 )pKle—Sl,f Ukts,ry—2+t

t=0 s=1 s1=0

r—1-k [ s-2 s—1 - . B
+ 2 Z ( )P? (FFlvs—sl—l,l + FFszfsl,O - F'Us—sl—l,O) Ufysr,—2
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Hence, we conclude that x,, _» € V fork =ry — 2,71 —3,---,0. Similar to the analysis of
Xk, r,—2, utilizing mathematical induction repeatedly, one can have

Vlflfk}’z—l—l Q(S) g(t) S ¢ s
=" L (EE () () s Jacsne v

5=0 t=0 51=01t1=0 51

where the function ¢(i) = max{0,i — 1}, k = r1 =2, —3,---,0,and | = r, — 2,
rp —3,---,0. This completes the proof of this theorem. [

Theorem 1 establishes that the projection subspace V is independent of both the input
and the Krawtchouk polynomials parameter px. Consequently, we use the projection
subspace V to construct the reduced wo-dimensional discrete-time system (4). To speed
up the model reduction process, we propose a parallel strategy that leverages the equiv-
alent transformation of block bi-diagonal Toeplitz matrices to compute the basis of the
projection subspace.

3.2. Parallel Model Reduction Method Based on Equivalent Transformation of Block Bi-Diagonal
Toeplitz Matrices

T T T T T T T T
Letv; = [voll,vlrl, o ,Urliu] and v = [vg,0y, - ,vrrl] . We denote by
G=1,0G +Hy, 1 ®G € RMmnxmn

withG) =1, ® F+ H, 1 @ FF e R"*" and G, = I,; ® K, + H,, 1 ® I, € R"*"1. Then,
the vector v can be obtained by the following linear equation

Gv =B, (8)

where B = [BI,B,0,---,0]T € R™", B = [(B; + By)T,B},0,---,0]T € R™, and
By, = [BlT ,0,---, O]T € R™1. From the expression of the matrix G, one can find that it is
an block bi-diagonal matrix with bi-diagonal blocks. For the two-dimensional discrete-
time system (3), it would lead to huge computational cost and computational time when
directly solving the linear Equation (8). Thus, a parallel strategy based on the equivalent
transformation of block bi-diagonal Toeplitz matrices is proposed to solve (8).

In the following, the block-diagonalization G is obtained by the equivalent transfor-
mation. Specifically, we define the scaling matrix S as

7’2—1

Sl = 2 Hrz,s ® (—ngfl)s-
s=0

Since the matrix S is nonsingular, it could not change the solution to the linear
algebraic Equation (8) by left-multiplying the matrix S;. Namely, the linear algebraic
Equation (8) is equivalent to

S16v =518,

1 -1
where 8B = [T, ¢, - ,%Trlf, o = By, and ¢ = (—gzgfl) By + (—ngfl) B

forl/ =1,2,---,r, — 1. According to the expressions of the matrices S; and G, it has

GG 0 - 0
0 G -+ 0
SG=| . . .

0 - 0 G
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Thereby, the vectors v can be obtained by solving the following equivalent linear
algebraic equation with block-diagonal matrix

G 0 - 0 00 Yo
0 G --- 0 U1 L1
0o 0 - G Ur,—1 Pr,—1

This implies that we can independently compute v; by

Gio; = . )

For the matrix G; in (9), its order is nr; X nry, which shows that it is also difficult to
directly solve the linear algebraic Equation (9). From the expression of G;, we know that G;
is a block bi-diagonal matrix. Thus, we further solve the linear algebraic Equation (9) in a
similar manner. Concretely, we define the scaling matrix S, as

Y1—1

S=Y Hys®(—FRF).
5=0
For !l = 0,1,...,7p — 1, it could not change the solution to the linear algebraic

Equation (9) by left-multiplying the matrix S, because of the non-singularity of the matrix
S;. Partition ¢; = [1/JOTI,1[J1TZ,- . ,lprTl_l I]T, where ¢ ; € R" fork = 0,1,--- ,r; — 1. Thereby,
the linear algebraic Equation (9) is equivalent to

$2G1v = Sayy,

where
F 0 O lPO,l
0 F -+ 0 —F F Yo + ¢y
$G1 = o : , S = :
00 -« F Lo (“RF ) 91

Further, the vectors v;(I = 0,1,--- ,7, — 1) can be obtained by solving the following
equivalent linear algebraic equation with block-diagonal matrix

F 0o -0 Uo,l o,
0O F --- 0 U1 B —FF Yo, + 9y
00 - F || v,y Y (R Y, 1

which implies that we can independently compute vy ; by

k
Fo =Y (-FF ) piss. (10)
s=0

By solving (10) in parallel, the vectors vy ;(k =0,1,--- ,r1 = 1,1 =0,1,--- ,r, —1) € R"
are yielded and the equivalent input-independent and Krawtchouk-parameter-independent
projection subspace V is obtained. By the orthonormalization of vy;(k = 0,1,--- ,r; — 1,
1 =01---,rn—1) € R" the projection matrix V € R"*"(r < ryr;) can be obtained.
Utilizing the projection matrix V, we thus obtain the reduced two-dimensional discrete-
time system (4) with A, = VTAV, Ay = VT AV, By = VTBy,B, = VIB,, € = CV, and

D =D.
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The main steps of the proposed parallel input-independent and Krawtchouk-
parameter-independent model reduction method based on the equivalent transforma-
tion of block bi-diagonal Toeplitz matrices for two-dimensional discrete-time systems is
summarized in Algorithm 1.

Algorithm 1 Parallel input-independent and Krawtchouk-parameter-independent model re-
duction method based on equivalent transformation of block bi-diagonal Toeplitz matrices

Require: The two-dimensional discrete-time system (3), the positive integers rq, ;.
Ensure: The reduced two-dimensional discrete-time system (4).
1. Parallel compute vy; by solving the linear algebraic Equation (10) for k =
0,1,---,n—-1,1=0,1,--- ,p— 1.
2. Obtain the projection matrix V€ R"™" by span{vy;, k = 0,1,---,r1 — 1,
1=0,1,---,r,— 1} C colspan{V}.
3.  Compute the matrices: A, =VTAV, Ay = VTA,V, By = VIBy, B, = VTB,, and
C=cCv.
4. Output the reduced two-dimensional discrete-time system (4).

Remark 1. In Algorithm 1, the computation of the projection matrix does not require either iterative
evaluation of the recursion relation (7) or solving the large-scale linear Equation (8). The designed
parallel strategy transforms the block bi-diagonal Toeplitz structure into block-diagonal form,
decoupling each bidiagonal subproblem. As a result, each block can be processed independently and
concurrently-greatly accelerating the model reduction on high performance computing platforms.

3.3. Krawtchouk Moment Invariants

In the following, we analyze the invariable coefficient property of Algorithm 1. Before
going on, the reduced state variable £(i, j) and the outputs y(i, j), §(i, j) are expanded in
the subspace spanned by Krawtchouk polynomials and approximated as

71—172 1 1’1—11’2 1 71—17‘2 1

2 Zykllckl' (i,]) Z Exkllckw 9(i.j) 2 Zykllckl’ (11)

where the coefficients £;; € R" and y;, Jx; € R7fork=0,1,---,r1—=1,1=0,1,--- ,ro — 1.
After that, we have the following theorem.

Theorem 2. Let yy; and §y; be the expansion coefficients of the output y(i,j) and (i, j) of the
two-dimensional discrete-time system (3) and the reduced two-dimensional discrete-time systems (4)
obtained by Algorithm 1, respectively. Then, it holds yx; = §i; for k = 0,1,---,r1 — 1 and
1=0,1,---,rp—1

Proof. Denote by F = (I, — Ay — Ay)™!, F; = (A — I,), and £, = (A; — I,). Similar to
vk,l<k = 0,1,- e, = 1,1 = 0,1,' Y & 1),we define

00 = F(B1 + By),

010 = FF000 + FB,,

Oro = FRox 10, k=23, ,r; =1

o1 = Fhybgo + EBy,

o) = Fhog; 1, 1=2,3,--- ,rp— 1

op) = FROp 1)+ FBo) 1 — Fop 1y 1, k=1,2,---,11—1,1=1,2,-- ,rp,— 1.

In the following, we first prove V9o ; = vy, fork =0,1,--- ,r1 = 1,1 =0,1,--- ,rp — 1
by inductive reasoning. According to the process of constructing the projection ma-
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trix V, there exist vectors {;; € R" such that vy; = V), fork = 0,1,---,r; — 1, and
I=0,1,---,rp — 1. Thereby, we have

Voo =VEVT (B 4 By) = VEVITFF1(By + By) = VEVTFV
=VF(I, — A1 — A3)Z00 = Vo0 = vo0,

Vi =VE(Fid00 + B2) = VEVT (R Vg + By) = VEVT (Fiogg + By)
=VEVIFF Y (Fogg + By) = VEVIFu g = VEVIFV 1 = V19 = vy,

Vg1 =VE(Edop + B1) = VEVI (R Vg + By) = VEVT (Faogo + By)
=VEVITFF Y (Rugg + By) = VEVT Fugy = VEVIFVy1 = Vo1 = vo1-

Assume that it holds Vo,_19 = vy_19 fork =2,3,--- ,rp — 1. Thus, for the case of k,
it has

Voo =VER Oy 19 =VEVIR Vo 19=VEVIFF 1Ro
= VEVTForg = VEVIFV 1o = Vi = vkp

Similarly, assume that Vo, = vy;_1 forl = 2,3,---,r, — 1. Thus, for the case of /,
it has

Voo =VEEby) 1 = VEVTRVoy,_1 = VEVIFF ' Fug;
=VFVTFvy, = VEVIFV{y, = Vo) = vy

Further, assume that it holds Voy_1; = vx_1), V01 = vj—1, and VOr_q1;1 =
Uk_1)-1 fork=1,2,---,r1 —=1,1=1,2,--- ,r, — 1. Thus, for the case of k, [, it has

Vo, =VE(VIR Vo1, + VIRV, 1 — VIV, 1)
=VEVTFF Y (Fog 1)+ Fog 1 — 0%_11-1)
:VﬁVTFUk,l = VﬁVTFng,l = ng,l = Uk,l

Therefore, one has Vo, = vy, fork =0,1,--- ,ry —land[ =0,1,--- ,rp — L.
Similar to the proof of Theorem 1, the Krawtchouk polynomials expansion coefficients
£ ; can be rewritten as

ri—1—kro—1—1 [ 3(s) »(t) (s Sl
fk,l = ZO . ( Z Z ( 5(1 )> ( t(l )> p;<]+t165511ft1> Ukts,1+t-
s=!

=0 51 =0 t =0

According to the result of Vor; = vy, it yields V&, = xi; holds on for
k=01,---,rnm—1and! =0,1,---,r, — 1. Substituting the expansions of x(i,j), £(, ),
y(i,j), 9(i,j), and u(i,) into the output equations of the original system (3) and the
reduced system (4), and with the analytic identity theorem of the bivariate discrete-
time polynomials with the product of Krawtchouk polynomials K (i; px, Nx) K (j; px, Nk)
(k=0,1,---,r,1=0,1,--- ,rp — 1), it has Y1 = Cxgp + Duy g and 9 = C}?k,l + Dukll.
Thus, fork =0,1,--- ,r1 —1,1 =0,1,--- ,rp, — 1, we can have the following conclusion
with the property of V£ = x:

i1 = Cyy + Dugy = CVEy + Duyy = Cxyy + Dugy = yy ).

This completes the proof. [
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Remark 2. Theorem 2 guarantees that, for any input and any choice of Krawtchouk parame-
ters, the reduced two-dimensional discrete-time system constructed via Algorithm 1 faithfully
preserves the leading Krawtchouk moments of the original system. This preservation ensures
that the further analyses based on the output of the reduced system remain robust and insen-
sitive to variations in input or parameter selection. Furthermore, leveraging the properties of
Krawtchouk moment invariants, one can further obtain the error between the original system and the
reduced two-dimensional discrete-time system from property of Krawtchouk moment invariants, i.e.,

(i, ) = 90, = Xy, X2, i — 91K5)-

4. Numerical Examples

In this section, we validate the feasibility and effectiveness of the proposed model
reduction method in Algorithm 1 through two test cases. All computations are performed
on an Intel(R) Core(TM) CPU i9-13900HX (2.20 GHz) with 64 GB RAM, and all simulation
results are generated in Matlab Version 23.2.0.2380103 (R2023b).

Example 1: We first consider the Roesser model of the (6, 6)-order two-dimensional
separable denominator system in [30,31]. The FMLSS model of the two-dimensional
discrete-time system can be easily obtained by converting the Roesser model by using
the formula (2.11) in [44]. Thereby, we have the 12-order two-dimensional discrete-time

Bia 0
’ By = ’ B, = ’

[ —0.8827 02467 —0.0197 —0.2019 —0.0448 0.0147 |
0.1298  0.6887  0.4814  0.2131 0.2621 0.0536
—0.0160 —0.4338  0.8053 —0.3793 —0.0374 0.0076
0.1479 —-0.1130 —-0.3140 -—-0.5244  0.5713 0.1098
—0.0877 —0.1005 —-0.0245 —0.0376 —0.0684 0.6729
0.0698 —0.0601 0.0085  0.2492 —0.1493 0.6582

—0.4224 —-0.1627 0117 02617 —0.0794  0.0541 |
—0.0054 —-0.4688 0.1862 —0.1331  0.0445 0.0116
—0.0915 -0.0561 —-0.0515 —-0.0676 —0.0148 —0.0139
0.1479 —-0.1130 -0.3140 —-0.5244 0.5713  0.1098
—0.0877 —0.1005 —-0.0245 —-0.0376 —0.0684  0.6729
—0.2692 —-0.0191 -0.0885  0.1150 —-0.0227 —0.0201

[ —05743  0.1868 02313 —0.3841  0.0765 —0.0121 |
—0.6532 0.18740 —-0.3837  0.1191  0.0107 —0.0187
Ay, — —0.0827 —-0.7194 —-0.5015 —-0.1799  0.0444  0.0050 ’
0.1685 03515 —-0.6241 -0.1327  0.1096  0.0708
0.0111  0.0186  0.0134 —0.4412 —-0.7812  0.0168

0.0000  0.0041 —0.0396 0.1736 —0.2118 —0.9188 |

system (3) with the following system matrices

0 0
0 Ay,

Ala A

A =
! 0 0

, Ay =

and C = [Cy, Cp], D = [0.3000], where

T
B, =107* x [ 0.1080 0.0521 0.5807 0.0838 0.1324 —0.4289} ’
T
By, = 107% x [ —0.0082 0.0048 —0.0013 —0.0016 0.0007 —0.0005} p
C = { —0.0058 —0.0049 0.0008 0.0050 0.0028 —0.0002 },

C = { —0.0001 —0.0005 0.0017 0.0015 0.0019 —0.0006 }
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The transient responses y(i, j) of the original system is shown in Figure 1 for the input
u(i, j) = sin(0.047ti) exp(cos(0.0277j) ). We set r; = r, = 2. Then, we can obtain the 4-order
reduced two-dimensional discrete-time system (4) by Algorithm 1 and the reduced system
matrices are given in the following

0.8300  0.0621 0.3735 —0.0237 | —5.2633 x 107°
0.0414 0.2578 —0.2641 0.2011 1.0881 x 107°
—0.0602 —0.4854  0.4097 —0.4249 | —1.9618 x 107>

A | B —0.0143  0.1279 04671  0.5833 | —4.5634 x 107°©
Al Ay | B | = 0.0000 —0.0046 —0.0023 —0.0004 | —4.4226 x 10~
C| D —0.0050 0.5864  0.3132  0.0754 | 3.9803 x 10~7

—0.0024  0.2502  0.1114  0.0595 21701 x 10~7
0.0002 —0.0201 —-0.0308 —0.0080 2.0098 x 10~7
0.0045 0.0012 -0.0018  0.0019 0.3000

The transient responses of the 4-order reduced two-dimensional discrete-time sys-
tem and the relative errors for the original system and its reduced system are given in
Figure 2. Simulation results show that the relative errors are almost less than 10~7 and
can reach to 10710 at some times. However, at the points of i = 25,50,75,100, the relative
error increases significantly, rising to the order of 10~2. This spike is attributed to the
fact that at these instants the true system outputs are vanishingly small (on the order of
10~7), which amplifies the computed relative error due to the denominator being close to
zero. Additionally, without reconstructing the reduced system, we choose another input
u(i,j) = exp(sin(0.047i)) exp(cos(0.0277)), the transient responses and corresponding
relative errors for the original system and reduced system are shown in Figures 3 and 4.
It is clearly observed that the output of the reduced system obtained by Algorithm 1 can
well approximate the output of original two-dimensional discrete-time system for different

input in this example.

1 s
0.5
=y
s
>
-0.5-
_1Q .
[is) >
N3 o
2 o
i Ve
Figure 1. Transient responses of the 12-order two-dimensional discrete-time system,

u(i, j) = sin(0.047ti) exp(cos(0.02777)).



Mathematics 2025, 13, 2565 et
10°
= N
2 10° ‘ m HH‘\ ‘\‘ ‘M“ B 02
RN 1 e
= M \ { \ \
= | H\H H“”\H”‘H\”‘ ru \mm(‘u‘ n n‘ |
2 oL I
(TD LH H ‘ ‘ 10°8
Q
%: 1078
- )
10-10

Figure 2. Transient responses of the 4-order reduced two-dimensional discrete-time system and the
relative output errors, u(i, j) = sin(0.047ti) exp(cos(0.02777)), r1 = 1y = 2.

Figure 3. Transient responses of the 12-order two-dimensional discrete-time system,
u(i, j) = exp(sin(0.047i)) exp(cos(0.0275)).
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Figure 4. Transient responses of the 4-order reduced two-dimensional discrete-time system and the
relative output errors, (i, j) = exp(sin(0.047ti)) exp(cos(0.02777)), r1 = 1, = 2.

Example 2: Here, we consider a two-dimensional discrete-time system of dimension 7.
The matrices A; € R"*" and A, € R"*" are given by

0.01 003 O 0.07 009 O
0.02 0.01 0.03 0.08 0.07 0.09
A = JAy =
0.02 0.01 0.03 0.08 0.07 0.09
0 0.02 0.01 0 0.08 0.07

The matrices By = [0.1,0.1, - - -
order of the original system is set to be n = 5000 and the input is u(i, j) = — sin(£) (g

,01]T, B, = 2B;,C = BT, and D = 3.14. For simulation, the
30— ])
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We set r1 = 2,1, = 5. Implementing the parallel input-independent and Krawtchouk-
parameter-independent model reduction method in Algorithm 1, a 10-order reduced two-
dimensional discrete-time system (4) is constructed. The transient response y(i, j) of the
original system is shown in Figure 5. Meanwhile, the transient response of the 10-order
reduced two-dimensional discrete-time system and the relative errors for the original
system and its reduced system are given in Figure 6. It is observed from the simulation
results that the relative errors are almost less than 107'° and can reach to 10~!2 at some
times, which indicates that the reduced two-dimensional discrete-time system obtained by
Algorithm 1 has a good approximation to the original system.

50

Figure 5. Transient responses of the 5000-order two-dimensional discrete-time system,

.. . iN/30—]
u(i, j) = —sin(§) ()2
10
-8
10 -
10°°
10710

1070 b

10—11

Iy (@, 5) — 9 D /Ny @, D)l

10—12

10—13

Figure 6. Transient responses of the 10-order reduced two-dimensional discrete-time system and the
relative output errors, u(i,j) = — sin(%)(%)z, r1 =2, =5.

To obtain the projection matrix V, an alternative method of computing the expansion
coefficients x4 ;(k =0,1,--- ,r1 = 1,1 =0,1,--- ,r, — 1) is to directly solve the large-scale
linear algebraic Equation (8). In this example, the CPU times of constructing the projection
matrix by Algorithm 1 and by directly solving the linear algebraic Equation (8) are 45.35 s
and 102.17 s, respectively. This shows that the proposed parallel model reduction method is
effective to speed up model reduction process of the 5000-order two-dimensional discrete-
time system.

5. Conclusions

This paper discussed the model reduction via Krawtchouk moments for two-
dimensional discrete-time systems. With the difference relation of Krawtchouk polynomials
and the analytic identity theorem, the explicit formula related to the Krawtchouk moments
of the state was given. To maintain the robustness of the reduced system for the input and
Krawtchouk parameter, the subspace spanned by a sequence of input-independent and
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Krawtchouk-parameter-independent vectors was firstly derived, which was equivalent
to the subspace spanned by the Krawtchouk moments for arbitrary input and arbitrary
Krawtchouk parameter. Furthermore, instead of directly solving the large-scale linear
equation, we designed a parallel strategy based on the equivalent transformation of block
bi-diagonal Toeplitz matrices with bi-diagonal blocks to compute the basis of the projec-
tion subspace, which could speed up the construction of the reduced two-dimensional
discrete-time systems. Then, we proposed the parallel input-independent and Krawtchouk-
parameter-independent model reduction method based on the equivalent transformation
and the block diagonalization technique. Further, we analyzed the Krawtchouk moment
invariants of the proposed method. Numerical experiments showed that the reduced
systems could approximate the original system and the proposed method could speed up
the model reduction process on high performance computers. The proposed method also
has several limitations. For two-dimensional systems not in FMLSS form (e.g., Roesser
models), the resulting reduced system may fail to preserve the original state-space struc-
ture. Furthermore, the proposed method belongs to the time-domain method. Further
exploration is needed into parallel model reduction methods in the frequency-domain for
two-dimensional discrete-time systems.
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